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33,600 for the sample with a (100), (110), and (111) interface,
respectively. Red filled circles – (100); Blue filled squares – (110);
Green filled triangles – (111).
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Figure 5.21: The snapshots of atoms in a thin liquid slice [bounded by a blue
rectangle] at different temperatures during the crystallization. The
sample contains a (100) interface. (a) The original liquid slice. (b) At
T=0.27. (c) At T=0.41. (d) At T=0.55. Big pink spheres – atoms in the
liquid slice; Small red spheres – original liquid atoms; Medium green
spheres – original crystal atoms.
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Figure 5.22: The snapshots of atoms in a thin liquid slice [bounded by a blue
rectangle] at different temperatures during the crystallization. The
sample contains a (111) interface. (a) The original liquid slice. (b) At
T=0.27. (c) At T=0.41. (d) At T=0.55. Big pink spheres – atoms in the
liquid slice; Small red spheres – original liquid atoms; Medium green
spheres – original crystal atoms.
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Figure 5.23: The fitting of the collision-controlled model [Eq. (5.3), dotted line]
and diffusion-controlled model [Eq. (5.1), dashed line] to the growth
rate of the (111) interface. The prefactor f 0 is 0.12 for the collisioncontrolled model and 0.40 for the diffusion-controlled model.
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Figure 5.24: A snapshot of a sample with a thin liquid slice. The liquid slice is used
for investigating the relaxation time. Green spheres – original crystal
atoms; Red spheres – original liquid atoms; Yellow spheres – atoms in
the liquid slice.
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Figure 5.25: Two types of “mean-square-displacements” (MSD) of the atoms in the
thin liquid slice. The left y-axis is for the cumulative MSD, and the
right y-axis is for the dynamic MSD. The respective relaxation time
measured from the two types of MSD, τ CMSD and τ DMSD , are indicated.
The snapshots at time A, B, and C are shown in Figure 5.26.
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Figure 5.26: The snapshots of the sample at time A, B, and C as indicated in Figure
5.25. (a) At time A, the crystal-melt interface just arrives at the liquid
slice. (b) At time B, the interface just passes through the thin slice. (c)
At time C, the thin slice is completely crystallized. Green spheres –
original crystal atoms; Red spheres – original liquid atoms; Yellow
spheres – atoms in the original liquid slice.
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Figure 5.27: The comparison of the relaxation time between a (100) interface and a
(111) interface at the same temperature and of roughly same system
size.

182

xviii

Figure 5.28: The comparison of the relaxation time at different temperatures for the
same sample. The sample consists of 32 000 atoms and a (100)
interface.
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Figure 5.29: The size-dependent relaxation time. Three different size samples are
used for comparison: N = 32 000, 64 000, and 128 000. Each sample
has a (100) interface.

184

Figure 5.30: Comparison of the relaxation time in different size systems by using
the cumulative MSD (CMSD).
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Figure 5.31: The (100) interface moving velocities of different size systems at
different temperatures. The data points are calculated with our MD
simulations. The diffusion-controlled model [Eq. (5.1)] and the
collision-controlled model [Eq. (5.3)] are shown as dashed line and
dotted line respectively. The solid lines are the fittings of our proposed
theory in section 5.3.6 [Eq. (5.11)] to the simulation data. The reduced
LJ unit of the velocity is (ε / m)1 / 2 ≈ 158 m/s.
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Figure 5.32: The (111) interface moving velocities of different size systems at
different temperatures. The data points are calculated with our MD
simulations. The diffusion-controlled model [Eq. (5.1)] and the
collision-controlled model [Eq. (5.3)] are shown as dashed line and
dotted line respectively. The solid lines are the fittings of our proposed
theory in section 5.3.6 [Eq. (5.11)] to the simulation data. The reduced
LJ unit of the velocity is (ε / m)1 / 2 ≈ 158 m/sec.
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Figure 5.33: The temperature-dependent homogeneous nucleation rate of an
undercooled LJ liquid. The bottom x-axis represents the undercooling
ΔT , and the top x-axis represents the temperature T. The arrow
indicates the critical undercooling/temperature for the spontaneous
nucleation.
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Figure 5.34: The volume fluctuations during the crystallization process in three size
systems: N = 32 000, 64 000, and 128 000. Each blue dashed line
indicates the corresponding average value of the fluctuations. (a) Sizedependent volume fluctuations. The smaller system has the larger
fluctuations. (b) The normalized volume fluctuations by multiplying a
factor of N . The normalized volume fluctuations in the three size
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Figure 5.35: The linear relation between the volume fluctuation and the reciprocal
of the square root of the system size. The data points are the average
volume fluctuations in different size systems.
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Figure 5.36: The linear fits of f 2 to 1
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Figure 5.37: The rescaled interface moving velocities by multiplying a factor N .
The data points are calculated from simulations. The solid lines are
plotted with the product of Eq. (5.11) and N . (a) The (100)
interface. (b) The (111) interface.
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Figure 6.1: Illustration of the relation between the melting temperature of a voidcontaining system and the void radius. r * is the critical radius beyond
which the melting temperature reaches a plateau.
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Figure 6.2: Cross-sectional projection of a crystal sample containing a void. In this
figure the total number of atoms in this sample (before creating a void)
is N = 108 000 and the number of atoms removed for creating the void
is n = 1 505 (or r0 = 0.73nm).
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Figure 6.3: An example of the simulation procedure. See the text for details.
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Figure 6.4: Comparison between the gradual heating (GH) and isothermal heating
(IH) method. The gradual heating shows a strong hysteresis effect on
the melting temperature.
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Figure 6.5: The time evolution of the average volume per atom at different
temperatures. The snapshots at the four stages are given in Figure 6.6.
The circle indicates a bump in stage III. Stage I: T = 0.590; Stage II: T
= 0.630; Stage III: T = 0.645; Stage IV: T = 0.670.
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Figure 6.6: The cross-sectional snapshots of the four stages (shown in Figure 6.5)
during void melting. (a) Stage I: at T < TmE , the solid-vapor void
surface is stable. (b) Stage II: at TmE ≤ T < TmA , a thin liquid layer
nucleates around void surface. (c)-(e) Stage III: at TmA ≤ T < TmB , the
thin liquid layer grows [(c)]; after some MD runs the liquid atoms fills
the void completely [(d)]; the liquid droplet stops growing and the
radius does not change even after very long MD runs [(e)]. (f) Stage
IV: at T > TmB , the sample melts completely. See the text for the
definition of the notations TmE , TmA , and TmB .
Figure 6.7: The free energy diagram of stage I ( T < TmE ) in the void melting. See
the text for details.
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Figure 6.8: The cross-sectional snapshots of the sample at different simulation time
in stage I. (a) Initial snapshot at T = 0.590. The surface atoms are
slightly disordered. (b) After 200 000 isothermal runs, the void surface
218
is still stable.
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Figure 6.9: The free energy diagram of stage II ( TmE ≤ T < TmA ) in the void melting.
See the text for details.
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Figure 6.10: The cross-sectional snapshots of the sample at different simulation
time in stage II. (a) Initial snapshot at T = 0.630. A thin liquid layer
(represented by the disordered atoms) forms at this temperature. (b)
After 200 000 isothermal runs, the thin liquid layer only changes
slightly.
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Figure 6.11: The stable coexistence between the liquid droplet (disordered region)
and the crystal matrix. (a) Initial snapshot at T = 0.645. (b) After 130
000 isothermal runs, the thin liquid droplet only changes slightly.
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Figure 6.12: The free energy diagram of stage III ( TmA ≤ T < TmB ) and stage IV
( T ≥ TmB ) in the void melting. See the text for details.
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Figure 6.13: The model for estimating the final liquid droplet radius rA at
temperature TmA . All the crystal atoms in the shell between r0 and rA
become liquid atoms that form a liquid droplet of radius rA .
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Figure 6.14: The procedure of using visualization to determine TmA . Here N = 108
000 and n = 1 505. (a) At T = 0.636, the thin liquid layer is stable after
200 0000 MD runs. (b) At T = 0.637, the void is filled up by the
molten material.
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Figure 6.15: The internal melting temperature from the void surface ( TmA ) as a
function of the void radius ( r0 ). Three sample sizes are used and the
finite size effect is not strong. The equilibrium melting temperature
TmE =0.618 ε / k B is indicated by the dashed line.
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Figure 6.16: Three types of solid-vapor interfaces. (a) A nanoparticle of a positive
surface curvature. (b) A flat surface of a zero surface curvature. (c) A
void of a negative surface curvature.
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Figure 6.17: The effective radius of the solid-liquid interface in the void melting. r0
is the initial void radius, and dr is the thickness of the solid-liquid
interface (or the thin liquid layer). The effective radius is thus r0 + dr .
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Figure 6.18: The effective interfacial free energy γ eff as a function of the void
radius. γ eff increases with the increasing void radius (or with the
decreasing temperature) and has a trend to approach the solid-liquid
interfacial free energy.
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Figure 6.19: Determining TmB by using the visualization of the snapshots. Here N =
108 000 and n=1 505. (a) At T=0.662, the liquid droplet is stable after
200 0000 MD runs. (b) At T=0.663, the system melts completely.
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Figure 6.20: The total volume changes of systems with different void sizes during
the melting. The circled region indicates the cavity effect when the
void size is large. The snapshots at moments A-D are given in Figure
6.21.
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Figure 6.21: The snapshots at moments A-D indicated in Figure 6.20. (a) At
moment A, the liquid grows from the void surface. (b) At moment B,
the liquid front reaches the crystal boundaries but the void is still not
completely filled. (c) At moment C, the void is filled, but the crystal
can be seen at the corners. (d) At moment D, the system becomes a
liquid.
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Figure 6.22: The complete melting temperature TmB as a function of the void radius

r0 . A strong finite size effect is shown. In all size systems, TmB > TmE .
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Figure 6.23: The critical condition under which the elastic energy will not show up.
(a) Illustration of the critical condition. If the radius of liquid droplet at
TmA , rA , reaches the boundaries of the simulation box, the elastic
energy will not show up. (b) A snapshot of a system with a critical
liquid droplet at TmA . The radius of the critical liquid droplet is half the
edge length of the simulation box. (c) A snapshot of a system with an
unfilled space when the liquid reaches the boundaries at TmA .
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Figure 6.24: The complete melting temperature TmB as a function of the volume
fraction of the void. The finite size effects are removed compared to
Figure 6.22. The critical volume fraction for reaching the plateau is
estimated to be 5-6%.
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Figure 7.1: The melting in the gradual heating method. The number of atoms in the
system is 4 000. The melting occurs at the upper superheating limit
TmS =0.76 ε / k B . (a) The change of the volume per atom with the
increasing temperature. (b) The change of the enthalpy per atom with
the increasing temperature.
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Figure 7.2: The evolution of the volume per atom with the simulation time in the
isothermal heating method. The melting occurs at 0.739 ε / k B . The
number of atoms in the system is 4 000. The snapshots at A, B, and C
are shown in Figure 7.3.
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Figure 7.3: The snapshots at time A, B, and C [indicated in Figure 7.2]. (a) Time
A, T = 0.3 ε / k B . (b) Time B, T = 0.739 ε / k B , before melting. (c) Time
C, T = 0.739 ε / k B , after melting.
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Figure 7.4: The size-dependent melting temperature obtained from the isothermal
heating method. The melting temperature approaches 0.740 at large
sample sizes. The bottom axis is plotted with the logarithmic scale.
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Figure 7.5: Temperature-dependent elastic moduli of a LJ crystal. The equilibrium
melting temperature TmE and the superheating limit TmS are indicated by
the dashed lines. The linear decrease of the elastic moduli indicates the
crystal is softening with increasing temperature. The shear modulus C ′
still has finite value at the superheating limit TmS . The arrow indicates
the temperature at which the extrapolation of C ′ approaches zero
(Born shear instability). Bottom and left scales: in reduced LJ units;
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Right and top scales: in real units (GPa and K).
Figure 7.6: Mean square displacement (MSD) of atoms as a function of
temperature. The arrow indicates the critical MSD at which melting
occurs.
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Figure 7.7: Two types of interstitial sites in an fcc crystal. The distance between an
interstitial site (filled circle in green) and an atom (filled circle in
black) is indicated by a dashed line in each figure. (a) Octahedral site.
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(b) Tetrahedral site.
Figure 7.8: The evolution of the shortest interatomic distance with the simulation
time. The system contains 500 atoms. The system temperature is
increased from 0.2 to 0.725 and held at 0.725 isothermally. The
gradual heating and isothermal heating periods are separated by the
dotted line. The ideal distance between an octahedral interstitial site
and a neighboring atom is indicated by roct − atom , and that between a
tetrahedral interstitial site and a neighboring atom is indicated by
rtet − atom .
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Figure 7.9: The enthalpy per volume as a function of the temperature during the
heating-cooling process. The crystal enthalpy per volume at the
superheating limit TmS is not equal to the liquid enthalpy per volume at
the equilibrium melting temperature TmE (indicated by the dashed line). 267
Figure 7.10: The evolution of the average number of the first nearest neighbors
during the melting process. At T=0.46 ε / k B , the number deviates from
twelve. At T=0.739 ε / k B , the number drops from 11 to 8.6 upon the
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melting. The distributions of the number of the first nearest neighbors
at time A-E are shown in Figure 7.11.
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Figure 7.11: The distributions of the number of the first nearest neighbors at
different stages. The stages A-E are indicated in Figure 7.10. See the
text for details.
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Figure 7.12: The time-dependent mean square displacement at the isothermal
temperature T = 0.738. The MSD is larger than the critical value of
0.12 but the sample does not melt.
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Figure 7.13: The distribution of the atomic displacements at T = 0.738 at different
simulation time. The horizontal axis represents the atomic
displacement. The two arrows indicate the first and second nearest
neighbor distances respectively.
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Figure 7.14: The atom hopping in a superheated crystal of 500 atoms at T=0.739
ε / k B . The blue spheres represent the equilibrium sites of the atoms.
(a) The equilibrium atom positions. (b) Clusters formed by the atom
hopping. The hopping atoms are represented by large spheres. The
arrow heads represent the new atom positions.
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Figure 7.15: Illustration of two types of diffusion loops. (a) A close diffusion loop.
(b) An open diffusion loop.
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Figure 7.16: The snapshots of forming a close diffusion loop. The blue spheres
represent original equilibrium sites. The red spheres represent the
hopping atoms. The vectors represent the atom displacements. (a)
Initial. (b) After 320 MD steps (1.6 ps). (c) After 880 MD steps (4.4
ps). (d) After 1 220 MD steps (6.1 ps).
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Figure 7.17: Snapshots of close-pair atoms and displaced atoms during the
formation of the diffusion loops. The close-pair atoms are represented
by red spheres. The blue spheres represent the original equilibrium
sites of atoms. The vectors represent the atom displacements. (a) Initial
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MD steps. (d) After 1 840 MD steps.
Figure 7.18: Snapshots of defective atoms and displaced atoms during the
formation of the diffusion loops. An atom is defective if the number of
its first nearest neighbors is less than eight. The defective atoms are
represented by red spheres. The vectors represent the atom
displacements. (a) Initial stage when melting occurs. (b) After 1 400
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Figure 7.19: The enthalpy change of each atom during the formation of the
diffusion loops. The enthalpy level is represented by the color of the
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spheres. The green is for solidlike atoms (lower enthalpy) and the dark
purple is for liquidlike atoms (higher enthalpy). The vectors represent
the atom displacements. (a) Initial stage when melting occurs. (b) After
282
1 400 steps. (c) After 1 800 steps. (d) After 1 840 steps.
Figure 7.20: The 3D snapshots of the diffusion loops during the melting process.
Different loops are distinguished by different colors. (a) Initial stage
when melting occurs. (b) After 1 400 MD steps. (c) After 1 800 MD
steps. (d) After 1 840 MD steps.

284

Figure 7.21: Illustration of the melting sequence. The temperature scale is for a LJ
model system.
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Figure 7.22: The open diffusion loops in a system of 4 000 atoms at two different
temperatures. The loops are discriminated by different colors. (a) At
T=0.739 ε / k B . The melting occurs at this temperature. (b) At
T=0.738 ε / k B . The melting does not occur at this temperature.
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Figure 7.23: (a) The number of the open loops as a function of time at two different
temperatures. The crystal contains 4 000 atoms. (b) The enlarged graph
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of the transition period enclosed in the blue rectangular.
Figure 7.24: The upper and lower bounds of the critical densities in each size
system. The bottom axis (total number of atoms in the system) is
plotted with the logarithmic scale.
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Figure 7.25: The difference in the entropy between (a) the first-order transition, and
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(b) the second-order transition [156].
Figure 7.26: The difference in the heat capacity between (a) the first-order
transition, and (b) the second-order transition [156].
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Figure 7.27: The heat capacity as a function of temperature. The melting occurs at
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Figure 7.28: The quadratic invariants Q4 and Q6 as functions of time during the
melting. Both Q4 and Q6 drop to zero at the superheating limit,
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Figure 7.29: The third-order invariants W4 and W6 as functions of time during the
melting. Both W4 and W6 jump to zero when melting occurs.
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Figure 7.30: The symmetry parameters in X, Y, and Z directions. The rapid
increase of the symmetry parameters indicates the crystal loses its
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SUMMARY

The phase transitions between solid and liquid are the fundamental processes in
nature. Although extensive studies have been performed in the past century, many
problems, especially the microscopic mechanisms of the transition, are still not fully
understood. In the work presented in this dissertation, we have used extensive molecular
dynamics simulations to investigate the thermodynamics and kinetics over a wide range
of supercooling and superheating temperatures in a Lennard-Jones model system.
Usually the crystallization process requires some supercooling. If impurities are
removed, a liquid can be supercooled twenty percent below the melting point without
solidifying. If the surface melting is properly suppressed, melting can occur internally at
an elevated temperature higher than the melting point. Most researchers assumed that
superheating is simply a reverse process of supercooling, and the classical nucleation
theory was directly applied for estimating the nucleation rates of melting at superheating.
In this work, we have demonstrated that classical nucleation theory well describes the
crystal nucleation in liquid supercooling, but fails for solid superheating. The elastic
energy associated with the liquid nucleation and the interface disordering play significant
roles in affecting the liquid nucleation in superheating regime. A new nucleation theory is
developed in this work, which can quantitatively describe the homogenous nucleation in
superheated crystals.
The crystal-melt interfacial free energy is a fundamental parameter in solid-liquid
transition. Due to its small magnitude, the interfacial free energy is difficult to obtain in
both experiments and simulations. We have developed a new method based on the
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classical nucleation theory to accurately determine the crystal-melt interfacial energy and
its anisotropy. The interfacial free energy obtained in this work is very close to
Turnbull’s experimental result.
The face, temperature, and size dependences on the crystallization rate are
carefully investigated in this work. We have found that the crystallization rate decreases
with the increasing system size. The two prevailing models for crystal growth, diffusioncontrolled model and collision-controlled model, both fail to interpret our results. We
have found that the atomic site acceptance ratio, which is treated as an invariant in those
models, should be both temperature and size dependent. Based on the collision-controlled
model, we have developed a new theory to describe the size- and temperature- dependent
crystallization rate.
The melting from the internal nanovoids has been investigated in this work. We
have found that the melting mechanism of void melting is quite different from bulk
melting and nanoparticle melting. There are four different stages and three local melting
temperatures in void melting. The complex melting sequence is caused by the interplay
among the interfacial free energies, the negative void surface curvature, and the elastic
energy associated with density change during the void melting.
The homogenous melting at the upper limit of superheating has been investigated
in this work. We have found that ring diffusion takes place in superheated crystals when
the heating rate is slow. The prevailing instability theories are not suitable to describe the
melting caused by the ring diffusion. It is found that the open diffusion loop causes the
instability to the system. The critical density of the open loops for triggering the melting
is about 0.5%-1%.
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CHAPTER 1
INTRODUCTION

Melting and crystallization are two fundamental processes in nature. A good
example of the two processes is the transition between water and ice. Although the solidliquid transition has been studied extensively for centuries, many problems, especially the
microscopic mechanisms of the transition, are still not fully understood [1-3]. One of
those problems is the asymmetry between melting and crystallization processes. For
crystallization process, i.e., the transformation from a liquid phase to a solid phase, small
amount of supercooling (the temperature is below the equilibrium melting point) is
always required to provide the driving force for solidification [1-3]. Generally, the
amount of the achievable supercooling is small, because the heterogeneous nucleation is
usually predominant in a supercooled liquid [1-3]. However, as Turnbull and Cech [4]
showed in 1950, if impurities or any other external nucleation catalysts are excluded,
liquid metals can be supercooled tens to hundreds of degrees below their equilibrium
melting temperatures without solidifying [4-6]. The crystal nuclei must forms
homogeneously through the thermal fluctuations. Based on numerous sophisticated
experiments, the classical nucleation theory for homogeneous and heterogeneous
nucleation had been proposed and applied for interpreting many crystallization
phenomena [1-6].
Unlike crystallization process that always requires some undercooling, melting
usually occurs at the normal melting temperature without any superheating [1]. One
explanation is that the free surface (solid-vapor interfaces) of a solid has very small
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energy barriers for heterogeneous nucleation of liquid phase [1,7]. At melting point,
melting always starts from the free surface to lower the interface free energy. The
absorbed energy from outside is used to melt the solid at the interface. Therefore, the
solid superheating is rarely observed in regular melting. In certain materials, a few layers
of surface atoms have even been observed to become liquid-like atoms and form quasiliquid layers at temperatures below the melting point [8,9].
However, if the surface melting is properly suppressed, the solid superheating
also can be achieved. Daeges et al. [10] performed an innovative experiment to achieve
superheating. In order to suppress the surface initiated melting of silver (Ag), they coated
a thin layer of gold (Au) on the surface of a silver sphere. Since the melting point of Au
(1 338 K) is about 100 degree higher than that of Ag (1 234 K), the inner silver sphere
can become a liquid while the outer gold layer is still a solid. The crystal structures of Ag
and Au are both fcc structures and the lattice constants of Ag (4.09A0) and Au (4.08 A0)
are very close at the room temperature. The linear thermal expansion coefficients of Ag
(1.86×10-5/C0) and Au (1.42×10-5/C0) are very close, too. Therefore, the surface of the
silver sphere is effectively “erased”. When the composite sample was heated to high
temperatures, the accompanying internal hydrostatic pressure, which is induced by the
difference in the thermal expansion coefficients between Ag and Au, was released in their
experiment by careful annealing. They observed that the silver sphere could be
superheated up to 25 K for a time period of about one minute. This work told us that
superheating is possible if the surface nucleation is suppressed. Superheating can also be
achieved by ultra-short pulsed laser irradiations [11-12]. Due to the ability of focusing a
laser light on a small area or even inside the solid, the laser-irradiated materials can be
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heated internally. As a result, a significant amount of superheating has been observed in
those experiments.
Although it is hard to prepare surface-free systems in experiment, it is very easy
to produce the surface-free system in computer simulations by applying the periodic
boundary conditions (PBCs) [13]. With PBCs, the simulation system is equivalent to be
embedded in an infinite system. Consequently, the free surface is “removed” and the
melting can start from within. The maximum superheating is usually about 20% above
the equilibrium melting temperature [14]. The interpretations for melting at superheating,
fell into several categories of instability theories [15-20]: (1) Born shear instability [15],
(2) Lindemann vibrational lattice instability [16-18], and (3) Fecht and Johnson’s inverse
entropy catastrophe [19,20]. The main idea of Born shear instability is that melting is
preempted by the vanishing of the shear modulus at high temperatures [15]. Lindemann
vibrational instability theory argues that melting occurs when the root-mean-square
displacement (RMSD) of atoms in a superheated crystal reaches a critical fraction of the
nearest neighbor distance [16-18]. Fecht & Johnson’s entropy catastrophe theory
proposes that the entropy of a superheated solid increases because of the presence of
various defects such as vacancies at high temperatures [19-20]. However, the solid
entropy cannot increase indefinitely, because a liquid always has higher entropy than
does a solid. The entropy catastrophe or melting occurs when the solid entropy is equal
the liquid entropy. This theory is a close analogy of Kautzmann’s paradox for glass
transition [21].
The above theories mainly focus on the static instability limits of metastable
superheating, or the highest possible melting temperatures at superheating. Little has
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been done to investigate thermodynamics and kinetics of melting in a wide range of
superheating temperatures. Many researchers simply viewed superheating as a reverse
process of supercooling [22-25]. Some theories [14] have been proposed but without any
direct supports from either experiments or simulations. The nucleation rates and the
upper limits of superheating were estimated based on the classical nucleation theory [2225]. However, the fundamental question is whether one can apply the classical nucleation
theory directly for the superheating process. So far, there is no decisive evidence to
support this assumption.
Similarly, many researchers focused on the thermodynamics and kinetics at deep
undercooling [26-29], at which the critical nuclei are small and easy to form via thermal
fluctuations. Very few people have studied the homogeneous nucleation in a wide range
of supercooling temperatures, especially at shallow and moderate undercooling where
critical nuclei are large and, therefore, hard to form spontaneously through the thermal
fluctuations [28].
The solid-liquid interfacial free energy is a very important parameter in the solidliquid transition [1-6]. However, the interfacial free energy is extremely difficult to obtain
in experiments, because the solid-liquid interface is buried in two condensed phases [30].
Moreover, the crystal-melt interfacial free energy is very weak (typically in the order of

10 −3 J/m2) [1-6]. Thus, it is difficult to measure it accurately. Turnbull and coworkers [46] extracted the crystal-melt interfacial free energies for various metals by measuring the
homogeneous nucleation rates at deep undercooling. From the experimental data, they
proposed an empirical linear correlation between the interfacial free energy and the latent
heat. To date, this empirical correlation is still used extensively to predict the solid-liquid
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interfacial free energy. However, in Turnbull’s homogeneous nucleation experiments [46], the impurity effects were still strong. Recently the electromagnetic levitation (EML)
and electrostatic levitation (ESL) have been used to investigate homogenous nucleation
[31]. In such experiments, the liquid droplets can be levitated in an electromagnetic field.
Significant amount of supercooling can be achieved via such containerless processing. In
computer simulations, it is also very difficult to extract the weak solid-liquid interfacial
free energy accurately from the large thermal fluctuations. Broughton and Gilmer [30]
used an “energy-integration” method to calculate the solid-liquid interfacial energy of a
Lennard-Jones (LJ) system. The key idea of this method is to integrate the reversible
work in forming a flat crystal-melt interface. Hoyt et al. [32] used “fluctuation method”
to estimate the solid-liquid interfacial energy of a pure nickel. In their method, the
interface stiffness can be extracted by monitoring the thermal fluctuations of the flat
solid-liquid interface profile. Both methods yield reasonable results. However, it seems
that the calculated interfacial free energy is about 10% higher than Turnbull’s empirical
3
estimation. Since the nucleation rate is a function of exp(− Aγ SL
) , such small discrepancy

can cause substantial decrease in the nucleation rate [1-3].
The temperature and orientation dependence of interface energy is another
interesting topic. In classical nucleation theory, the interface energy is assumed to be a
constant [1-6]. However, this assumption may not be valid in certain conditions. Based
on Turnbull’s experimental data of homogeneous nucleation rates at different
temperatures [6], Spaepen [33] extracted the temperature-dependent interfacial energy of
mercury. He found that the interfacial energy increases almost linearly with the
increasing temperature up to the melting point. The anisotropy in the crystal-melt
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interfacial free energy was investigated with different approaches [30,32]. Generally, the
interfacial free energy is found to be isotropic in many systems [30,32].
The steady-state crystallization rate is very important for understanding the
kinetics of crystallization process. Generally, the crystal growth of many materials
exhibits a thermally activated behavior [34]. Wilson [35] and Frenkel [36] showed that
the crystal growth rate is determined by the diffusion coefficient of the supercooled
liquid. In other words, the crystal growth is diffusion-controlled [34]. Since the diffusion
coefficient can be represented by the Arrhenius equation [1], the diffusion coefficient
decays exponentially with the decreasing temperature. At half the melting point, it almost
approaches zero [34]. Therefore the crystal growth rate is expected to be very slow at low
temperatures. However, Turnbull and coworkers found that the crystallization rates of
pure liquid metals are still very fast even at very low temperatures [37]. As a result, the
pure metals are not glass formers [34,37]. Therefore, for monatomic systems, the crystal
growth may not be a thermally activated process. Turnbull and Bagley [37] argued that
the crystal growth of a monatomic system should be a collision-controlled process, in
which the crystallization rate is determined by the frequencies of the near interface liquid
atoms colliding on the interface. Using molecular dynamics simulations of a LennardJones model system, Broughton and coworkers [34,38] showed that the crystal growth of
(100) plane is more like a collision-controlled process, while that of (111) plane is more
like a diffusion-controlled one.
Although the growth mechanism has been investigated extensively, the finite size
effects on the crystallization rate are seldom investigated. In Broughton et al.’s work [34],
the maximum crystallization rate of (100) face was found to be as large as 80 m/s in their

6

simulations. The similarly high growth rates were found in other simulations as well [3942]. In many experiments of rapid solidification, the measured crystal growth rates are
about 5m/s [43-50]. Therefore, it appears to be a general result that the velocities in
simulation studies are much larger than those observed in experiments, implying that the
computer simulation overestimates the growth rate. Unfortunately, this large discrepancy
between the experimental results and the theoretical predictions has not been resolved.
The underlying physical origins for this discrepancy, therefore, still remain veiled to date.
Moreover, the crystallization rate may be face dependent [38]. This may be
related to the interface structures of different crystallographic planes. In theoretical
models, the solid-liquid interface is always considered to be atomically sharp (Gibbs
dividing interface) [34,38-42]. In reality, the interface is usually atomic rough (diffuse
interface) and the transition from liquid to solid usually takes place over a few atomic
layers [51,52]. Although some advances in investigating the interface structures have
been achieved recently [51,52], the detailed understanding of the microscopic interface
structures, the mechanisms of ordering during the crystallization, and the kinetics
associated with the interface moving is still limited.
Usually, the superheating phenomenon is investigated with a perfect crystal
system [17,53]. However, in reality, many materials contain various kinds of internal
defects such as grain boundaries, stacking faults, voids, etc [19,54]. Those defects can
provide heterogeneous nucleation sites for melting. Therefore, the liquid prefers to
initiate from these defective regions (if the outer surface melting is suppressed). As a
result, the magnitude of superheating can be lowered. In the past decades, some
researchers [55-59] have investigated the melting from inner voids. They found that at the
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initial stage the melting temperature decreases rapidly with the increasing void size. After
the void size is larger than a critical value, the melting temperature becomes leveled and
approaches a plateau. They treated this plateau temperature as the equilibrium melting
temperature at which a bulk solid and a bulk liquid can coexist with a flat interface.
However, by far the mechanism of void melting is still lacking and the theoretical basis
for its unusual melting behavior is still unknown [55]. Therefore, this conclusion is rather
superficial, because no detailed understanding of the microscopic mechanisms or indepth thermodynamic considerations have been provided to support this argument.
In superheating experiments, the sample is heated to a very high temperature with
picosecond laser irradiations [11,12]. The heating rate is very fast, typically of 1012 K/s.
In computer simulations, the heating rate is of the same order [17]. Recently, the
femtosecond electron pulses are also used to achieve superheating [60]. However, such
high heating rate may suppress the relaxation of atoms. As a result, the thermodynamic
nucleation of liquid may be not observable. The catastrophic melting behavior [20]
usually manifests at the upper limit of superheating. If we bring a surface-free sample to a
temperature slightly below the upper superheating limit and hold the system temperature
isothermally, can melting occur through the spontaneous nucleation? To date, this
problem is rarely investigated.
The overall goal of this research is to understand the fundamental problems
associated with the solid-liquid transition in both superheating and supercooling regimes.
Molecular dynamics simulations have been performed with a Lennard-Jones model
system. In Chapter 2, the molecular dynamics simulation techniques are introduced.
Several examples are given to illustrate how to calculate the physical quantities from the
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atomic trajectories. In Chapter 3, the crystal-melt interfacial free energy is calculated via
classical nucleation theory. The temperature and orientation dependences of the
interfacial free energy are discussed. In Chapter 4, the classical nucleation theory is tested
for melting at superheating. In Chapter 5, the size, face, and temperature dependences of
the crystallization rate are investigated. In Chapter 6, the mechanism of void melting is
studied. In Chapter 7, the homogenous melting at temperatures close to the upper
superheating limit is investigated. We have obtained the following significant results:

•

A new method is developed for creating various kinds of solid-liquid coexistence
systems [61]. This method efficiently circumvents the atom-overlapping problems
in the conventional method [Chapter 3].

•

A new method based on the classical nucleation theory is developed for
calculating the crystal-melt interfacial free energy and its anisotropy [61,62].
Compared to other methods, the interfacial free energy calculated with this
method is more close to Turnbull’s experimental results. The interfacial free
energy is found to be isotropic and increase slightly with the increasing
temperature. The classical nucleation theory is found to be valid for liquid
supercooling within its assumption [Chapter 3].

•

The classical nucleation theory is found to be not suitable or at least incomplete
for describing solid superheating [63,64]. Thus, the solid superheating cannot be
viewed as a simple reverse process of liquid supercooling. The elastic energy
induced by the density difference between the solid and liquid phases plays a
significant role in affecting the liquid nucleation. A nucleation forbidden gap is
found in the superheating regime. If the temperature is within this forbidden gap,
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melting only can occur from the free-surfaces or the grain boundaries. The liquid
growth from disk nuclei is also investigated. It is found that the liquid growth
from disk nuclei is easier (requires less superheating) than spherical nuclei. The
disk nuclei tend to grow into liquid spheres rather than more oblate disks [Chapter
4].

•

It is found that the crystallization rate decreases with the increasing system size
[65]. For monatomic system, the crystal growth from both (100) face and (111)
face is more like a collision-controlled process rather than a diffusion-controlled
one. A modified collision-controlled model is proposed in which the atom
acceptance ratio is both temperature and size dependent. The interface thickness
of (111) interface is slightly thinner than that of (100) interface. The growth
morphology from (111) interface is found to have more defects than that from
(100) interface [Chapter 5].

•

The void melting is found to be quite different from nanoparticle melting [66]. It
is found that the void melting has four distinct stages and three local melting
temperatures. In each of the stages, the melting is governed by a unique
thermodynamic mechanism. The void melting is determined by the interplay
among the surface curvature, the solid-liquid interfacial free energy, and the
elastic energy induced by the solid-liquid density difference. The plateau region
of the melting temperature appears when the elastic energy is absent. The solidvapor interfacial free energy controls the liquid nucleation from the void surface,
while the solid-liquid interfacial free energy determines the subsequent liquid
growth (or the local melting temperature) [Chapter 6].
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•

It is found that the homogenous melting is possible at temperatures slightly below
the upper superheating limit. The ring-diffusion is found in the superheated
crystals. The prevailing instability theories such as Born shear instability,
Lindemann vibrational instability, and entropy catastrophe may be not invalid
when ring-diffusion occurs. The ring-diffusion forms two types of diffusion
loops: open loops and close loops. The open loops cause the instability to the
system. The aggregation of the open loops is a kind of thermodynamic nucleation.
The critical density of the open loops is between 0.5%-%1 when melting occurs.
The melting at superheating is still a first-order transition [Chapter 7].
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CHAPTER 2
MOLECULAR DYNAMICS SIMULATION TECHNIQUES AND
BULK PROPERTIES OF A LENNARD-JONES SYSTEM

Over the past fifty years, molecular dynamics (MD) simulations have been
successfully used to investigate the atomic-level details of the materials properties under
different physical conditions [13]. The MD simulation provides an alternative way for
studying some physical processes that are difficult to access in experiment. The
governing principle of MD simulation is Newton’s second law. In MD simulations, each
atom interacts with its neighboring atoms via an atomic potential. The interaction
potential is similar to an “elastic spring” [Figure 2.1] that provides a force (the first
derivative of the interaction potential) in the negative direction of the atomic
displacement. Thus, the motion of each atom affects its neighboring atoms cooperatively.
The net force on each atom is the summation of the forces over its surrounding atoms.
The equation of motion of each atom is determined by Newton’s second law. By solving
the equations of motion of all atoms, one can get the trajectories (time-dependent atom
positions and velocities) of all atoms. The discrete atomic configurations and the
continuous macroscopic physical properties are connected via the statistical mechanics.
Thus, various physical quantities such as enthalpy, temperature, stress, and diffusion
coefficient can be obtained from the MD simulation. In this chapter, I will introduce the
detailed algorithms of the MD simulation in different ensembles. Some examples of
calculating the physical properties in the MD simulation are also illustrated.
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Figure 2.1. Illustration of the interaction between one atom (in blue) and its surrounding
atoms (in black). The interatomic interaction is analogous to an elastic spring.

2.1. Molecular Dynamics Simulations in Different Ensembles
2.1.1. MD Simulation in an NVE Ensemble

The simplest type of MD simulations is performed in an NVE ensemble, in which
the particle number N, the system volume, and the total energy (enthalpy) E remain
constant throughout the simulation [13]. The NVE ensemble is a microcanonical
ensemble. For a system containing N particles, the Lagrangian of the system is
N
1 r v N N
L = ∑ mi r&i T r&i - ∑∑ φ (rij ) ,
i =1 j >i
i =1 2

(2.1)

r
where i represents the ith particle, mi represents the atomic mass of the ith particle, r&i is
r
r
a vector and represents the velocity of the ith particle, r&i T represents the transpose of r&i ,

rij is a scalar and represents the interatomic distance between the ith particle and the jth
particle, and φ (rij ) represents the interaction potential between two particles of a distance
13

r
d (∂L / ∂r& ) ∂L
rij . From Eq. (2.1) and the relation
, one can derive the equation of
=
dt
∂rij
motion for each particle,
&rr& = − 1
i
mi

∑
j ≠i

φ ′(rij ) r
rij

r
(ri − r j ) ,

(2.2)

where φ ′(rij ) is the first derivative of the interaction potential. Since the volume and
enthalpy are fixed in an NVE ensemble, it is suitable for studying the system in
equilibrium conditions. However, most systems are in non-equilibrium conditions and the
system pressure and temperature are changing. Thus, the NVE MD is incapable to adjust
these changes.

2.1.2. MD Simulation in NPE Ensemble

In order to adjust the system volume with different physical conditions, Anderson
[67] developed a new MD algorithm in which an external hydrostatic pressure can be
applied to change the edge length of the cubic simulation box. However, the simulation
box must be kept at the cubic shape in this method. Parrinello and Rahman [68] extended
Anderson’s method so that both the volume and the shape of the MD box can change in
order to accommodate different physical conditions. Moreover, not only an external
hydrostatic pressure but also an external anisotropic stress can be coupled to the system.
This is the well-known Parrinello-Rahman molecular dynamics (PRMD). The PRMD
generates a constant number of atoms, constant pressure, and constant enthalpy (NPE or
NPH) ensemble. In PRMD, a 3× 3 shape matrix h = (a, b, c) is introduced to the
simulation algorithm, where a, b, and c are the respective vectors of the three box edges.
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All particle coordinates are scaled with this shape matrix. Thus the values of the
coordinates are in the range from 0 to 1. If we use qi to represent the scaled coordinate of
the i th particle, then its real position is ri = hqi , and the velocity is r&i = hq& i . The purpose
of using the matrix h is to vary the shape and volume of the box in respond to the
changes of the pressure, temperature, or potential energy. The physical picture of this
method is using a virtual “piston” to squeeze or stretch the system. Thus, In PRMD the
Lagrangian of the system is
N
N N
1
1
L = ∑ mi q& iT Gq& i - ∑∑ φ (rij ) + W ⋅ Tr (h& T h&) - PV ,
2
i =1 j >i
i =1 2

(2.3)

where G = h T h is a metric tensor, W is the mass of the fictitious “piston”, Tr is an
operator which sums the diagonal components of a matrix, P is the hydrostatic pressure,
and V = det(h) is the volume of the MD box. The equations of motion for qi and h
derived from Eq. (2.3) are,
q&&i = −

1
mi

∑
j ≠i

φ ′(rij )
rij

(qi − q j ) − G −1G& q& i ,

(2.4)

and
1
h&& = (Π − P )A ,
W

(2.5)

where A = Vh −T ( h −T is the transverse transpose of h ) is an area tensor, and Π is the
microscopic stress tensor which has the following form:

Π=

φ ′(rij ) v v T
r r
1 N
1 N
mi r&i ⋅ r&i T − ∑∑
rij ⋅ rij .
∑
V i =1
V i =1 j >i rij

(2.6)

Eq. (2.5) is valid only when an external hydrostatic pressure is applied. If an external
stress σ is applied to the system, Eq. (2.5) is not applicable. Suppose a symmetric tensor
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Γ is related to the external stress σ and the reference matrix (or undeformed shape
matrix) h0 by

Γ = h0−1 (σ − P)h0−T V0 .

(2.7)

where V0 = det(h0 ) is the reference volume. In this case, Eq. (2.5) is replaced by
1
h&& = (Π − P )A − hΓ .
W

(2.8)

When the system is under a pressure or a stress, the shape of the simulation system
changes, which induces a strain. The strain tensor can be written as
1
2

ε = (h0−T Gh0−1 − 1) .

(2.9)

Although the system volume can be adjusted in respond to the external stress or pressure,
the system temperature cannot be controlled. If the system is stressed or pressurized, the
accompanying energy causes an increase of the system temperature. Unfortunately, the
temperature change in PRMD cannot be controlled.

2.1.3. MD Simulation in NPT Ensemble

In many circumstances, we need to keep the system temperature and pressure at
desired values. In other words, the system should be kept in an NPT ensemble. This can
be done with two methods. The first one is to rescale the atomic velocities by multiply a
factor [13]. The other one is using Nose’s scaling method [13,69]. Both methods can
keep the temperature constant. In Nose’s method, a scaling variable s is introduced to
the atom velocities. The velocity of the ith particle is rewritten as r&i = hq& i s . In order to
couple this Nose variable to the system, a new fictitious “mass” Q is introduced. The
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physical picture of the Nose method is to adjust the system temperature through an
external thermostat. In an NPT ensemble with the Nose variable in use, the Lagrangian
changes to the new form:
N
N N
1
1
L = ∑ mi s 2 q& iT Gq& i - ∑∑ φ (rij ) + W ⋅ Tr (h& T h&) - PV
2
i =1 2
i =1 j >i

1
+ Qs& 2 - (3 N + 1)k B Teq ln s .
2

(2.10)

The new equation of motion of qi in the NPT ensemble can be represented by
q&&i = −

1
mi s 2

∑
j ≠i

φ ′(rij )
rij

2 s&q& i
.
(q i − q j ) − G −1G& q& i −
s

(2.11)

The equation of motion of h [Eq. (2.5) or Eq. (2.8)] does not change. However, the
microscopic stress tensor Π [Eq. (2.6)] has a new form:

Π=

φ ′(rij ) v v T
1 N
1 N
T T
2
&
&
m
s
h
q
q
h
−
rij ⋅ rij .
(
)
∑
∑∑
i
i i
V i =1
V i =1 j >i rij

(2.12)

The equation of motion of the Nose variable is represented by
&s& =

1 N
(3 N + 1)
1
k B Teq .
mi s (q& iT Gq& i ) −
∑
Q
s
Q i =1

(2.13)

Sometimes an NVT ensemble (constant number of atoms, constant volume, and
constant temperature) is of the interest. This ensemble can be constructed by introducing
the Nose variable to an NVE ensemble, i.e., the combination of Eq. (2.2) and Eq. (2.13).
Due to the limited computational capacity, usually the upper limit of the number
of atoms included in the system is of several millions. Such a small system has a large
surface to volume ratio that strongly affects the stability of the system. In order to get rid
of the surface effects, periodic boundary conditions (PBCs) [13] are usually applied in all
directions in computer simulations. As illustrated in Figure 2.2, the original system is
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surrounded by its periodic boundary images. As a result, the system is equivalent to a
small bulk part of an infinite system. Using this method, the surface effects can be
suppressed. However, in some cases PBCs cannot be applied. For example, the PBCs
should be disabled when one investigates the properties of nanoparticles.

Figure 2.2. Illustration of periodic boundary conditions. The green area represents the
original simulation system, and the blue areas represent its periodic boundary conditions.

The atom positions and velocities can be obtained by solving (or integrating) the
equations of motion. The predict-correct algorithm [13] is usually used for solving these
second-order differential equations. In order to minimize the integration errors, we use
the fifth-order Gear predict-correct algorithm [13] to solve the differential equations in
this work.

2.2. Lennard-Jones Potential

The interatomic potential is an essential element in MD simulations. Various
potential models have been developed for different materials. For example, a simple
18

Lennard-Jones (LJ) potential is usually used to describe argon. For metals and metallic
alloys, the embedded-atom-method (EAM) potentials [70,71] are frequently used. For
ionic interaction systems such as metal oxides [72], the Coulomb potentials are more
suitable. In this work, we use a monatomic Lennard-Jones system as a model system to
investigate some universal thermodynamic and kinetic theories. Since the LJ model
system has been extensively investigated over the past 30 years, a lot of data are available
for comparison. Moreover, unlike some empirical potentials only works well at room
temperatures, the LJ potential works well for both crystal and liquid phases.
The Lennard-Jones potential has a simple 12-6 form, which can be expressed as

σ
σ
⎧⎪
4ε [( ) 12 − ( ) 6 ]
φ (r ) = ⎨
r
r
⎪⎩
0

( r ≤ rc )
( r > rc )

,

(2.14)

where ε is the energy well depth, σ is a length parameter, r is the interatomic distance,
and rc is the cutoff distance. For solid argon, ε / k B = 119.8K, where kB is Boltzmann’s
0

constant and σ = 3.405 A [13]. The relation between φ (r ) and r is shown in Figure 2.3.
At the equilibrium distance, the potential energy has a minimum. If the interatomic
distance is less than the equilibrium distance, the interaction is repulsive. If the
interatomic distance is larger than the equilibrium distance, the interaction is attractive. If
two atoms are far away from each other, the interaction energy φ (r ) is very small and the
interaction is neglectable. Thus, one can define a cutoff distance rc beyond which no
interaction is considered. In our work, we define rc = 2.5σ . By using the cutoff distance,
the long-range interaction is not included and a lot of computation time can be saved.
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Figure 2.3. The Lennard-Jones potential as a function of interatomic distance r.

At low temperatures, the LJ system is in crystal state and has a face-center-cubic
(fcc) structure. Initially all atoms in the system are arranged in an fcc lattice. The initial
atom velocities assigned with a Gauss distribution. Standard reduced units [13] are used
in this work: the mass unit is set as the weight of one argon atom, m = 39.95 amu =
66.3398 × 10 −27 kg, length unit is in σ ≈ 0.3405 nm, energy unit is in ε ≈ 1.654 × 10 −21 J,
time unit is in τ = (mσ 2 / ε )1 / 2 ≈ 2.1561 × 10 −12 s, temperature unit is in ε / k B ≈ 120 K.
The time step is set as 0.002319τ, which is about 5×10-15 second.
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2.3. Examples of Calculating the Physical Properties
2.3.1. System Temperature

Many physical properties can be calculated from the trajectories of the atoms. A
simple example is that the system temperature is related to the atom velocities by
N

1

∑ 2m v
i =1

2
i i

=

3
Nk B T .
2

(2.15)

Figure 2.4 shows a heating-cooling process. The desired system temperature and the
calculated temperature [based on Eq. (2.15)] are shown with different colors. Clearly, the
two temperatures coincide with each other so that the red line is hardly seen.

1.0
desired T
calculated T

0.9
0.8

T, ε/kB

0.7
0.6
0.5
0.4
0.3
0.2

0

200000

400000

600000

800000

MD steps, 5fs

Figure 2.4. The desired system temperature (red) and the calculated system temperature
(blue).
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2.3.2. Pair Distribution Function

Pair distribution function (PDF), also called radial distribution function (RDF), is
a useful technique for characterizing the structure of materials [13]. Suppose there are N
atoms in the system, and the volume of the system is V . Originating from a center atom
i ( i =1, N ), the number of atoms enclosed in the shell between r and r + dr [Figure
2.5] is ΔN i (r ) . If ΔN i (r ) is averaged over all the atoms, one can get
ΔN (r ) =

1
N

N

∑ ΔN (r ) ,

(2.16)

i

i =1

and the density in the spherical shell r to r + dr is

ρ (r ) =

ΔN (r )
4πr 2 dr

=

N
1
ΔN i (r ) .
∑
4πNr 2 dr i =1

(2.17)

The pair distribution function is the ratio of this average density at r to the average
density of the whole system, which is ρ = N

g (r ) =

V

. So the pair distribution function g (r ) is

N
V
ρ (r )
= 2
∑ ΔN i (r ) .
ρ
N 4πr 2 dr i =1

r+dr

(2.18)

r
i

Figure 2.5. Illustration of a shell between r and r+dr originating from a central atom i.

22

T = 0.5
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Figure 2.6. The pair distribution function at different temperatures and states: T=0.5 ε / k B
(blue line); T=0.739 ε / k B , before melting (red line); T=0.739 ε / k B , after melting (green
line).

From Eq. (2.18), one can calculate the pair distribution function from the atomic
coordinates. Figure 2.6 shows the pair distribution functions of a LJ crystal system at
different temperatures. The LJ system is heated from a low temperature to a high
temperature. At T=0.739 ε / k B , the crystal becomes a liquid. At low temperatures, the
system is a well-ordered crystal. At T=0.5 ε / k B , the PDF shows many sharp peaks. The
first minimum of PDF at this temperature occurs at r = 1.35 σ which corresponds the
first nearest neighbor distance. At the melting temperature (T=0.739 ε / k B ) but before
melting occurs, the peaks of the PDF are not as sharp as those at low temperatures.
However, the system still maintains the crystal structure. After melting occurs at this
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temperature, only the first two peaks can be clearly seen and other peaks disappear. At
large r, the PDF is close to 1.0, indicating the system is in liquid state.

2.3.3. Diffusion Coefficient

The diffusion coefficient is related to the atomic displacements over a certain time
r
period. Assume the initial position of atom i at t = 0 is ri (0) , and at time t the new
r
r
r
2
position is ri (t ) , then the instantaneous square displacement of atom i is ri (t ) − ri (0) .
For a very long time t, the diffusion coefficient D in the 3D space is [13]
⎛ 1
D = lim ⎜
t → ∞ 6 Nt
⎝

N

∑
i =1

r
r
2 ⎞
ri (t ) − ri ( 0 ) ⎟ ,
⎠

(2.19)

where the average L is over all atoms. Equation (2.19) is also called “Einstein
relation” [13]. It is worth noting that the periodic boundary conditions should be disabled
for calculating the atomic displacements. Otherwise, the shifting from the real atom
position to its periodic image causes an artificial increase in the displacement. In
molecular dynamics simulations, the time-dependent atomic positions (or trajectories)
can be easily traced. Thus, one can use Eq. (2.19) to calculate the diffusion coefficient.
Figure 2.7 shows the calculated diffusion coefficients of a liquid at different
temperatures. The diffusion coefficient decreases very fast with the decreasing
temperature. The diffusion coefficient at T=0.9 ε / k B is almost 20 times larger than that at
T=0.5 ε / k B . Actually, the diffusion coefficient decreases exponentially with the
temperature: D ~ exp(−Q / k B T ) , where Q is the activation energy associated with the
diffusion [1].
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Figure 2.7. The diffusion coefficient of a LJ liquid as a function of temperature.

2.3.4. Elastic Constants

The elastic constants of solids are closely related to the stability and stiffness of
materials. Over the past 30 years, several methods have been developed for calculating
the elastic constants of solids in computer simulations. A direct method [73] is to apply a
tension on the sample and calculate the corresponding strain. From the strain-stress
relationship, one can determine the elastic constants. This method is simple and
convenient. However, the results are generally less accurate. Moreover, it is difficult to
calculate some off-diagonal components of the elastic constants. Rahman and Parrinello
[74] developed a fluctuation method to calculate the elastic energy. In this method, the
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strain fluctuations are directly related to the adiabatic compliance tensor S ij ,kn , as shown
by
< ε ij ε kl > − < ε ij >< ε kl >=

k BT
S ijkl ,
V0

(2.20)

where ε ij is the strain component and can be calculated with Eq. (2.9). The fluctuation
method also can be used in Monte Carlo (MC) simulations [75,76], although the
convergence is very slow. One advantage of this method is that the derivatives of the
potential are not needed. Therefore this method is useful when the potential has a
complicated form. However, from my own experience, Eq. (2.20) generates poor results
of the elastic constants. This is primarily due to the presence of some artificial
fluctuations in the system. Moreover, since the fluctuations are directly related to the
system size by Δε ij / ε ij ~ 1 / N , Eq. (2.20) may yield a finite-size dependence on the
elastic constants.
Elastic constants also can be calculated from the first and second order derivatives
of the potential [67,77,78]. In this method, MD should be performed in an NVE
ensemble. The form for calculating the adiabatic elastic constants under zero pressure in
an NVE ensemble is proposed by Ray and Rahman [77,78],
C ijkl = −

V0
2 Nk B T
(< Pij Pkl > − < Pij >< Pkl >) +
(δ il δ jk + δ ik δ jl )
k BT
V0

+

1
V0

N −1

N

⎡

φ ′ ⎤ x abi x abj x abk x abm

∑ ∑ ⎢φ ′′ − r
a =1 b = a +1

⎣

ab

⎥
⎦

rab2

,

(2.21)

where Pij is the internal stress tensor which has the same form as Π ij in Eq. (2.6), V0 is
the equilibrium volume under zero external pressure, φ ′ and φ ′′ are the first and second
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order derivatives of the pair potential respectively, δ ij has a value of 1 if i=j and 0
otherwise, x ab is the vector joining particle a and b of length rab , and x abi is the
projection of x ab in the i th direction. The first term on the right-hand side in Eq. (2.21) is
called fluctuation term, the second term is called temperature correction term or kinetic
term, and the third term is called Born term [77,78]. As shown latter, the main
contribution of the elastic constants is from Born term. In Eq. (2.21), φ is a pair
potential. If the interaction potential is not a pair potential such as embedded-atommethod (EAM) function, Eq. (2.21) must be modified in order to include the contribution
of many-body effects [79,80]. Since the atom velocities are zero at T = 0, the first two
terms in Eq. (2.21) are zero and the elastic constant is only determined by the Born term
[81].
In order to prepare an NVE ensemble, the system ensemble needs to be changed
in the following order: NPT → NVT → NVE. First the NPT MD is performed for 20,000
MD steps to equilibrate the system at a desired temperature T. In the next 20,000 MD
steps the reference (or equilibrium) shape matrix h0 (T ) = h(T ) and reference volume

V0 (T ) = h(T ) are obtained by taking the statistical averages of the two quantities. After
that, the NPT ensemble is changed to an NVT ensemble by fixing the shape matrix with
h(T ) = h0 (T ) . After the system equilibrates for 20,000 MD steps in the NVT ensemble,
the Nose thermostat is removed from the system. As a result, the system changes from an
NVT to an NVE ensemble. In the NVE ensemble, the system equilibrates for 20,000 MD
steps. In the next 60,000 MD steps, we use Eq. (2.21) to calculate the elastic constants.
The 3 × 3 × 3 × 3 matrix C ijkl can be changed to the 9 × 9 matrix C mn by using Voigt
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notation [82], in which the suffixes ij → m , and kl → n . The mapping properties of the
Voigt notation are shown in Table 2.1.

Table 2.1: The Voigt notation.
Tensor notation

11

22

33

23, 32

13, 31

12, 21

Matrix notation

1

2

3

4

5

6

For cubic crystals, the elastic constants have the following symmetry:
⎛ C11
⎜
⎜ C12
⎜C
Cij = ⎜ 12
⎜ 0
⎜ 0
⎜
⎜ 0
⎝

C12
C11
C12
0
0
0

C12
C12
C11
0
0
0

0
0
0
C 44
0
0

0
0
0
0
C 44
0

⎞
⎟
⎟
⎟
⎟.
⎟
⎟
⎟
C 44 ⎟⎠
0
0
0
0
0

(2.22)

Using Eq. (2.21), we calculated all the 36 components of C ij at a given temperature. For
example, at T = 0.33 ε / k B (40K), the 36 components (in unit GPa) are
1.79
1.80
0.02 - 0.01 - 0.01 ⎞
⎛ 3.07
⎟
⎜
3.07
1.79 − 0.03 0.01
0.02 ⎟
⎜ 1.79
⎜ 1.80
1.79
3.09 − 0.03 0.00
0.00 ⎟
⎟.
⎜
C ij =
⎜ 0.02 − 0.03 − 0.03 1.56 − 0.02 0.02 ⎟
⎜ − 0.01 0.01
0.00 − 0.02 1.60 − 0.01⎟⎟
⎜
⎜ − 0.01 0.02
0.00
0.02 − 0.01 1.62 ⎟⎠
⎝
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Clearly, C11 , C 22 , and C 33 are almost of the same value, which is close to 3.08GPa;
C12 (= C 21 ), C13 (= C 31 ), and C 23 (= C 32 ) are almost of the same value, which is close to

1.79GPa; C 44 , C 55 , and C 66 are almost of the same value, which is close to 1.59Gpa.
The other components are close to zero. Thus, the symmetry of the calculated elastic
constants is in very good agreement with Eq. (2.22).
The elastic constants as functions of the time are shown in Figure 2.8. Clearly,
only after about 20000 time steps, the nine components reach good convergences. The
convergences in this work are faster than those in the Monte Carlo simulations [75,76].

Elastic Constants (GPa)

3.5
C11

3

C22
C33

2.5

C12
C13
C23

2

C44
C55

1.5

C66

1
0

10000 20000 30000 40000 50000 60000
MD steps

Figure 2.8. The elastic constants as functions of the simulation time at T = 0.33 ε / k B
(40K).
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Due to the cubic symmetry [Eq. (2.22)], we can use the average values to
represent

C 44 =

Bs =

C11 ,

C12 , and

C 44 :

C11 =

C11 + C 22 + C 33
,
3

C 44 + C 55 + C 66
. The bulk modulus
3

Bs

C12 =

C12 + C13 + C 23
, and
3

is related to C11 and C12 by

C11 + 2C12
. The shear modulus is C ′ = (C11 − C12 ) / 2 . At different temperatures, we
3

repeat the above calculations and get the temperature-dependent elastic constants, which
are shown in Figure 2.9.

T, K
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Figure 2.9. Temperature dependent elastic constants. The left and bottom scales show the
reduced LJ units, and the right and top scales show the standard units. The symbols are
calculated from MD calculations, and the lines are linear fits to the data. Tms represents
the upper limit of superheating.

30

Clearly, the elastic constants C11 , C12 , C 44 , Bs , and C ′ decrease almost linearly
with the increasing temperature. This is because the fluctuation term in Eq. (2.21) yields
a negative value to the respective elastic constant. As temperature increases, the thermal
fluctuation also increases. Moreover, the total volume also increases with the increasing
temperature. As a result, both the kinetic term and Born term decrease. The total outcome
is that the elastic constants decrease with the increasing temperature. At low
temperatures, C12 and C 44 are very close to each other. At T=0, C12 = C 44 . This is in
agreement with the Cauchy relation [83]: for a crystal with central forces (e.g., a LJ
potential), in which all atoms are in the center of symmetry (e.g., a perfect cubic crystal at
T=0), the relation C12 = C 44 is satisfied. If the temperature is nonzero, C 44 decreases
faster than C12 with the increasing temperature. Thus, we have C12 > C 44 . The linear fits
in Figure 2.9 yield the temperature-dependent elastic constants, as shown in Eq. (2.23a)(2.23e):
C11 = 103.72 – 93.27 × T ,

(2.23a)

C12 = 57.17 – 44.26 × T ,

(2.23b)

C 44 = 57.08 – 56.91 × T ,

(2.23c)

Bs = 72.62 – 60.25 × T ,

(2.23d)

C ′ = 23.27 − 24.51 × T .

(2.23e)

2.4. Computing Facilities

In order to handle large systems, the parallel computing is used in this work.
Using the parallel computing, we can split one job into several sub-jobs and each of them
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is executed in an individual cpu. Currently, we have two major parallel computing
clusters: Thunder and Apollo. Thunder clusters have 96 nodes that are connected by Gbit
communication cables. The cpu speed of each node is of 2.8-GHz. Apollo clusters have
64 nodes that are connected by optical fibers for Myrinet communication. The cpu speed
of each node is of 2.2-GHz. Figure 2.10 shows the two clusters in our lab. Most
simulations in this work were performed at those clusters.

Figure 2.10. Parallel computing clusters. Thunder (left): 96-node clusters; Apollo (right):
64-node clusters.
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CHAPTER 3
TEST OF CLASSICAL NUCLEATION THEORY FOR LIQUID
SUPERCOOLING AND COMPUTING SOLID-LIQUID
INTERFACIAL FREE ENERGY

The interfacial free energy, which is generated by the structural differences
between two different phases, is a fundamental thermodynamic parameter governing
phase transformations [1-6]. For example, the free energy of the crystal-melt interface
plays an important role in nucleation and growth of new phases at different supercooling
temperatures [1-6]. Unfortunately, interfacial free energies are very weak and extremely
difficult to obtain experimentally for systems with two condensed phases such as solidliquid systems [30]. Turnbull [4] extracted the solid-liquid interfacial free energies for
various materials from the homogeneous nucleation rates at temperatures close to their
maximum undercoolings. He proposed an empirical relation between the latent heat of
fusion and interfacial free energy, which can be expressed as

γ SL = αρ 2 / 3 (ΔH f / N a ) ,

(3.1)

where ρ is the atom number density of crystal, ΔH f is gram atomic heat of fusion, N a
is Avogadro’s number (therefore, ΔH f / N a is the enthalpy per atom), and α is a
coefficient whose value is approximately 0.45 for most metals and 0.32 for most
nonmetals. In order to minimize the heterogeneous nucleation introduced by impurities
and other types of catalysts in experiments, Turnbull [5,6] and Cech [5] broke the metal
specimen into a large number of small droplets (10 to 100 micron diameter). The
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catalysts might be localized in a small fraction of particles so that the crystal nucleation
could take place homogeneously. Although impurities may still play a role in affecting
the crystal nucleation in the experiment, along with other difficulties in generating and
maintaining the droplets of different types of materials, Turnbull’s technique had been
proved to be effective in suppressing heterogeneous nucleation and made it possible to
extract the solid-liquid interfacial energies from crystal nucleation [4]. As we show later,
our work is inspired by this experimental approach. An analogous method is developed
for atomistic simulation so that the solid-liquid interface free energy could be obtained.
In computer simulations, impurities can be effectively excluded, but calculating
the solid-liquid interfacial free energies is still difficult, because the solid-liquid
interfacial energies are too small to be accurately retrieved from thermal fluctuations.
Several numerical approaches have been developed in the past two decades [30,84-87].
Broughton and Gilmer [30] used a “free energy integration” method by applying an
external “cleaving potential” to estimate the anisotropic solid-liquid interfacial energies
of a Lennard-Jones system. The basic idea of this method is to integrate the reversible
work when two isolated slabs of solid and liquid are joined together to form a flat solidliquid interface. Davidchack and Laird [84] extended this method to a hard-sphere system
by constructing two movable hard-sphere walls at the interface. Although this method
can lead to some satisfactory results, it is relatively complicated and not straightforward
to implement. For example, in Broughton’s work, a lot of efforts were needed to deal
with creating a stable interface, and periodic boundary conditions were applied and
removed back and forth at the interface. The external cleaving potential must be chosen
carefully to make sure the integration process is reversible. Hoyt et al. [32,85], on the
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other hand, used the “interface fluctuation method” to estimate the anisotropic solidliquid interfacial energies of several fcc and bcc metals. In their method, the interfacial
stiffness (which is the interfacial energy plus its second order derivative) was extracted
by monitoring the fluctuations of the solid-liquid interface profile. Since the interfacial
stiffness is more sensitive to the anisotropy than interfacial energy itself, this method best
suits studying the anisotropy of interfacial energies. However, some difficulties may still
be encountered in this method. First, the solid-liquid interface is not easy to be identified,
because it always has a transient thickness. Second, the accuracy of identifying the solid
and liquid atoms is strongly dependent on the criterion of one’s choice. Third, although in
principle the thermal fluctuations of the interface profile are directly related to the
stiffness of the interface, in computer simulation the fluctuations may mix with other
types of fluctuations from finite-size effects, shape fluctuations of simulation box, etc.
These kinds of fluctuations may bring difficulties for extracting accurate interfacial
energies that are relatively small for most of materials - a small artificial variation of the
interfacial energy may cause a large variation of its second order derivative (hence the
anisotropy of interface energies). Furthermore, in the above two methods, the system
should be kept at the equilibrium melting temperature so that the two phases coexist and
the solid-liquid interface stays stationary. Therefore only the interfacial energy at the
equilibrium melting temperature can be obtained. In order to consider the temperature
dependence of interfacial energy [33,88], a new method is needed for a wide range of
temperatures. Recently other theoretical calculations based on density-function theory
(DFT) [86,87] have been developed to provide an alternative for estimating the interfacial
energy. Unfortunately the results from these approaches are strongly dependent on the
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approximations used in constructing DFT models. Hence a relatively simple and accurate
method for calculating solid-liquid interfacial energy is still needed.
In this Chapter, we describe a straightforward and easy-to-implement method for
calculating the solid-liquid interfacial free energy. As compared with other methods in
which the calculations were mainly performed at the equilibrium melting temperatures
for flat crystal-melt interfaces, our calculations were performed for a wide range of
temperatures and with different sizes of crystal nuclei. Following Turnbull’s work, we
apply the classical nucleation theory in a wide range of undercooling temperatures and
use it to directly estimate the weak interfacial free energy. The temperature dependence
of interfacial energy can be calculated with this method as well. Although this work is
performed with a standard Lennard-Jones system, the method for creating reliable
crystal-melt interfaces can be easily extended to other types of interaction systems.

3.1. Theory, Model, and Method
3.1.1. Classical Nucleation Theory

According to the classical nucleation theory (CNT) [1], to form a small solid
sphere of radius r in a supercooled liquid [Figure 3.1(a)], the change in Gibbs free energy
can be expressed as
4
ΔGr = − πr 3 ΔGV + 4πr 2γ SL ,
3

(3.2)

where γ SL is solid-liquid interfacial energy, and ΔGV is the Gibbs free energy difference
per unit volume between solid and liquid phases at the same temperature. Figure 3.1(b)
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shows the relation between the interface free energy term and volume free energy term in
Eq. (3.2). In CNT, ΔGV can be approximated as
ΔGV ≅ LV

ΔT
,
Tm

(3.3)

where LV is the latent heat of fusion per unit volume at the equilibrium melting
temperature, Tm is the equilibrium melting temperature, and ΔT (= Tm − T ) is
undercooling temperature. The critical nucleus radius is obtained from Eq. (3.2),
r* =

2γ SL ⎛ 2γ SL Tm ⎞ 1
⎟
,
≅⎜
ΔGV ⎜⎝ LV ⎟⎠ ΔT

(3.4)

and the critical nucleation barrier is
ΔG * =

3
3
⎛ 16πγ SL
16πγ SL
Tm2
⎜
≅
3(ΔGV ) 2 ⎜⎝ 3LV2

⎞ 1
⎟
⎟ (ΔT )2 .
⎠

(3.5)
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Figure 3.1. Illustration of the classical nucleation theory for homogeneous nucleation. (a)
Model of homogeneous nucleation. A solid sphere of radius r forms in a supercooled
liquid. (b) The changes of the interfacial free energy and the volume free energy in
homogeneous nucleation. The critical radius and nucleation barrier are given in Eqs. (3.4)
and (3.5).
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For a given undercooling temperature, there exists a critical radius r * , which is
associated with maximum excess free energy (or nucleation barrier), as shown in Figure
3.1(b). If r < r * , the solid sphere shrinks in order to lower the free energy of the system;
If r > r * , it grows to lower the free energy; If r = r * , solid sphere can be in equilibrium
(but unstable) with its surrounding liquid. This relation is very useful in helping
rationalize the results from homogeneous nucleation experiments of small metal droplets
[4,6]. Turnbull and Cech [5] found that the nucleation rates of critical nuclei governed by
the activation energy [Eq. (3.5)] were extremely sensitive to the undercooling
temperatures from which he successfully extracted the interfacial energy [4].
This fact motivates us to apply CNT to calculate the interface energy from a
different point of view. In our simulations, instead of finding the critical nucleus radius at
a given undercooling temperature, we try to find the critical undercooling temperature for
a given critical nucleus radius. Namely, for a given critical nucleus radius, r * , if
ΔT < ΔT * , the solid sphere dissolves into its surrounding liquid; if ΔT > ΔT * , the solid
sphere grows; if ΔT = ΔT * , solid sphere is in equilibrium (but unstable) with the
supercooled liquid. For each given r * , we can find a corresponding critical undercooling
temperature, ΔT * . By varying the critical sphere size at different ΔT * , we can obtain a
series of corresponding critical undercooling temperatures. Since the critical nucleus
radius is proportional to the reciprocal of undercooling temperature [Eq. (3.4)], we can
plot a curve of r * vs. 1

k=

ΔT *

and find its slope k . From Eq. (3.4), we can obtain

2γ SLTm
.
LV

(3.6)
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The equilibrium melting temperature Tm can be calculated by finding the coexistence
temperature of the bulk solid and liquid. The latent heat of fusion can be obtained by
comparing the enthalpy difference between the bulk liquid and solid phases at Tm . So the
interfacial energy rSL can be calculated from Eq. (3.6) directly. It is worth noting that rSL
in Eq. (3.6) is an averaged value over different crystallographic orientations and a wide
range undercooling temperatures. As in CNT, for the time being we assumed it as a
quantity independent of temperature and orientation. However, these assumptions might
not be always true [88,89]. We will discuss these dependences later in this paper.

3.1.2. Simulation Techniques

In this work, we performed the molecular dynamics (MD) simulation in a NPT
ensemble (where N is the number of atoms, P is pressure, and T is temperature). The
Parrinello–Rahman method [68] was employed to control the external hydrostatic
pressure (in this work, the external pressures was set to zero), and Nose thermostat [69]
was used for controlling the system temperature. The atomic interaction potential used in

σ

σ

this work is a Lennard-Jones (LJ) potential, φ (r ) = 4ε [( )12 − ( ) 6 ] , where σ =3.405Å,
r
r

ε / k B = 119.8K, and k B is Boltzmann constant. One of the reasons for using a LJ system
is that it has been studied extensively in the past several decades. Thus a lot of data are
available for comparison. Furthermore, the potential can be easily tuned by changing the
two parameters. The cutoff distance is set to 2.5 σ . The initial lattices structure was facecenter-cubic (fcc). To get rid of the surface effects, period boundary conditions were
applied in all directions. The number of atoms in the system ranges from 32,000 to
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128,000. Standard reduced LJ units [13] are used in this work: the mass unit is in the
weight of one argon atom, length unit in σ , energy unit in ε , time unit in τ = mσ 2 / ε ,
and temperature unit in ε / k B . The MD time step is set as 0.002319τ, which is about
5× 10-15 second. In order to handle large systems, parallel computing was used in this
work.

3.1.3. Model of a Solid Nucleus Embedded in a Supercooled Liquid

If impurities are effectively excluded from the system, the homogeneous
nucleation process dominates during crystallization. As indicated by Turnbull’s
experiment of cooling mercury droplets [6], the heating and cooling processes generate a
large hysteretic loop. The large hysteretic loop also means that solid and liquid phases
can coexist for a wider range of temperatures. At equilibrium melting temperature, bulk
solid and liquid phases have the same Gibbs free energy. For homogeneous nucleation,
the solid nuclei form spontaneously via the thermal fluctuations at deep undercoolings.
The critical nuclei usually include less than a few hundred atoms [90]. At shallow or
moderate undercoolings, according to Eq. (3.4), the critical nuclei are too large to form
spontaneously. In computer simulations, as pointed out by Frenkel et. al. [27],
spontaneous nucleation is extremely difficult at shallow or moderate undercoolings due
to the limitation in computing time. Here we give a rough estimation. The nucleation rate
I has the unit of [cm3]-1[second]–1. For a system of one million (LJ) atoms and the total
simulation time of 100 nanoseconds (ns), which is at the upper limit of the capacity for
most modern computers, I is in the range of 1020-26 [cm3]-1[second] –1, which depends on
the size or the number of atoms in the critical nucleus. It is the minimum measurable
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nucleation rate in computer simulations. If I is below this value, which is often the case
for many materials, one cannot observe nucleation events at all unless the simulation time
is on the order of 1015-20 seconds or more, which is clearly impossible to achieve. This
time barrier has been known to prevent detailed nucleation process from being seen in
atomistic simulations in shallow and moderate undercooling. As a result, simulations of
homogeneous nucleation are often performed at deep undercooling.
Although it is impossible to form large crystal nuclei spontaneously at shallow or
moderate undercoolings, we can artificially insert a “pre-formed” spherical solid nucleus
of radius r in a supercooled liquid and create a coexisting system of two phases. At
shallow or moderate undercoolings, we can insert nuclei of large sizes. At deep
undercoolings, we can insert nuclei of relatively small sizes. By watching how these
nuclei change at different temperatures, we could, therefore, study the thermodynamics
and kinetics of nucleation in a wide range of supercooling temperatures. The time-barrier
limitation [27] described above in MD simulations could be effectively circumvented.
However, by doing so, we exclude the possibility of observing the evolution of critical
nucleus. The critical nucleus in the spontaneous nucleation could form through complex
pathways, either evolving from a single sub-critical solidlike cluster or through merging
and dissolving of multiple sub-critical clusters of various sizes and shapes [91]. The
nuclei usually exhibit structure, shape, surface morphology, and temporal behaviors
different from those assumed in the CNT. In a simplified model as we did in this work,
we sacrificed the morphological complexities of the evolving nuclei during homogeneous
nucleation in order to focus on the thermodynamic and kinetic behaviors.
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Figure 3.2. The classical way of creating a crystal-melt interface. Three independent runs
are usually required.

In many simulation studies [30,84,85], crystal-melt interfaces were created by
bringing liquid and solid phases together, as shown in Figure 3.2. Two independent
computer runs generated solid and liquid phases separately, and then the liquid and solid
slabs were joined together to form a flat crystal-melt interface. However, when the solid
and liquid slabs are joined together, the atoms at or near the interfaces may be too close
or even overlap with each other. The overlapping could not be eradicated by relaxation,
which may introduce strong repulsive forces and cause collapse of the simulation system.
For example, Broughton and Gilmer [30] put a lot of efforts to deal with the boundary
problems at the interface. In this work, we use only one single computer run to create a
“composite” system of a crystal nucleus embedded in a supercooled liquid without such
burdens at the interface.
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Figure 3.3. Schematic illustration of creating a composite system with a crystal nucleus
embedded in a supercooled liquid. The outer matrix follows the path A→C→D→E→F,
and the solid sphere follows the path A→G→B→G→C. At temperature T ′ , the potential
depth of the solid sphere is changed from 4ε to 1ε (G→C). See text for details.

Figure 3.4. Cross-section snapshots during the process of creating the composite system.
(a) Initial configuration (at point A in Figure 3.3). (b) At the superheating limit Ts1ε , the
outer matrix becomes liquid. (c) At T ′ in Figure 3.3, the coexistence sample is created
after the potential depth of the inner solid sphere is changed from 4ε to 1ε .
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Figure 3.3 schematically illustrates this method. Initially, as shown in Figure
3.4(a), the atoms are arranged in an fcc lattice. The system is divided into two parts. One
is a cubic matrix, and the other one is a solid sphere embedded in this matrix. The
interaction potential of the system is LJ potential. At the beginning, both the sphere and
matrix are fcc crystals as indicated by point A in Figure 3.3. The matrix and the sphere
have the same atom diameters ( σ1 = σ 2 = σ ). However, the matrix consists of atoms with
the Lennard-Jones potential depth ( ε 1 = ε ), and the atoms inside the solid sphere have a
larger potential depth ( ε 2 = 4ε ). At the interface region, the potential depth for different
species of atoms is taken the value of

ε 1ε 2 . So the sphere has a higher melting point

than its surrounding matrix. Due to different thermal expansions of the sphere and the
matrix, when the system is heated up, the average enthalpy or volume (per atom) of the
sphere follows the line A→G→B while the matrix follows the line A→C→D, as shown
in Figure 3.3. If the temperature is higher than the superheating limit of matrix ( Ts1ε ,
where the superscript 1ε represents a standard LJ system), the matrix becomes liquid
(D→E) whereas the center sphere still remains in crystalline state (point B). The
corresponding snapshot at this temperature is shown in Figure 3.4(b). After a short time
period of equilibration and relaxation, the system is cooled down to a temperature T ′ ,
which is below the equilibrium melting point of the matrix ( Tm1ε ). At this step, the
average enthalpy or volume (per atom) of the matrix follows the line E→F, and that of
the solid sphere goes back along the line B→G. At temperature T ′ , the liquid matrix
becomes a supercooled liquid (with potential depth ε ) while the central sphere is still
crystal (still with potential depth of 4ε ). As indicated in Figure 3.3, the heating-cooling
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process generates a hysteretic loop in the supercooling and superheating regions. If the
temperature is within this loop, solid and liquid phases with the same chemical
composition can coexist. For example, point C and point F represent solid and liquid
phases respectively at the same temperature.
At temperature T ′ , we gradually change the potential depth of atoms in the solid
sphere to that of the matrix material (i.e., 4ε → ε ). So the average enthalpy or volume
(per atom) of the solid sphere increases gradually from G→C while that of liquid matrix
remains at position F. The final outcome is that we create a crystal sphere (point C)
embedded in the supercooled liquid (point F) and they have the same interaction potential
( ε 1 = ε 2 = ε ). The corresponding snapshot of the atomic configuration is given in Figure
3.4(c). Since there is no atom overlapping problems in this method, the crystal-melt
interface looks like a naturally formed one. Therefore, we use only one single computer
run and effectively bypass the difficulties of dealing with atom overlapping problems
[30] at the interface. Using this method, we can also easily create the flat interface model,
superheating model of a liquid nucleus embedded in crystal matrix [63,64], or nuclei of
various geometric shapes such as disks, needles, etc. Furthermore, this method can be
easily extended to other interaction systems.
Using this approach we can bring the “composite” sample to different
undercoolings. Depending on the undercooling temperatures, the nucleus either grows or
shrinks. Thus we can find a critical “coexistence” undercooling temperature ΔT * , within
a certain range of errors: if ΔT < ΔT * , the solid sphere dissolves in the liquid; if
ΔT ≥ ΔT * , the solid sphere grows. We can create a series of solid nuclei of different radii
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r * , and determine their corresponding ΔT * ’s. More details are given in the next several
sections.

3.2. Results and Discussion
3.2.1. Determining the Equilibrium Melting Temperature

Figure 3.5. Determining the equilibrium melting temperature with a flat interface. (a) At
T =0.618 ε / k B , the flat interface stays stationary. (b) At T <0.618 ε / k B , crystallization of
the liquid makes the interface move from left to right. (c) At T >0.618 ε / k B , the interface
moves from right to left. Melting of the crystal can be seen.

The equilibrium melting temperature of the model LJ system is a crucial reference
point for studying the supercooling or superheating phenomena. Due to the applied
periodic boundary conditions, the surface melting is suppressed so that the solid can be
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superheated to temperatures above the equilibrium melting point Tm1ε without melting, as
shown in Figure 3.3. Eventually at Ts1ε , the solid becomes liquid. Ts1ε is the upper limit
of superheating. Our calculation shows that Ts1ε = 0.76ε / k B . It worth noting that Ts1ε
cannot be used in the place of the equilibrium melting point ( Tm1ε ). The experimental
melting point of solid argon ( ≈ 83.8 K, about 0.7 ε / k B ) [92] cannot be used as the
melting point of LJ system either, because the LJ model system differs from the real
argon. In order to determine the equilibrium melting point of the LJ model system ( Tm1ε ),
we try to find the temperature at which a flat liquid-solid interface stays stationary,
because liquid and solid phases can coexist with a flat interface at the equilibrium melting
temperature. We first use the method described in last section to create the flat solidliquid interface. The total number of atoms in this system is 32 000. Some snapshots of
this system are shown in Figure 3.5. The initial potential depth of the left side is 2ε , and
that of the right is 1ε . The external pressure P for the entire system is kept at zero in the

NPT ensemble MD. After the system is heated to a temperature that is above the upper
superheating limit ( Ts1ε ), the right side becomes liquid but the left side is still solid
[Figure 3.5(a)]. Then the temperature is cooled down to a lower temperature and the
potential depth of the left side is gradually changed from 2ε to 1ε . Afterward we
monitor the movement of the flat interface. If the interface moves towards the liquid side
[crystallization of liquid, Figure 3.5(b)], we then slightly increase the temperature. Or if
the interface moves towards solid side [melting of solid, Figure 3.5(c)], we then decrease
the temperature slightly. After a series of trial and error, we found that the flat interface
became stationary at T=0.618 ε / k B (about 74.2 K). Thus we can determine that the
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equilibrium melting point of the LJ system is 0.618 ε / k B at P=0. This value is in good
agreement with Broughton and Gilmer’s result ( Tm1ε =0.617 ε / k B at P=0) [30], Morris
and Song’s ( Tm1ε =0.620 ε / k B at P= -0.01 ε / σ 3 ) [93], and slightly smaller than Agrawal
and Kofke’s ( ≈ 0.63ε / k B at P = 0) [94]. Note that the value of equilibrium melting
temperature is strongly dependent on the choices of simulation parameters such as the
cutoff distance of the potential, external pressure, etc. For example, Shen and Oxtoby
[95] found the triple point of a LJ system was at 0.67ε / k B . In this work, we use the same
set of simulation parameters for all simulations for self-consistency.

3.2.2. Bulk Properties of Solid and Liquid Phases

The bulk properties of solid and liquid phases can be determined from
homogeneous crystal or liquid samples. First we heat a single-phase crystalline sample
consisting of 32 000 atoms from a lower temperature of 0.2 ε / k B to a higher temperature
of 0.9 ε / k B at a heating rate of 1.333 × 1011 K/sec. The potential is the standard LJ
potential and periodic boundary conditions are applied in all directions. The sample
becomes liquid at the upper superheating limit Ts1ε = 0.76ε / k B . When the temperature
reaches 0.9 ε / k B , the system is cooled down to a lower temperature of 0.2 ε / k B at a
much slower cooling rate of 3.333 × 10 9 K/sec. At temperatures around 0.41 ε / k B , the
liquid starts to crystallize. We record the number densities and enthalpies of solid and
liquid phases at different temperatures, which can be seen in Figure 3.6.
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Figure 3.6. The hysteretic loops of the heating and cooling processes of a homogeneous
bulk system. (a) The density loop. (b) The enthalpy loop. The arrows indicate the
spontaneous crystallization point. The polynomial fits to the data are given in Eq. (3.7) –
(3.10).

By fitting the data in the temperature range from 0.41 to 0.76 ε / k B , the
temperature-dependent densities and enthalpies of solid and liquid phases can be
approximated by the 3rd order polynomial functions. The number density of the bulk solid
phase at a temperature T is

ρ s (T ) = 1.2566 - 1.24352T + 2.09829T 2 − 1.45575T 3 ,

(3.7)

and the number density of the bulk liquid phase is

ρ l (T ) = 1.14956 - 0.77309T + 0.76469T 2 − 0.57129T 3 .
The enthalpy per solid atom is
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(3.8)

(3.9)

E s (T ) = - 8.33233 + 5.43011T − 5.46738T 2 + 5.28305T 3 ,
and the enthalpy per liquid atom is

(3.10)

El (T ) = - 8.37089 + 7.21323T − 3.97902T 2 + 2.93256T 3 .

At the equilibrium melting temperature Tm1ε (= 0.618ε / k B ) , we can determine the latent
heat of fusion LV = [ El (T ) − E s (T )] × ρ s (T ) 1ε = 1.024ε / σ 3 .
T =T
m

3.2.3. Determining the Critical Temperature of the Composite System
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Figure 3.7. The volume changes at different temperatures for a sample of 683 solid atoms
embedded in a liquid matrix of 31 317 atoms. The liquid matrix crystallizes at T ≤ 0.559,
and does not change when T ≥ 0.560. Thus the coexistence temperature is approximately
at T = 0.559.
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We use two different size systems containing 32 000 and 128 000 atoms
respectively in this work. The purpose of using different size systems is to check whether
the system size would affect our simulation results. The initial configuration of the
composite system, which is a solid sphere embedded in a matrix, has been described in
the section 3.1.3. The initial potential depth of the central sphere is 4ε , and that of the
outer matrix is 1ε (the regular LJ potential). The external pressure is kept at zero. MD
runs are carried out at an initial temperature of 0.2 ε / k B and run for 10 000 MD steps (10
000 steps × 5 fs/step = 50 ps) to equilibrate the system. Then the system is heated up at a
rate of increasing 0.5K ( ≈ 0.00417 ε / k B ) every 300 MD steps (the heating rate is
3.3 × 1011 K/sec). The heating process is stopped at a temperature of 0.80 ε / k B . Since the
superheating limit of the standard LJ system ( Ts1ε ) is 0.76 ε / k B , the outer matrix is in
liquid state already at this temperature. However, the sphere is still solid. After being
equilibrated for 5 000 MD runs (25 ps) at this temperature, the system is quickly cooled
down to a desired temperature T ′ which is below the equilibrium melting temperature of
the matrix Tm1ε (= 0.618 ε / k B ) at a cooling rate of 6.6 × 10-11 K/sec. The cooling process
should be fast in order to avoid the pre-mature crystallization induced by the solid. At
temperature T ′ , the potential depth of atoms inside the sphere is changed gradually from
4ε to 1ε in 3 000 MD steps (15 ps). During this step, cautions are taken to make sure no

large and abrupt disturbance arises in volume, energy and temperature of the system.
After the potential is changed, the atoms in solid sphere have the same potential as those
in the liquid matrix. Due to the different thermal expansions between 4ε -solid and 1ε solid, the volume of the solid sphere expanded about 8% after the potential of the sphere
was changed to the regular LJ potential. Since we use constant pressure-constant
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temperature molecular dynamics (NPT MD) simulation, the system can effectively adjust
the change of volume during this procedure.
After the potential was changed, we held the temperature isothermally at T ′
[Figure 3.7] for additional 200 000 ─ 900 000 MD steps (1ns ─ 4.5ns) and observe the
structural and thermodynamic evolutions of the solid sphere. It has three possible
outcomes: (a) if the undercooling temperature ΔT = ΔT * , the solid sphere and liquid
coexist but in an unstable equilibrium, (b) if ΔT < ΔT * , the solid sphere dissolves in the
liquid, and (c) if ΔT > ΔT * , the solid crystal grows. Since the coexistence of the solid
sphere and supercooled liquid is unstable and a small thermal fluctuation can break this
equilibrium, the solid sphere either shrinks or grows. Therefore, it is difficult to
determine the exact value of the coexistence temperature. Practically, we define the
critical undercooling ΔT * as the minimum undercooling at or above which the solid
sphere can grow. In other words, the solid sphere of radius r has a high probability to
grow at undercooling ΔT ≥ ΔT * and shrink at ΔT < ΔT * . Here we give an example to
explain how we determined ΔT * , as shown in Figure 3.8. We created a composite system
with a solid sphere of 683 atoms embedded in a liquid matrix of 31 317 atoms. In the first
run we cooled the system to T =0.555 (or ΔT = 0.063) and held the temperature
isothermally for 200 000 time steps (1ns). We found that the system crystallized and the
solid sphere still kept its original shape at the center of the newly formed crystal [Figure
3.8(a)]. In the second run we cooled the system to a slightly higher temperature T =0.565
(or ΔT =0.053) and held the temperature isothermally for 200 000 time steps (1ns). We
found that the solid sphere collapsed and the atoms in the solid sphere diffused to the
surrounding liquid [Figure 3.8(b)]. Thus, we can determine that the coexistence
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temperature is somewhere between 0.555 and 0.565. In the next several runs we cooled
the system to a series of temperatures between 0.555 and 0.565. For each run we
changed the temperature with an increment or decrement of 0.001. And finally, as shown
in Figure 3.7, we found that if T ≤ 0.559 , the system crystallized; If T > 0.559 , the solid
sphere disappeared and became part of the liquid. Thus, by gradually narrowing the
bounds we determined that the coexistence temperature is close to T * = 0.559 or
ΔT * = Tm1ε − T * = 0.059 .

Figure 3.8. Visualization of the cross-section snapshots of the atomic configurations. (a)
At T = 0.555, the liquid matrix crystallizes, and the solid sphere still keeps its original
shape. Some defects can be clearly seen inside the crystal. (b) At T = 0.565, the solid
sphere disappears. The solid atoms diffuse into the liquid and become liquid atoms.

We use the following three methods to monitor and determine the evolution of the
composite system: (1) Calculating the average volume per atom of the total system. If the
volume does not change, or increases slightly, the liquid matrix does not crystallize, or
the solid sphere may dissolve in the liquid. As shown in Figure 3.7, at T =0.560, 0.561,
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0.562, 0.563, 0.564, and 0.565, the matrix is still in liquid state. If the volume decreases
significantly, which can be clearly seen at T =0.555, 0.556, 0.557, 0.558, and 0.559, the
liquid matrix crystallizes. (2) Visualizations of the atomic snapshots. We save the atomic
configurations and observe the structural change of the system. Figure 3.8(a) shows that
the system crystallizes at T =0.555. The solid sphere still keeps its original shape and
structures after the crystallization. Figure 3.8(b) shows that the sphere dissolves into the
surrounding liquid at T = 0.565. The atoms in the solid sphere diffuse into the liquid and
become liquid atoms. (3) Calculating the respective enthalpies of the solid sphere and the
liquid matrix. As shown in Figure 3.9(a), when T = 0.555, the enthalpy of solid sphere
does not change, but that of liquid matrix decreases significantly. Thus, the liquid
crystallizes. Upon crystallization, the small difference in enthalpy is due to the presence
of defects such as grain boundaries, vacancies, and stacking faults in the newly formed
crystal, which can be clearly seen in Figure 3.8(a). If the system equilibrates for a long
time, these defects could be effectively removed. We will discuss this interesting problem
in the next section. On the other hand, as shown in Figure 3.9(b), when T =0.565, the
enthalpy of the liquid matrix does not change, but that of the solid sphere increases and
finally reaches the same level of the liquid. It indicates that the solid sphere dissolves in
the surrounding liquid and becomes part of it. Using the above three methods, the solidliquid evolution and final state of the system can be determined unambiguously.

54

T=0.555

Enthalpy per atom, ε

-4.8

outer liquid

-5.2
-5.6
-6.0

(a)

inner solid

-6.4
0.4

0.8

1.2

1.6

Time, ns

Enthalpy per atom, ε

-4.8

T=0.565

outer liquid

-5.2
-5.6
-6.0
inner solid

(b)

-6.4
0.4

0.8

1.2

1.6

Time, ns

Figure 3.9. The enthalpy changes of the solid sphere and the liquid matrix. (a) At
T = 0.555, the enthalpy of the liquid matrix decreases to that of the solid sphere. (b) At
T = 0.565, the enthalpy of the solid sphere increases to that of the liquid matrix.

3.2.4. Statistical Nature Near the Coexistence Temperature

Since the exact coexistence temperature is between 0.559 ε / k B and 0.560 ε / k B
for the composite system described above, the errors of our estimation are within 0.001

ε / k B . We can improve the precision of our results further if needed.
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Table 3.1: Statistics for nucleus growth and shrinkage around the coexistence temperature
of a composite system with 683 solid atoms and 31 317 liquid atoms.
T (ε / kB )

0.559231

0.559232

0.559233

0.559234

0.559235

Evolution of
solid sphere

growth

growth

growth

shrinkage

shrinkage

T (ε / kB )

0.559236

0.559237

0.559238

0.559239

0.559240

Evolution of
solid sphere

growth

growth

shrinkage

shrinkage

shrinkage

When the temperature is within the narrow range bounded between 0.559 and
0.560, some uncertainties manifest due to thermal fluctuations around the coexistence
temperature. It should be noted that it is impossible to locate the exact coexistence
temperature, because the coexistence of a solid sphere in a supercooled liquid is in an
unstable equilibrium so that even a small thermal fluctuation could break this
equilibrium. Due to this reason, as we mentioned above, we took the lower bound (which
is 0.559 in the above example) of the narrow temperature range as the critical coexistence
temperature T * . The uncertainty of locating the exact coexistence temperature reflects
the statistical nature of the nucleation process. If the radius of the nucleus is slightly
smaller than the critical radius, i.e., r−* < r * , the nucleus should shrink according to
classical nucleation theory. However, due to the thermal fluctuations, it also has a
(smaller) chance to grow. Similarly, if r+* > r * , the solid sphere has a probability to
shrink as well as growing, although the former has a larger probability than the later. One
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can therefore estimate the statistics, or fluctuation property of nucleation by monitoring
the change (slightly increasing or shrinking) of the nucleus radius of different sizes at a
given temperature [96], or by monitoring the temperatures to which a nucleus of a given
radius is brought [62]. In this work, as shown in the last section, we keep the nucleus
radius constant but vary the undercooling temperatures. Within the narrow bound of the
temperatures of 0.00001 ε / k B , the probability for the nucleus growing or shrinking is
found close to 50% in the system of 683 solid atoms embedded in the liquid matrix with
31 317 atoms. Table 3.1 shows the test results of this case. Within the narrow temperature
range between 0.559231 and 0.559240, the solid nucleus can grow at high temperatures
(such as 0.559237) and shrink at low temperatures (such as 0.559234). The probability
for growing or shrinking is close to 50%. Out of this narrow range, the evolution of the
nucleus becomes more deterministic: at low temperatures, solid nucleus grows with
higher probability; at high temperatures, solid nucleus shrinks with higher probability. In
our work, the errors of the estimation for ΔT * are within 0.001. Each time we approach
ΔT * from above and below with an increment or decrement of 0.001, and we make sure

that the nucleus shrinks if ΔT < ΔT * and grows if ΔT ≥ ΔT * with correct probability.
Although we can improve the precision of ΔT * , it is not necessary to do so because that
does not change our results qualitatively.

3.2.5. Crystal Growth

If we bring a homogeneous liquid to a deep undercooling at an appropriate
cooling rate, the spontaneous nucleation could happen. For a LJ system, we have found
that the spontaneous nucleation happens at T = 0.410 or ΔT = 0.208 [Figure 3.6]. Since
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the spontaneous nucleation proceeds with the formation of solidlike clusters of various
sizes and shapes, the spherical crystal nucleus formation and growth as assumed in the
CNT, are seldom observed. The discrepancies are often cited as evidences for nonclassical nucleation.

Figure 3.10. Snapshots of the crystal growth from a solid nucleus at T = 0.557 ε / k B . We
use the coloring scheme described in the text to differentiate the solid and liquid atoms.
The color continuously changes from bright green (for solidlike atoms) to dark purple
(for liquidlike atoms). (a) The initial sample of 683 solid atoms embedded in 31 317
liquid atoms. The interface atoms are less bright. (b) After 80 000 MD steps (0.4ns), solid
sphere grows. The newly grown crystals have some parts whose crystallographic
orientations are different from the initial solid sphere. The growth pattern is close to
spherical although small irregular shape is seen. (3) After 3 million MD steps (15ns),
most grains disappear and the polycrystal almost becomes a single crystal. A few small
grains still exist but would disappear if the simulation time is long enough.

At deep undercoolings, the spontaneously formed nuclei could emerge
everywhere in the supercooled liquid with different orientations and geometric shapes.
These nuclei of different orientations form various small crystalline grains. Thus, the
crystals always exhibit polycrystalline structure. At moderate undercoolings, the
spontaneous homogeneous nucleation becomes very difficult due to the limitations in
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computing time. But we can observe the crystal growth from a pre-formed crystal
nucleus, as shown in Figure 3.8(a). Since the atomic planes in the nucleus are slightly
distorted and oriented in different crystallographic directions, the newly formed crystal
around the nucleus grows in different orientations. Consequently, it also grows into
polycrystalline structure. Now the questions are what shape the inserted crystalline sphere
could grow into and whether other nucleus morphologies are more preferable.
In both cases, the crystal nucleation and growth morphologies are difficult to be
observed clearly from direct visualization of the snapshots. We developed a simple
technique to differentiate the solidlike or liquidlike atoms: From a homogeneous sample,
we can calculate the enthalpies of solid atom ( E s ) and liquid atom ( El ) at each
undercooling temperature [Eqs. (3.9) and (3.10)]. For each atom i in the composite
system, we average its enthalpy Ei over τ = 2 000 time steps to get the average enthalpy
< Ei > at a temperature. Then we define a parameter α = ( El − < Ei >) /( El − E s ) as a

measure of the magnitude of crystallization. If α is close to 0, the atom is liquidlike; if

α is close to 1, the atom is solidlike. We then color the atoms continuously from dark
purple to light green when α is changing from 0 to 1. Figure 8 shows the growth
morphology. Clearly, in Figure 3.10(a) and 3.10(b), the crystal growth pattern is close to
spherical although the polycrystalline structure is shown. Note the time τ needs to be
longer than the characteristic diffusion time of the atoms at the given temperature.
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Figure 3.11. Illustration of the free energy levels of different phases. The structural
change during the solidification process is often assumed as liquid → bcc → fcc.

The presence of polycrystalline structure of the new crystal is due to the distortion
and different orientations of the atomic planes in the crystal nucleus. It seems that this is
a necessary transient process during crystal growth. Based on Ostwald’s rule of stages
[97], Some authors [98,99] claimed that during crystallization, the least stable structure
such as metastable bcc structure should form first and transform to stable fcc structure
thereafter [Figure 3.11]. In our work, we have not found any evidence to support this
hypothesis. As shown in Figure 3.10(b), we only find the polycrystalline fcc structure
with a lot of defects (mainly vacancy, stacking fault, and dislocations) during the crystal
growth. The enthalpy difference between the polycrystal and single fcc crystal is small
(about 0.1 ε per atom). The polycrystalline structure is metastable and it is a transient
state. Thus, it may be more suitable to replace the bcc structure in Figure 3.11 with the
polycrystalline structure. This polycrystalline structure is a metastable state. If we hold
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the temperature isothermally for a long time period, the polycrystalline structure
disappears and the system becomes a single crystal. Figure 3.10(c) gives a typical
example. After the system is equilibrated for 3 million time steps (15ns), the polycrystal
becomes almost a single crystal.

3.2.6. Extracting the Average Interfacial Free Energy from the Inverse Relation
between r * and ΔT *

In section 3.2.3, we give an example to illustrate how we determine the critical
undercooling temperature for a solid nucleus of a given radius r * . By varying the radius

r * of the solid nucleus, i.e., changing the number of solid atoms enclosed in the solid
sphere, and repeating the same procedures described in section 3.2.3, one can find their
corresponding critical undercooling temperatures. Thus, the relation between the critical
nucleus size r * and critical undercooling temperature ΔT * can be derived. In order to
check whether the system size played a role in this relation, we performed simulations for
two systems with 32 000 and 128 000 atoms respectively. The number of atoms enclosed
in the solid sphere ranges from 43 to 12 215. The radius of a solid sphere can be
calculated using r * = [3n / 4πρ s (T )] , where ρ s (T ) is given in Eq. (3.7). Figure 3.12(a)
1/ 3

shows the relation of r * vs. ΔT * . Apparently, the data calculated from the two different
size systems follow the same curve, indicating that the system size does not affect the
relation between r * and ΔT * .
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Figure 3.12. The inverse relation between the critical nucleus size r * and the critical
undercooling temperature ΔT * . The solid line in (a) is a fit to Eq. (3.4). The linear fit in
(b) yields the value of k in Eq. (3.6).

As pointed out by Kelton and Greer [100,101], although nucleation has been
extensively studied, critical experimental tests of CNT are still lacking in getting the
detailed atomic mechanisms of nucleation, as well as other thermodynamic properties,
because the required interfacial energies and atom attachment frequencies are not directly
measurable. Our simulation result shows a direct numerical support for the validity of the
classical nucleation theory in a wide range of undercooling temperatures.
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Table 3.2: Calculated solid-liquid interfacial energies by different theoretical approaches.
In order to make comparisons, all the results are converted to the LJ units. Due to the lack
of the attractive potential in hard-sphere systems, the calculated interfacial energies of
hard-sphere systems are about 10% larger than those of the LJ systems [87].

Method

γσ2/ε

This work

CNT approach, LJ, MD

0.302±0.002

Turnbull [4]

Empirical estimation from experiments

0.330 a

Broughton and
Gilmer [30]

Reversible work integration, LJ, MD

0.35±0.02b

Davidchack and
Laird [102]

Reversible work integration, LJ, MD

0.360±0.002b

Morris and Song
[93]

Interface fluctuation method, LJ, MD

0.362±0.002b

Davidchack and
Laird [84]

Reversible work integration, hardsphere, MD

0.376±0.006b,c

Auer and Frenkel
[103]

Umbrella sampling, hard-sphere, MC

0.38b,c

Marr and Gast [86]

DFTd, hard-sphere, MC

0.389±0.01c

Curtin [87]

DFTd, hard sphere, MD

0.398b, c

a

For nonmetals, the interfacial energies can be empirically expressed as
γ sl = 0.32ΔLn ρ s2 / 3 (Ref. 1), here the ΔLn = 1.075ε is the latent heat per atom, and

ρ s = 0.94 / σ 3 is the number density of crystal.
b

Interfacial free energy is averaged over (100), (110), and (111) orientations.

The unit of interfacial energy for hard-sphere systems, k B T / σ 2 , is converted to the
standard Lennard-Jones unit ε / σ 2 by Barker and Henderson’s method [104,105]: an
effective hard-sphere diameter σ eff can be expressed in terms of the LJ potential
c

u lj (r ) , σ eff = ∫0 (1 − e
σlj

− ulj ( r ) / kT

)dr .

d

DFT – Density Functional Theory; MC – Monte Carlo simulation; MD – Molecular
Dynamics simulation.
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With all the aforementioned tests done to make sure that the model we adopted
can faithfully represent CNT, we are ready to extract the solid-liquid interface free
energies. According to classical nucleation theory, the critical nucleus size r * is
proportional to the reciprocal of critical undercooling temperature ΔT * , i.e., r * ∝ 1
[Eq. (3.4)]. It is more convenient to plot r * vs. 1

ΔT *

, which is shown in Figure 3.12(b).

From the least squares fitting to the data to the equation r * = k

From Eq. (3.6), we can get k =

ΔT *

ΔT *

, we found k=0.364.

2γ SL Tm
=0.364. Here LV =1.024, which was calculated
LV

from homogeneous crystalline phase [section 3.2.2], and Tm =0.618, so γ SL =

k ⋅ LV

(2 ⋅ Tm )

= 0.302 ε

σ2

( ≈ 3.58 mJ / m 2 ). In order to compare this value with the

results of other authors' work, we list in Table 3.2 the interfacial free energies calculated
by various theoretical approaches. It can be seen that our result is in good agreement with
Turnbull’s estimate ( ≈ 0.330ε / σ 2 ) [4]. But the value of γ SL in our work is lower than
those calculated previously, which are listed in Table 3.2. The possible origins of the
discrepancies are addressed below.
First, the interfacial energies calculated early were from flat crystal-melt
interfaces at the equilibrium melting temperature, while our result was obtained with
curved interfaces and averaged over a wide range of temperatures. Second, either NVT or
NVE ensemble MD was used in previous works. As shown in Eq. (10) of Broughton’s
paper [30], the PV term was neglected from the contribution of the interfacial free energy.
Contrast to the authors’ assumption that the sample volume is constant, the system
volume may change (or the pressure may not be always at zero) during the process of
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changing the cleaving potential. Moreover, since the flat interface was formed by
combining two separate bulk solid and liquid slabs, the rigidly formed interface needs to
be relaxed. This could lead to volume change (expansion associated with the relaxation),
which was not considered in NVT and NVE ensemble MD. Therefore a higher value of
interface energy is expected. In our method, we created fully relaxed crystal/melt
interfaces in a NPT ensemble MD. The interface energy calculated from our work is an
average over not only all crystallographic planes, but also over all temperatures (the
previous work was at fixed temperature). As we shown in section H, there is a slight
decrease of the interface energy with decreasing temperature. Therefore, the lower value
is expected. Although our value is lower than the previous calculations, it is in fact closer
to Turnbull’s experimental value [4].
In the classical nucleation theory, the interfacial free energy is assumed to be
isotropic for all orientations. For example, anisotropic properties of interface free
energies were not considered in Turnbull’s work [4]. It is also the case in our work.
However, it should be noted here that this assumption might not always be true. It was
found that the anisotropy in interfacial free energies could be the main factor accounted
for the dendrite growth [106]. Some previous numerical works [30,84,85,93,102] and
experimental works [89,107,108] considered the anisotropy in interface free energies for
different atomic planes. But for the Lennard-Jones [30,93,102] and hard-sphere systems
[84,97,103], the interfacial free energy are nearly isotropic for (100), (110), and (111)
planes within the simulation errors. Therefore our assumption of isotropic interfacial
energies is quite reasonable. However, we also can use our method to calculate the
interfacial energies for different atomic planes. We should mention that instead of using a
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spherical nucleus, we could insert a nucleus with all (100), (110) or (111) planes as the
interface to calculate the interfacial energies for a specific atomic plane. We will present
the calculations of anisotropic interfacial energies in a separate publication.
Furthermore, the interfacial free energy may be curvature dependent. The γ value
should be affected at small nucleus size. However, so far this issue has not been settled
yet, either from experimental or theoretical aspects. The most well known theory for
curvature dependent interfacial free energy is by Tolman (although its validity is still
δ
questionable): γ = γ ∞ /(1 + ) , where δ is Tolman length. Typically, δ is of the order of
r

the first nearest neighbor length [90]. According to the theory, the curvature dependence
becomes significant only when the size of the nucleus is less than 100 atoms. This
estimation is checked by Frenkel et al. [109,110]. An alternative theory by McGraw and
Laaksonen [111,112] predicts that γ for the critical cluster has a correction inversely
proportional to the interface area A, i.e., γ = γ ∞ +

C ′(T )
C (T )
or γ = γ ∞ + 2 for spherical
A
r

nuclei, where C is an arbitrary function and could be negative [111,112]. Therefore,
compared to Tolman’s theory, it predicts that the curvature correction is less significant
even though the nucleus size is much smaller. Thus, McGraw and Laaksonen concluded
that CNT correctly predicts the critical nucleus size, but not the nucleation barrier. This
theory is in good agreement with Wolk et al.’s experiments of homogenous nucleation of
H2O and D2O [113,114]. It appears valid even when the cluster size is less than 10
(atoms). Using Monte Carlo simulations, Kathmann and Hale [115] showed that the
cluster size could be as small as 5-10. Our data points [Figure 3.12] fit well to the CNT
down to the nucleus size as small as 43 for a LJ system, which is in good agreement with
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those results. In our work, the nucleus size ranges from 43 to 12 215. Most (about 90%)
of the nucleus sizes are larger than 100 atoms. According to either of the above two
theories, these nucleus sizes are still too large to contribute a significant corrections to the
interfacial free energy. Even if the curvature correction was significant at small nucleus
radii, its effect could be marginalized, because we fitted the data over a large range of
nucleus sizes.
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Figure 3.13. (a) The theoretical prediction of the nucleation rates with different interfacial
free energies as inputs. (b) The spontaneous crystallization of a pure supercooled liquid.

We can use the theoretical prediction of the nucleation rate to determine which
approach gives more accurate interfacial free energy. According to the classical
nucleation theory, the homogenous nucleation rate can be expressed as [1],
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*
I ~ exp(− ΔGhom
/ k BT ) ,

(3.11)

where the homogeneous nucleation barrier can be calculated with the following equation,
3
⎛ 16πγ SL
Tm2 ⎞ 1
*
⎟
ΔGhom
= ⎜⎜
2
⎟ (ΔT ) 2 .
⎝ 3LV
⎠

(3.12)

Clearly, the critical nucleation barrier is related to the undercooling ΔT and the
interfacial free energy γ SL . Since Eq. (3.11) decays exponentially with the increasing
3
γ SL
, a slight increase of γ SL can cause the nucleation rate decrease significantly. For LJ

system, the latent heat per volume LV = 1.024 ε / σ 3 , and Tm = 0.618 ε / k B [61]. We
choose three typical interfacial free energies in Table 3.2 for inputs: our calculated value
of 0.30 ε / σ 2 [61], Turnbull’s empirical estimation of 0.33 ε / σ 2 [4], and 0.36 ε / σ 2
which is the approximate value of other approaches [30,93,102]. Putting all above
parameters into Eq. (3.12), we can use Eq. (3.11) to estimate the nucleation rate as a
function of the temperature. Figure 3.13(a) shows the temperature-dependent nucleation
rates with different interfacial free energy as inputs. The sudden increase in the
nucleation rate fingers the temperature at which the massive nucleation or spontaneous
crystallization occurs. If the input is our calculated interfacial free energy, the critical
temperature is about 0.43 ε / k B ; If the input is Turnbull’s empirical estimation, the
critical temperature is about 0.40 ε / k B ; If the input is others’ calculated value, the critical
temperature is about 0.33 ε / k B . Then another test was performed. We slowly cooled a
pure liquid (without any crystal seed) from a high temperature to a low temperature. The
spontaneous crystallization occurs at about 0.42 ε / k B , as shown in Figure 3.13(b). This
crystallization should be achieved through the spontaneous nucleation. It is worth noting
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that the cooling of the pure liquid is an independent test. In this test, we did not assume
whether the classical nucleation theory is valid or not. Thus, this test can be viewed as an
independent “experimental” result. From Figure 3.13(a) and (b), one can find that the
inputs of our calculated interfacial free energy and Turnbull’s empirical estimation yield
correct critical temperatures that are very close to that obtained in the independent test.
Contrastively, the input of the interfacial free energy from other approaches yields the
critical temperature faraway from the “experimental” value. Thus, our calculated
interfacial free energy and Turnbull’s empirical estimation may be more accurate.
It is worth noting that our method for calculating the interfacial free energy is not
appropriate in the superheating range. When a liquid droplet forms in the superheated
crystal, the rising elastic energy due to the volume expansion of liquids plays a
significant role in affecting the relation between r * and ΔT * [63,64]. The simple relation
between r * and 1 / ΔT * is no longer valid for homogeneous nucleation of melting at
superheating. Therefore this method may not be directly applied in superheating range. In
Chapter 4, we will discuss the relation between r * and ΔT * in the superheating regime.
In Chapter 6, we will use the void melting to calculate the interfacial free energy in the
superheating regime.

3.2.7. Finite Size Effects

Although the system size does not affect the r * ~ ΔT * relation as shown in Figure
3.12, we find that the larger system has a much longer period of time of solid-liquid
coexistence than the smaller system. This coexistence time before the massive crystal
growth is a different kind of lag time. Here we give an example. We prepared two
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different size samples consisting 31 317 and 107 317 liquid atoms respectively, and a
solid sphere of 683 atoms embedded in each of the samples. At T=0.557 ε / k B , both
samples crystallize. Figure 3.14 shows the result. Clearly, the large system has a longer
lag time τ 2 ( ≈ 1 ns) than τ 1 ( ≈ 0.4 ns) in the smaller system. This phenomenon can be
attributed to the size dependence of thermal fluctuations. For a system consisting of N
atoms, the thermal fluctuations are proportional to 1 / N . So the larger system has
smaller thermal fluctuations than the smaller system. The smaller fluctuations (in the
larger system) make the solid nuclei slower to pass through the nucleation barrier. Thus,
the larger system always has a longer solid-liquid coexistence time. However, the relation
of r * ~ ΔT * is not affected by the system size, as shown in Figure 3.12.
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Figure 3.14. Size dependence of the lag time before massive crystallization. The larger
sample has a much longer lag time than the smaller sample ( τ 2 ≈ 3τ 1 ).
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3.2.8. Temperature Dependence of Interfacial Free Energy
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Figure 3.15. A comparison of the driving force used in CNT relation (solid circles) and
calculated from Gibbs-Helmholtz relation (solid squares). The data of CNT relation are
calculated from Eq. (3.3), and the data of Gibbs-Helmholtz relation are calculated from
Eq. (3.13) and (3.14).

The temperature dependence of the interface energy is also investigated in our
model simulations. In classical nucleation theory (CNT) the interfacial energy is assumed
to be temperature-independent. However, this assumption, which is valid in shallow
undercooling, may not be true at deeper undercoolings. One approximation of CNT is
that the Gibbs free energy difference between solid and liquid is linear with undercooling
temperature, i.e., ΔGV ≅ ΔT / Tm ΔLV , as shown in Figure 3.15. In order to calculate the
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exact value of ΔGV , we use Gibbs- Helmholtz relation [34] (valid for zero external
pressure) to calculate the solid-liquid chemical potential difference per atom:
Δμ n = T ∫

Tm

T

[ El (T ) − E s (T )]
dT ,
T2

(3.13)

where El (T ) , E s (T ) are the enthalpy per liquid and solid atom respectively [Eq. (3.9)
and (3.10)]. The Gibbs free energy difference per unit volume can be calculated with the
relation
ΔGV = Δμ n ⋅ ρ s ,

(3.14)

where ρ s ( = n / V ) is the temperature-dependent number density of the solid phase [Eq.
(3.7)]. From Eqs. (3.7), (3.9), (3.10), (3.13), and (3.14), we can calculate ΔGV , which is
shown in Figure 3.15.
Using the relation r * =

2γ SL
[Eq. (3.4)], we can calculate the temperature
ΔGV

dependence of solid-liquid interfacial energy. Here the critical sizes r * at different
undercoolings were determined in the same way as described in section 3.2.3 and 3.2.6.
Figure 3.16 shows the temperature dependence of interfacial free energy. We found the
interfacial free energy increases slightly with increasing temperatures. The best fit to the
data from our simulations yields γ = 0.19083 + 0.19771 × T . We also draw Turnbull’s
empirical relation1 of the interfacial free energy, γ SL = 0.32ΔH f ρ s2 / 3 / N a [Eq. (3.1)], for
comparison, where ΔH f / N a [= El (T ) − E s (T ) ] and ρ s are temperature-dependent
quantities. The best fit to Turnbull’s relation yields γ = 0.09578 + 0.39247 × T shown in
Figure 3.16. The tendency of the temperature dependence of interfacial free energy is in
good agreement with Spaepen’s analysis [33,88] of Turnbull’s homogeneous nucleation
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data for mercury [6], Miyazawa and Pound’s data for gallium [116], and Wood and
Walton’s data for water [117]. Spaepen’s analysis, based on the Gibbsian description of
interfaces, showed that the positive temperature coefficient of the interfacial free energy
could be attributed to the entropy loss in the liquid due to the ordering near the crystalmelt interface [33,88].

Interfacial free energy, ε/σ

2

0.36
0.34

This work
Turnbull's relation

0.32
0.30
0.28
0.26
0.24
0.22
0.20
0.40

0.45

0.50

0.55

0.60

T, ε/kB
Figure 3.16. Temperature dependence of interfacial free energy. A positive temperature
coefficient is found. Turnbull’s empirical relation is shown for comparison.

3.2.9. Anisotropic Interfacial Free Energy

So far we have used the spherical nuclei to calculate the orientationally averaged
interfacial free energy. However, the information of the anisotropy is lost in this method.
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In order to calculate the face-dependent interfacial free energy, we inserted non-spherical
nuclei into the undercooled liquids. Specifically, we prepared crystal nuclei with all
surface areas covered by a desired crystallographic plane. Depending on the atomic
plane, the nucleus has a specific geometric shape, as shown in Figure 3.17.

Figure 3.17. Nuclei of different geometric shapes. (a) and (b): A cubic nucleus with
{100} planes on the surface. The edge length of the cubic nucleus is a. (c) and (d): A
bipyramidal nucleus with {111} planes on the surface. The edge length is b. (e) and (f): A
spherical nucleus of radius r.
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If the surface of a crystal nucleus is covered by {100} planes, the geometric shape
is cube, as shown in Figure 3.17 (a) and (b). If the edge length of the cubic nucleus is a,
the surface area of the nucleus is 6a 2 and the volume is a 3 . If this crystal nucleus is
formed in a supercooled liquid, the free energy change can be expressed as,
ΔG (a) = a 3 ΔGV + 6a 2 γ 100 ,

(3.15)

where γ 100 is the interfacial free energy of (100) face. The critical edge length a * can be
derived by taking the first-order derivative of Eq. (3.15), i.e.,

∂ΔG (a )
∂a

2

= 3a * ΔGV +
a = a*

12a *γ 100 , from which we have
a* =

4γ 100
.
ΔGV

(3.16)

If the number of atoms included in the cubic nucleus is n and the number density of the
3

bulk solid is ρ s , then n / ρ s = a * or a * = (n / ρ s )1 / 3 . Replace a * and ΔGV in Eq. (2),
one can get
⎛ n
⎜⎜
⎝ ρs

⎞
⎟⎟
⎠

1/ 3

= 4γ 100

Tm 1
.
LV ΔT

(3.17)

If the surface of a crystal nucleus is covered by (111) planes, the geometric shape
is pyramid, as shown in Figure 3.17 (c) and (d). Suppose the edge length of the pyramid
is b, then the surface area is 2 3b 2 and the volume is

2 3
b . Similarly, one can derive
3

the critical edge length of the pyramid,

b* =

2 6γ 111
,
ΔGV

(3.18)
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where γ 111 is the interfacial free energy of (111) face. Using the relation n / ρ s =

2 *3
b ,
3

one can get
⎛ n
⎜⎜
⎝ ρs

⎞
⎟⎟
⎠

1/ 3

= 3.813γ 111

Tm 1
.
LV ΔT

(3.19)

For a spherical nucleus of radius r that we have discussed before, the surface area
is 4πr 2 and the volume is

2γ
4 3
πr . The critical radius is r * = SL , where γ SL is
3
ΔGV
3

4πr *
orientationally averaged interfacial free energy. Using the relation n / ρ s =
, one
3

can get
⎛ n
⎜⎜
⎝ ρs

⎞
⎟⎟
⎠

1/ 3

= 3.224γ SL

Tm 1
.
LV ΔT

(3.20)

From Eqs. (3.17), (3.19), and (3.20), we know that the relation between n and ΔT is
same except the geometric factor α . Therefore, similar to using the spherical nuclei, we
insert the cubic and pyramidal nuclei in supercooled liquids to compute the interfacial
free energies of (100) and (111) faces.
Similar to a spherical nucleus [61,62], a non-spherical nucleus is also in an
unstable equilibrium with its surrounding supercooled liquid. At a given temperature, it
could either shrink or grow. However, the shrinkage or growth of the non-spherical
nucleus may prefer to occur in some specific orientations. For example, the shrinkage
prefers to start from the corners of the cubic nucleus and bipyramidal nucleus, as shown
in Figures 3.18 and 3.19. This is because the corner atoms lose more crystal neighbors
relative to the flat interface atoms. Thus the crystal atoms at the corner are less stable.
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Figure 3.18. The shrinkage of a cubic nucleus in a supercooled liquid. (a) Initially, a
cubic nucleus is embedded in a supercooled liquid. (b) After some time, the corners start
to collapse. (c) Finally, the cubic nucleus dissolves into the liquid.

Figure 3.19. The shrinkage of a cubic nucleus in a supercooled liquid. (a) Initially, a
cubic nucleus is embedded in a supercooled liquid. (b) After some time, the corners start
to collapse. (c) Finally, the cubic nucleus dissolves into the liquid.

On the other hand, the growth of the non-spherical nuclei also prefers to occur in
certain orientations. Usually, the crystal prefers to grow at the interface regions with
small local curvature. For a cubic nucleus, it contains six locally flat interface regions.
These flat interfaces make the crystal growth easier to start with. Similarly, a bipyramidal
nucleus has eight locally flat interface regions. In our simulation, we find that the crystal
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growth prefers to occur from these locally flat interface regions, as shown in Figure
3.20(a) and (b).

(a)

(b)

Figure 3.20. Crystal growth from non-spherical nuclei. The crystal growth prefers to
occur at the locally flat interface regions. (a) The crystal growth from a cubic nucleus. (b)
The crystal growth from a bipyramidal nucleus.

For each nucleus of a certain size and shape in a supercooled liquid, we can
determine the corresponding critical temperature. By varying the nucleus size, we can
determine the critical temperatures of various composite systems. After the critical
temperatures are determined, we plotted (n / ρ s )1 / 3 as a function of 1 / ΔT for nuclei with
different geometric shapes, as shown in Figure 3.21. Approximately, each set of data can
be fitted with a linear line.
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Figure 3.21. The linear relation between (n / ρ s )1 / 3 and 1 / ΔT for crystal nuclei with
different crystal planes on their interfaces.

The linear fits in Figure 3.21 yields k100 = 0.66, k111 = 0.71, and k sphere = 0.59.
Using Eqs. (3.17), (3.19), and (3.20), we calculate the interfacial free energies of the
(100) plane, (111) plane, and orientational average: γ 100 =0.27 ε / σ 2 , γ 111 =0.31 ε / σ 2 ,
and γ sphere =0.30 ε / σ 2 .
Clearly, the interface free energies of different planes are still close to the
orientationally averaged value: 0.30 ε / σ 2 . This is not surprising because the LJ system is
very isotropic. The LJ potential does not contain any specification that is related to a
specific atomic plane. Moreover, a solid atom at an ideally flat interface always loses half
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of its surrounding crystal atoms, independent of the interface orientation. Since the
interfacial free energy is primarily related to the loss of solid atoms, the interfacial free
energy in such an isotropic system should be insensitive to the orientation. Thus, we
should not expect a strong anisotropy in the interfacial free energy. The small anisotropy
in the calculated interfacial free energy may be induced mainly by the simulation errors.

3.3. Conclusions and Discussion

To summarize, we used a classical nucleation theory based approach to calculate
the solid-liquid interfacial free energy of a Lennard-Jones system. The model is
constructed by “embedding” a series of pre-existing spherical solid nuclei in supercooled
liquids to create ideal models of homogeneous nucleation. Using extensive molecular
dynamics simulations, we accurately located the corresponding “coexistence”
temperatures. The interfacial free energy is extracted by fitting the relation between the
critical nucleus size and the reciprocal of the critical undercooling temperature,
r* ≅ (

2γ SLTm 1
)
. The orientationally averaged interfacial free energy was found to be
LV
ΔT *

0.302±0.002 ε / k B . Our calculated interfacial free energy is very close to Turnbull’s
empirical estimation, but much smaller than the calculated values from other approaches.
Using the independent test of the spontaneous crystallization of a pure liquid as evidence,
we found that our calculated value and Turnbull’s estimation may be more accurate. The
temperature dependence of interfacial free energy is also discussed. We found that it
increases slightly with increasing temperature. The anisotropy in the interfacial free
energy is calculated by inserting non-spherical nuclei into supercooled liquids. We have
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found that the interfacial free energy in a LJ system is quite isotropic. The method for
creating solid-liquid interfaces can be easily applied to other systems and used to create
interfaces with different geometric shapes.
The thermodynamic and kinetic properties of crystal growth from embedded
nuclei are also presented and discussed. The results provide a direct support for the
validity of classical nucleation theory in a wide range of undercooling temperatures. We
found that the polycrystalline structure, rather than the bcc structure as many people have
assumed [98,99], should be the intermediate structure during the crystal growth. The
newly formed crystal usually contains a lot of defects. However, most defects disappear
if the simulation time is long enough. The finite size effects are also checked in this work.
We found that the relation between the nucleus size and the undercooling temperature
shows minor size effects. However, the lag time before the massive crystallization is
strongly related to the simulation system size.
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CHAPTER 4
TEST OF CLASSICAL NUCLEATION THEORY FOR SOLID
SUPERHEATING VIA A SOLID- LIQUID COEXISTENCE MODEL

Melting and crystallization are two fundamental phenomena in nature and have
been studied for centuries. For the crystallization process, i.e., transformation from liquid
phase to crystal phase, some undercooling is always required [1]. For example, Turnbull
and Cech [5] showed that if impurities or any other external nucleation catalysts were
excluded, liquid metals could be supercooled tens to hundreds of degrees below their
equilibrium melting temperatures without crystallization. Classical nucleation theory for
homogeneous and heterogeneous nucleation had been proposed and successfully used for
describing the crystallization phenomenon [1-6]. However, unlike crystallization that
always requires some undercooling, melting usually occurs at the equilibrium melting
temperature without superheating [1,7]. This is because the free surfaces of solids have
small energy barriers for heterogeneous nucleation so that melting always starts from free
surfaces [1,7]. In certain materials, several layers of surface atoms have been observed to
become liquid-like atoms and form quasi-liquid layers at temperatures below the melting
point [8,9]. Since most materials have free surfaces, superheating is generally difficult to
achieve in experiment. However, Daeges and Gleiter [10] showed that superheating is
achievable if the surface melting is properly suppressed. In their experiment, they coated
a silver (Ag) sphere with a thin gold (Au) layer to “remove” the free surface of Ag. Since
the melting point of Au is about 100 degree higher than that of Ag, the inner silver sphere
could melt while the outer gold layer is still solid. Using this composite sample, they
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observed that sliver could be superheated up to 25 K. This work told us that superheating
is possible if the surface melting is suppressed. Superheating can also be achieved by
ultra-short pulsed laser irradiation [11,12]. Due to the ability to focus light in a small area
or even inside the solid, laser-irradiated materials can be heated internally, thus
significant amount of superheating can be achieved. Although it is hard to prepare
surface-free systems in experiment, it is very easy to create the surface-free system in
computer simulations by applying the periodic boundary conditions [13]. Thus the
superheating phenomenon caught a lot of researchers’ attentions, and is one of the most
popular topics in the research area of computer simulations [14-20]. Although numerous
efforts [14-20] have been made to interpret the mechanism of melting at superheating in
the past century, the nature and extent remain unveiled.
In most of the work described above, the researchers heated a perfect crystal
sample with a very high heating rate (~ 1012 K/s) and investigated the melting and defect
aggregation induced by the thermal fluctuations. Therefore, those theories primarily
focused on the static instability limits of metastable superheating, i.e., the highest
possible melting temperature. Little has been known for thermodynamics and kinetics of
nucleation process at the whole range of superheating. In this range, some researchers
simply assumed that the superheating is a reverse process of supercooling [22-25]. The
classical nucleation theory, which is generally applied for solidification (supercooling)
process, was directly applied to estimate the nucleation rates and the upper limits of
superheating. However, the fundamental question is whether we can apply the classical
nucleation theory directly for the superheating process. Unfortunately, it has not been
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tested decisively. To date, there is no direct evidence from either experiments or
simulations to support this assumption.
In this work, we use a solid-liquid coexistence model (i.e., a liquid nucleus
embedded in a superheated crystal matrix) to test the classical nucleation theory for
melting at superheating. Different from the usual way of continuously heating a
homogeneous crystal sample, this method can be used to investigate the thermodynamics
and kinetics of liquid nucleation at a wide range of superheating temperatures.

4.1. Theory, Model, and Method
4.1.1. Theory

Solid

r
liquid

Figure 4.1. A spherical liquid droplet embedded in a superheated solid model.

In Chapter 3, we have shown that classical nucleation theory (CNT) is valid for
describing the crystallization process. This model assumes that a solid sphere of radius r
forms from an undercooling liquid. The relation between the radius r and the reciprocal
of undercooling ΔT (= Tm − T ) is linear, as shown by,
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⎛ 2γ T
r ≅ ⎜⎜ SL m
⎝ LV

⎞ 1
⎟⎟
.
⎠ ΔT

(4.1)

where γ SL is solid-liquid interfacial free energy, and LV is the latent heat of fusion per
unit volume at Tm . The coexistence of the solid sphere and the surrounding liquid is
unstable: the solid sphere either shrinks or grows, as shown in Chapter 3.
Similarly, we can embed the liquid droplet in a superheated solid matrix [Figure
4.1], which is an “inverse” model of supercooling, to simulate the solid superheating
process. If the classical nucleation theory can be directly applied for solid superheating
process as many researchers [22-25] had assumed, the radius of the liquid droplet should
be proportional to the reciprocal of the superheating, as illustrated in Figure 4.2. In other
words, Eq. (4.1) also can be applied for solid superheating. However, so far there is no
such decisive test. Note that the ΔT in Eq. (4.1) is defined as ΔT = T − Tm for the
superheating process.

r*

CNT?

CNT

supercooling

ΔT

superheating

Figure 4.2. Unproven CNT relation between the critical nuclei size and the superheating
temperature.
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4.1.2. Simulation Method

In this work, we performed Molecular Dynamics (MD) simulations in an NPT
ensemble. The Parrinello–Rahman method [68] was employed to control the external
pressure (in this work, the external pressure was set to zero), and Nose thermostat [69]
was used for controlling the system temperature. The atomic interaction potential used in
this work is a standard Lennard-Jones (LJ) potential, φ ( r ) = 4ε [(

σ
r

) 12 − (

σ
r

)6 ] ,

where parameter σ = 3.405Å, and ε / k B = 119.8K. The initial lattice structure was facecenter-cubic (fcc). To get rid of the surface melting and achieve superheating, period
boundary conditions were employed in all directions [13]. In order to check the finite size
effect, we have used three different size systems of 32 000, 128 000, and 256 000 atoms
respectively. Standard reduced LJ units [13] were used in this work. The MD step is 5fs.

4.1.3. Creating the Coexistence Model for Solid Superheating

If one continuously heats a bulk crystal (i.e., without the free surfaces) from a low
temperature to a high temperature, it starts to melt at a temperature much higher than the
equilibrium melting point. This temperature is called the upper superheating limit.
Usually, the maximum superheating, ΔTs , is about 20% higher than Tm [14]. Similarly, if
the impurities are effectively excluded from the system, the liquid can be supercooled to
a temperature about 20% lower than the equilibrium melting temperature without
crystallization, as shown in Turnbull’s experiments of cooling mercury droplets [4-6].
In the previous work, especially in the simulation work [17,18,23,25], the upper
limit of superheating was determined by continuously heating the sample until it melted.
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In this method, the transition time is very short, which is usually of the order of 10-12 s.
Therefore, only the information at the superheating limit can be obtained. However, we
also want to know thermodynamic nature in a wide superheating regime, which includes
shallow, moderate, and high superheating. Apparently, such information cannot be
obtained from this method.
Similar to the supercooling process, it is almost impossible to form large nuclei
spontaneously at shallow or moderate superheating. In computer simulations, the
spontaneous nucleation is extremely difficult at shallow or moderate superheating due to
the limitation in computing time [27]. This time barrier has been known to prevent
detailed nucleation process from being seen in atomistic simulations.
In order to study the thermodynamics and kinetics of melting at the whole range
of superheating, which is from the equilibrium melting point to the upper limit of
superheating, we can artificially insert a “pre-formed” spherical liquid nucleus in a
superheated crystal and create a coexistence system. At shallow or moderate
superheating, we can insert nuclei with large sizes. At high superheating, we can insert
nuclei with relatively small sizes. In experiment, this model is also achievable. For
example, a small liquid nucleus can form within the bulk crystal by the laser irradiation,
or a liquid nucleus can form around a local defect. Using this method, we can create a
crystal-melt coexistence (but unstable) system at any temperature of the superheating
regime. Therefore, the time-barrier limitation described above in MD simulations can be
effectively circumvented. Using such a highly ideal model, we can test the inverse
relation between the critical size and critical superheating [Eq. (4.1)], which is a key
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feature of the classical nucleation theory. However, since the liquid nucleus is created
artificially, we have to sacrifice the detailed information on the pre-critical nucleation.
V or E

D 1ε liquid
C

E
0.6ε→1ε

0.6ε liquid
B
F

0.6ε solid
A

G

1ε solid
T
Ts

0.6ε

Tm1ε

’

T

Ts

1ε

Figure 4.3. Schematic illustration of creating a liquid droplet in a superheated solid. The
inner sphere goes along the path A→B→C→D→E, and the outer matrix goes along the
path A→F→G. See text for details.

Figure 4.4. Cross-section snapshots of the atomic configurations. (a) Initial configuration
(at point A in Figure 4.3). (b) At the superheating limit Ts0.6ε , the inner sphere becomes a
liquid. (c) At T ′ in Figure 4.3, the coexistence sample is created after the potential depth
of the inner liquid sphere is changed from 0.6ε to 1ε .
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In order to create this “composite” model, we use a similar method as that in
Chapter 3. Different from creating the supercooling model, the melting point of the inner
sphere is lower than that of the outer matrix. Therefore, the inner sphere can become a
liquid while the outer matrix is still a solid. The detailed procedure of this method is
shown in Figures 4.3 and 4.4. The simulation system has two parts: one is the outer cubic
matrix, and the other one is a sphere embedded in this matrix. The two parts are indicated
with different colors in figure 4.4(a). Initially all atoms are arranged in an fcc lattice, and
have the same atom diameters as in the standard LJ potential, i.e., σ1 = σ 2 = σ . However,
the parameters of the LJ potential depth for the atoms in the two parts are different. In the
outer matrix, atoms have the standard LJ potential depth ( ε 1 = ε ), while in the inner
sphere, atoms have a smaller potential depth ( ε 2 = 0.6ε ). At the interface region, the
potential depth for different species of atoms is taken the value of

ε 1ε 2 . At the

beginning, both the sphere and matrix are fcc crystals as indicated by point A in Figure
4.3. Due to different thermal expansions of the sphere and the matrix, when the system is
heated up, the average enthalpy or volume (per atom) of the sphere goes up along the
path A→B while the matrix follows the path A→F, as shown in Figure 4.3. When the
temperature is slightly higher than the upper superheating limit of the sphere ( Ts0.6ε ), the
sphere becomes a liquid (B→C), whereas the matrix still remains in crystalline state
(point F). The corresponding snapshot at this temperature is shown in Figure 4.4(b). The
system is continuously heated up to a temperature ( T ′ ) in the superheating regime, i.e.,
between the equilibrium melting point of the matrix ( Tm1ε ) and the upper superheating
limit of the matrix ( Ts1ε ). As the temperature increases, the average enthalpy or volume
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(per atom) of the matrix goes up along the path F→G, and that of the solid sphere follows
the line C→D. At temperature T ′ , the matrix becomes a superheated crystal (with
potential depth ε ) while the central sphere is a liquid (still with potential depth of 0.6ε ).
At the temperature T ′ , we gradually change the potential depth of atoms in the solid
sphere to that of the matrix (i.e., 0.6ε → ε ). So the average enthalpy or volume (per
atom) of the solid sphere decreases gradually from D→E while that of liquid matrix
remains at position G. The final outcome is that we create a liquid sphere (point E) in
coexistence with the superheated crystal (point G), and most importantly, they have the

same interaction potential ( ε 1 = ε 2 = ε , σ1 = σ 2 = σ ). The corresponding snapshot of the
atomic configuration is given in Figure 4.4(c). Therefore, we use only one single
computer run and effectively bypass the difficulties of dealing with atom overlapping
problems [30] at the interface.
Upon the “composite” system is created, one can bring the system to different
temperatures in the superheating regime. Depending on the temperatures, the liquid
droplet either grows or shrinks. Thus we can find a critical “coexistence” superheating,
ΔT * : if ΔT < ΔT * , the liquid droplet disappears and becomes a crystal; if ΔT ≥ ΔT * , the

liquid sphere grows. We can create a series of liquid nuclei of different radii r * , and
determine their corresponding ΔT * ’s. More details are given in the next several sections.
This method has several advantages. First, only one computer run is needed to
create the composite system. Second, there is no atom-overlapping problem at the
interface. Third, the superheating can be studied in a wide range of superheating regime.
The problem of the time barrier in MD simulation is circumvented. Moreover, the
morphologic complexities of pre-critical nuclei are excluded in this model. Thus, using
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such an ideal model, one can focus on the thermodynamic and kinetic behaviors at a wide
range of superheating temperatures.

4.2. Results
4.2.1. Surface Melting

If the periodic boundary conditions are applied in MD simulations, the surface
melting is suppressed, and thus, the sample is superheated. Therefore, the melting point
obtained from such a surface-free sample is the upper limit of superheating (about 20%
higher than the equilibrium melting point). In order to determine the correct equilibrium
melting point, two methods are used in this work. One is to determine the critical
temperature at which solid and liquid phases can coexist with a flat interface, the other
one is to determine the melting point of a system with a free surface. The first method is
discussed in Chapter 3. In this section we focus on the second method.

γ

SV

> γ SL

(a)

+γ

LV

(b)

Figure 4.5. Melting starts from the free surface. (a) At T < TmE . (b) At T ≥ TmE .
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In the surface melting method, we construct a system with two free surfaces
[Figure 4.5(a)] by disabling the periodic boundary condition in the horizontal direction.
In the other two directions, the periodic boundary conditions are still applied. The
external pressure, P, is set to zero. A few layers of atoms are disordered at or near the
surfaces, which can be clearly seen in Figure 4.5(a). Typically the thickness of the
surface is of about 3~4 atomic layers (1~1.3nm). We bring this system to different
temperatures and hold the temperature isothermally for 200 000 MD steps (1 ns). If the
surfaces are stable [Figure 4.5(a)], the temperature is below the melting point. On the
other hand, if the surfaces are unstable and move towards the bulk material [Figure
4.5(b)], the temperature is higher than the melting point. In the next run, we increase or
decrease the temperature depending on the last trial temperature being lower or higher
than the melting point. After a series of trial-and-error tests, we find that the minimum
temperature at which the surfaces become unstable is at 0.618 ε / k B (about 74.2 K).
Therefore, the temperature of 0.618 ε / k B is the equilibrium melting point for a LJ system
at P=0. Note that this method is also the way of determining the melting point in
experiment. The physical explanation of the surface melting is that the free solid surface
(solid-vapor interface) has very small energy barrier for heterogeneous nucleation of
liquid [1]. The relation among the interfacial energies of solid/vapor, solid/liquid, and
liquid/vapor interfaces has the form of σ sv ≥ σ sl + σ lv [1]. At T < Tm , the interface is a
solid/vapor interface with the interface energy σ sv , as indicated in Figure 4.5(a). At

T ≥ Tm , the surface melting yields the liquid/vapor and solid/liquid interfaces with a
lower combination of interface energies (σ sl + σ lv ) , as shown in Figure 4.5(b). In some
materials, layers of surface atoms may become liquid-like atoms and form quasi-liquid
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layers at temperatures slightly below the melting point [8,9]. Thus, the melting from free
surface is always energetically favorable.
In Chapter 3, we have determined the thermodynamic melting temperature
(0.618 ε / k B at P=0) by locating the temperature at which the liquid-solid interface stays
stationary. It is not surprising that the two methods yield the same result. In the surface
melting method, once a liquid layer forms, the system is equivalent to a solid-liquid
coexistence system with a flat interface. Thus, the surface can move towards bulk only
when the temperature is above the melting point.

4.2.2. Calculation of the Solid Shear Modulus and Liquid Bulk Modulus

In Chapter 2, we have used Eq. (2.21) to calculate the elastic constants at different
temperatures in an NVE ensemble. The temperature-dependent C11 (T ) , C12 (T ) , and
C 44 (T ) are fitted to the simulation data, as shown in Eq. (2.23). The shear modulus of the

solid can be calculated by using the relation μ = C ′ = (C11 − C12 ) / 2 . Although the shear
modulus of a liquid is zero, its bulk modulus is not zero. However, the bulk modulus of a
liquid, K l , cannot be calculated with Eq. (2.21).

(

The definition of the bulk modulus is K = −V dP

dV

) , where P is the applied
T

compressive hydrostatic pressure, and V is the volume of the system. Thus, the bulk
modulus can be calculated by compressing the bulk liquid. At a temperature T, we can
apply a hydrostatic pressure to the liquid and calculate the corresponding volume change,

(

from which we can use the relation K l = −V dP

dV

)

T

to obtain the liquid bulk modulus

K l . If this calculation is repeated at different temperatures, one can obtain the
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temperature-dependent K l . The results are shown in Figure 4.6. Clearly, the liquid bulk
modulus ( K l ) is larger than the solid shear modulus ( μ ). The linear fits to the data yield:

K l = 39.19 − 38.96T ,

(4.2a)

μ = C ′ = 23.27 − 24.51T .

(4.2b)

and

Figure 4.6 also shows the bulk modulus of the solid ( K S ) and another shear modulus of
the solid ( C 44 ) for comparison purpose. The bulk modulus of the solid ( K S ) is always
larger than the bulk modulus of the liquid ( K l ). Moreover, the shear modulus of the
cubic crystal system ( C 44 ) is also larger than K l .
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Figure 4.6. The shear modulus of the solid ( μ ) and the bulk modulus of the liquid ( K l ).
The bulk modulus ( K S ) and another shear modulus ( C 44 ) of the solid are also shown.
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4.2.3. Determining the Critical Temperature of the Composite System

In section 4.1.3, we have described how to create a composite system of a liquid
sphere embedded in a superheated crystal matrix. The liquid droplet is unstable in the
composite system: it either grows or shrinks. There exists a critical temperature above
which the liquid droplet grows and below which the liquid droplet shrinks. Here we give
an example to explain how we determine the critical temperature.

140000

T=0.691 T=0.690

120000

T=0.689

Total volume, σ

3

130000

T=0.688

110000
switch potential
100000
0.0

heating
0.2

isothermal
0.4

0.6

0.8

1.0

time, ns

Figure 4.7. The total volume change as a function of time at different temperatures.

In a system of 108 000 atoms arranging in an fcc lattice, we divided it into two
parts: an inner sphere of 2 491 atoms and a outer matrix of 105 509 atoms. The initial
potential depth of the sphere is 0.6ε , and that of the matrix is 1ε (the regular LJ
potential). The system is heated from a low temperature to a desired temperature T ′ at a
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heating rate of 3.3 × 1011 K/sec. At T=0.56 ε / k B , the inner sphere starts to melt. However,
the matrix is still a solid. At the desired temperature T ′ , the potential depth of atoms
inside the liquid sphere is changed gradually from 0.6ε to 1ε . The volume and other
changes during this process can be effectively accommodated because the molecular
dynamics simulation is performed in an NPT ensemble (NPT MD).

(a)

(b)

(c)

Figure 4.8. The cross-sectional snapshots at T=0.688 ε / k B after the potential is switched.
(a) Initially, the liquid droplet is embedded in the crystal matrix. (b) After 0.1 ns, the
liquid starts to crystallize. (c) After 0.15 ns, the liquid droplet becomes one part of the
crystal.

(a)

(b)

(c)

Figure 4.9. The cross-sectional snapshots at T=0.691 ε / k B after the potential is switched.
(a) Initially, the liquid droplet is embedded in the crystal matrix. (b) After 0.1 ns, the
liquid grows. (c) After 0.175 ns, the liquid droplet grows further.
96

After the potential is changed, we hold the temperature isothermally at T ′ for
additional 100 000 ─ 200 000 time steps (0.5ns ─ 1ns). Depending on the value of T ′ ,
the liquid sphere either grows if T ′ > T * , or shrinks if T ′ < T * . In the next run, we bring
the system to a new temperature with an increment of 0.001 ε / k B if the liquid sphere
shrinks in the previous run, or a decrement of 0.001 ε / k B otherwise. This procedure is
repeated for several times until we determine the critical temperature. It is worth noting
that although in principle the liquid sphere could coexist (i.e., does not grow or shrink)
with the crystal matrix if T ′ = T * , such coexistence generally cannot be observed. This is
due to the unstable nature of the liquid sphere and the superheated crystal matrix. Since a
small thermal fluctuation can break this unstable equilibrium, the liquid sphere either
shrinks or grows in the simulation. Therefore, it is very difficult to determine the exact
value of the critical coexistence temperature. Practically, we define the critical
temperature T * as the minimum temperature at or above which the liquid sphere grows.
Fox example, as shown in Figure 4.7, in a run we brought the above example system to

T =0.688 ε / k B and held the temperature isothermally for 100 000 time steps (0.5ns). The
total volume of the system decreases slightly at the first 0.15ns, and reaches a constant
value thereafter. This is due to the shrinkage of the liquid sphere at this temperature. The
atomic snapshots [Figure 4.8(a)-(c)] show that the liquid sphere disappears and becomes
one part of the crystal. In the next run we brought the system to a slightly higher
temperature T =0.691 ε / k B and held the temperature isothermally for 100 000 time steps
(0.5ns). At this temperature, the total volume increases significantly, indicating that the
liquid sphere grows and turns the crystal matrix into liquid. The corresponding snapshots
[Figure 4.9(a)-(c)] show that the liquid sphere grows and the crystal matrix melts from
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the liquid sphere. Thus we can determine that the coexistence temperature is somewhere
between 0.688 and 0.691. In the next several runs we brought the system to a series of
temperatures with an increment or decrement of 0.001. As shown in Figure 4.7, if

T ≤ 0.689, the liquid sphere disappears and becomes one part of crystal; if T ≥ 0.690, the
liquid sphere grows and the crystal matrix melts. Thus, we determined the coexistence
temperature is at T * = 0.690 ε / k B or ΔT * = Tm1ε − T * = 0.072 ε / k B . The errors of this
estimation are within 0.001 ε / k B . We can improve the precision of our results further if
needed. But it is not necessary to do so because it does not change our results
qualitatively.

4.2.4. Statistical Nature at the Critical Temperature

The determined “coexistence temperature” is defined as the minimum
temperature at or above which the liquid sphere grows. It is not the “real” coexistence
temperature. The exact value of the critical temperature in the above example system is
between 0.689 and 0.690. However, it is impossible to locate its exact value due to the
statistical nature of the unstable equilibrium between the liquid sphere and crystal matrix.
If the temperature is slightly lower than the critical temperature, i.e., T−* < T * , the liquid
sphere should shrink according to the classical nucleation theory. However, the thermal
fluctuations give it a probability to grow. On the other hand, if the temperature is slightly
higher than the critical temperature, i.e., T+* > T * , it also has a probability to shrink
although it “should” grow. Thus, this statistical nature at the top of the nucleation barrier
brings the uncertainty of locating the exact coexistence temperature. In order to test the
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statistical nature, we can keep the nucleus size constant but vary the temperature. We
brought the above sample system to several temperatures within the narrow range
between 0.68940 and 0.68950, and recorded the evolutions (growth or shrinkage) of the
liquid sphere. The results are shown in Figure 4.10 and Table 4.1. The statistical nature is
correctly reflected in this temperature range. For example, the liquid nucleus can grow at
lower temperatures (such as 0.68942) and shrink at higher temperatures (such as
0.68949). The probability for growing or shrinking of the liquid sphere is close to 50%.
At temperatures out of this narrow range, the evolution of the nucleus is more
predictable: at low temperatures, liquid nucleus disappears with much higher probability;
while at high temperatures, liquid nucleus grows more likely.
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Figure 4.10. The statistical nature at the critical temperature. The evolution of the liquid
sphere is listed in Table 4.1.
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Table 4.1: The evolution (either shrinking or growing) of the liquid sphere. The
probability of the growth or shrinkage is about 50%.

T (ε / kB )

0.68941

0.68942

0.68943

0.68944

shrinking shrinking

growing

growing

shrinking

T (ε / kB )

0.68945

0.68946

0.68947

0.68948

0.68949

Status of the liquid droplet
(growth or shrinking)

growing

growing

growing

shrinking shrinking

Status of the liquid droplet
(growth or shrinking)

0.68940

4.2.5. Relation between the Liquid Droplet Radius and the Critical Temperature

In last section, we give an example to explain how we determine the critical
temperature for a given nucleus size. Following the same procedure, we changed the size
of the liquid sphere (i.e., the number of atoms in the liquid sphere), and determined the
corresponding critical temperatures. Thus, the relation between the liquid nucleus size
and the critical superheating can be obtained to verify the validity of the classical
nucleation theory for the solid superheating. In order to check whether the system size
plays a role in affecting the results, we used three different size systems containing 32
000, 128 000, and 256 000 atoms respectively in this work. The number of atoms
enclosed in the liquid sphere ranges from 19 to 16 764. The radius of the liquid sphere
can be calculated with the equation of r * = [3n / 4πρ l (T )] , where ρ l (T ) is the number
1/ 3

density of pure liquid and the formula is given in Chapter 3. The results are shown in
Figure 4.11. In order to make comparison between the solid superheating and liquid
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supercooling, we also show the results of liquid supercooling at the left-hand side of
Figure 4.11.
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Figure 4.11. The r * vs. ΔT relation in supercooling and superheating processes. CNT
(the solid line at the left-hand side) represents the classical nucleation theory.

Clearly the relation of r * vs. ΔT is asymmetric for the solid superheating and
liquid supercooling. For the liquid supercooling, the data can be well fitted with the
⎛ 2γ T
classical nucleation theory (CNT) relation of r * = ⎜⎜ SL m
⎝ LV

⎞ 1
⎟⎟
, which implies that the
⎠ ΔT

classical nucleation theory is valid for the liquid supercooling in a wide range of
supercooling temperatures. As shown in Chapter 3, the solid-liquid interfacial free energy
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is extracted from the fitting, γ SL = 0.301ε / σ 2 . Since two different size systems (N=32
000 and 108 000) yield almost the same set of data, the finite size effects are not
significant in the supercooling simulations. Contrastively, in the solid superheating, the
finite size effects are very significant. And most importantly, none of the three simulation
systems yields data that can be well fitted with classical nucleation theory. This result is
somewhat surprising, because most researchers think solid superheating simply an
inverse process of supercooling [22-25]. Our simulation is the first decisive test to show
that classical nucleation theory cannot be directly applied for the solid superheating even
though we use the same assumptions as in the classical nucleation theory.

Figure 4.12. Cross-sectional snapshots of the supercooling and superheating models. (a)
Supercooling model: a solid sphere is embedded in a supercooled liquid. (b) Superheating
model: a liquid droplet is embedded in a superheated crystal.

The discrepancy between the classical nucleation theory and the simulation data
in the solid superheating implies that some inherent physical properties of solid
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superheating are not included in the classical nucleation theory. In the supercooling
model [Figure 4.12(a)], when a crystal nucleus forms in a supercooled liquid, the volume
of the crystallized region decreases. The structural difference between the crystal nucleus
and the liquid matrix generates a slight tensile stress on the crystal nucleus. Since the
liquid atoms are short-range correlated, the outer liquid can easily adjust and
accommodate the volume shrinkage during the transformation. However, the situation is
different for the solid superheating [Figure 4.12(b)]. We assume that a portion of crystal
melts in the bulk and becomes a liquid nucleus. For most materials, including the LJ
system in this work, the liquid phase has a smaller density (or larger molar volume) than
the solid state has. Thus, the volume of the melted region increases after the phase
transformation. The volume expansion pushes the surrounding crystal matrix outwards.
Due to the long-range correlation nature of the crystal, the expansion must overcome the
rigidity of the crystal matrix. Therefore, the liquid nucleus is under a high compressive
pressure. In order to compare the magnitudes of the stresses applied on the liquid or solid
nucleus, we calculate the internal stresses on the nuclei from the trace of the atomic stress
tensor, as shown by
Π=

1

Vnucleus

M

1

i =1

2Vnucleus

vv
∑ mi vi viT −

M

∑∑
i =1 j ≠ i

φ ′(rij ) v v T
rij

rij ⋅ rij ,

(4.3)

where M is the number of atoms enclosed in the solid or liquid nucleus, Vnucleus is the
volume of the spherical nucleus, and φ ′(rij ) is the first-order derivative of the interaction
potential between the ith and jth atoms of a distance rij . Figure 4.13 shows the pressures
on the solid nucleus in the liquid supercooling and on the liquid nucleus in the solid
superheating. We have found that the pressure in the superheating is about 5 ~ 10 times
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larger than that in the supercooling. In supercooling the pressure roughly satisfies the
Gibbs-Thomson effect, which can be approximated as P ≈ 2γ sl / r * [1]. However, in
superheating the pressure does not satisfy this relation. This difference implies that the
pressure in supercooling is induced by the structural difference between the solid and
liquid phases, while in the superheating it is caused by the elastic deformation during
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Figure 4.13. The interface pressures in the liquid supercooling and solid superheating
models. The sign of the compressive pressure is positive and the sign of the tensile
pressure is negative.
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Figure 4.14. The enthalpy changes of the liquid droplet (blue line) and the crystal matrix
(pink line). (a) At T=0.690 ε / k B , the melting occurs. The enthalpy of the crystal matrix
increases to the liquid value. (b) At T=0.689 ε / k B , the liquid sphere disappears. The
enthalpy of the liquid droplet decreases to the crystal value.
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From the enthalpy changes of the liquid nucleus and the outer crystal matrix in the
superheating model, we also observe the pressure effect on the liquid nucleus. Figure
4.14 shows the respective enthalpy changes of a 2491-atom liquid cluster and a 105 509atom crystal matrix at different temperatures. When the liquid nucleus grows at
T=0.690 ε / k B [Figure 4.14(a)], the average enthalpy (per atom) of the crystal matrix
increases from –5.4 ε to –4.3 ε , indicating that the crystal matrix melts and becomes a
pure liquid. At the same time, the average enthalpy (per atom) of the liquid cluster
increases from the pressurized value of –4.7 ε to the unpressurized value of –4.3 ε . Due
to the pressure release associated with the melting of the crystal matrix, the enthalpy of
the liquid cluster fluctuates to a peak value of –3.9 ε and thereafter dampens to the
unpressurized value of –4.3 ε . Clearly the compressive pressure on the liquid cluster
lowers the enthalpy of the liquid cluster and makes it more stable. On the other hand,
when the liquid nucleus shrinks at T=0.689 ε / k B [Figure 4.14(b)], the enthalpy of the
liquid cluster decreases from the pressurized value of -4.7 ε to the value of –5.5 ε , which
means the liquid cluster becomes one part of the solid matrix. Actually the crystal matrix
also experiences a pressure from the liquid nucleus according to Newton’s third law.
Thus the enthalpy of the solid matrix is slightly elevated when it is under the pressure
from the liquid droplet. After the liquid cluster crystallizes, the pressure on the crystal
matrix is released. Consequently, the average enthalpy (per atom) of the crystal matrix
decreases from a value of –5.42 ε to a value of –5.48 ε . Clearly, the pressure effect on
the liquid droplet is more obvious than on the crystal matrix. This is understandable
because the liquid droplet contains less number of atoms.

106

4.2.6. Our Proposed Theory for Solid Superheating

solid

ΔV

Vs
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Vl=Vs+ΔV
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Figure 4.15. Schematic drawing of (a) a liquid droplet nucleating in a superheated solid,
and (b) a curved solid-liquid interface. The disorder in the solid close to the interface is
shown.

To formulate the theory for homogeneous nucleation of liquid phase, let’s
consider a solid is superheated above its normal melting point Tm . The shear modulus of
the solid is μ . Without losing generality, we assume that the solid is isotropic. As shown
in Figure 4.15(a), suppose a small amount of the solid phase occupying a sphere with
radius r and volume Vs transforms into a liquid whose bulk modulus is K and volume is

Vl = Vs + ΔV , where ΔV is the relative volume change due to the solid/liquid density
difference at melting. The free energy change of the system is
ΔG (T ) = (GlVl + ElVl + E sVs ) − G sVs + Gint S ,

(4.4)

where Gl and G s are the free energy densities of the bulk liquid and solid, Gint is the
solid-liquid interface energy, El and E s are the elastic energy densities of liquid and
solid phases arising from the “mechanical” work done by the excess volume ΔV at
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melting, and S is the interface area. Since the atomic volume of the liquid is larger than
that of the solid, once the transformation occurs, the liquid and solid phases will
experience additional forces: hydrostatic compression on the liquid and tension or
pushing on the solid. The internal equilibrium is reached when each phase re-adjusts its
volume so the total internal pressure in the system is zero. The volume changes in the
liquid phase ΔVl and in the solid phase ΔVs at the equilibrium can be calculated [118]:

and

ΔV s =

3K
ΔV ,
(3K + 4 μ )

(4.5a)

ΔVl =

4μ
ΔV .
(3K + 4μ )

(4.5b)

1 ⎛ ΔV
The associated elastic energy density for the liquid phase is El = K ⎜⎜ l
2 ⎝ Vl
2 ⎛ ΔV
E s = μ ⎜⎜ s
3 ⎝ Vs

2

⎞
⎟⎟ , and
⎠

2

⎞
⎟⎟ for the solid. Therefore, the total elastic energy of the system can be
⎠

written as
2

ΔE

where Vl ≈ Vs = V =

s −l

2 μK ⎛ ΔV ⎞
= ( El + E s ) =
⎜
⎟ ,
(3K + 4μ ) ⎝ V ⎠

(4.6)

4π 3
⎛ ΔV ⎞
r is assumed [118], and ⎜
⎟ is the relative volume change at
3
⎝ V ⎠

melting. The thermodynamic explanation of the elastic effects is shown in Figure 4.16.
Next let’s consider the interface energy at melting. The liquid nucleus has a
curved solid-liquid interface. The volume expansion at melting causes the disorder in the
solid phase on and adjacent to the interface by expanding the interatomic distances
between the solid atoms. On the other hand, the interatomic distances in the liquid
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become smaller relative to the unpressurized liquid due to the compression. Since atoms
in the outer solid matrix are less mobile, some of the disorder such as dislocations created
would stay and become a part of the interface. The disorder on the liquid side is affected
less due to the high mobility of atoms. As the nucleus radius becomes smaller, the
increasing curvature of the interface would make the disorder more significant. These
changes will lower the interface energy as a whole from that of the flat interface [Figure
4.15(b)]. The change of the interface energy can be obtained from Gibbs-Duhem equation
that relates the change of the curved interface energy to the tangential stress difference
between the liquid and solid phases across the interface, or an equivalent Laplace’s law
[119,120]. The result given below is from a simpler calculation: When a flat solid-liquid
interface of a finite thickness ΔR is curved with a curvature 1 / r , the interface area
change is ΔS ≈ 2d 2 ΔR / r , where d is the interatomic distance between two neighboring
interface
Δγ = −

atoms.

γ 0 ΔS
d

2

= −γ 0

The

change

of

interface

energy

can

be

expressed

as

2 ΔR
, where γ 0 is the original flat solid-liquid interface energy. The
r

interface energy becomes γ = γ 0 + Δγ = γ 0 (1 − 2α / r ) , where α = ΔR . This expression
has the same form as Tolman equation where α is the Tolman length [119,120]. Since

α is of the order of an atomic diameter [90], the correction to the interface energy γ 0
would become significant as the nucleus size r approaches several atomic diameters.
Note that this correction is not from the capillary effect as that in a liquid-vapor interface;
it originates from the disordering at and near the solid-liquid interface.

109

G
Gs

Gl

Gl+El

El

liquid

solid

Es

Forbidden
Nucleation
Region
| Gs-l |<Es-l

Gs-Es
T

Tmhomo Tms

Tm

Figure 4.16. Schematic diagram of the free energies of solid and liquid phases as
functions of the temperature. The solid lines marked by Gl and G s are the free energies
of the solid and liquid phases without the elastic energy. Their intersection gives the
equilibrium melting temperature Tm. The dashed and dash-dotted lines marked by
(Gl + El ) and (G s − E s ) are the free energies of the solid and liquid after including the
elastic energies. Their intersection gives the homogeneous melting temperature Tmhom o .

Tms is the ultimate superheating temperature. The forbidden nucleation region is
ΔTgap = Tmhom o − Tm .

Putting all terms derived above in ΔG (T ) , we write the change of the free energy
of the entire system as,
ΔG (T , r ) =

4π 3
2α
r ΔG s −l + ΔE s −l + 4πr 2γ 0 (1 −
) − EC ,
r
3

(

)

where ΔG s −l = (Gl − G S ) , ΔE s −l = ( El + E S ) , and EC =

(4.7)

4π
(2α ) 3 ΔG s −l + ΔE s −l . Note
3

(

)

that EC is a correction term to the body free energies due to the limitation imposed on
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r (≥ 2α ) by the interface energy γ . This restriction simply says that the size of the
critical nucleus cannot be smaller than the interface thickness 2α .
The theory predicts a number of outcomes. First, the critical nucleus size can be
obtained. Using the approximation ΔG s −l = − ΔG s −l ≈ −(ΔT / Tm )ΔLV , we have

r* =

2γ 0 (1 − α / r * )
ΔG s −l − ΔE s −l

=

2γ 0 (1 − α / r * )Tm / ΔLV
,
ΔT − Tm ΔE s −l / ΔLV

(4.8)

where LV ( > 0 ) is the latent heat of fusion per unit volume at the normal melting
temperature Tm , and ΔT is the superheating temperature ΔT = T − Tm . Second, the
critical activation energy is
16πγ 0 f
3

ΔG =
*

( ΔG s −l − ΔE s −l ) 2

− Ec ,

(4.9)

α
1
4α
where f = (1 − * )(1 − * ) 2 . Note we do not express Equations (4.8) and (4.9) in close
3
r
r
form in order to compare r * and ΔG * with those from conventional CNT. But they can
be obtained straightforwardly.
Putting our modified classical nucleation theory [Eq. (4.8)] into Figure 4.11, we
plot a new graph in Figure 4.17. When the liquid droplet size is small, the simulation data
can be fitted with our theory very well in three size systems. When the liquid droplet size
is large, the simulation data deviates from the theory due to the finite size effects.
However, the trend is that the simulation data becomes closer to the theory when the total
system size increases. Since our theory is developed for an infinite system, it can be
predicted that the simulation data can be even closer to the theory if the simulation
system size increases.

111

*

r,σ
N = 32,000
N = 108,000
N = 256,000

theory for an
infinite system

20
N=256,000
N=108,000

15
N=32,000

supercooling

superheating

10

CNT
5

ΔTgap
-0.15

-0.10

-0.05

0
0.00

0.05

0.10

0.15

ΔT, ε/kB

Figure 4.17. The relation between critical solid (liquid) nucleus radius r * and
supercooling (superheating) temperature ΔT * . Samples of different sizes were used. The
solid line in supercooling region is fitted to the relation, r * ≅ ( 2γ sl Tm / ΔLv ) / ΔT . For
superheating, finite-size effect is shown. The theoretical prediction [Eq. (4.8)] is plotted
as the blue solid line. The results from the largest system tested (N=256 000) are in
excellent agreement with the theory. The nucleation forbidden gap ΔTgap = 0.044 is
indicated by the dotted line. At the superheating limit, the size of the liquid droplet is
about 19 atoms.

The elastic energy ΔE s −l in Eq. (4.8), which is caused by the solid/liquid density
difference, effectively reduces the driving force. The activation energy becomes larger
due to the increase in the free energiy of the liquid phase under compression and the
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decrease in the free energy of the outer solid matrix under tension. Therefore, the
equilibrium melting temperature for homogeneous nucleation of liquid phase at
superheating

regime,

Tmhom o ,

is

higher.

Tmhom o

can

be

estimated

when

ΔT − Tm ΔE s −l / ΔLV = 0 . Thus Tmhom o = Tm (1 + ΔE s −l / ΔLV ) . Therefore, ΔE s −l functions

effectively like another “barrier” for the liquid nucleation. Its effects on melting can be
significant so that a forbidden gap for nucleating a liquid phase in the superheating region
may be possible if ΔG s −l < ΔE s −l . The nucleation forbidden gap can be expressed as
ΔTgap = Tmhom o − Tm = Tm ΔE s −l / ΔLV .

(4.10)

The presence of the nucleation forbidden gap makes it impossible for melting to start
from the inside of a perfect crystal if the temperature is slightly above the equilibrium
melting temperature. The form of the elastic energy ΔE s −l is given in Eq. (4.6). The
parameters for ΔE s −l can be calculated from a homogeneous LJ system. The
temperature-dependent bulk modulus of liquid K (= 39.19 − 38.96T ) and the shear
modulus of solid μ (= 23.27 − 24.51T ) are given in Eq. (4.2a) and Eq. (4.2b). The other
parameters are calculated in Chapter 3: ΔLV = 1.005ε / σ 3 , Tm = 0.618ε / k B , α = 1.05σ ,
and ΔV / V = 0.16 . For the LJ system, ΔTgap = 0.044 [Figure 4.17], which is about 7%
above Tm or 30% of the entire superheating range. Within this gap melting can only start
at free surfaces or grain boundaries where the compressive pressure is less or absent
[Figure 4.5]. This finding provides a new perspective for surface melting, which is
explained traditionally based on the relations among the solid-vapor, solid-liquid, and
liquid-vapor interfacial free energies, i.e., γ sv ≥ γ sl + γ lv [1]. This finding also helps us to
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understand why melting easily occurs at internal interfaces and grain boundaries where
the above relation does not even hold.
The modified classical nucleation theory also predicts an upper limit for
superheating where the interface energy could become extremely small if r * → 2α . It
predicts that the critical liquid nucleus at this limit should be about the size of a cluster
made of the first and second nearest neighbor shells. Under such conditions, melting at
superheating could become spontaneous, where homogeneous nucleation of liquid
becomes barrier-less. This marks the instability, or a catastrophe. As shown in Figure
4.17, the theory shows excellent agreement with our simulations. We observed not only
the nucleation forbidden gap, but also the extremely small nucleus size at the
superheating limit. Experimental results from superheating quartz, along with the
theoretical consideration of ΔE s −l [121], provide the direct support for our work. Melting
at superheating is determined, therefore, by the interplay of the two energies, the rise of
the elastic energy, and the reduction of the interface energy. In all cases, however,
melting in superheating regime should remain as a first-order transition.
Figure 4.17 shows that the finite size effects are very significant in the
superheating model, whereas they are not obvious in the supercooling model. This is due
to the long-range nature of the elastic interaction between the liquid nucleus and the
simulation box in the superheating model. In the supercooling model, the elastic energy is
very weak so that the finite-size effects are only induced by the usual thermal
fluctuations. In the superheating model, the finite distance between the liquid droplet and
one of its periodic images is directly related to the elastic interaction in superheating. If
the radius of the liquid droplet is small, then the distance is large. Therefore, the liquid
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droplet can be viewed as being immersed in an infinite solid matrix. For small liquid
clusters (i.e., at large superheating), the finite-size effects in three size systems are not
significant. But if the liquid droplet radius is big, the distance between the liquid droplet
and its periodic images is short. So the liquid droplet cannot be viewed as being
immersed in an infinite solid matrix. Then the finite-size effects show up. If the size or
radius of liquid cluster is same, the larger the system size, the more accurate the results.
In Figure 4.17, the convergence to the theoretical prediction (which is for an infinite solid
matrix) can be clearly seen in the trend of the three systems of increasing size.

4.2.7. Liquid growth from Disk Nuclei

So far we have discussed the model of a spherical nucleus embedded in a
superheated crystal. In this model, the liquid growth is from a spherical liquid droplet.
The growth morphology is roughly spherical, as shown in Figure 4.9. However, the
spherical nucleus is a highly ideal case. In reality, the geometric shape is very irregular.
Thus, the growth morphology from such non-spherical nuclei is of the general interests.
For example, what kind of morphology is most likely to grow into if the liquid grows
from a disk nucleus? Brener et al. [122] investigated this problem from the theoretical
aspect. They assumed that the disk nucleus is very similar to a crack in the solid.
Applying the same concept of the Griffith’s theory for the crack problem, they proposed
that the liquid growth prefers in the horizontal direction of the disk nucleus as shown in
Figure 4.18. Thus, the disk nucleus will become more and more oblate. However, this
theoretical analysis has never been verified in experiments or in computer simulations.
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Figure 4.18. Brener et al.’s model [122] of the liquid growth morphology from a disk
nucleus in a superheated crystal. Their model predicts that the disk nucleus prefers to
grow in the horizontal direction.

In this section, we use MD simulations to study the liquid growth from disk
nuclei. The simulation model is slightly different from the superheating model. Instead of
using a spherical nucleus, we embed a disk nucleus in a superheated crystal, as shown in
Figure 4.19. The height of the nucleus is of about two lattice constants ( a 0 ) and is fixed
for different configurations. The radius of the disk ranges from 2 a 0 to 14 a 0 . The
composite model is created by using the same method in section 4.1.3.

Figure 4.19. The cross-sectional snapshot of a liquid nucleus of a disk shape and the outer
crystal matrix. The enlarged view of the liquid nucleus is shown at the right-hand side.
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Figure 4.20. The cross-sectional snapshots of the liquid growth from a disk nucleus. (a)
Initial configuration. (b) After 0.25 ns. (c) After 0.4ns. (d) After 0.65ns.

After the disk nucleus is created, the liquid nucleus can either grow or shrink,
which is very similar to the spherical nucleus. In this work, we are only interested in the
case of the liquid growth. Figure 4.20 shows the evolution of the liquid growth from a
disk nucleus. Initially, a disk liquid nucleus is embedded in a superheated crystal matrix
[Figure 4.20(a)]. The disk nucleus is very flat, which is similar to Brener et al.’s model
[122]. After 0.25ns, the snapshot [[Figure 4.20(b)]] shows that the liquid grows from the
liquid nucleus. However, it seems that the growth is in the vertical direction, which is
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different from Brener et al.’s prediction. Since the atoms in the liquid nucleus are very
diffusive, the atoms in the liquid nucleus mix with the new liquid atoms. After 0.4ns, the
liquid grows further, as shown in Figure 4.20(c). It seems that the liquid growth is still
along the vertical direction at this time. Contrastively, the liquid length increases only
slightly in the horizontal direction [one can easily see it by comparing Figure 4.20(a) and
(c)]. After 0.65ns, the disk nucleus almost grows into a spherical droplet [Figure 4.20(d)].
Clearly, the direct simulation shows that the disk nucleus prefers to grow into a
sphere rather than a more oblate disk. Our simulation result contradicts Brener et al.’s
prediction. Thus, it is questionable that the Griffith’s theory for the crack problem can be
applied for the liquid growth from a disk nucleus. One obvious difference between the
two problems is that the stress applied on a crack is a tensile stress, whereas the stress
applied on a disk nucleus is a compressive stress originated from the surrounding crystal
matrix. To best of our knowledge, this difference is not considered in their model. The
liquid growth morphology from a disk nucleus can be understood from Figure 4.21. The
initial disk nucleus has two major curvatures at the solid-liquid interface: k1 and k 2 . The
curvature k1 is close to zero (flat interface) and k 2 is close to the reciprocal of the disk
radius, i.e., k 2 > k1 . Generally, it requires small superheating for the liquid growth from
the interface region of a small curvature. For example, a liquid can grow from the flat
solid-liquid interface as long as T > Tm . Thus, the liquid growth can start earlier at the
interface region of a small curvature than at that of a large curvature. For example, in
Figure 4.21, the liquid prefers to grow at the interface region of the curvature k1 . The
directional growth will eventually turn the new liquid into a spherical droplet.
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Figure 4.21. Illustration of the liquid growth morphology from a disk nucleus. The liquid
prefers to grow from the interface of small curvature such as k1.
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Figure 4.22. Comparison between the disk nucleus and spherical nucleus. The total
number of atoms in the system is 108 000 in both systems.
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It is interesting to make a comparison between the disk nucleus and spherical
nucleus in the liquid growth. We use the same method as in section 4.2.3 to determine the
critical temperature of a disk nucleus and its surrounding crystal matrix. The relation
between the number of atoms in the disk nucleus and the critical temperature is shown in
Figure 4.22. The relation for the spherical nucleus is also shown in this graph. When the
disk radius is small, its height is close to its radius. Thus, it is equivalent to a spherical
nucleus. Figure 4.22 also shows that the two systems yield same results when the nucleus
size is small (or at high superheating). When the nucleus size is large, the discrepancy
appears. It is found that if the numbers of atoms enclosed in the disk nucleus and in the
spherical nucleus are same, the disk nucleus requires smaller superheating for growth. In
other words, the growth from a disk nucleus is easier than from a spherical nucleus. This
is a little bit surprising, because the spherical nucleus has the minimum area-to-volume
ratio. However, in this work we know that the local curvature of the interface is also very
important for the growth morphology.
Similar to the tests of the spherical nuclei [Figure 4.17], we also test the finite size
effects for the disk nuclei. Two size systems are used: N=108 000 and 256 000. The
results are shown in Figure 4.23. One can find that Figure 4.23 is very similar to Figure
4.17. The relation of n1 / 3 vs. ΔT shifts upwards when the system size increases due to
the finite size effects. Note the nucleation forbidden gap shown in Figure 4.23 is for the
spherical nuclei. After a disk nucleus grows into a spherical droplet [Figure 4.20(d)], the
further growth should be spherical. Thus, the presence of the nucleation forbidden gap is
expected in the liquid growth from the disk nuclei.
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Figure 4.23. Finite size effects in the liquid growth from disk nuclei. The curve shifts
upwards when the system size increases.

4.2.8. Kinetic Differences between Solid Superheating and Liquid Supercooling

Next we test the differences in kinetic behaviors between solid superheating and
liquid supercooling. To do so, we use the flat interface model [Figure 4.24] to calculate
the interface moving velocities, or the growth rates of the new phases at different
temperatures. The detailed method is described in Chapter 5. Here we only report the
results. The (100), (110), and (111) planes of a bulk fcc LJ crystal are in contact with a
bulk liquid to form the crystal-melt interfaces with different orientations. The systems
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with crystal-melt interfaces are brought to different temperatures. Depending on the
brought temperature, the interface can move to either the crystal side or the liquid side, as
shown in Figure 4.24.

Figure 4.24. The flat interface model for calculating the interface moving velocities at the
superheating and superheating regimes. The horizontal direction is [100] in this example
system. (a) At T = Tm , the interface is stable. (b) At T < Tm , crystallization occurs. The
interface is moving from the crystal side to the liquid side. (c) At T > Tm , melting occurs.
The interface is moving from the liquid side to the crystal side.

The interface moving velocities are calculated at different superheating and
supercooling temperatures, as shown in Figure 4.25. We find that the growth rate is
anisotropic in supercooling, but isotropic in superheating. In the supercooling regime, the
(100) plane has the fastest growth rate, whereas the (111) plane has the slowest. During
crystallization, liquid atoms need to migrate to the interface and finally settle at the
suitable lattice sites. The denser the atomic plane is, the longer this rearranging time, and
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the slower the growth rate. As temperature decreases, the driving force for crystallization
increases. On the other hand, the mobility of liquid atoms decreases with the decreasing
temperature. Thus, the growth rate is a result of balancing the increasing thermodynamic
driving force and decreasing atom mobility (diffusivity and viscosity) at supercooling.
The maximum growth rate is reached at ΔT ≈ 0.2 , which coincides with the favorable
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Figure 4.25. Interface moving velocities at different supercooling and superheating.

In contrast, for melting the kinetic process at the interface is dominated by
breaking the atomic bonds. The bond-breaking process may be less related to the specific
plane. Thus the growth rate of liquid phase shows the isotropic behavior. In addition,
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since both driving force and atomic mobility increase with the increasing temperature, the
growth rate increases monotonously with the increasing temperature. Note that the
interface velocities within the nucleation forbidden gap are obtained from the flat liquidsolid interface where the compressive energy caused by the volumetric difference
between the liquid and solid phases is absent. Therefore, nucleation forbidden gap is zero
for a flat interface model. The kinetic behaviors of growth, as well as in nucleation, are
originated from the difference in diffusion and viscosity change. The differences are the
reason why crystallization can be easily bypassed during glass formation while
superheating is hard to achieve, as demonstrated by Turnbull fifty years ago [6].

4.3. Discussion and Conclusions

In this Chapter, we have used a coexistence model of an inner liquid sphere and
an outer crystal matrix to test the classical nucleation theory for melting at superheating.
Contrast to many researchers’ assumption that the solid superheating is an inverse
process of liquid supercooling, we have found that the melting at superheating is
fundamentally different from the solidification at supercooling in both thermodynamics
and kinetics. When melting occurs internally, the volume expansion of the molten
materials induces a strong stress on the liquid. As a result, the liquid growth experiences
another energy barrier. If the driving force cannot overcome the elastic stress, it becomes
impossible for liquid growing from the inside of the crystal. As a result, a nucleation
forbidden gap appears. If the temperature is within this gap, the melting must start from
the free surface or other stress-free regions. This may be one of the reasons for the
asymmetry between the melting and freezing process: a solid (with a free surface) cannot
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be superheated, while liquid can be supercooled. It is worth noting that some materials
such as ice (below 2 kilobars), antimony, bismuth, and silicon show decrease in volume
during melting. For these materials, the compressive stress is absent for homogeneous
melting. However, the elastic energy may still present in the solid due to the “cavity”
effect.
The liquid growth from disk nuclei is also investigated in this chapter. Although
some theoretical models predict that the disk nucleus becomes more oblate during the
liquid growth, our direct simulation shows that the disk nucleus prefers to grow into a
sphere. This is due to the curvature induced melting: the melting prefers to starts from the
local interface region with small curvature such as a flat interface. Moreover, we find that
the disk nucleus is easier for the liquid growth than is a spherical nucleus if they have the
same number of liquid atoms, although the spherical nucleus has a smaller surface to
volume ratio. A nucleation forbidden gap also presents in the liquid growth from disk
nuclei.
The crystallization rate at different supercooling temperatures and the melting at
different superheating temperatures are also investigated. It is found that the
crystallization rate is anistropic in the liquid supercooling, while the melting rate is
isotropic in the solid superheating. The interface moving velocity of (100) face is fastest
and that of (111) face is slowest. The crystallization is related to the face-dependent atom
rearrangement at the interface. The melting is related to the atomic bond breaking which
appears to be face-independent. Since the driving force increases and the atomic mobility
decreases with the decreasing temperature in the liquid supercooling, the interface
moving velocity has a maximum value. For the solid superheating, both the driving force
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and the atomic mobility increases with the increasing temperature. Thus, the interface
moving velocity always increases with the increasing temperature.
Although the models used in this work are simplified, the results gave us a
detailed comparison between the solid superheating and liquid supercooling processes in
thermodynamics and kinetics that otherwise are very difficult to obtain in experiment
alone. The mechanisms uncovered in this work for superheating provides a new
perspective for understanding melting and also a valuable guide for many applications
involving melting at superheating such as laser processing of materials [123,124],
geomaterials [124], explosive materials [124,125], and materials engineering [126].

126

CHAPTER 5
TEMPERATURE, FACE, AND SIZE DEPENDENCES OF STEADYSTATE CRYSTALLIZATION RATES

The crystal growth from its undercooled melt has gained great interests in the past
several decades [1-6,34-42,127]. At deep undercoolings, usually the homogeneous
nucleation takes place if the impurities are effectively excluded [4-6]. However, in many
cases, the crystal growth starts from a crystal-melt interface and is a heterogeneous
process. The moving velocity of the nonequilibrium solid-liquid interface, or the crystal
growth rate, is an important physical quantity for understanding the kinetics and
morphologies of the crystal growth [34-42]. Given the fact that many materials exhibit
nearly isotropic interfacial properties such as interfacial free energy [30,84,85,89],
interface density profile [128], interface thickness [41,128,129], etc., the anisotropy in the
growth rates of different crystallographic faces, rather than in the interfacial free energy,
may be more important in determining the macroscopic morphology of the crystal growth
[127]. At macroscopic scale, the crystal growth rate is generally slow because the
generated latent heat during the crystal growth must be dissipated away from the
interface to the outside of the system. This thermal-diffusion limiting process can be well
described by the conventional transition-state theory [130]. However, if the system size is
small, for example, of a few ten to hundred nanometers, the heat flow can be very rapid
so that the thermal diffusion may not be a primary limiting factor in affecting the crystal
growth rate [127]. Recent experiments of the pulsed laser annealing have showed that the
melting and crystallization rates are substantially fast in small systems [43-50]. In those
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experiments, researchers used the picosecond pulse lasers to melt a small spot (~ 0.5 μm
in depth) on a clean silicon or germanium surface and afterward solidify the liquid spot.
The melting rate was found to be about 10 m/s while the subsequent recrystallization rate
is about 5 m/s [44-50]. Clearly, the melting and crystallization rates in such experiments
are not restrained by the thermal diffusivity, and therefore, the conventional transitionstate theory may not be suitable for describing the transformation kinetics in such small
size systems.
Recently, many technical advances in investigating the crystal-melt interface at
the molecular scale have been achieved. For example, the in situ transmission electron
microscopy [51], the synchrotron x-ray scattering techniques [52], and the highresolution transmission electron microscopy [131,132] have been successfully used to
investigate the ordering of the solid-liquid interfaces. Although valuable results have
been obtained from those experiments, the knowledge of the crystal-melt interface is still
limited. This situation can be partially attributed to the difficulties of accessing the solidliquid interface in experiment [131]. Unlike the solid-vapor and liquid-vapor interfaces,
the experimental measurements of the microscopic structure and properties of the solidliquid interface are inherently difficult, because the solid-liquid interface is very thin (~ 2
nm wide) and is “buried” between two condensed phases [131]. Fortunately, the
computer simulation provides an alternative way for investigating the detailed
microscopic information of the solid-liquid interface. In the past several decades,
theoretically, computer simulations have been used to investigate the heterogeneous
crystal growth from a flat crystal-melt interface [34,38-42,129]. Broughton and coworkers [34,38] have used molecular dynamics simulation to calculate the interface
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moving velocities of (100) and (111) faces over a wide range of undercooling
temperatures. Their results showed [34,38] a strong anisotropy in the orientational
crystallization rates: the interface moving velocity of (100) face is substantially fast over
a wide range of temperatures, whereas that of (111) face is extremely slow at low
temperatures. They concluded that, for a monatomic Lennard-Jones fluid, the crystal
growth from (100) is free of activation energy barriers, while the crystal growth from the
(111) face needs to overcome the energy barriers associated with competing for the
appropriate fcc and hcp sites. The growth rate of (111) face is thus slow down by this site
competing process. Using coupled Landau-Ginzberg theory based on a mean field
approximation, Williams et al. [133] concluded that the large difference in structural
fluctuations between (100) and (111) faces is the origin for the anisotropic interface
moving velocities. Richards [130] argued that the change in density during the crystal
growth plays an important role in affecting the anisotropic growth rates. This argument is
supported by the work of Huitema et al. [41] and Gulam Razul et al. [129], who have
used molecular dynamics simulations to investigate the crystal-melt interface structures.
They concluded that the atoms have to hop from further-away liquid layers to the
interface for (111) face, because the density of (111) face is much higher than the liquid
density. On the other hand, atom hopping is not necessary for (100) face because its
density is at the same level as the liquid density. As a result, the large density transport
associated with (111) face causes its growth rate slower. However, the study by Oxtoby
and Harrowell [134] gives an opposite conclusion in which the effects of the density
change on the crystallization rates are less significant in most cases.
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Apparently, there are many disputations on the mechanisms of the crystal growth.
To date, the detailed understanding of the microscopic interface structures, the
mechanisms of ordering during the crystallization, and the kinetics associated with the
interface moving are still limited. Moreover, there is a large discrepancy in the
crystallization rate between experiments and simulations. For example, the crystallization
rates of silicon and germanium measured from pulsed laser annealing experiments are
about 5 m/s, while the maximum moving velocity of (100) face of a Lennard-Jones
system was found to be as large as 80m/s in Broughton et al.’s simulations [34,38]. The
similarly high growth rates were found in other simulations [39-42] even at small
undercoolings. It appears to be a general result that the velocities in simulation studies are
much larger than those observed in experiments. Unfortunately, this large discrepancy
between the experimental results and the theoretical predictions has not been resolved.
The underlying physical origins for this discrepancy, therefore, still remain veiled to date.
In this chapter, I present our investigations on the face, temperature, and size
dependences of the crystal growth rate via molecular dynamics simulations. Although the
face and temperature dependences have been studied to some extent by many researchers,
the finite size effects on the crystallization rate are seldom investigated. Therefore, it is
unclear whether the system size plays a major role in affecting the crystallization rates.
The detailed microscopic interface structures, the growth morphologies, the growth
mechanisms, the kinetic theory, and the finite size effects are also investigated in this
work.

130

5.1. Theory of Crystal Growth

The steady-state crystal growth of many materials can be described as a
“diffusion-controlled”, or “Wilson-Frenkel” process [35,36], in which the growth rate is
determined by the long-range diffusion coefficient of liquid atoms and the free energy
difference (or driving force) between two phases. Generally the steady-state motion of
the crystal-melt interface as a function of the temperature T in the diffusion-controlled
model can be expressed as [34]
v = ( Da / Λ2 )(1 − e

− Δμ

k BT

)f ,

(5.1)

where D is the diffusion coefficient of the liquid, a is the interatomic spacing, Λ is the
mean free path, f is the atomic site acceptance ratio for crystallization which is usually
treated as a constant ( 0 < f < 1 ), Δμ is chemical potential difference between a liquid
and a crystal so that (1 − e

− Δμ

k BT

) can be viewed as the driving force for crystallization,

and k B is the Boltzmann constant.
Similar to many metallic systems, the diffusion in a Lennard-Jones liquid is also a
thermally activated process. The diffusion coefficient D can usually be described by the
Arrhenius equation [1],

D = D0 exp(−Q / k B T ) ,

(5.2)

where D0 is a constant, and Q is the activation energy. For a standard LJ system,
independent calculation [34] shows D0 = 0.86, and Q = 2.1 (both are in reduced LJ
units). As shown in Figure 5.1, the diffusion coefficient decays exponentially with the
decreasing temperature. At low temperatures or deep undercoolings, the diffusion
coefficient is very small. For example, at T = Tm/2 ≈ 0.31 ε / k B , D ≈ 9.83 × 10-4
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(σ

2

ε / m)

1/ 2

≈ 5.28 × 10-7 cm2/s. For most fcc metals at room temperature, D ~ 10-8 cm2/s

[1]. Therefore, near half the melting point, the LJ system is as rigid as a solid and the
diffusion coefficient is essentially zero on the simulation scale. If the crystal growth is a
diffusion-controlled process, the crystallization rate is expected to be very slow or even
zero at low temperatures. The diffusion-controlled model can be well fitted to the growth
rates of covalently bounded materials such as GeO2 [37,127] and multi-component
solutions [135] in which the growth rate is mainly determined by the diffusivity.
However, Walker [43] found that the crystallization rates of supercooled nickel and
cobalt melts are very fast (~ 50 m/s) even at low temperatures, indicating that the crystal
growth of pure metals may not be entirely thermally activated. In addition, as we have
mentioned above, the crystallization rates of small-size silicon and germanium are about
5 m/s at deep undercoolings. Clearly, the diffusion-controlled model fails to predict the

2

Diffusion coefficient D, (εσ /m)

1/2

crystallization rates of those monatomic systems, particularly at low temperatures.
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Figure 5.1. The temperature-dependent diffusion coefficient of a Lennard-Jones system.
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Faraway atoms diffuse to the interface.

(a)
Nearby atoms collide on the interface.

(b)
Figure 5.2. Two typical models of crystal growth from the undercooled melt. Crystals are
at the left-hand side and liquids are at the right-hand side. (a) The diffusion-controlled
model: atoms travel from the faraway liquid to the crystalline sites at the interface. (b)
The collision-controlled model: the vicinity atoms “collide” on the interface and become
a part of the crystal.

Turnbull and Bagley [37] argued that the crystallization of pure metals should not
be a complete diffusion-controlled process, because it is hard to quench them into glassy
state [34,37]. Since all atoms are identical in a monatomic system, it is not necessary to
bring the faraway liquid atoms to the interface to form the new crystal. Actually, the
nearby liquid atoms at the interface may already occupy the crystalline sites before the
faraway atoms diffuse to the interface. Therefore, they [37] proposed a “collisioncontrolled” model for monatomic systems, in which the crystal growth rate is mainly
controlled by the collision rate of the near-interface liquid atoms impinging on the
interface, rather than the long-range transport rates of the liquid atoms traveling to the
interface. Similar to an ideal gas model, the collision rate is proportional to the thermal
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velocity (3k B T / m)1 / 2 , where m is the atomic mass. The interfacial moving velocity in the
“collision-controlled” model can be expressed as [34]
v = (a / λ )(3k B T / m)1 / 2 {1 − e

− Δμ

k bT

}f ,

(5.3)

where λ is the average distance traveled by an atom. Normally, λ takes the value of
0.4a [34]. Equation (5.3) is similar to Eq. (5.1), but the diffusion coefficient D is replaced

by the thermal velocity (3k B T / m)1 / 2 . Figure 5.2 illustrates the physical pictures of the
diffusion-controlled and collision-controlled models. The long-range diffusion in the
diffusion-controlled model and the short-range diffusion in the collision-controlled model
are the key differences between two models.
In order to compare the differences between the two models, we draw a graph as
shown in Figure 5.3 to illustrate the temperature-dependent crystallization rates
calculated from Eqs. (5.1) and (5.3). The parameters in the two equations are given as
follows: a =
constant

of

3

3

× a0 =

the

LJ

3

3

× 1.58 = 0.912 σ , where a0 = 1.58 σ are the fcc lattice

system;

λ = 0.4a ;

Λ = 0.0829 − 0.0258T + 0.18588T 2 ;

D = 0.86 × exp(−2.1 / T ) ; (note the coefficient 0.0258 was incorrectly reported as 0.258
in Ref. 34); Δμ = Ln × ΔT

Tm

, where Ln = 1.024ε is the latent heat of fusion per atom,

Tm = 0.618 ε / k B is the equilibrium melting temperature, and ΔT = Tm − T is the
undercooling; and f = 0.27. Clearly, there is a large discrepancy between two models in
Figure 5.3. The crystal growth rate predicted by the collision-controlled model is much
faster than by the diffusion-controlled model. The crystallization rate of the collisioncontrolled model is substantially fast over a wide range of temperatures and reaches the
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maximum at T = 0.27 ε / k B . However, in the diffusion-controlled model, the
crystallization rate is much slower and approaches zero at near half the melting point
(0.30 ε / k B ). At T = 0.47 ε / k B , the growth rate of the diffusion-controlled model reaches
its maximum.
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Figure 5.3. Comparison of the different crystallization rates between the diffusioncontrolled [Eq. (5.1)] and collision-controlled [Eq. (5.3)] models. The units of the left and
bottom axes are reduced LJ units, and those of the right and top axes are real units.
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Broughton and co-workers [34,38] have calculated the interface moving velocities
of (100) and (111) faces over a wide range of temperatures via molecular dynamics
simulations. Their main conclusion is that the crystal growth of (100) face is a “collisioncontrolled” process [Eq. (5.3)], in which the energy barrier is absent; while that of (111)
interface is a “diffusion-controlled” one [Eq. (5.1)], in which more time is needed for
atoms to compete for the appropriate fcc and hcp sites [38]. However, some important
issues were not addressed in their work. First, as shown Figure 5.3, the obtained
maximum moving velocity of (100) interface is about 80 m/sec, while that of (111)
interface is about 15-25 m/sec. Generally, such large orientation-related difference is not
expected for the same materials. Moreover, the calculated maximum velocities of both
faces are much larger than the experimental values (about 5 m/sec for Si and Ge [44-50]).
Second, although their results show that the growth rate of (111) interface is sizedependent, the underlying mechanism was not adequately discussed. The “diffusioncontrolled” model can only fit well to the data of the larger system. No further tests were
performed to investigate whether the grow rate of (100) interface is also size-dependent.
Third, the system size was of 1,200 atoms in their simulation, which may be too small to
get a good statistical average. Fourth, as shown Figure 5.3, the temperature at which the
growth rate reaches the maximum is 0.25 ε / k B (or ΔT / Tm = 0.6 ) for (100) face. Since a
liquid is already in the glass state at a temperature 60% below the melting point, it is thus
questionable that the moving velocity can still be as high as 80 m/sec at such low
temperature.
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5.2. Models and Method
5.2.1. Model Configurations

Figure 5.4. The 3D view of the rectangular flat-interface model. The green and red
spheres represent crystal and liquid atoms respectively. The edge length in x direction is
longest, while the lengths in y and z directions are same. The interface is at the middle of
the x direction.

In this work, we have used a flat crystal-melt interface model to calculate the
steady-state interface moving velocities of various crystallographic planes over a wide
range of temperatures. The geometric shape of the simulation model is a rectangular box,
as shown in Figure 5.4. The periodic boundary conditions (PBCs) were employed in all
directions. The [100] and [111] orientations are set as the x direction for the (100) and
(111) interfaces respectively. The interface is at the middle of the simulation box and
perpendicular to the x direction. The crystal and liquid slabs are at each side of the
interface. Since the periodic boundary conditions are used, actually there is another
137

interface at the bottom of the box in x direction. In order to avoid confusion, the interface
induced by the periodic boundary conditions is not shown in Figure 5.4. The box length
in the x direction, LX, is longest and the crystal growth is along this direction. The lengths
in the y and z directions are roughly same: LY ≈ LZ, i.e., LX > LY ≈ LZ. For a system with
a (100) interface, the x direction is [100], the y direction is [010], and the z direction is
[001]. For a system with a (111) interface, the x direction is [111], the y direction is
[ 1 10] , and the z direction is [ 1 1 2] .

Table 5.1: The total 16 different configurations of the simulation systems. The simulation
box is rectangular. The x direction is [100] for (100) interface, and [111] for (111)
interface. Note a 0 is the lattice constant of the fcc crystal.

(100) interface

(111) interface

N

L X × LY × LZ ( a 03 )

N

L X × LY × LZ ( a 03 )

16,000

40 × 10 × 10

16,800

25 3 × 7 2 × 4 6

24,000

60 × 10 × 10

24,192

36 3 × 7 2 × 4 6

32,000

80 × 10 × 10

33,600

50 3 × 7 2 × 4 6

48,000

120 × 10 × 10

50,400

75 3 × 7 2 × 4 6

64,000

160 × 10 × 10

67,200

100 3 × 7 2 × 4 6

90,000

100 × 15 × 15

90,720

60 3 × 10.5 2 × 6 6

128,000

80 × 20 × 20

134,400

50 3 × 14 2 × 8 6

256,000

160 × 20 × 20

268,800

100 3 × 14 2 × 8 6
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In order to check the finite size effects, eight configurations of different sizes
were used for both (100) interface and (111) interface. Table 5.1 shows the total sixteen
different configurations in this work. Here LX, LY, and LZ are in unit of the lattice constant

a 0 . Therefore there are total L X × LY × LZ unit cells in each configuration. Since there
are 4 atoms in an fcc unit cell, the total number of atoms in each configuration is N =
4 × L X × LY × LZ . In this work, the number of atoms in the simulation box ranges from 16

000 to 256 000 for (100) interface and from 16 800 to 268 800 for (111) interface with
half liquid and half solid.

5.2.2. Molecular Dynamics Simulations

Since the crystal growth is a non-equilibrium process and the system density and
energy change continuously with time, we performed molecular dynamics simulations in
a constant-number of atoms, constant-pressure, and constant-temperature (NPT)
ensemble. The NPT MD can effectively adjust and control the system temperature,
volume, and pressure at the desired conditions. For example, the latent heat can be
dissipated and the volume shrinkage can be adjusted during crystallization. Note some
researchers have performed their simulations with fixed volumes. This may cause some
artifacts because the density change of the Lennard-Jones system is nontrivial during the
crystallization. In order to compare our results with the other researchers’
42,129], we used a standard Lennard-Jones model system, φ ( r ) = 4ε [(

σ
r

[34,38-

) 12 − (

σ
r

)6 ] ,

where parameter σ = 3.405Å, and ε / k B = 119.8K. The cutoff distance is 2.5σ . The
pressure was kept at zero throughout the simulation. The MD time step was set to 5 fs.
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We used a similar technique as described in Chapter 3 to create the flat solid-liquid
interface. Here I only introduce it briefly. Initially, all atoms were arranged in an fcc
lattice. The potential depth of the atoms at the left-hand side of Figure 5.4 (green spheres)
was 2ε , while that of the right-hand side atoms (red spheres) was 1ε . Therefore the
melting temperature of the left-hand side slab is higher than that of the right-hand side
slab. The system was heated from a low temperature to a high temperature until the slab
at the right-hand side became a liquid. At the same time, the slab at the left-hand side was
still a crystal. Then the system temperature was cooled down to a desired temperature T
(< Tm). At this temperature, the potential depth of atoms at the left-hand side was changed
gradually from 2ε to 1ε . Finally, the interface was created and the potential depth of all
atoms in the two-phase system was 1ε . After the interface is created, the subsequent
crystallization drives the interface to move from the solid side to the liquid side at T (<

Tm). As a result, the three box lengths change with the simulation time. Figure 5.5 shows
the changes of box lengths with simulation time in three directions during crystallization.
Note the starting point of the time is after the interface is created. The box length in x
direction, which is the interface moving direction, decreases almost linearly with the
time. This linear decrease indicates the crystal growth is in steady state. On the other
hand, the box lengths in y and z directions do not change much with the time. Therefore,
the crystallization is a one-dimensional growth and the interface moving velocity in x
direction represents the crystal growth rate.
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Figure 5.5. The evolution of three box lengths with simulation time in a system of 32 000
atoms and with a (100) interface. The left y-axis is for LX and the right y-axis is for LY
and LZ.

5.2.3. Measuring Interface Moving Velocities via Energy Profiles

At the equilibrium (or thermodynamic) melting temperature Tm = 0.618 ε / k B , the
interface stays stationary at zero external pressure. If T<Tm, the system is in a nonequilibrium state and the driving force makes the interface move in its normal direction.
The interface moving velocities were calculated by using the following steps.
Step 1: The simulation sample is divided into N thin slices along the x (either
[100] or [111]) direction. An example of the sliced sample is shown in Figure 5.6.
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Typically, the thickness of each slice, d (= N/LX), is of 2~3 atomic layers. Depending the
system size, each slice contains a few hundred to a few thousand atoms.

d

Figure 5.6. A sample is sliced evenly into N thin slices along the crystal growth
(horizontal) direction. The thickness of each slice is d.

Step 2: After the sample is sliced, we calculate the average enthalpy per atom of
each slice. The enthalpy is the sum of the potential energy and the kinetic energy at zero
external pressure. Since the enthalpy difference between a bulk liquid and a bulk solid is
quite distinct [61], we can use it as a criterion to discriminate the slice as either solidlike
or liquidlike. Some researchers have used some order parameters such as the number of
the first nearest neighbors as the criterion. However, as shown later in this chapter, the
newly formed crystal contains a lot of defects that are different from a perfect crystal.
Therefore, the accuracy of using the order parameters might be questionable. In our
method, the enthalpy of each slice is averaged over several hundred to several thousand
atoms within the slice. Therefore the statistical errors for specifying the state of each slice
should be small. After the enthalpy of each slice is calculated, we can get an enthalpy
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profile along the x direction. Figure 5.7 shows three snapshots and the corresponding
enthalpy profiles in a system of 32 000 atoms and with a flat (100) interface. The system
temperature is at T = 0.51 ε / k B . The snapshot in Figure 5.7(a) shows the initial interface
positions when the two interfaces are created. Note the interface at the boundary of the
box is created by the periodic boundary conditions. The arrow line indicates the length of
the liquid. After 20 000 MD steps (0.1 ns), the length of the liquid decreases, as shown in
Figure 5.7(b). After another 20 000 MD steps, the length of the liquid decreases further,
as shown in Figure 5.7(c). The corresponding enthalpy profiles are shown in Figure
5.7(d). From the enthalpy profiles, one also can find that the liquid length decreases with
the increasing time. One may find that the enthalpy profiles are not flat at the solid and
liquid regions. Moreover, the enthalpy profiles are raised about 5% at the interface
regions, as indicated by the circle in Figure 5.7(d). This is due to the released latent heat
during the crystallization process. Since the crystal growth takes place at the interface,
the generated latent heat increases the enthalpy of the interface region. Note Broughton et

al. [34] found a similar effect in their simulations.
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Figure 5.7. Three snapshots at different time and the corresponding enthalpy profiles at T
= 0.51 ε / k B . The system has 32 000 atoms and two (100) interfaces. (a) The snapshot of
the initial configuration. (b) After 20 000 MD steps. (c) After 40 000 MD steps. (d) The
corresponding enthalpy profiles for (a), (b), and (c). The constant E* is the critical
enthalpy for discriminating the solid and liquid slices.

Step 3: From the enthalpy profile, one can count the number of liquidlike slices,

NL. In order to discriminate the solid and liquid slices, one should define a critical
enthalpy E*. A reasonable choice is the middle between the bulk solid and liquid
enthalpies. For example, in Figure 5.7(d), the enthalpy of the bulk solid is –6.5 ε and that
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of the bulk liquid is –5.2 ε at T = 0.51 ε / k B . The middle value is –5.85 ε . However, the
newly formed crystal at the interface has a lot of defects that increase the enthalpy. In
addition, the generate latent heat at the interface also increases the enthalpy. Therefore, a
practical choice of the critical enthalpy is slightly higher than the middle value. For
example, the critical enthalpy is –5.75 ε at T = 0.51 ε / k B , as indicated in Figure 5.7(d).
Note the critical enthalpy is temperature dependent. Different critical enthalpies should
be carefully chosen at different temperatures. After the number of liquidlike slices is
obtained, the total length of the liquidlike slices, which is the number of the liquidlike
slices times the slice thickness (= NL × d), can be calculated. Starting from initial time at
which the interface is created, we calculated the total length of liquid-like slices after
each 10 000 MD steps (0.05 ns). Note the sample should be re-sliced after each interval
because the number of atoms in each slice changes with time. Figure 5.8 shows the linear
correlation between the total length of the liquid and the simulation time during the
crystallization process. In order to compare the interface moving velocities at different
temperatures, Figure 5.8 shows the results of three temperatures, T = 0.27, 0.41, and
0.57 ε / k B . Each linear decrease of the total liquid length with the simulation time implies
that the crystallization is in steady state at the respective temperatures. Therefore, the
slope of each linear fit gives the interface moving velocity at the corresponding
temperature. Since there are two equivalent interfaces in the system due to the periodic
boundary conditions, essentially the interface moving velocity is one half of the slope.
The fittings yield [in reduced LJ unit (ε / m)1 / 2 ]: v0.27 =0.125, v0.41 =0.20, and v0.57 =0.075.
Clearly, the interface moving velocities at three temperatures have the relation
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v0.57 < v0.27 < v0.41 , indicating that at both high (T = 0.57) and low (T = 0.27) temperatures,
the crystallization rate is slow.
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Figure 5.8. The linear decrease of the liquid length with the time at different
temperatures. The system consists of 32 000 atoms and two crystal-melt interfaces
normal to the [100] direction. The slope of each linear fit (divided by 2) is the steadystate interface moving velocity at the corresponding temperature.

5.3. Results
5.3.1. Crystal-melt Interface Structures of (100) and (111)

In many theoretical models, the crystal-melt interface is assumed to be atomically
smooth. In this case the interface has infinitesimal thickness. Such a flat or sharp
interface is called Gibbs dividing interface at which the total excess free energy is
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located. However, in reality, the interface is usually atomic rough and the transition from
liquid to solid usually takes place over a few atomic layers. This type of interface is
called diffuse interface. Figure 5.9 illustrates the differences between the two types of
interface.

Gibbs dividing interface
(flat interface)

liquid

Enthalpy

diffuse interface
(real interface)

interface thickness
solid

Distance across interface
Figure 5.9. Illustration of Gibbs dividing (sharp) interface and diffuse (real) interface.

The diffuse interface is a transitional region at which the translational (longrange) symmetry of the crystal gradually vanishes. It is important to understand the
details of the complex interface structure, because the interface plays an important role in
providing the nucleation sites for crystallization. First, we use the density profile to
investigate the interface thickness. Figure 5.10 shows a density profile of a system with
two (100) interfaces at T = 0.41 ε / k B .
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Figure 5.10. The density profile along the [100] direction. (a) The overall density profile
of the sample with two crystal-melt interfaces. (b) The detailed density profile of the
region surrounded by the rectangle in (a). The numbers indicate the atomic layers. The
transition (interface) region is from layer 3 to layer 9.

In Figure 5.10(a), an overall density profile along the crystal growth direction is
shown. The liquid is at the middle and is bounded by two crystal slabs. Therefore, there
are two crystal-melt interfaces. Since the crystal atoms are ordered into many discrete
atomic layers, the crystal density has large oscillations. On the other hand, the liquid
atoms are disordered and the density has small variations. In order to investigate the
detailed structure of the interface, we enlarge the density profile across the interface [the
region bounded by the rectangle in Figure 5.10(a)] and show it in Figure 5.10(b). The
oscillation peaks represent the locations of the corresponding atomic layers. The layer1
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and layer 2 are crystal layers because their oscillation heights are at the same level as
those of the crystal layers at the right-hand side. However, the oscillation height
continuously decreases from layer 3 and finally approaches the liquid density at layer 9.
The decrease of the oscillation height indicates that the crystallinity gradually disappears
at the interface region. Clearly, the interface region is from layer 3 to layer 9. The
interface thickness measured from Figure 5.10(b) is about 5.0 σ ≈ 1.7 nm, which includes
about 6-7 atomic layers at the (100) interface.
Since the transition from the crystal to the liquid takes place over a few atomic
layers, we expect that the atomic structure of each interface layer should be partially
ordered and partially disordered. In order to directly visualize how the interface structure
changes, we draw the snapshots of the nine interface layers, as shown in Figure 5.11.
Each snapshot [except (a)] is a two-dimensional (2-D) projection of the corresponding
interface layer(s) parallel to the (100) interface. Figure 5.11 (a) shows the side view of
the nine atomic layers across the (100) interface. The side view can give us a rough
estimation of the interface ordering. For example, it seems that layer 1, 2, and 3 are well
ordered; layer 4, 5, and 6 are partially ordered and contain some defects; layer 7, 8, and 9
are disordered. The detailed structures of the nine layers are shown as 2-D projections in
Figure 5.11(b)-(i). Here we describe the structure in each atomic layer as follows:
Layer 1 and 2 [Figure 5.11(b)]: They are shown in the same 2D projection.
Clearly, the two layers are well ordered. For (100) face, every other layer is directly on
the top of the present layer. For example, the projection of layer 3 should be as same as
layer 1, and the projection of layer 4 should be as same as layer 2. Therefore, we can use
layer 1 or 2, which are well ordered, as a reference layer for the subsequent layers. In the
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subsequent projections, the circles represent the atoms in the present layer and the blue
crosses represent the atoms in the reference layer.
Layer 3 [Figure 3.11(c)]: The layer 1 (blue crosses) is shown as the reference
layer for layer 3 (red circles). One can find that most atoms in layer 3 are directly on the
top of the atoms in layer 1, indicating that layer 3 is also well ordered. However, layer 3
has some defects such as vacancies.
Layer 4 [Figure 3.11(d)]: Most atoms are well ordered, but a few atoms deviate
from the positions at which they should be. Moreover, layer 4 also contains some
vacancies.
Layer 5 [Figure 3.11(e)]: Most of the atoms are ordered, but some atoms are
disordered at the right-hand side.
Layer 6 [Figure 3.11(f)]: About fifty percent of atoms deviate from the correct
sites. In addition, the atoms are loosely packed and a lot of vacancies are shown.
However, in the diagonal (<110> or close-packed) directions, the atoms are still well
ordered.
Layer 7 [Figure 3.11(g)]: The atoms are disordered. But some ordering along the
close-packed (diagonal) directions still can be founded, indicating that the ordering in the
close-packed directions may be the precursor for the crystal growth.
Layer 8 [Figure 3.11(g)]: The atoms are almost completely disordered. But small
amount of ordering still can be founded.
Layer 9 [Figure 3.11(i)]: The atoms are completely disordered.
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From the projections of the nine layers, one can find that the interface region starts from
layer 3 to layer 9, which is consistent with the density profile of the (100) interface
[Figure 5.10].

Figure 5.11. The 2-D projections of nine atomic layers at the (100) interface. (a) The side
view of nine layers. (b) The projection of layer 1 (red circles) and layer 2 (blue dots).
Layer 1 and layer 2 are alternatively shown in (c)-(i) as reference layers. (c)-(i): The
projections of layer 3 to layer 9. Red circles represent the atoms of the present layer. The
blue crosses represent the atoms of layer 1 in (c), (e), (g), and (i), and of layer 2 in (d), (f),
and (h).
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Figure 5.12. The density profile along the [111] direction. (a) The overall density profile
of the sample with two crystal-melt interfaces. (b) The enlarged density profile of the
interface region. The numbers in (b) indicate the corresponding atomic layers. The
interface region is from layer 4 to layer 8.

Similarly, we can plot the density profile and the projections of the interface
layers of the (111) interface. Figure 5.12(a) shows the overall interface profile along the
direction normal to the (111) interface. The system consists of 33 600 atoms and two
(111) interfaces. The system temperature is at T = 0.41 ε / k B . Similar to the (100)
interface, the oscillation amplitudes of the density profile are large in the crystal region
and small in the liquid region. The enlarged density profile at the interface region is
shown in Figure 5.12(b). The density profile is a little bit rougher than that of the (100)
interface. This is because the newly formed crystal from the (111) interface has a lot of
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defects (we will show this later in this chapter). However, one still can find that the
oscillation dampens gradually from layer 4 to layer 8, indicating that the (111) interface
is across about 4~5 atomic layers. The direct measurement of the thickness gives 4.3 σ
( ≈ 1.5 nm) for the (111) interface, which is a little bit thinner than the (100) interface
( ≈ 5.0 σ ≈ 1.7 nm). Note the density profile in the liquid region still has some periodic or
long-range oscillations and the frequency is close to that in the crystal region. However,
this phenomenon is not found in the profile of the (100) interface [Figure 5.10]. This
might indicate that perpendicular to the interface, atoms prefer to gather in the closepacked layers first; and parallel to the interface, atoms prefer to be ordered along the
close-packed directions - <110> directions, which have been shown in Figure 5.11.
The snapshots or the 2D projections of the (111) interface layers are shown in
Figure 5.13. Totally eight atomic layers across the (111) interface are shown. From the
side view of those layers [Figure 5.13(a)], one can roughly estimate that layer 1 and 2 are
well ordered; layer 3 and 4 are ordered but with slight disordering; layer 5 and 6 are
disordered but some ordering is still present; layer 7 and 8 are totally disordered. The
layer-by-layer descriptions of the detailed structures are given as follows:
Layer 1 [Figure 5.13(b)]: Atoms are ordered within this layer. However, not all
atoms are closely packed. In addition, some vacancies are present. The atoms bounded by
the pink rectangle are closely packed. The atoms indicated by the short vertical lines are
not close-packed. It seems that they form a simple square lattice.
Layer 2 [Figure 3.13(c)]: The structure of layer 2 is similar to that of layer 1
except more disordering and vacancies are present.
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Layer 3 [Figure 3.13(d)]: The close-packed region is smaller. The simple square
lattice is not well ordered either. More open spaces are shown. Overall, layer 3 is still
somewhat ordered, but the ordered structure is very complex.
Layer 4 [Figure 3.13(e)]: The structure of layer 4 is similar to layer 3 but is more
disordered.
Layer 5 [Figure 3.13(f)]: The atoms are nearly disordered. Long-range ordering is
barely seen. However, some short-range ordering can be founded. For example, some
local close-packed structures can be found, and some atoms tend to line up to form some
close-packed lines. These kinds of ordering in the close-packed directions [<110>
directions] may be the precursor of the crystallization within the layer.
Layer 6 [Figure 3.13(g)]: The structure is similar to that of layer 5 but with less
ordered lines.
Layer 7 and layer 8 [Figure 3.13(g)-(i)]: The atoms are almost completely
disordered. But some locally close-packed structure still can be founded. The free spaces
are large.
From the projections of the eight layers, one can find that the interface region starts from
layer 4 to layer 8, which is consistent with the density profile of the (111) interface
[Figure 5.12].
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Figure 5.13. The 2-D snapshots of eight atomic layers at the (111) interface. (a) The side
view of eight layers. (b)-(i) The projections of layer 1-8 (red circles). The close-packed
regions are indicated by the pink polygons. Some other types of ordering are also
indicated.

The above analysis of (100) and (111) interfaces shows that the crystal-melt
interface is rough and spans about 1-2 nm across the interface. The thickness of the (111)
interface is a little bit thinner than that of the (100) interface. The ordering is gradually
vanishes from the solid side to the liquid side. A lot of defects present at the interface
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layers, especially at the (111) interface. It seems that the partially ordered structures in
the liquid present both perpendicular and parallel to the interface. The {111} planes and
<110> directions may be energetically favorable as precursors for the ordering. Our
results are consistent with many researchers’ results, both in experiments and
simulations. For example, Howe and Saka [51] have used in situ transmission electron
microscopy (in situ TEM) to investigate the solid-liquid interface of a liquid Al-Si alloy
on a Si{111}. They found that some partially ordered layers in the liquid and the
interface is about 2 nm in thickness. From the TEM images of liquid xenon in small
faceted cavities in aluminum, Donnelly et al. [132] have found that the structures of
ordered liquid layers are different from the bulk xenon. van der Veen and Reichert [52]
have used synchrotron x-ray scattering techniques to study the interface of a liquid Pb on
a solid Si{001}. The found that the interface thickness is of about 1.5 nm. Gulam Razul

et al. [129] have used MD simulations to investigate the interface structure of a LJ
system. They found that the interface widths of 5.2 σ (1.77 nm), 5.0 σ (1.70 nm), 4.8

σ (1.63 nm) for (100), (110), and (111) interfaces, respectively, which are very close to
our results. They also found that the (111) interface is sharper (narrower) than the (110)
interface as we did. Huitema et al. [41] and Broughton et al. [128] have found that the
distance between the density oscillations of (100) interface gradually changes from the
(100) interplanar spacing to the (111) interplanar spacing in a LJ system via MD
simulations. They concluded that the creating the planes with the interplanar spacing
equal to d111 might be at the lowest energy cost, where d111 is the interplanar spacing of
(111) planes. This conclusion may be cited as evidence to support our finding, in which
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the close-packed directions, <110>, occur preferentially in the disordered liquid layers at
the interface.

5.3.2. Crystal Growth Morphologies from (100) and (111) Interfaces

The morphology of a crystal growing from its undercooled melt is determined by
many factors. For example, it is believed that the anisotropy in interfacial free energy is
the key parameter for dendrite growth. The growth rate may also affect the growth
morphology, because atoms or molecules have little time to relax if the growth rate is
very fast. A good example is that the amorphous silicon is often founded during the
pulsed laser annealing [44-50]. The crystal growth in different orientations may result in
different morphologies. Here I present our investigations of the respective growth
morphologies from (100) and (111) interfaces.

Figure 5.14. The side view of a crystal grown from a (100) interface. The red and green
spheres represent the atoms originally in liquid state and solid state, respectively. A thin
slice of 3-layer width [bounded by the blue rectangle] is picked from the newly formed
crystal for detailed investigation in Figure 5.15.
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Figure 5.15. The detailed in-plane structure of the thin slice as indicated in Figure 5.14.
(a) The side view of the 3-layer slice. (b) Projection of layer 1. (c) Projections of layer 1
and layer 2. (d) Projections of layer 1, layer 2, and layer 3. Red circles - Layer 1; Green
spheres - layer 2; Blue crosses - layer 3.

Figure 5.14 shows a new crystal that grows from a (100) interface. The original
interface is at the boundary between the green and red spheres. The current interface
location is at the left hand-side. The crystallized region represented by red spheres is the
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newly formed crystal. From the side view, one can see that the new crystal is well
ordered and the atoms in the new crystal match well with the original crystal atoms
(green spheres). In order to investigate the in-plane structures (parallel to the interface), a
thin slice of 3-layer thickness [the rectangular region in Figure 5.14] is taken for
investigation.
Figure 5.15 shows the detailed structure of this thin slice. The side view and the
symbols of three layers are shown in Figure 5.15(a). The three layers are equally spaced
along the [100] direction. The projection of layer 1 is shown in Figure 5.15(b). The [100]
direction is normal to the projection. Clearly, the atoms in layer 1 [red circles] are well
ordered although small variations can be seen. The atoms lie in a square array and the
edge length of each square is a 0 / 2 , where a 0 is the lattice constant of the fcc crystal.
The projection of layer 2 is shown in Figure 5.15(c). The atoms in layer 2 [green spheres]
are also well ordered and they lie in the square interstices of the first layer. The
interplanar distance between layer 1 and 2 is a 0 / 2 . The projection of layer 3 is shown in
Figure 5.15(d). Obviously, most atoms in layer 3 [blue crosses] are on the top of the
atoms in layer 1 (but with a interplanar distance of a 0 ). Therefore, the new crystal grown
from the (100) interface is well ordered and the defect concentration is low.
For (111) interface, we did a similar investigation. But this time we picked three
thin slices from the newly formed crystal for detailed investigation. The locations of the
three slices are shown in Figure 5.16. Similar to Figure 5.14, Figure 5.16 shows the side
view of the new crystal (red spheres). The original crystal atoms (green spheres) are
shown for the reference purpose. It seems that the new crystal is well ordered and evenly
spaced. However, in the diagonal direction, the atoms in the original crystal (green
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spheres) are linearly arranged, but those in the new crystal (red spheres) are not.
Moreover, about 4-5 crystal layers at the left-hand side of the slice C are twisted and
rotate to a new orientation. Therefore, the crystal growth from (111) interface is much
rougher than from (100) interface.

Figure 5.16. The side view of a crystal grown from a (111) interface. The red and green
spheres represent the atoms originally in liquid state and solid state, respectively. Three
crystal slices, A, B, and C, each of them is 3-layer wide, are picked from the newly
formed crystal for detailed investigation in Figures 5.17-5.19.

The detailed in-plane structures of slices A, B, and C are shown in Figures 5.175.19. For ideal {111} planes in an fcc crystal, the stacking sequence is abcabc K . The
atoms in the first layer (a-type) are close-packed, atoms in the second layer (b-type) lie in
the alternate interstices of the first layer, and atoms in the third layer (c-type) go directly
above the unoccupied interstices in the first layer. However, there is another possibility
for the atoms in the third layer to go directly above the atom centers in the first layer. In
such case, the third layer is identical to the first layer. Thus the stacking sequence
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becomes ababab K , which forms an hcp structure. In Figures 5.17-5.19, the stacking
sequence in each slice is investigated.

Figure 5.17. The detailed in-plane structure of slice A [in Figure 5.16]. (a) The side view
of the 3-layer slice. (b) Projection of layer 1. (c) Projections of layer 1 and layer 2. A
vacancy is indicated by the blue square. (d) Projections of layer 1, layer 2, and layer 3.
The atoms in layer 3 are directly on the top of layer 1, indicating the structure of this slice
is an hcp structure. Red circles - Layer 1; Green spheres - layer 2; Blue crosses - layer 3.
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Figure 5.18. The detailed in-plane structure of slice B [in Figure 5.16]. (a) The side view
of the slice. (b) Projection of layer 1. (c) Projections of layer 1 and layer 2. A vacancy is
indicated by the pink square. (d) Projections of layer 1, layer 2, and layer 3. A vacancy is
indicated by the pink square. The atoms in layers 2 and 3 lie alternatively in the
interstices of layer 1, indicating the structure of this slice is an fcc structure. Red circles Layer 1; Green spheres - layer 2; Blue crosses - layer 3.

162

Figure 5.19. The detailed in-plane structure of slice C [in Figure 5.16]. (a) The side view
of the 3-layer slice. (b) Projection of layer 1. A vacancy is indicated by the blue square.
(c) Projections of layer 1 and layer 2. Two dislocations are indicated. (d) Projections of
layer 1, layer 2, and layer 3. Some atoms in layer 3 lie in hcp sites (bounded by the pink
polygons), and some atoms in layer 3 lie in fcc sites (unbounded region). The structure of
this slice is a hybrid (fcc+hcp) structure. Red circles - Layer 1; Green spheres - layer 2;
Blue crosses - layer 3.
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Slice A: The detailed in-plane structure of slice A is shown in Figure 5.17. Figure
5.17(a) shows the side view and the symbols of the three layers. Figure 5.17(b) is the 2-D
projection of layer 1 (red circles). The projection is parallel to the (111) interface.
Clearly, the atoms in layer 1 are close-packed (in a hexagonal lattice) although small
deviations can be seen. The projections of layer 1 and layer 2 (green spheres) is shown in
Figure 5.17(c). Apparently, the atoms in layer 2 lie in the alternative interstices of the
first layer. Most atoms in layer 2 are well close-packed. However, a vacancy can be seen
as indicated by the blue square. The projection of layer 3 (blue crosses) is shown in
Figure 5.17(d) together with the projections of layer 1 and layer 2. The most important
feature is that layer 3 is directly on the top of layer 1 (blue crosses coincide with red
circles). Thus, the stacking sequence of the three layers in slice A is aba, which is an hcp
structure.
Slice B: The detailed in-plane structure of slice B is shown in Figure 5.18. The
side view of the three-layer slice and their symbols are shown in Figure 5.18(a). The 2-D
projection of layer 1 (red circles) is shown in Figure 5.18(b). The atoms in this layer are
well ordered. However, slight distortions still can be seen. Figure 5.18(c) shows the
projections of layer 1 and layer 2. The atoms in layer 2 (green spheres) lie in the alternate
interstices of layer 1. A vacancy in this layer is indicated by the pink square. Figure
5.18(d) shows the projections of layer 1, layer 2, and layer 3. The atoms of layer 3 (blue
crosses) lie in the unoccupied interstices of layer 1, which is different from Figure
5.17(d). Consequently, the stacking sequence of the three layers is abc, which is an fcc
structure. Note a vacancy in this layer is indicated by the pink square.
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Slice C: The detailed in-plane structure of slice C is shown in Figure 5.19. The
side view of this slice and the layer symbols are shown in Figure 5.19(a). The projection
of layer 1 (red circles) is shown in Figure 5.19(b). In this layer, atoms are ordered but
with some defects. The alignments of atoms are not very straight. Some atoms have more
free spaces. A vacancy appears as indicated by the blue square. The projections of layer 1
and layer 2 are shown in Figure 5.19(c). Although many atoms in layer 2 (green spheres)
are on the alternate interstices of layer 1, some atoms are not on the interstitial sites of
layer 1. The horizontal alignments of atoms are not straight. Some alignments shift to
their neighboring alignments as indicated by the blue lines. As a result, some dislocations
are formed. It seems that the structures of layer 2 and layer 1 are correlated. Most defects
in layer 2 occur at the imperfect regions in layer 1. Figure 5.19(d) shows the combinded
projections of layers 1, 2, and 3. Obviously, some atoms of layer 3 [blue crosses] lie in
the unoccupied interstices of layer 1, and some atoms lie at the top of layer 1 (bounded by
the pink polygons). The former stacking forms an fcc structure (unbounded region) and
the later stacking forms an hcp structure [bounded region]. Therefore, the structure of this
slice is a hybrid (fcc+hcp) structure.
The above analysis of the growth morphologies shows that the crystal growth
from a {111} interface is much rougher than from a {100} face. In the later case, many
defects such as stacking faults and vacancies manifest, whereas fewer defects are found
in the former case. This is because the stacking sequence of {111} planes is not unique.
The third layer can either lie in the unoccupied interstices of the first layer or on the top
of the first layer. For a LJ system, the free energy difference between an atom in an hcp
site and an atom in an fcc site is very small [38]. Thus, the atoms have no preference to
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choose between the correct fcc sites and the incorrect hcp sites. In addition, atoms have
no time to relax and anneal themselves when the growth rate is high. As a result, atoms
would like to stay in the indiscriminating fcc/hcp sites once they find them. Therefore,
the growth morphology from a (111) interface is very rough. In our work, the three slices
from the same sample as shown in figure 5.16 show three different structures: hcp, fcc,
and hybrid. Burke et al. [38] also found the growth morphology from a (111) interface is
very rough. They claimed that the ratio of the correct sites to incorrect sites is about 50%.
On the other hand, the crystal growth from a (100) interface is rather simple, because
there is only one type of atomic sites. Therefore, the defect concentration is low.
The twist of the crystal is frequently founded in a crystal grown from a (111)
interface. For example, the crystal layers at the left-hand side of the slice C in figure 5.16
grow in an orientation that is different from the orientation of the original crystal (green
spheres). The hybrid structure (hcp+fcc) is found at this twisted region. Burke et al. [38]
have argued that each (111) layer must completely anneal itself to either all fcc sites or all
hcp sites in order to grow. However, our results show that some hybrid structures always
appear in the crystal. The crystal can grow with the presence of defects. Thus, the validity
of their argument is questionable. In addition, they have argued that this annealing
process slows down the growth rate dramatically. As I will show later, the growth rate of
the (111) interface is only slightly slower than that of the (100) interface.

5.3.3. Face-Dependent Crystal Growth Rates

The interface moving velocity is face-dependent. Many experiments and
calculations show that the growth rate is anisotropic [38,45]. However, the microscopic
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mechanisms for the discrepancy of the growth rate in different orientations are still under
dispute. Using the method described in section 5.2, we have calculated the respective
interface moving velocities of (100), (110), and (111) interfaces over a wide range of the

Interfae moving velocity, (ε/m)

1/2

undercooling temperatures, as shown in Figure 5.20.
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Figure 5.20. The temperature-dependent interface moving velocities of (100), (110), and
(111) faces. The number of atoms is 32,000, 33,600, and 33,600 for the sample with a
(100), (110), and (111) interface, respectively. Red filled circles – (100); Blue filled
squares – (110); Green filled triangles – (111).

The number of atoms is 32,000, 33,600, and 33,600 in the sample with a (100),
(110), and (111) interface respectively. Thus, they have roughly the same number of
atoms. Clearly, the interface moving velocity is anisotropic: v100 > v110 > v111 . The
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anisotropy in the crystallization rate has also been founded by Broughton et al. [38],
Huitema et al. [41], and Gulam Razul et al. [42], although their calculations were mainly
performed at shallow undercooling. Their results also show that the relation among the
face-dependent crystallization rates is v100 > v110 > v111 .
Generally there are two prevailing theories for explaining the microscopic
mechanism of the anisotropy. Broughton et al. [34,38] argued that atoms in the (111)
interface need to compete for the nearly identical fcc and hcp sites. For the crystal growth
from a (111) layer, the atoms must completely anneal themselves to lie in either all fcc
sites or all hcp sties. The annealing process can be achieved through the cooperative
motion of atoms. The energy barrier associated with the cooperative motion must be
overcome during the annealing process. Therefore, they claimed that the annealing
process slows the growth rate of the (111) interface. On the other hand, there is only one
type of correct sites for atoms at the (100) interface. Thus the crystal growth of the (100)
interface is a barrier-free process that does not involve the site-competing mechanism. In
section 5.3.2, we have studied the growth morphologies of (100) and (111) interfaces.
The hybrid (hcp+fcc) structure is found in the new crystal that grows from a (111)
interface. In section 5.3.1, we have found that the interface structure of the (111) interface
is very rough and the interface layers contain a lot of defects. Thus, the (111) interface
can still move even if the stacking faults are not completely annealed. Moreover, if
Broughton et al.’s argument [38] is true, the moving velocity of the (111) interface
should be very slow at low temperatures and approach zero at Tm /2, while that of the
(100) interface should be very fast over a wide range of temperatures. However, in Figure
5.20, one can find that the growth rates of both (100) and (111) interfaces behave
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similarly. In addition, the growth rates are non-trivial at low temperatures. Therefore,
Broughton et al.’s argument [38] is questionable.
Huitema et al. [41] and Gulam Razul et al. [42] argued that the atom hopping
from a less dense layer further away from the interface to a denser one closer to the
interface takes place for (110) and (111) interfaces, whereas atom hopping is rarely found
for (100) interface; the number of atoms that have to change their layers is 3% for the
(100) interface and 10% for the (110) and (111) interfaces. In other words, some atoms
have to move via the long-range diffusion during the crystallization process for (110) and
(111) interfaces, while such long-range diffusion is not required for the (100) interface.
Thus, the hopping barrier reduces the growth rate significantly for (110) and (111)
interfaces. In order to verify this argument, we have performed the following simulations.
In the liquid region, we selected a thin liquid slice. The thin liquid slice is parallel
to the interface [either (100) or (111)]. The thickness of this slice is about 1 nm (about 3
atomic layers if it is in crystal state). The initial location of the thin layer is shown in
Figure 5.21(a) for the sample with a (100) interface and in Figure 5.22(a) for the sample
with a (111) interface, respectively. Then the two samples were brought to three different
temperatures: a low temperature of 0.27 ε / k B , a moderate temperature of 0.41 ε / k B , and
a high temperature of 0.55 ε / k B . During the subsequent crystallization process, the atoms
enclosed in the original thin liquid slice were traced. After the thin liquid slice is
crystallized, we located the final positions of these atoms and investigated the travel
distances from their original positions. Figure 5.21 and Figure 5.22 show the snapshots of
these atoms at different temperatures. In order to get a good visualization, the atoms in
the liquid slice are represented by big pink spheres.
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Figure 5.21. The snapshots of atoms in a thin liquid slice [bounded by a blue rectangle] at
different temperatures during the crystallization. The sample contains a (100) interface.
(a) The original liquid slice. (b) At T=0.27. (c) At T=0.41. (d) At T=0.55. Big pink
spheres – atoms in the liquid slice; Small red spheres – original liquid atoms; Medium
green spheres – original crystal atoms.
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Figure 5.22. The snapshots of atoms in a thin liquid slice [bounded by a blue rectangle] at
different temperatures during the crystallization. The sample contains a (111) interface.
(a) The original liquid slice. (b) At T=0.27. (c) At T=0.41. (d) At T=0.55. Big pink
spheres – atoms in the liquid slice; Small red spheres – original liquid atoms; Medium
green spheres – original crystal atoms.
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At the low temperature of 0.27 ε / k B , the liquid is very viscous and the atomic
mobility is very slow. The diffusion coefficient is essentially zero (in the simulation
scale) at this temperature. Therefore, the crystal-melt system at this temperature can be
viewed as a combination of a crystal and a glass. However, the supercooled liquid can
still be crystallized when it contacts with a crystal, as shown in Figure 5.21(b) and Figure
5.22(b). Clearly, most atoms crystallize within the original liquid slice, except a few
atoms move one atomic layer to the right and left sides of the liquid slice. Most
importantly, for both (100) and (111) interfaces, the atoms in the liquid slice do not travel
to further away sites to help the crystallization of those regions. Therefore, the long-rang
diffusion (hopping) of atoms does not occur not only for the (100) interface, but also for
the (111) interface. This result contradicts with the major conclusion by the Huitema et

al. [41] and Gulam Razul et al. [42], for which the long-rang atom hopping is necessary
for the crystal growth from a (111) interface.
At the moderate temperature of 0.41 ε / k B , the diffusivity of the liquid is still
relatively slow according to Eq. (5.2). After the crystallization, the atoms in the liquid
slice diffuse at most 2 atomic layers for both (100) and (111) interfaces, as shown in
Figure 5.21(c) and Figure 5.22(c). Again, the long-rang atom hopping is not found to help
the crystallization of further away regions.
At the high temperature of 0.55 ε / k B , the diffusivity of the liquid is high. Figures
5.21(d) and 5.22(d) show that the travel distances of some atoms in the original liquid
slice are very long after the crystallization. However, there is still no clear difference
between (100) and (111) interfaces, because they behave very similarly. In Huitema et

al.’s work [41], they performed their simulations at a temperature of 60K ( ≈ 0.5 ε / k B ), at

172

which the travel distances of liquid atoms can be as long as those shown in Figures
5.21(d) and 5.22(d). This could be the reason why they found the atom hopping during
the crystallization. However, this atom hopping is just an inherent property of liquid at
high temperatures and is not critical in affecting the crystallization rate. When the atom
hopping is absent at the low temperatures, the crystallization rate still can be very fast for
both (100) and (111) interfaces. Thus, the atom hopping may not cause the anisotropy in
the crystallization rate.
For a monatomic system, all atoms are identical. The crystallization process does
not have biases on the original positions of the liquid atoms. It just “picks up” the
instantaneous liquid atoms that are close to the interface and turns them into the crystal
atoms. At low temperatures, the liquid atoms vibrate around their original positions and
can be crystallized only when the interface arrives. At high temperatures, the liquid atoms
can diffuse away from their original positions. If they diffuse to positions close to the
interface, they will be crystallized earlier. If they diffuse to positions further away from
the interface, they will be crystallized later. Even though the (111) plane is denser and
needs more atoms to fill the crystal sites, the crystallization process still chooses the
liquid atoms near the interface to fill the “depletion zone”. Therefore, for both (100) and
(111) interfaces, the atom hopping should not affect the crystallization rate in a
monatomic system.
Thus, it seems that the cooperative motion of atoms and atom hopping do not
account for the anisotropy in the growth rate. Here I describe our understanding of the
microscopic picture of the crystallization in a monatomic system. The crystallization only
occurs at the interface region. The interface structure is complex with more ordering at
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the crystal side and less ordering at the liquid side, as shown in Figure 5.11 and Figure
5.13. Only the instantaneous atoms near the interface can be crystallized. These nearinterface atoms, no matter where they are originally located, are identical for
crystallization. The ordering of atoms at a (100) interface is rather simple because there is
only one type of atomic sites for crystallization. In Figure 5.21, one can find that all new
crystals are well ordered at three different temperatures. In addition, the packing density
of a (100) plane is lower than that of a (111) plane. On the other hand, the ordering of
atoms at a (111) interface involves the competition of the near-identical fcc and hcp sites.
As a result, more defects arise in the new crystal. These defects such as the stacking
faults can be clearly seen in Figure 5.22, whereas such defects are rarely seen in Figure
5.21. It is worth noting that these defects are not necessary to be completely annealed
away from a crystal. Moreover, the (111) plane is denser so that more atoms need to be
ordered [note although the packing density of a (110) interface is lower than that of a
(100) plane and a (111) plane, but more atomic layers need to be formed.]. Therefore, the
high defect concentration and high packing density of the (111) interface slow the growth
rate to some extent. But the grow rates of (110) and (111) interfaces are still non-trivial
over a wide range of temperatures, as shown in Figure 5.20.
Figures 5.21(d) and 5.22(d) show that the diffusion length is long at high
temperatures. Therefore, both the diffusion-controlled model [Eq. (5.1)] and the collisioncontrolled model [Eq. (5.3)] can fit well to the growth rate at high temperatures. In Figure
5.23, the two models are fitted to the growth rate of the (111) interface. At T > 0.5 ε / k B
( ΔT / Tm ≈ 0.19 ), the growth rate of the (111) interface can be well fitted with the two
models. However, at T < 0.5 ε / k B , both models fail in the fitting. Similarly, the growth
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rates of (100) and (110) interfaces also can be well fitted with two models at high
temperatures (not shown in Figure 5.23). In other researchers’ work, only the
crystallization rates at high temperatures were calculated. Thus their data can be fitted by
either the collision-controlled model or diffusion-controlled model. However, our results
show that the two models are not appropriate in describing the growth rate over a wide
range of temperatures.

Interfae moving velocity, (ε/m)

1/2

0.3
(100)
(110)
(111)

collisioncontrolled
0.2

0.1
Tm

diffusioncontrolled
0.0
0.0

0.2

0.4

0.6

T, ε/kB

Figure 5.23. The fitting of the collision-controlled model [Eq. (5.3), dotted line] and
diffusion-controlled model [Eq. (5.1), dashed line] to the growth rate of the (111)
interface. The prefactor f 0 is 0.12 for the collision-controlled model and 0.40 for the
diffusion-controlled model.
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5.3.4. Relaxation Time of Crystal Growth

5.3.4.1. Definition of the Relation Time
In order to investigate the microscopic mechanisms of the face, temperature, and
size dependences of the crystallization rates, we define a physical parameter - relaxation
time to characterize the crystallization time. The relaxation time is the time needed when
a thin slice of liquid transforms from the liquid state to the crystal state. First we picked
up a thin liquid slice parallel to the interface for investigation. The thickness of this slice
is about 1 nm and the number of atoms enclosed is n. An example snapshot of the thin
liquid slice is shown in Figure 5.24. The system contains 32 000 atoms and a (100)
interface. The liquid slice contains 366 atoms that are shown as yellow spheres. Initially,
the distance between the crystal-melt interface and the thin liquid slice is same for all
different configurations. During the crystallization process, we monitored the mean
square displacements (MSD) of the atoms in the liquid slice.

Figure 5.24. A snapshot of a sample with a thin liquid slice. The liquid slice is used for
investigating the relaxation time. Green spheres – original crystal atoms; Red spheres –
original liquid atoms; Yellow spheres – atoms in the liquid slice.
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We define two types of MSD. The first one is defined as the mean square
displacements of atoms from their original positions:
n

Z (t ) = ∑ (rit − rit =0 ) 2 / n,

(5.4)

i =1

where n is the number of atoms enclosed in the liquid slice, rit is the position of atom i at
time t, and rit =0 is the position of atom i at the initial time that we started to monitor the
slice. Since the final positions of the atoms are the cumulative moves from the initial
positions, we define this type of MSD as cumulative MSD (CMSD). Figure 5.25 shows
the CMSD (black line) as a function of time. Before the crystal-melt interface arrives, the
slice is in liquid state. Therefore, the diffusive nature of liquid atoms makes the CMSD
increase almost linearly with the time. After the interface passes through the liquid slice,
the crystallization makes the atoms in the thin liquid slice become crystal atoms. The
crystal atoms are no longer diffusive so that they vibrate around their equilibrium sites.
Thus the CMSD becomes leveled and does not increase with the time. The transition time
between the linear increase region and the leveled region is defined as the relaxation time
of CMSD, τ CMSD , as shown in Figure 5.25.
The second MSD is defined as the mean square displacements (or travel
distances) of atoms in the liquid slice in every interval of 100 time steps, as shown by
n

X (t ) = ∑ (rit − rit −100 ) 2 / n ,

(5.5)

i =1

where rit and rit −100 represents the position of atom i at MD step t and t-100, respectively.
Since the initial or referential atom positions for calculating atom displacements (or travel
distances) are dynamically updated every 100 MD steps, we call it Dynamic MSD
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(DMSD). Figure 5.25 shows the DMSD (blue line) as a function of time. Before the
liquid slice crystallizes, X (t ) fluctuates around a large value, because the liquid atoms
are diffusive. After the liquid slice crystallizes, X (t ) fluctuates around a small value
because crystal atoms are localized. Therefore, the transition time for X (t ) dropping
from the large value to the small value, τ DMSD , is defined as the relaxation time measured
from the DMSD.

(100), T=0.41, N=32 000
3.0

τCMSD

2.5

A

0.030

Average travel distance from
initial positions

2.0

B

1.5

C

1.0

0.020

0.015

2

τDMSD

0.5
0.0

Average travel distance
in 100 steps

Dynamic MSD, σ

Cumulative MSD, σ
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0.010
0

10000 20000 30000 40000 50000 60000

MD steps, 5 fs

Figure 5.25. Two types of “mean-square-displacements” (MSD) of the atoms in the thin
liquid slice. The left y-axis is for the cumulative MSD, and the right y-axis is for the
dynamic MSD. The respective relaxation time measured from the two types of MSD,
τ CMSD and τ DMSD , are indicated. The snapshots at time A, B, and C are shown in Figure
5.26.
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Obviously, the transition period is more obvious in DMSD than in CMSD. The
state (liquid, crystal, or transient) of the slice can be clearly identified from DMSD, while
it is a little bit obscure in CMSD. Therefore, we have primarily used the DMSD to
investigate the relaxation time in this work.

Figure 5.26. The snapshots of the sample at time A, B, and C as indicated in Figure 5.25.
(a) At time A, the crystal-melt interface just arrives at the liquid slice. (b) At time B, the
interface just passes through the thin slice. (c) At time C, the thin slice is completely
crystallized. Green spheres – original crystal atoms; Red spheres – original liquid atoms;
Yellow spheres – atoms in the original liquid slice.

179

Three moments A, B, and C are indicated in Figure 5.25. At time A, the DMSD
starts decreasing, indicating that the crystal-melt interface has arrives at the thin liquid
slice; At time C, the DMSD stops decreasing, which means that the liquid slice is
completely crystallized; At time B, the DMSD decreases about half of its total decrease,
indicating the liquid slice is partially crystallized. The corresponding snapshots at
moments A, B, and C are shown in Figure 5.26. Figure 5.26(a) shows that the interface
just arrives at the liquid slice at time A. In Figure 5.26(b), it seems that the liquid slice is
crystallized because the interface has passed through the slice. But the DMSD shows that
the movements of atoms are still large at time B, implying that the in-plane ordering takes
place at this moment. Figure 5.26(c) shows that the interface already moves several
atomic layers when the atoms in the thin slice are fully relaxed. Figure 5.26(c) indicates
that the interface can move even if the new crystal is not fully crystallized. This result
contradict Broughton et al.’s conclusion [38] in which the defects need to be completely
annealed through the collective motions in order to grow further.

5.3.4.2. Face-Dependent Relaxation Time
In order to investigate the face dependence of the relaxation time, we have
calculated the relation time of the (100) face and (111) face. Two samples were used.
One sample consists of 32 000 atoms and a (100) interface, and the other sample consists
33 600 atoms and a (111) interface. Thus the two samples have roughly the same number
of atoms. The number of atoms enclosed in the liquid slice is 366 for the (100) interface
and 344 for the (111) interface. The distance between the liquid slice and the middle of
the sample in x direction is 15 σ for both samples. The calculations were performed at
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the same temperature of 0.41 ε / k B . Therefore, the comparison is purely focused on the
face dependence. Since the DMSD clearly shows the transition period, we use it to
investigate the relaxation time. The relaxation time of (100) and (111) faces is shown in
Figure 5.27. The relaxation time of the (100) face, τ 100 , is of about 14 000 MD steps
( ≈ 0.07 ns), while that of the (111) face, τ 111 , is of about 19 000 MD steps ( ≈ 0.095 ns).
Therefore, if the size of the system and the temperature are same, the relaxation time of
the (111) face is longer than that of the (100) interface, i.e., τ 111 > τ 100 . In section 5.3.3,
we have found that the interface moving velocity of a (100) face is faster than that of a
(111) interface if the temperature and system size are same. In this section, we find that
the (111) interface needs more time (about 30% in Figure 5.27) to change a thin liquid
layer into a crystal layer. Therefore, the interface moving velocity of a (111) face is
slower than that of a (100) face. In Figure 5.27, one also can find that the DMSDs of both
interfaces behave similarly when the thin slices are in liquid state, indicating that the
properties of the liquid are not dependent on the crystal orientation. After the liquid slices
are in crystal state, the DMSD of the (111) face is slightly higher than that of the (100)
face. This may be caused by the in-plane relaxation. Since the packing density of the
(111) interface is higher, more defects appear during the crystallization, as we have
shown in section 5.3.2. Therefore the (111) face needs more time to anneal out its
defects. As a result, the average atom displacement in every interval is larger during the
process of the defect annealing.
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Figure 5.27. The comparison of the relaxation time between a (100) interface and a (111)
interface at the same temperature and of roughly same system size.

5.3.4.3. Temperature-Dependent Relaxation Time
The temperature dependence of the relaxation time was investigated with the
same sample at different temperatures. For example, we have investigated a sample with
32 000 atoms and a (100) interface at T = 0.41 and 0.27 ε / k B respectively. The result is
shown in Figure 5.28. The relaxation time is of about 14 000 MD steps (0.07 ns) at T =
0.41 ε / k B and of about 20 000 MD steps (0.1 ns) at T = 0.27 ε / k B . Therefore, we have

τ 0.27 > τ 0.41 . If T > 0.41 ε / k B , the relaxation time should be larger than that at T =
0.41 ε / k B . However, since the liquid atoms are very diffusive at high temperatures, the
atoms in the original liquid slice diffuse far away from their original positions as shown
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in Figure 5.21(d) and Figure 5.22(d). This brings difficulties for charactering the
relaxation time at high temperatures. Thus the investigations of the relaxation time at
high temperatures are not performed. But we can expect that it increases with the
increasing temperature because the driving force decreases with the increasing
temperature.
In Figure 5.28, one also can find that the DMSD at T = 0.41 ε / k B is always larger
than that at T = 0.27 ε / k B . This is because the atomic mobility decreases with the
decreasing temperature. The average thermal velocity of atoms at a temperature T is
(3k B T / m)1 / 2 , where m is the atomic mass. Therefore, in the same time period, the
average travel distance of atoms (or DMSD) at the higher temperature is longer than that
at the lower temperature.
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Figure 5.28. The comparison of the relaxation time at different temperatures for the same
sample. The sample consists of 32 000 atoms and a (100) interface.
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5.3.4.4. Size-Dependent Relaxation Time
In order to investigate the size dependence of the relaxation time, we have
performed our calculations with three samples of different sizes: N = 32 000, 64 000, and
128 000, and each of them contains a (100) interface. All calculations were performed at
the same temperature of 0.41 ε / k B . Figure 5.29 shows the comparison of the DMSD
among three samples. Clearly, the relaxation time increases with increasing system size:

τ 32000 < τ 64000 < τ 128000 , where τ 32000 ≈ 14 000 MD steps (0.07 ns), τ 64000 ≈ 36 000 MD
steps (0.18 ns), and τ 128000 ≈ 70 000 MD steps (0.28 ns).

(100), T=0.41
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Figure 5.29. The size-dependent relaxation time. Three different size samples are used for
comparison: N = 32 000, 64 000, and 128 000. Each sample has a (100) interface.
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The longer relaxation time in the larger system implies that the crystallization rate
decreases with the increasing sample size. Actually in section 5.3.5, we will show that the
crystallization rate is size dependent. Moreover, one also can find that the DMSD
decreases with the increasing size, indicating that the average atom travel distance over
the same period is shorter in the larger system. Since all calculations were performed at
the same temperature, the average atom thermal velocities in the three systems are same.
However, Figure 5.29 shows that the atomic mobility decreases with the increasing
sample size. This may be induced by the size-dependent fluctuations: the larger
fluctuations in the smaller system increase the atomic mobility. The size-dependent
fluctuations will be discussed in section 5.3.6.
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Figure 5.30. Comparison of the relaxation time in different size systems by using the
cumulative MSD (CMSD).
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The size dependence of the relaxation time also can be investigated by using the
cumulative MSD (CMSD). Figure 5.30 shows the time evolution of the CMSD in three
size samples. One also can find that τ 32000 < τ 64000 < τ 128000 . However, it seems that the
CMSD is not a good physical parameter for characterizing the relaxation time, because
the transition periods are not obvious in Figure 5.30.

5.3.5. Finite-Size Effects on Crystallization Rates

Using the method described in section 5.2.3, we have calculated the interface
moving velocities over a wide range of temperatures for various configurations listed in
Table 5.1. Totally eight configurations of different sizes are used for the (100) interface
and another eight configurations are used for the (111) interface. In section 5.3.3, we
have shown that the relation among the interface moving velocities of (100), (110), and
(111) faces is, v111<v110<v100. Therefore, we only calculated the interface moving
velocities of (100) and (111) faces. Moreover, in order to save the computing time, we
only calculated the growth rates around their maxima for some configurations. The
interface moving velocities of the (100) face of different sample sizes are shown in
Figure 5.31, and those of the (111) face are shown in Figure 5.32.
In Figures 5.31 and 5.32, it can be clearly seen that the interface moving velocity
decreases with the increasing system size for both (100) and (111) interfaces. In addition,
one also can find that the interface moving velocity of the (111) face is slower than that
of the (100) face if they have roughly the same system size and at the same temperature.
As we have discussed in section 5.3.3, this is because the atoms in the (111) face need to
compete for the energetically equivalent fcc and hcp sites during the stacking process,

186

while atoms of the (100) face do not have this need [38]. In addition, the higher packing
density and the higher concentration of defects make the interface moving velocity of the
(111) face slower. Note that Honeycutt and Andersen [136] found that the nucleation rate
in computer simulations is very fast in small systems (typically less than 500 atoms).
They argued that the rapid nucleation is an artifact of the periodic boundary conditions,
because the size of the critical nucleus exceeds the size of the simulation systems.
However, the number of atoms in our simulations is sufficiently large. Therefore, the
same concept cannot be used to interpret the size dependence of growth rate in our work.

(100) face
Our theory
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Interface velocity, (ε/m)
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Eq. (5.1)
Eq. (5.3)
Eq. (5.11)
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Figure 5.31. The (100) interface moving velocities of different size systems at different
temperatures. The data points are calculated with our MD simulations. The diffusioncontrolled model [Eq. (5.1)] and the collision-controlled model [Eq. (5.3)] are shown as
dashed line and dotted line respectively. The solid lines are the fittings of our proposed
theory in section 5.3.6 [Eq. (5.11)] to the simulation data. The reduced LJ unit of the
velocity is (ε / m)1/ 2 ≈ 158 m/s.
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Figure 5.32. The (111) interface moving velocities of different size systems at different
temperatures. The data points are calculated with our MD simulations. The diffusioncontrolled model [Eq. (5.1)] and the collision-controlled model [Eq. (5.3)] are shown as
dashed line and dotted line respectively. The solid lines are the fittings of our proposed
theory in section 5.3.6 [Eq. (5.11)] to the simulation data. The reduced LJ unit of the
velocity is (ε / m)1 / 2 ≈ 158 m/sec.

At small undercoolings (or high temperatures), the growth rate of each size
system increases approximately linearly with the increasing undercooling ΔT (or driving
force), i.e., v = kΔT , indicating that the interface is atomically rough and the growth is
continuous [1]. At T=0.41 ε / k B , or ΔT / Tm ≈ 0.33 , the growth rates of both (100) and
(111) faces reach their maximum values. At T<0.41 ε / k B , the growth rates decrease
because of the decrease in the mobility of liquid atoms. However, even though the
diffusivity of the liquid atoms is very slow at low temperatures, both (100) and (111)
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interfaces still can move at significant velocities. For example, at T = 0.20 ε / k B (or

(

ΔT / Tm ≈ 0.68), the diffusion coefficient D ≈ 2.37 × 10-5 σ 2 ε / m

)

1/ 2

≈ 1.27 × 10-8 cm2/s,

which is essentially zero in the simulation scale. However, at this temperature, the
interface moving velocity of the (100) face is about 0.08 (ε / m)1 / 2 ≈ 12.8 m/s in a system
of 32 000 atoms, while that of the (111) face is about 0.05 (ε / m)1 / 2 ≈ 8.0 m/s in a system
of 33 600 atoms. Therefore, it seems that the crystal growth is more like a “collisioncontrolled” process rather than a “diffusion-controlled” one for both (100) and (111)
faces. The long-range diffusion does not play a major role in determining the
crystallization rate, no matter what the orientation of the interface. Our results disagree
with Broughton et al.’s conclusion [38] that the moving velocity of (100) interface is
collision-controlled, while that of (111) interface is diffusion-controlled. Moreover, for
all 16 configurations, both (100) and (111) interfaces reach the maximum velocities at the
same temperature of 0.41 ε / k B , or ΔT / Tm ≈ 0.33 , which also differs from Broughton et

al.’s ΔT / Tm ≈ 0.60 for (100) face [34] and ΔT / Tm ≈ 0.23 for (111) face [38].
To compare the two aforementioned models with our simulation data, we plot the
diffusion-controlled model [Eq. (5.1)] with a dashed line and the collision-controlled
model [Eq. (5.3)] with a dotted line in Figures 5.31 and 5.32. The parameters used for
plotting the models are (in reduced LJ units): D = 0.86exp(-2.1/T) [34],
Λ = 0.0829 − 0.0258T + 0.18588T 2 [Ref. 34, note 0.0258 was mistakenly written as

0.258 in this work], Δμ = 1.08ΔT / Tm [61], a = 3 / 3a 0 = 0.912 [61], λ = 0.4a [34], and f
= 0.10 [note in Ref. 34 and 38, f = 0.27]. Clearly, the diffusion-controlled model fails
completely in fitting the data. It underestimates the crystallization rate over a wide range
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of temperatures. Particularly, this model predicts that the interface moving velocity is
almost zero at T = Tm/2 ≈ 0.3 ε / k B , whereas our simulation data shows that it is still
substantially fast at this temperature. The collision-controlled model also fails in many
aspects, although our results show the likelihood of the collision-controlled growth
mechanism (because the calculated crystallization rates are still fast at low temperatures).
First, it cannot predict the size dependence of the growth rate. It overestimates the growth
rate at low temperatures and underestimates the growth rate at high temperatures. Second,
the growth rates are observed to reach their maxima at T=0.41 ε / k B for all configurations
in our simulations, while the collision-controlled model predicts that this temperature is
0.25 ε / k B (or ΔT / Tm = 0.6 ). At this temperature, the LJ liquid is almost in the glassy
state because the diffusivity is very slow. Thus it is questionable that the maximum
crystallization rate can be achieved at this temperature. Note in Figure 5.23, we have
shown that the two models can fit the data well at high temperatures (T > 0.5 ε / k B ) if the
accommodation factor f is chosen appropriately. But over a wide range of temperatures, it
seems that the two models are not appropriate.
It is interesting to note that the temperature for the maximum velocities coincides
with the critical temperature of the spontaneous crystallization, which is 0.42 ε / k B in
Figure 3.6 for a bulk LJ liquid. Moreover, according to the classical nucleation theory,
*
the homogenous nucleation rate can be expressed as [1], I ~ exp(− ΔGhom
/ k B T ) , where

ΔG

*
hom

3
⎛ 16πγ SL
Tm2 ⎞ 1
⎟⎟
⎜
=⎜
is the critical nucleation barrier at an undercooling ΔT .
2
2
3
L
V
⎠ (ΔT )
⎝

Putting the crystal-melt interfacial free energy γ SL = 0.301 ε / σ 2 , the latent heat per
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volume LV = 1.024 ε / σ 3 , and Tm = 0.618 ε / k B [61] into the nucleation barrier, we can
calculate the temperature-dependent nucleation rate, which is shown in Figure 5.33. At T
= 0.418 ε / k B or ΔT = 0.2 ε / k B , we find that the nucleation rate increases suddenly
*
(hence the spontaneous crystallization occurs), at which the nucleation barrier is ΔGhom

≈ 9.64 k B T . Therefore, both the direct freezing of a pure LJ liquid and the classical

nucleation theory predicts the critical temperature is at about 0.42 ε / k B , which is very
close to the temperature of 0.41 ε / k B for the maximum velocities in Figure 5.31 and
Figure 5.32. However, the reason for this coincidence is not clear. Since both the crystal
nucleation and growth are kinetic processes, they may have some similarities in the
kinetic behaviors. The critical temperature may be one of those properties.

Homogenous nucleation rate

T, ε/kB
0.60 0.55 0.50 0.45 0.40 0.35 0.30 0.25

T=0.418
ΔT=0.20

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40

ΔT, ε/kB
Figure 5.33. The temperature-dependent homogeneous nucleation rate of an undercooled
LJ liquid. The bottom x-axis represents the undercooling ΔT , and the top x-axis
represents the temperature T. The arrow indicates the critical undercooling/temperature
for the spontaneous nucleation.
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5.3.6. Our Proposed Theory for the Crystallization Rate

In Figures 5.31 and 5.32, we have shown that the two prevailing models of the
crystallization rate, which are the diffusion-controlled model and collision-controlled
model, are both failed in fitting our simulation data. The cause of the discrepancy may
lay in the parameter f in Eqs. (5.1) and (5.3). The parameter f is the atomic site
acceptance ratio or accommodation factor for crystallization, which was treated as a
constant ( f = 0.27 ) in previous works [34,38]. However, this assumption needs to be
reconsidered for the following reasons: The collision-controlled model assumes that the
liquid atoms act like the ideal gas atoms when they collide on the interface. In a solidvapor system the acceptance ratio is primarily dependent on the solid surface structure,
because the gas atoms are very dilute so that they do not affect their peers. However, for
the solid-liquid system, the liquid is almost as dense as the solid. Therefore, the
movement of the liquid atoms at the interface is influenced not only by the crystal
structure on the solid side, but also by the collective arrangement of the neighboring
liquid atoms. In other words, the liquid atoms cannot be simply treated as gas atoms.
Moreover, at the interface region, the liquid atoms tend to stay at the positions of the
local energy minima. However, since the liquid atoms are disordered and jammed, their
instantaneous positions do not coincide with the correct crystalline sites. As a result,
atoms need some additional relaxation time to find and move to the correct sites.
Therefore, the atomic site acceptance ratio is primarily controlled by the relaxation time
of these two events. In section 5.3.4,we have investigated the face, temperature, and size
dependences of the relaxation time. We find that in the atomistic simulations the
relaxation time increases with the increasing system size, and decreases with increasing
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temperature. Moreover, the relaxation time of a (111) face is larger than that of a (100)
face if other conditions are same. Thus, the acceptance ratio should be both temperature
and size dependent. Here we propose a semi-empirical theory to describe these
dependences.
Suppose that the acceptance ratio f is a function of temperature T and system
size N, say, a simple product of two functions,
f = f (T , N ) = f 1 (T ) f 2 ( N ) ,

(5.6)

where f1 (T ) and f 2 ( N ) depends on T and N separately. As the system temperature
increases, both the thermal velocity and the free volume of each atom increase. As a
result, the atom mobility increases with the increasing temperature. Thus, f 1 (T ) should
be an increasing function of T, because the higher atom mobility at higher temperature
results in higher probability for liquid atoms to find the correct crystalline sites. We
propose a scaling relation to describe the temperature-dependent acceptance ratio, which
can be expressed as
f 1 (T ) = β (T / Tm ) γ ,

(5.7)

where β is a constant and γ is an exponent to be determined. Note this relation yields
f 1 → β at T = Tm , and f 1 = 0 at T = 0 .

The size-dependent acceptance ratio f 2 ( N ) may be related to the thermal
fluctuations. The fluctuations are directly related to the finite sample size [137]. The
smaller the system is, the larger fluctuations the system has. Thus the smaller system has
the faster growth rate. When the system size is small, the fluctuations are large and
become comparable with the system size. Consequently, the properties of the small
system may differ from the bulk properties. For example, a nanomagnet may lose its
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magnetism at a temperature much lower than the bulk transition temperature, because the
large thermal fluctuations in the small system can disorder the orientation of
magnetization [138]. In a Gibbs (NPT) ensemble, the fluctuation of the system volume is
related to the sample size N, as shown by [137]
ΔV / V0 ~ 1 / N ,

(5.8)

where ΔV and V0 are the volume fluctuation and equilibrium volume respectively. For an

Δ V / V0

0.0015

1/2

0.0020

0.2

(ΔV / V0) × N

isotropic liquid, this probability is proportional to ΔV / V0 [137].
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Figure 5.34. The volume fluctuations during the crystallization process in three size
systems: N = 32 000, 64 000, and 128 000. Each blue dashed line indicates the
corresponding average value of the fluctuations. (a) Size-dependent volume fluctuations.
The smaller system has the larger fluctuations. (b) The normalized volume fluctuations
by multiplying a factor of N . The normalized volume fluctuations in the three size
systems are almost identical.
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In order to verify the relation between the volume fluctuations and the system size
in our simulation systems, we have calculated the volume fluctuations in different size
systems during the crystal growth. The volume fluctuations can be calculated by
ΔV
=
V0

< V 2 > − < V >2
,
< V >2

(5.9)

where V is the instantaneous sample volume and the angle bracket < L > represents the
time average over 1 000 MD steps. Since the crystal growth is a non-equilibrium process,
the average volume changes with the time. Thus, we averaged V2 and V over every 1 000
time steps and calculated the volume fluctuations by using Eq. (5.9). Note we also have
calculated the enthalpy fluctuations of the simulation systems, ΔE / E 0 . We find that
ΔE / E 0 behaves similarly as ΔV / V0 . Thus we only show the volume fluctuations as an

example. The calculated volume fluctuations in three size systems (N = 32 000, 64 000,
and 128 000) are shown in Figure 5.34(a). Each system consists of a (100) interface and
the calculation was performed at T = 0.41 ε / k B . The dashed lines indicate the averages of
the fluctuations. Clearly, the smallest system (N = 32 000) has the largest fluctuations,
while the largest system (N = 128 000) has the smallest fluctuations. In other words, the
fluctuations decrease with the increasing sample size. In Figure 5.34(b), we show the
normalized fluctuations of the three size systems. The normalized fluctuation is defined
as the product of the fluctuation and the square root of the sample size, ΔV / V0 × N .
Obviously, the normalized fluctuations become almost identical for the three size
systems. The dashed line indicates that the mean value of the normalized fluctuations is
about 0.1. Thus, Figure 5.34(b) testifies that the magnitude of ΔV / V0 is proportional to
1/ N .
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Further calculations have been performed for a wide range of sample sizes: N =16
000 ~ 256 000. For each sample, we calculated the volume fluctuations and estimated the
mean value as we did in Figure 5.34(a). Figure 5.35 shows the mean volume fluctuation
< ΔV / V0 > as a function of 1 / N . Clearly, the linear correlation between < ΔV / V0 >

and 1 / N indicates that Eq. (5.8) is valid for our simulation systems.
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Figure 5.35. The linear relation between the volume fluctuation and the reciprocal of the
square root of the system size. The data points are the average volume fluctuations in
different size systems.

The volume fluctuation, or the dynamic volume change, resembling a mechanical
“shaking” effect, provides an additional probability for the liquid atoms near the interface
to move collectively in order to register with the crystal sites. Therefore, the size
dependence of the crystallization rate in Figures 5.31 and 5.32 may directly relate to the
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fluctuations. Similar to the volume fluctuations, we propose that the size-dependent
acceptance ratio is also a function of 1 / N :

f 2 ( N ) = A0 + B

N

,

(5.10)

where B is a constant and A0 is the asymptotic value of f 2 ( N ) at N → ∞ . If those
terms are introduced into Eq. (5.3), the best fits to the simulation data [solid curves in
Figures 5.31 and 5.32] yields γ =3/2 and β =1. Thus the interfacial velocity in our model
is
v = (a / λ )(3k B T / m)1 / 2 (1 − e

− Δμ
k bT

)[(T / Tm ) 3 / 2 × f 2 ( N )],

(5.11)

where the parameters are as same as in Eq. (5.3). Fitting Eq. (5.11) to the simulation data
in Figures 5.31 and 5.32, we obtained f 2 for each configuration of N atoms. The fittings
of Eq. (5.11) are shown as the solid lines in Figures 5.31 and 5.32. Apparently, our model
can fit most of the data points very well over a wide range of temperatures.
After f 2 for each configuration is determined, we plot f 2 vs. 1

N

in Figure

5.36 for both (100) and (111) interfaces. We found that both f 2100 and f 2111 can be
approximately fitted with a respective linear line, indicating the validity of our conjecture
of the form of f 2 ( N ) . The linear fits yield

f 2100 =0.0103+ 38.07

N

,

(5.12a)

.

(5.12b)

and

f 2111 =0.0085+ 24.77

N
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Figure 5.36. The linear fits of f 2 to 1

Since

f2 ∝ 1

N

N

0.008

0.010

1/2

for (100) and (111) interfaces.

, we can rescale the interface velocities by multiplying the

square root of the sample size,

N , to get the universal velocities for different size

systems. Figure 5.37 shows the rescaled velocities for both (100) and (111) interfaces.
Approximately, most data points follow their respective universal velocity line over a
wide range of temperatures. Thus, the interface moving velocity decreases almost linearly
with 1

N

.
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Figure 5.37. The rescaled interface moving velocities by multiplying a factor N . The
data points are calculated from simulations. The solid lines are plotted with the product of
Eq. (5.11) and N . (a) The (100) interface. (b) The (111) interface.
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Similarly, the linear fit of the maximum velocity to 1
32.17
v100
max = 0.0087+

N

yields

,

(5.13a)

.

(5.13b)

N

and
20.93
v111
max =0.0072+

N

Here the velocity is in the reduced LJ unit (ε / m)1 / 2 , which is about 158 m/s. Thus we
can change the unit of Eqs. (5.13a) and (5.13b) to the real unit m/s:
5082.86
v100
max =1.36+

N

3306.94
m/s, and v111
max = 1.14+

( 4)

1/ 3

system length can be approximated by L = N

N

m/s. For an fcc crystal, the

a 0 , where a 0 is the lattice constant

and has a value of 0.53 nm for a LJ system. Therefore, we can rewrite the maximum
velocity as a function of the system length:
⎛ a0 ⎞
v100
⎟
max = 1.36+ 2541.43⎜
⎝ L⎠

3/ 2

,

(5.14a)

.

(5.14b)

and
⎛ a0 ⎞
v111
⎟
max = 1.14+ 1653.47⎜
⎝ L⎠

3/ 2

Here the velocity unit is m/s. If we know the depth of the liquid in the laser annealing
experiments, L, we can use Eqs. (5.14a) and (5.14b) to estimate the corresponding
crystallization rate. In Table 5.2, we use our model to predict the crystallization rates of
the liquid silicon and germanium of various sizes.
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Table 5.2: The comparisons between the experimental crystallization rates and the
theoretical predictions. The theoretical predictions are calculated with our model, v100
max =

a
1.36+ 2541.43⎛⎜ 0 ⎞⎟
⎝ L⎠

3/ 2

[Eq. (5.14a)], where a 0 = 0.53 nm.

Liquid

depth Measured

Our

prediction

Materials
(nm)

velocity (m/sec)

(m/sec)

Si [7]

40

25

5.2

Ge [8]

98

3

2.4

Si [9]

160

5-15

1.8

Si [10]

450

2.8-3.3

1.5

Si [11]

600

2-3

1.4

Our model predicts that the crystallization rate is about 2 m/sec when the system
length is about a few hundred nanometers [Table 5.2], which is in good agreement with
many experimental crystallization rates of silicon and germanium. For metals, generally
it is difficult to use the laser annealing technique to study the rapid solidification.
Moreover, the crystallization rates of the metallic systems are very scattered, ranging
from a few to one hundred meters per second [43,49,50]. For example, MacDonald et al.
[50] found that the crystallization rate of a 30-nm-thick gold/copper multiplayer is about
7.5 m/s and 100 m/s under different conditions. Tsao et. al. [49] found that the
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crystallization rate of a 60-nm-thick liquid aluminum is about 3 m/s. Walker et al. [43]
found the crystallization rate of a liquid Ni is about 50 m/s. Thus it is difficult to make
direct comparisons with our model.
If the system length is 1 μm , our model predicts that the maximum velocity is
saturated at 1.39 m/sec for (100) interface and 1.16 m/sec for (111) interface. If the
system size becomes even larger, the thermal conductivity becomes important. Under
such circumstance, the crystallization rate is mainly determined by the rate of dissipating
the latent heat from the interface front to the outside of the system [127]. The thermal
diffusion coefficient (DT) of silicon is 0.8cm2/sec [139]. The thermal diffusion length,

DT/v, is the range of the uniform temperature around the interface [127]. If the crystal
growth rate is 5 m/sec, the thermal diffusion length of silicon is 16 μm , which is much
larger than the depth of the melted spot (typically less than 0.5 μm [43-50]). Therefore,
the latent heat can be dissipated very quickly in those experiments. Under such
circumstance, the crystal growth rate is not controlled by the heat flow.

5.4. Discussion and Conclusions

In this chapter, we have used extensive molecular dynamics simulations to
calculate the steady state crystallization rates of a standard Lennard-Jones system. The
temperature, face, and size dependences of the interface moving velocities are
investigated. We have found that the crystal growth rates of both (100) and (111)
interfaces decrease with the increasing system size, and the size dependence is related to
the system fluctuations. We conclude that the abnormal fast growth rates in other
researchers’ work are primarily due to the small sample size. In this work, a new method
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is developed for characterizing the relaxation time of the crystallization. It is found that
the relaxation time increases with the increasing system size, and decreases with the
increasing temperature. Moreover, the relaxation time of a (111) interface is longer than
that of a (100) interface. Our results show that the two prevailing growth models, which
are diffusion-controlled model and collision-controlled model, both fail in interpreting
our simulation data. We have modified the collision-controlled model by introducing a
temperature- and size- dependent atomic site acceptance ratio, f (T , N ) = f1 (T ) × f 2 ( N ) ,
to fit our simulation data. We have found that the simulation data can be fitted very well
if f1 (T ) ∝ (T / Tm ) 3 / 2 , and f 2 ( N ) ∝ 1

N

. Using this model, we predict that the crystal

growth rate is about 2 m/s if the thickness of a liquid is about 200 nm, which is in good
agreement with many experimental crystallization rates of silicon and germanium in
rapid solidification. The corrections from the finite sample size is not only a practical
utility for obtaining macroscopic crystallization rates from small system calculations, but
also an important application in crystal growth for the small systems such as nanoscale
materials [140]. It is worth noting that the fitting of f 2 is still over a narrow range of
system sizes. It is unclear whether the linear relation between f 2 and 1 / N still holds if
the system size increases further. One possibility is that the crystal growth rate could
decrease slowly when the sample size is large, or might approach the saturated velocity
earlier. Nevertheless, it is still reasonable to expect that the growth rate approach a small
value when the system size is large, because from Figures 5.31 and 5.32 we know that the
interface moving velocity indeed decreases substantially with the system size.
The microscopic interface structures of (100) and (111) interfaces are carefully
investigated. The crystal-melt interface is always a diffuse interface with more ordering
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at the crystal side and less ordering at the liquid side. The partially ordered structures
both perpendicular to the interface and parallel to the interface are found at the liquid side
of the interface. It is found that the interface thickness of the (100) interface is about 1.7
nm, while that of the (111) interface is about 1.5 nm. The interface structure of the (111)
interface is much rougher than that of the (100) interface. At the liquid side, it is found
that the {111} interplanar spacing and the in-plane alignment in the <110> directions
may be the precursors for the crystal growth.
The growth morphologies from (100) and (111) interfaces are very different.
When crystal grows from a (100) interface, there is only one type of atomic sites for
atoms to lie in. Thus, the structure of the new crystal is very well ordered and the defect
concentration is low. On the other hand, the growth morphology of the (111) interface is
very complex. This is because there are two nearly identical types of atomic sites for
atoms in the (111) face to choose: fcc and hcp sites. Thus atoms can choose either fcc
sites or hcp sites during the crystal growth. As a result, a lot of stacking faults,
dislocations, and vacancies form during the crystal growth. The hcp, fcc, and hybrid
structures are found at different regions of the new crystal grown from a (111) interface.
The growth rate of the (100) interface is the fastest and that of the (111) interface
is slowest. The growth rate of the (110) interface is intermediate. There are two
explanations for the slower growth rate of the (111) interfaces. Broughton et al. [38]
claimed that the in-plane structure of a (111) plane should be annealed completely into
either an hcp structure or an fcc structure in order to grow further. However, we find that
the interface can move further before the new crystal is completely relaxed. Moreover,
the in-plane structure can be hybrid. Huitema et al. [41] and Gulam Razul et al. [42]
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argued that the higher density of the (111) face causes the atom hopping from
furtheraway layers in order to fill the depletion zone at the interface. But our microscopic
analysis shows that the atom hopping does not occur at low and moderate temperatures
for both (100) and (111) interfaces. At high temperatures, the atom hopping is just an
inherent property of the liquid and this atom hopping does not faciliate the crystallization
process in a monatomic system. Only the instaneous atoms at the interface can be
crystallized no matter where the atoms are originally from. Moreover, if the above two
explanations are correct, the crystal growth of the (111) interface should be more like a
diffusion-controlled behavior. However, our results show that the interface moving
velocity of the (111) interface is still substantially fast at temperatures below the half
melting point. Thus the crystal growth from the (111) interface is still like a collisioncontrolled process. Due to the higher pakcing density and defect concentration, the
growth rate from the (111) interface is slower than that from the (100) interface.
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CHAPTER 6
NUCLEATION AND MELTING FROM NANOVOIDS

Melting is one of the most commonly observed phase transformations in nature
[1]. And yet the detailed microscopic and thermodynamic mechanisms are still not
entirely known despite numerous experimental and theoretical studies made over the past
hundred years [7-12,14-25]. Usually there are two types of melting: melting from
intrinsic or extrinsic defects (such as free surfaces, grain boundaries, voids, etc.) [7-9],
and melting from within by spontaneous nucleation [10-12,14-25]. The former is a
heterogeneous process and the later is a homogenous one. Generally melting starts from
the free surface of a material, because the disordered atomic layers at the surface provide
barrier-free nucleation sites for melting. The melting temperature determined from the
surface melting is as same as the thermodynamic melting temperature at which the solid
and liquid coexist with a flat solid-liquid interface [61]. Therefore, no superheating is
required for surface melting [1,7]. However, superheating can be achieved by suppressing
the surface melting. For example, some researchers have used the pulsed laser irradiation
[11,12,22,24] to initiate the melting from the bulk, or “removed” the surface by coating a
thin layer of another material of higher melting point on the surface [10]. Using those
techniques, significant amount of superheating (about 20-30% [14,23,25]) can be
achieved in defect-free systems. In reality, most materials contain certain amount of
internal defects such as impurities, grain boundaries, voids, etc [1]. These defects are
characterized by the low packing densities and open spaces at the defect cores. In
nanoporous materials, the volume fraction of voids and open spaces could be more than
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50% [54]. These imperfect regions provide the nucleation sites with much lower
nucleation barriers for melting. Thus the melting initiated from the internal defects is
usually the dominant process other than the homogeneous nucleation. Understanding the
mechanisms of melting at the defects is of great interests for studying the melting process
in nature.
Although the melting at superheating (both homogenous and heterogeneous) has
been successfully observed in experiment, the detailed investigations on the microscopic
mechanisms are still lacking. First, the melting at superheating is an extremely fast event.
Usually the transition time is at the nanosecond scale [11,12,22,24]. It is thus difficult to
observe and record the detailed information in such short time period. Second, for both
melting from internal defects and homogenous nucleation, the transition takes place in
the bulk of the crystal. This will bring difficulties for using the transmission electron
microscopy (TEM) to investigate the transition process. Third, it is not easy to suppress
the melting at the free surface in experiment. Nevertheless, the melting at superheating
can be easily modeled in computer simulations [13,63,64]. The free surface can be
removed by using periodic boundary conditions. In the past several decades, the
homogenous melting at the superheating has been studied extensively [14-25]. The
primary research focus of this area is to find how the melting is triggered in a defect-free
system. Unfortunately, the detailed microscopic mechanism is still unclear. On the other
hand, the heterogeneous melting at the internal defects is less investigated until recently
some researchers have used molecular dynamics (MD) simulations to investigate the
melting from internal voids [55-59]. Most of them have reported an interesting
phenomenon of the void melting: initially the melting temperature of the void-containing
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system decreases rapidly with the increasing void size; and after the void radius is larger
than a critical value, the melting temperature reaches a plateau. The asymptotic
temperature in the plateau was empirically considered as the thermodynamic melting
temperature at which a bulk liquid and a bulk solid coexist with a flat interface. Figure
6.1 illustrates the typical relation between the melting temperature of a void-containing

Melting temperature

system and the radius of the void in those simulations.

plateau = Tm?

r

*

void radius r

Figure 6.1. Illustration of the relation between the melting temperature of a voidcontaining system and the void radius. r * is the critical radius beyond which the melting
temperature reaches a plateau.
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Although this unusual relation between the melting temperature and void size has
been reported, the underlying origin for the presence of the plateau is still unclear. As
pointed out by Agrawal et al. [55], by far the mechanism of void melting is still lacking
and the theoretical basis for the unusual melting behavior is still unknown. Therefore, it is
a rather superficial conclusion that the plateau temperature is as same as the
thermodynamic melting temperature, because no detailed understanding of the
microscopic mechanisms or in-depth thermodynamic considerations have been provided
to support this argument.
In this Chapter, I will present our investigations on the heterogeneous nucleation
and growth in melting from nanovoids via extensive molecular dynamics simulations. We
have found that there are four distinct stages in the void melting. Melting in each of the
stages is governed by a unique mechanism originated from the variations and the
interplay of the following properties: the solid-vapor, liquid-solid, and liquid-vapor
interface energies, the curvature of the void surfaces, and the elastic energy induced by
the volume change at the solid-to-liquid transition. The strong void size dependence of
these properties leads to three different local melting temperatures, the complex melting
sequence, and the melting kinetics in the nanovoid-containing solids. The void melting
cannot be viewed as a simple inverse process of its counter part- nanoparticle melting. In
addition, both our proposed theory and simulation results predict that the melting
temperature approaches a plateau when the volume fraction of the voids is about 5-6% in
a uniformly distributed void-containing system.
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6.1. Models and Method
6.1.1. Creating a Nanovoid at the Center of a Crystal

In this work, we investigate a system contain a single void at the center of a
crystal. In some researcher’s work, the system contains some randomly distributed voids.
That will bring some complexities in rationalizing the melting mechanism of void
melting. Therefore, we only investigate the nucleation and melting process from a single
void. Initially, all atoms were arranged in an fcc lattice. The geometric shape of the
simulation sample is a cubic box. The total number of atoms is N. Then we removed the
atoms within a radius r0 from the center of the crystal. The number of removed atoms is

n. Thus the number of atoms in the simulation system is N-n. Figure 6.2 illustrates how
we create a void at the center of the crystal.

Figure 6.2. Cross-sectional projection of a crystal sample containing a void. In this figure
the total number of atoms in this sample (before creating a void) is N = 108 000 and the
number of atoms removed for creating the void is n = 1 505 (or r0 = 0.73nm).

210

In previous work [55-59], the system sizes are very small in those simulations.
Typically the total number of atoms in a simulation system is less than 2 000 and the
number of atoms removed for creating the voids was less than 100. As I will show in this
chapter, the melting temperature and other properties are strongly dependent on the
system size. Thus the small system may lead to incorrect results. In order to check the
finite size effects and find the trend of the size dependences, we have used three different
size systems (before a void was introduced) with 32 000 ( 20 × 20 × 20 unit cells), 108
000( 30 × 30 × 30 unit cells), and 256 000 ( 40 × 40 × 40 unit cells) atoms respectively. The
initial void radius r0 ranges from 0.58 to 6.62 nm. The periodic boundary conditions
were applied in all directions. Thus the outer free surface is erased but the free surface
around the void still exists.

6.1.2. Molecular Dynamics Simulations

In this work, we have used molecular dynamics (MD) simulations to investigate
the nucleation and melting process from the voids. Since melting is a non-equilibrium
process, we performed our simulations in a constant-pressure and constant-temperature
(NPT) ensemble. The NPT MD can effectively adjust the volume, pressure, and
temperature changes and keep the system at the desired conditions during the phase
transition. We have used the Parrinello–Rahman method [68] to control the system
pressure and the Nose thermostat [69] to control the system temperature. The system
pressure was kept at zero throughout the simulation. In order to be consistent with many
literatures, a standard Lennard-Jones (LJ) potential φ (r ) = 4ε [(σ / r )12 − (σ / r ) 6 ] was
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used, where ε = 119.8k B and σ = 3.405 A . The standard reduced units are still used in
this work: the length unit is in σ , the energy unit is in ε , and the temperature unit is in

ε / k B ≈ 120K. The cutoff distance was set to 2.5σ . The MD time step was set to
5 × 10 −15 s. The initial void radius r0 ranges from 0.58 to 6.62 nm. In each run, a spherical
void was created at the beginning of the simulation. After the void was created, the
system was relaxed at T = 0.2 ε / k B ( ≈ 24K) for 10 000 MD steps (0.05ns). Thereafter,
the system was heated from 0.2 ε / k B to a desired temperature T with a heating rate of
1.33 × 1012 K/s. At temperature T, the system was held isothermally for about 200 000
MD steps (1ns). During the isothermal runs, we investigated the phase transition (if any)
at the void surface. Figure 6.3 illustrates the typical procedure of our simulations.
Depending on the temperature, the system could be totally melted (at T=0.665), partially
melted (T=0.650), or not melted (T=0.636).

1.3

Average volume per atom, σ

3

N = 108 000, n = 1 505

1.2

T=0.665

1.1 heating from
0.2 to T

T=0.650
T=0.636

1.0

0.9

isothermally at T

0

100000

200000

300000

MD steps, 5fs

Figure 6.3. An example of the simulation procedure. See the text for details.
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Note we have used isothermal heating (IH) rather than the gradual heating (GH)
method to investigate the void melting. The gradual heating is that the system
temperature is continuously increased until the system melts completely. The isothermal
heating is to keep the system at a desired temperature isothermally. To the best of our
knowledge, most researchers have used the gradual heating method to determine the
melting temperature of the void melting. Since the inherent time barrier in computer
simulations, the heating rate is very fast. Typically it is about 1011 K/s. Such a high
heating rate may cause the hysteresis effect on the melting temperature. Most
importantly, as it will be shown later in this chapter, some important transition process
could be missed if one uses this method. Unfortunately, the differences between the
isothermal heating and gradual heating have not been considered seriously.
In order to illustrate the hysteresis effect on the melting temperature caused by the
gradual heating, we did the following tests. As shown in Figure 6.4, in a sample of 108
000 atoms with 1 505 atoms removed for creating a void, first we heated the sample
gradually from 0.2 ε / k B to 0.9 ε / k B with a heating rate of 1011 K/s. We found that the
system starts to melt at 0.722 ε / k B . Thus the obtained melting temperature from the
gradual heating is TmGH = 0.722 ε / k B . In the second run, we heated the same sample from
0.2 ε / k B to 0.663 ε / k B . Then we held the system temperature isothermally at this
temperature. After some time (note the time cannot be shown in Figure 6.4 because the xaxis represents the temperature), the system becomes a liquid. Thus the melting
temperature obtained from the isothermal heating is TmIH = 0.663 ε / k B . Therefore, the
gradual heating method overestimates the melting temperature about 9%. Apparently, the
hysteresis effect caused by the gradual heating is non-trivial. Therefore, in this work, we
213

use the isothermal heating to determine the melting temperature in order to get more
accurate results.
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Tm =0.722

Tm =0.663
0.2
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0.8
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Figure 6.4. Comparison between the gradual heating (GH) and isothermal heating (IH)
method. The gradual heating shows a strong hysteresis effect on the melting temperature.

The equilibrium or thermodynamic melting temperature TmE was determined by
two methods. One is to find the temperature at which a flat crystal-melt interface stays
stationary. The other is to locate the melting point of a crystal slab with two flat free
surfaces. Both methods yield TmE =0.618 ε / k B at zero pressure [61], which agrees well
with Broughton et al.’s result ( TmE =0.617 ε / k B at P = 0) [128].
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6.2. Results
6.2.1. Four Stages of Void Melting

As described in section 6.1.2, the void-containing sample was heated from
0.2 ε / k B to a desired high temperature T and the system was held isothermally at this
temperature for 200 000 MD steps (1 ns). In the isothermal temperature range, we
monitor the evolution of the system. Depending on the temperature T, the state of the
system has several possibilities. Here we give an example. We removed 1 505 atoms
from the center of a crystal containing 108 000 atoms to form a void of radius of 2.48 nm.
The subsequent isothermal testing at different temperatures reveals that the void melting
has four distinct stages. The time evolution of the volume is shown in Figure 6.5. The
corresponding snapshots at different stages are shown in Figure 6.6.

1.3

Average volume per atom, σ

3

N = 108 000, n = 1 505
stage IV

1.2

1.1

stage III
stage II
stage I

1.0
isothermally at T

0.9

0

100000

200000

300000

MD steps, 5fs

Figure 6.5. The time evolution of the average volume per atom at different temperatures.
The snapshots at the four stages are given in Figure 6.6. The circle indicates a bump in
stage III. Stage I: T = 0.590; Stage II: T = 0.630; Stage III: T = 0.645; Stage IV: T =
0.670.
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Figure 6.6. The cross-sectional snapshots of the four stages (shown in Figure 6.5) during
void melting. (a) Stage I: at T < TmE , the solid-vapor void surface is stable. (b) Stage II: at

TmE ≤ T < TmA , a thin liquid layer nucleates around void surface. (c)-(e) Stage III: at
TmA ≤ T < TmB , the thin liquid layer grows [(c)]; after some MD runs the liquid atoms fills
the void completely [(d)]; the liquid droplet stops growing and the radius does not change
even after very long MD runs [(e)]. (f) Stage IV: at T > TmB , the sample melts completely.
See the text for the definition of the notations TmE , TmA , and TmB .

Stage I ( T < TmE ): The solid is stable and characterized by a stable solid-vapor

interface. As shown in Figure 6.6(a), the solid-vapor interface is stable at T = 0.590

ε / k B . The corresponding volume evolution in Figure 6.5 (pink line) also shows that the
whole sample is in solid state.
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Figure 6.7. The free energy diagram of stage I ( T < TmE ) in the void melting. See the text
for details.

In fact at any T < TmE (=0.618 ε / k B ), the solid phase is more stable than the liquid
phase, as shown in Figure 6.7. The top atomic layer on the surface is found disordered to
some extent due to the loss of some neighboring atoms in forming the surface. In
addition, the surface has a negative curvature and the vapor pressure is almost zero inside
the void. Figure 6.8 shows that even after 200 000 MD steps (1 ns), the void surface does
not change too much (the solid-vapor interface is stable.). Similar to a flat solid-vapor
interface (i.e., of zero curvature), the disordered void surface provides barrier-free
heterogeneous nucleation sites for void melting. Due to the inequality among the solidvapor, solid-liquid, and liquid-vapor interfacial free energies expressed as γ sv ≥ γ sl + γ lv
[1], a liquid prefers to nucleate on the surface in order to lower the total free energy of the
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system. As a result, a liquid layer is found to readily occur around the void surface at TmE
despite its negative curvature.

Figure 6.8. The cross-sectional snapshots of the sample at different simulation time in
stage I. (a) Initial snapshot at T = 0.590. The surface atoms are slightly disordered. (b)
After 200 000 isothermal runs, the void surface is still stable.

Stage II ( TmE ≤ T < TmA ): Surface melts and the solid coexists with a stable thin

layer of liquid nucleating around the void surface. If T is above TmE , a liquid starts to
nucleate at the surface [Figure 6.6(b)], because the liquid phase is more stable than the
solid phase [Figure 6.7] at this temperature. As we have shown in Chapter 5, for a flat
surface, once a liquid layer forms, the liquid can continuously grow as long as T > TmE
[63]. However, this does not happen in void melting. When a liquid layer forms around a
void, the free energy of the solid changes from G s to Gs' = Gs − ΔGinterface due to the
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presence of the negative curvature of the solid-liquid interface, where ΔGinterface = 2γ eff / r
is the excessive interface free energy induced by the curvature, γ eff is the effective solidliquid interfacial free energy, and r is the effective radius of the solid-liquid interface.
The free energy diagram of this stage is shown in Figure 6.9. The free energy Gs' of the
A

solid phase intersects the free energy Gl of the liquid phase at a temperature Tm (> TmE ),
which is the effective local melting temperature at the curved solid-liquid interface.
Therefore, if TmE ≤ T < TmA , the liquid does not have enough driving force to grow
continuously from the curved interface.

G
GL
GS
GS′ = GS −

2γ eff

2γ eff

r

I

r

II
E
m

T

A
m

T

T

Figure 6.9. The free energy diagram of stage II ( TmE ≤ T < TmA ) in the void melting. See
the text for details.
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Figure 6.6(b) shows that a thin layer of liquid forms around the void surface at T
= 0.630 ε / k B , or with the superheating ΔT / TmE = 1.94% (Note Tm = 0.637 ε / k B in this
A

example system). Despite a thin layer of liquid nucleates around the void surface, the
majority of the sample is still in crystal state. The time evolution of the total volume in
Figure 6.5 also shows that the whole sample is still a solid. This thin liquid layer is stable
at this temperature because the driving force is not enough for the liquid layer growing
further. Indeed even after 200 000 isothermal MD runs (1 ns), we found that the thickness
of the liquid layer does not change much, as shown in Figure 6.10.

Figure 6.10. The cross-sectional snapshots of the sample at different simulation time in
stage II. (a) Initial snapshot at T = 0.630. A thin liquid layer (represented by the
disordered atoms) forms at this temperature. (b) After 200 000 isothermal runs, the thin
liquid layer only changes slightly.

Stage III ( TmA ≤ T < TmB ): The partially melted solid fills the void, the liquid and

solid coexist, and the crystal host is stable. If T ≥ TmA , the liquid phase gains enough
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driving force to overcome the energy barrier 2γ eff / r induced by the curvature solidliquid interface [Figure 6.9]. As a result, the thin liquid layer formed in Stage II grows.
As shown in Figure 6.6(c) – (e), the liquid indeed grows at T = 0.645 ε / k B or ΔT / TmE =
4.19% (Note Tm = 0.637 ε / k B and TmB = 0.663 ε / k B in this example system). Since the
A

liquid has a larger molar volume than the solid, the liquid expands and gradually fills the
void [Figure 6.6(c)]. After 80 000 steps (0.4 ns), the liquid fills the void completely and
forms a homogeneous liquid droplet embedded in the superheated crystal [Figure 6.6(d)].
However, we find that the liquid droplet stops growing after it fills the void. Even after
200 000 (1 ns) MD steps at this temperature, its radius does not change much [Figure
6.6(e)]. Only when the system temperature increases, the liquid droplet can grow further.

Figure 6.11. The stable coexistence between the liquid droplet (disordered region) and the
crystal matrix. (a) Initial snapshot at T = 0.645. (b) After 130 000 isothermal runs, the
thin liquid droplet only changes slightly.
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As we have shown in Chapter 4, if the liquid droplet forms spontaneously from
a superheated perfect crystal, it is in an unstable coexistence with its crystal host: it could
either shrink or grow. However, if the liquid droplet forms from a void as shown in this
chapter, shrinking is unlikely because the liquid has to decrease its entropy and recreate
the void that was filled up before. On the other hand, if the liquid droplet grows further,
the surrounding rigid crystal has to accommodate the expansion of the newly formed
liquid [due to the larger molar volume of the liquid]. Consequently, a compressive
pressure is generated that prevents the liquid from further growth. The elastic energy
induced by the compressive pressure acts as an additional barrier. If the driving force is
not enough to overcome the elastic energy, the growth of the liquid stops. The final
outcome is that the liquid droplet can be in a stable coexistence (no shrinking or growing)
with the surrounding crystal matrix. This stable coexistence is a unique characteristic of
void melting, which cannot occur during the homogenous nucleation of a liquid in a
perfect crystal [63,64]. Since the liquid droplet is embedded in the crystal matrix, the
composite system is still like a crystal. As shown in Figure 6.5, the volume of the system
at this stage is still close to the original crystal volume. However, there is a small bump in
the system volume [indicated by a circle]. This bump indicates that the void is filled with
the molten material. After the bump is formed, there is no clear change in the system
volume, indicating that the liquid droplet does not grow further. Figure 6.11 shows the
snapshots of the initial liquid droplet and the final liquid droplet after 130, 000 MD steps
(0.65 ns). Clearly, the radius of the liquid droplet changes very slightly.
The free energy diagram of stage III is shown in Figure 6.12. Since the expansion
of the liquid induces the elastic energy ΔE on the liquid droplet [63,64], the free energy
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of the liquid phase increases from Gl to Gl' = Gl + ΔE . The intersection between G s' and
Gl' yields another local melting temperature TmB . If the temperature is higher than TmA

(but less than TmB ), the solid at the solid-liquid interface could melt and the liquid droplet
grows. Consequently, the radius of the liquid droplet increases from rA to rB . The
corresponding volume change of the liquid droplet is ΔV / V ~ Δr / rA , where Δr = rB − rA
and V is the volume of the liquid droplet at TmA . Therefore the elastic energy of the
system is proportional to the volume change (ΔV / V ) 2 ~ (Δr / rA ) 2 [63,64]. As shown in
Figure 6.12, in stage III the free energy of the solid ( G s' ) is always lower than that of the
liquid ( Gl' ). Thus, the liquid droplet would stay in equilibrium with the solid at each
temperature between TmA and TmB . Different from the homogeneous melting where the
volume change at melting is a step function, ΔV / V changes gradually in void melting as
each layer of the solid atoms melts and shares the volume already occupied by the liquid.
Therefore, the solid and the liquid could coexist at a series of temperatures above TmA due
to the balance between the driving force and the elastic energy. The maximum melting
temperature TmB is reached when the liquid growth can overcome the elastic energy
( G s' = Gl' ). At this temperature, the system reaches a critical state where any further
increase in liquid droplet volume at melting would be governed by the homogenous
melting [63,64], or the solid becomes unstable and melts completely.
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Figure 6.12. The free energy diagram of stage III ( TmA ≤ T < TmB ) and stage IV ( T ≥ TmB )
in the void melting. See the text for details.

At TmA , The radius of the liquid droplet is minimum for the same void-containing
sample. This is because if T < TmA , the liquid droplet cannot form; if T > TmA , the radius
of the liquid droplet increases due to the larger driving force. When the void is just filled
up at TmA , the internal pressure has not risen yet. Thus, we can assume that the elastic
energy at TmA is very weak, because small amount of elastic energy could stops the liquid
growth at this critical temperature. In order to estimate the radius of the liquid droplet at

TmA , rA , we propose the following relation.
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Figure 6.13. The model for estimating the final liquid droplet radius rA at temperature
TmA . All the crystal atoms in the shell between r0 and rA become liquid atoms that form a
liquid droplet of radius rA .

As shown in Figure 6.13, let the initial radius of the void be r0 and the radius of
the final liquid droplet be rA when the void is completely filled at TmA . The number
densities of a bulk solid and a bulk liquid are ρ s and ρ l respectively. If the number of
atoms removed in creating the void is n, then we have n = 4πr03 ρ s / 3 . Since the solid
density is larger than the liquid density, the expansion of the liquid volume increases
faster than the consummation of the solid volume. Thus the void is gradually filled by the
liquid atoms. When the void is completely filled, the radius of the liquid droplet is rA .
Therefore, all solid atoms enclosed in the shell between rA and r0 become liquid atoms at

TmA . Since the pressure is expected to be very small at TmA , the densities of the liquid and
solid are very close to their bulk values. Given that the number of the atoms during the
transition is conserved, we have the following relation,
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4π (rA3 − r0 3 ) ρ s / 3 = 4πrA3 ρ / 3 ,

(6.1)

l

where the left-hand side of Eq. (6.1) is the number of the crystal atoms in the shell
between rA and r0 , and the right-hand side is the number of liquid atoms in the liquid
droplet of radius rA . Using n = 4πr03 ρ s / 3 to replace either r0 or n in Eq. (6.1), one can
get
1/ 3

⎞
⎛
3n
⎟⎟
rA = ⎜⎜
⎝ 4π ( ρ s − ρ l ) ⎠

⎛ ρs
= ⎜⎜
⎝ ρ s − ρl

1/ 3

⎞
⎟⎟
⎠

r0 .

(6.2)

From Eq. (6.2), we know that rA is determined only by the solid and liquid densities and
the initial void size. The total system size (N) is irrelevant for determining rA . For the
sample shown in Figure 6.11(b), in which n = 1 505, ρ s = 0.935 σ −3 and ρ l = 0.825 σ −3
at TmA = 0.637 ε / k B [61], we calculate rA = 14.8 σ from Eq. (6.2). The direct
measurement from our simulation yields rA = 14.3 σ . The two are in excellent agreement.

Stage IV ( T ≥ TmB ): Complete melting. If T is higher than the maximum TmB , the

liquid droplet has sufficient driving force to overcome the elastic energy ΔE . As shown
in Figure 6.12, the solid becomes unstable if T ≥ TmB . Thus, the liquid droplet can grow
continuously until it consumes the entire sample. For example, at T = 0.670 ε / k B or
ΔT / TmE = 8.41% (note TmB = 0.663 ε / k B in this example system), the whole system

becomes a liquid [Figure 6.6(f)].
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6.2.2. The Relation between TmA and r0

By far we have shown that there are four stages in void melting and two local
melting temperatures: TmA and TmB . At the local melting temperature TmA , the melting
starts from the internal void surface and forms a liquid droplet. The elastic energy is not
involved during this process. Thus the melting process is under the unpressurized
condition and TmA is related to the void radius and the solid-liquid interfacial free energy.
On the other hand, at the local melting temperature TmB , the melting starts from the
pressurized liquid droplet and extends to the whole sample. Therefore TmB is the melting
temperature of the whole system and is strongly related to the elastic energy. If we use
the gradual heating method as many researchers did [55-59], only the melting
temperature of the whole system can be obtained. The information of the stage III and the
internal melting temperature TmA are completely missed. Moreover, as we have shown in
Figure 6.4, the gradual heating yields strong hysteresis effects which overestimate TmB .
Therefore, the isothermal heating method used in this work reveals the complete melting
sequence of the void melting. Note there is another local melting temperature TmE at
which a bulk solid and a bulk liquid can coexist with a flat surface. This thermodynamic
melting temperature coincides with the melting point of the system with a flat solid-vapor
surface (or r0 → ∞ in the void melting), at which TmA = TmB = TmE . In general, however,
both TmA and TmB are functions of the initial void size r0 . By varying the void sizes, we
can find the corresponding TmA and TmB .
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Figure 6.14. The procedure of using visualization to determine TmA . Here N = 108 000
and n = 1 505. (a) At T = 0.636, the thin liquid layer is stable after 200 0000 MD runs. (b)
At T = 0.637, the void is filled up by the molten material.

Since TmA is the internal melting temperature at the void surface, it is difficult to
determine it from the time evolution of the total volume (Figure 6.5). In order to
determine TmA , we visualize the snapshots at different temperatures to determine whether
the internal melting occurs. First we bring the system to a temperature T (> TmE ) and hold
the temperature isothermally for about 200 000 MD steps (1ns). If only a thin liquid layer
forms around the void surface and the liquid layer is stable, the system is in stage II, or
(T< TmA ). Then in the next run the system temperature is increased slightly. If the liquid
grows from the void surface and fills the void completely, the state of the system is in
stage III, or (T ≥ TmA ). Accordingly, in the next run the system temperature is decreased
slightly. After several runs, the critical temperature TmA can be located in a narrow
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temperature range. For example, Figure 6.14(a) shows that a thin liquid layer nucleates
around the void surface. This liquid layer is stable at T = 0.636 ε / k B even after 200 000
MD steps. In Figure 6.14(b) the liquid grows into a spherical liquid droplet at T = 0.637

ε / k B . Thus we determine TmA = 0.637 ε / k B for this sample. The estimation error is
about 0.001 ε / k B .
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Figure 6.15. The internal melting temperature from the void surface ( TmA ) as a function of
the void radius ( r0 ). Three sample sizes are used and the finite size effect is not strong.
The equilibrium melting temperature TmE =0.618 ε / k B is indicated by the dashed line.
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Similarly, we can determine TmA for different size systems with various void radii.
The relation between TmA and r0 is shown in Figure 6.15. Three size systems are used: N
= 32 000, 108 000, and 256 000. The result shows a weak finite size effect. For the same
void size, TmA is slightly higher in the larger system. But the difference is very small
among different size systems (only about 0.8% of TmA ). Apart from the finite size effect,
in all systems TmA decreases very slowly with the increasing void size. The values of TmA
are within 0.63 ~ 0.64 ε / k B , which are always higher than the thermodynamic melting
temperature TmE =0.618 ε / k B . This is because the void surface has a negative curvature
[Figure 6.16(c)] compared to a flat solid-vapor surface [Figure 6.16(b)]. The liquid
nucleation at the flat surface is a barrier-free process. Thus the melting of the system with
a flat surface always occurs at the thermodynamic melting temperature TmE . In the void
melting, the negative curvature of the void surface yields a nucleation barrier for void
melting. Therefore, the melting temperature of a void-containing system (if the outer
surface is removed) is always higher than the thermodynamic melting temperature. If the
void radius goes to infinity, the void melting temperature TmA will approach TmE . On the
other hand, a nanoparticle has a positive curvature [Figure 6.16(a)] compared to a flat
surface. The positive curvature increases the free energy of the nanoparticle and the
liquid can nucleate at the nanoparticle surface at a temperature lower than the
thermodynamic melting temperature. As a result, the melting temperature of the
nanoparticle is always lower than those of the other two.
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Figure 6.16. Three types of solid-vapor interfaces. (a) A nanoparticle of a positive surface
curvature. (b) A flat surface of a zero surface curvature. (c) A void of a negative surface
curvature.

r0

dr

Figure 6.17. The effective radius of the solid-liquid interface in the void melting. r0 is the
initial void radius, and dr is the thickness of the solid-liquid interface (or the thin liquid
layer). The effective radius is thus r0 + dr .
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Figure 6.18. The effective interfacial free energy γ eff as a function of the void radius.

γ eff increases with the increasing void radius (or with the decreasing temperature) and
has a trend to approach the solid-liquid interfacial free energy.

As we have described in section 6.2.1, a thin liquid layer nucleates around the
void surface if the temperature is lower than TmA [Figure 6.6(b)]. The thin liquid layer
forms a solid-liquid interface, as shown in Figure 6.17. If the initial void radius is r0 and
the thickness of the liquid layer is dr, then the effective radius of the solid-liquid interface
is r = r0 + dr . This is similar to the melting of a nanoparticle, in which the effective radius
is r0 − dr [141]. From our simulation, we find that dr is of about three atomic layers (~
3.5 σ ≈ 1.2 nm). Since the elastic energy is absent before the void is completely filled,

TmA

is primarily determined by the curvature-induced interface free energy
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ΔGinterface = 2γ eff / r [Figure 6.12], where γ eff is the effective interfacial free energy, and r

is the effective radius of the solid-liquid interface. To grow, the liquid must overcome the
excessive energy 2γ eff /(r0 + dr ) . At the superheating ΔT = TmA − TmE , the driving force
for the solid-liquid transition is ΔGV = (ΔT / TmE )ΔLV , where ΔLV = 1.024 ε / σ 3 is the
latent heat of fusion per volume [61]. Therefore we have (ΔT / TmE )ΔLV = 2γ eff /(r0 + dr ) , or
more explicitly,
γ eff ≈

(r0 + dr ) ΔT
ΔLV .
2
TmE

(6.3)

Note that Eq. (6.3) has the same form as the classical nucleation theory (CNT). From
Figure 6.15, the corresponding ΔT (= TmA − TmE ) for different initial void size r0 in
different size systems can be obtained. Using Eq. (6.3), we calculated the values of γ eff
for different void sizes, which are shown in Figure 6.18. The value of γ eff is around
0.15~0.25 ε / σ 2 . Independent calculation shows that the solid-liquid interfacial free
energy is γ sl =0.30 ε / σ 2 [Chapter 3]. Figure 6.18 also shows that γ eff has a tendency to
increase slightly with the increasing r0 (or with the decreasing temperature) and
approaches γ sl as r0 → ∞ (or T → TmE ). As a comparison, the value of the solid-vapor
interfacial free energy is γ sv = 1.32ε / σ 2 [142], and the value of the liquid-vapor
interfacial free energy is γ lv = 0.82ε / σ 2 [142]. Apparently, γ eff is much closer to the
solid-liquid interfacial free energy than the other two types of interfacial free energy. In
other words, the melting temperature TmA is primarily determined by γ sl rather than γ sv
and γ lv . This result is a little bit surprising because many people may think the solid-
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vapor interfacial free energy determines the melting temperature. However, from our
four-stage analysis we can know that the solid-vapor interfacial free energy primarily
determines the nucleation process, i.e., forming a thin layer of liquid around the void
surface, while the solid-liquid interfacial free energy indeed controls the subsequent
liquid growth from this thin liquid layer and determines the melting temperature TmA .
Since the smaller void radius corresponds to a higher TmA , we also can conclude
that the interfacial free energy decreases with the increasing superheating. In Chapter 3
we have shown that the crystal-melt interface free energy decreases slightly with the
increasing undercooling. Although the estimation errors may affect the accuracy of the
interfacial free energy at the superheating regime [Figure 6.18], the general trend may be
correct. It implies that the liquid nucleation barrier may further decrease at the upper limit
of the superheating due to the decrease of the solid-liquid interfacial free energy. The
method described in Chapter 3 is only can be used to estimate the interfacial free energy
at the supercooling regime. In this chapter we show that the void melting could be a new
method for estimating the crystal-melt interfacial free energy at the superheating regime.

6.2.3. The Relation between TmB and r0

Since TmB is the temperature at which the system melts completely, we can
determine it either by the visualization of the snapshots or from the time evolution of the
total volume (Figure 6.5). In order to determine TmB , we bring a sample to different
temperatures (higher than TmA ) and monitor whether the complete melting occurs. If T <

TmB , a liquid droplet forms and the liquid droplet is stable even after 200 000 MD steps
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(1ns). Now the state of the system is in stage III. In the next run the system temperature is
increased slightly. If the liquid droplet grows and expands to the whole system, the
system melts completely and the state of the system is in stage IV, or (T ≥ TmB ).
Accordingly, in the next run the system temperature is decreased slightly. After several
trials and errors, the critical temperature TmB can be located in a narrow temperature
range. For example, Figure 6.19(a) shows that the liquid droplet is stable at T =
0.662 ε / k B even after 200 000 MD runs. In Figure 6.19(b) the system melts completely
at T = 0.663 ε / k B . Thus we determine TmB = 0.663 ε / k B for this sample. The estimation
error is about 0.001 ε / k B . Note the liquid droplet in Figure 6.19(a) (at 0.663 ε / k B ) is
bigger than that in Figure 6.14(b) (at TmA = 0.637).

Figure 6.19. Determining TmB by using the visualization of the snapshots. Here N = 108
000 and n = 1 505. (a) At T = 0.662, the liquid droplet is stable after 200 0000 MD runs.
(b) At T = 0.663, the system melts completely.
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Figure 6.20. The total volume changes of systems with different void sizes during the
melting. The circled region indicates the cavity effect when the void size is large. The
snapshots at moments A-D are given in Figure 6.21.

The complete melting temperature TmB also can be determined by monitoring the
change of the total volume, as shown in Figure 6.5. This is because the total volume
increases substantially after the melting. However, this case is not always true. If the
initial void size is large, the total volume may shrink after the melting in order to fill the
empty void space. Figure 6.20 shows the total volume change during the melting for
systems with different void sizes. If the void size is small, for example, if n = 55, 459, 1
505, and 7 011, the increase of the total volume is obvious. However, the liquid volume
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decreases with the increasing void size, because more atoms are needed to fill the larger
void space. If the void size is very large such as n = 15 587, the total volume decreases
after the melting. Moreover, a dent (indicated by the circle) is shown in Figure 6.20. This
dent is corresponding to the cavity effect, because the softened system cannot sustain the
unfilled void space. The snapshots at A – D is shown in Figure 6.21.

Figure 6.21. The snapshots at moments A-D indicated in Figure 6.20. (a) At moment A,
the liquid grows from the void surface. (b) At moment B, the liquid front reaches the
crystal boundaries but the void is still not completely filled. (c) At moment C, the void is
filled, but the crystal can be seen at the corners. (d) At moment D, the system becomes a
liquid.
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Figure 6.21 shows the cavity effects induced by the large void size. At moment A
in Figure 6.20, the liquid nucleates and grows at the void surface. Although the fraction
of the crystal in the system decreases, it still can sustain the hollow space in the system.
So the total volume does not change at this moment, as shown in Figure 6.20. At moment
B, the liquid grows and reaches the boundaries of the simulation box. However, the
empty space is not completely filled yet. The crystal is broken into several pieces at the
corners of the simulation box by the liquid. Consequently, the crystal cannot sustain the
hollow space. The system volume starts to shrink, which can be clearly seen in Figure
6.20. At moment C, the volume shrinkage “squeezes” the hollow space, and finally the
empty space is completely filled at the expense of the decrease of the total volume. Only
small amount of crystal can be found at the corners. The system volume is smallest at this
moment [Figure 6.20]. At moment D, the system melts completely. The final volume of
the liquid is smaller than the initial volume of the system (combination of the crystal and
void), as shown in Figure 6.20. Since the void is not completely filled before the liquid
reaches the boundaries, the elastic energy does not show up from moments A – D.
The relation between TmB and r0 is shown in Figure 6.22. A strong finite size
effect is shown. The larger system has the higher TmB . Apparently, TmB decreases very fast
with the increasing void radius r0 at the beginning. However, there exists a critical void
radius beyond which TmB becomes leveled. We also found that for all three simulation
systems of different sizes, the asymptotic temperature is about 0.635 ε / k B or ΔT / TmE =
2.8%. This is the so-called “plateau” temperature observed by others in void melting.
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Many considered it as the thermodynamic melting temperature TmE , despite the fact that it
is about 2.8% higher than TmE .
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Figure 6.22. The complete melting temperature TmB as a function of the void radius r0 . A
strong finite size effect is shown. In all size systems, TmB > TmE .

The underlying mechanisms for the fast decay and the plateau of TmB can be
understood from the following two aspects: (1) The elastic energy scales with the void
radius as 1 / r 2 [63,64], while we know from above that the interface free energy scales
with 1 / r δ with δ < 1 due to the dependence of γ eff on r . Clearly, the volume dependent
ΔE , or TmB , changes faster than the surface curvature dependent TmA with r0 . At small r0 ,
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the ΔE dependence is dominant; and as r0 becomes bigger, the surface energy and
curvature begin to dominate. The crossover point marks the beginning of the plateau. (2)
The distribution of voids also influences the rate of decay in TmB vs. r0 , which is
manifested as a finite size effect as seen in Figure 6.22. In our simulation, the voids with
the same size are present uniformly as the periodic images. After the void is completely
filled by the liquid that grows from the void surface at T = TmA , the radius of the liquid
droplet is rA . Note that the compressive pressure has not shown up before the void is
completely filled. If the radius is smaller than one half of the simulation box length L,
i.e., rA < L / 2 , the droplet is still embedded in the crystal host [Figure 6.19(b)].
A

Therefore, the system temperature needs to be increased above Tm in order to overcome
B

the elastic energy. As a result, the melting temperature of the total system, Tm , is higher
A

than the internal melting temperature, Tm . This case happens when the initial void size
r0 is small. If rA ≥ L / 2 , the liquid droplet begins to connect its “neighboring” liquid

droplets (induced by the periodic boundary conditions) [Figure 6.23(a) and (b)]. The
B

newly merged droplet has a bigger effective radius. Thus Tm

decays faster and

A

approaches the slow changing Tm [Figure 6.22]. Actually if the initial void size is big,
the front of the solid-liquid interface can reach the boundaries of the simulation box
A

before the void is completely filled at T = Tm [Figure 6.23(c)]. In this case the shape of
the liquid is a shell, not a spherical droplet. Thus, the liquid can continuously consume
the whole sample because there is no compressive pressure to stop the liquid growth. As

240

B

a result, the melting temperature of the total system, Tm , is as same as the internal
melting temperature, Tm , if the condition rA ≥ L / 2 is satisfied.
A

rA
r0
void
crystal

(a)

Figure 6.23. The critical condition under which the elastic energy will not show up. (a)
Illustration of the critical condition. If the radius of liquid droplet at TmA , rA , reaches the
boundaries of the simulation box, the elastic energy will not show up. (b) A snapshot of a
system with a critical liquid droplet at TmA . The radius of the critical liquid droplet is half
the edge length of the simulation box. (c) A snapshot of a system with an unfilled space
when the liquid reaches the boundaries at TmA .

For the same r0 , the smaller the sample size is, the smaller the distances between
the droplet and its periodic images are. Since these distances are directly related to the
elastic energy, we see the finite size effects on the decay region in Figure 6.22. This finite
B

size effect can be removed if we plot Tm versus the volume fraction of the void,

f void = n / N [Figure 6.24], where N is the total number of atoms in the sample before a
void is created, and n is the number of atoms removed for creating this void. The melting
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temperatures of all three systems indeed behave similarly. The data becomes identical in
three size systems and can be well fitted with a universal line. This result implies that the
volume fraction of the void is more important than the void size itself for determining the
melting temperature.
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Figure 6.24. The complete melting temperature TmB as a function of the volume fraction
of the void. The finite size effects are removed compared to Figure 6.22. The critical
volume fraction for reaching the plateau is estimated to be 5-6%.
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In addition, we found in Figure 6.24 that the plateau (i.e., TmB → TmA ) occurs at a
*
=5-6%. As shown in Figure 6.23, the critical condition for the presence of
universal f void

the plateau region is

rA* =

L ( N / ρ s )1 / 3
=
,
2
2

(6.4)

where the relation N = ρ s L3 is used to derive this equation. From Eq. (6.2), which is
⎛
⎞
3n
⎟⎟
rA = ⎜⎜
⎝ 4π ( ρ s − ρ l ) ⎠

1/ 3

, and Eq. (6.4), we proposed a quantitative relation to predict the

*
, as shown by
critical void size n * or the critical volume fraction of the void f void

*
f void
=

n* π ⎛ ρ s − ρ l
= ⎜
N 6 ⎜⎝ ρ s

⎞
⎟⎟ .
⎠

(6.5)

Therefore, the critical volume fraction for the presence of the plateau in Eq. (6.5) is only
related to the densities of the solid and liquid. Given that ρ s = 0.935 σ −3 and ρ l =
*
=6.2% for the
0.825 σ −3 at TmA = 0.637 ε / k B [61], this theoretical prediction yields f void

uniformly distributed void-containing systems, which is in excellent agreement with the
simulation result which is about 5-6% in Figure 6.24.

6.3. Discussion and Conclusions

In this chapter, the melting in the solids containing nanovoids has been studied by
using molecular dynamics simulations. The finite size effects are treated with different
size systems. For the first time, we have found four typical stages and three melting
temperatures in the void melting that are different from the melting of bulk materials and
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nanoparticle. As a result, the local melting temperatures show a strong dependence on the
void size, which is the root cause for the observed complex hierarchical melting
sequence.
By far we have established that the melting from nanovoids are determined by
three factors: interface curvature, solid-liquid interfacial free energy, and the elastic
energy. The elastic effect is important for a liquid nucleating within a solid. For example,
the migration of the liquid droplets to the grain boundaries [143] is clearly a stress-driven
event. The strain energy in void melting also could be verified in experiment. For
instance, one can embed the void-containing materials in a crystal matrix to suppress the
melting from the surface. Melting is expected to initiate from the internal void surface.
The results of this work may also help us understand the melting and freezing of the pore
filling materials [144,145]. In reality, the above three factors would change depending on
systems and testing conditions. For example, in nanoporous materials, the voids can be
open or closed, or interconnected. The melting is expected to initiate from the pore
surfaces with positive curvatures. Since the elastic energy can be relaxed quickly for the
voids that are open or connected, melting may be dominated by the interface curvature
and the sold-liquid interface energy. For the materials with closed or isolated voids,
elastic energy will appear and dominate melting.
Since the void surface has a negative curvature, the melting temperature of a voidcontaining system is higher than the thermodynamic melting temperature. On the other
hand, the positive curvature of a nanoparticle results in a melting temperature lower than
the thermodynamic melting temperature except when they are surrounded by the matrix
with different elastic moduli. The zero curvature of a flat surface makes the melting occur
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right at the thermodynamic melting temperature. In void melting, the transition has four
distinct stages: (a) a stable void surface; (b) a thin liquid layer nucleating around the void
surface; (c) the internal melting in which the liquid grows to form a liquid droplet. The
liquid droplet is in a stable equilibrium with the superheated crystal matrix; (d) the
complete melting of the system. In nanoparticle melting [141], which is the counterpart
of the void melting, the free surface is always open and thus the elastic energy is not
involved during the melting. The relation between the melting temperature and the
nanoparticle size is as same as Eq. (6.3) except that r0 + dr should be replaced by r0 − dr
[141].
The internal melting temperature TmA is determined by the effective solid-liquid
interfacial free energy and the effective curvature of the solid-liquid interface. Many
people may think the surface (or solid-vapor interface) free energy determines the
melting temperature in void or nanoparticle melting. Actually, the solid-vapor interfacial
free energy contributes the liquid nucleation from the disordered void surface, while the
solid-liquid interfacial free energy determines the subsequent liquid growth from this thin
layer. We have found that the effective solid-liquid interfacial free energy increases with
the increasing void radius and has a trend to approach the exact solid-liquid interfacial
free energy. It also has a tendency to decrease with the increasing superheating. At TmA ,
the liquid starts to grow from the thin liquid layer nucleating around the void surface and
finally fills the void completely to form a liquid droplet. The arising compressive
pressure on the liquid droplet stops the further liquid growth. Thus, the liquid droplet can
be in a stable coexistence with the surrounding superheated crystal matrix. The stable
coexistence is a unique characteristic of the void melting, which is different from the
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homogeneous nucleation of a liquid droplet in a perfect crystal matrix. In the latter case
the liquid droplet either shrinks or grows. Since TmA is reached before the liquid droplet
forms, it is not affected by the elastic energy. Thus TmA also can be viewed as the
unpressurized melting temperature in the void melting.
On the other hand, the complete melting temperature TmB is strongly related to the
elastic energy. The elastic energy results in an additional barrier for the liquid growth.
Consequently, the liquid droplet must gain enough driving force at the higher
temperatures to overcome the elastic energy. Therefore, TmB is elevated above TmA . When
the initial void size increases, TmB decreases rapidly with the increasing void size. If the
initial void radius is large enough, the liquid can reach the boundaries of the system

before the void is completely filled. After the liquid reaches the boundaries, the crystal is
broken into several pieces and the complete melting occurs. During such process, the
elastic energy does not appear because the void is not completely filled. As a result, once
the system temperature reaches the internal melting temperature TmA , the system can melt
completely. In other words, the internal melting temperature TmA and the complete
melting temperature TmB are same. In such case, the complete melting temperature
reaches the so-called “plateau” region. The physical origin for the appearance of this
plateau is that the elastic energy is absent when void size is large. Basing on this
argument, we have proposed a relation to estimate the critical volume fraction of the void
for the presence of the plateau. Our proposed relation predicts that the critical volume
fraction is about 6%, which is in good agreement with the value of 5-6% estimated from
the simulations. The relation between TmB and void radius also shows a finite-size effect.
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However, this size dependence can be removed by plotting TmB as a function of the
volume fraction of the void.
The above results are valid for the system with uniformly distributed nanovoids.
Although there is only a single void in the system, the periodic boundary conditions make
the system resemble a system with evenly distributed voids. In reality, there is always a
non-uniform distribution of voids of various sizes. The growth of the liquids leads to
coarsening, or joining of neighboring voids, which would change the effective void sizes
and, therefore, the local melting temperatures TmA and TmB . This will undoubtedly lead to
competing melting kinetics in void-containing solids: The bigger voids can melt easily
and thus grow bigger, while the smaller ones will grow slower and may be “eaten” by the
fast growing bigger ones, which resembles the Ostwald ripening [97] in grain growth. In
addition, if the melting temperatures of the larger voids are shifted toward TmA as the
voids grow bigger, their melting temperatures will not change much with further increase
of the void sizes. This will lead eventually to the homogenization of the local melting
temperatures over the entire sample.
The result in this work represents an extreme case of the melting with volume
shrinkage. For example, the liquid densities of the silicon and water are higher than their
solid densities. When melting occurs in such systems, the volume shrinks which is
different from the volume expansion in the melting of a LJ system. From our results of
the void melting, we expect that superheating still exists in such systems but the melting
process may be primarily determined by the surface-curvature and the solid-liquid
interfacial free energy.
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CHAPTER 7
HOMOGENEOUS MELTING AND RING DIFFUSION
AT THE UPPER LIMIT OF SUPERHEATING

In Chapter 4, the thermodynamics of melting in a wide range of superheating
temperatures has been investigated by using a homogeneous nucleation model. It is found
that the solid superheating cannot be simply viewed as an inverse process of the liquid
supercooling. The classical nucleation theory well describes the thermodynamics of a
supercooled liquid, but fails to describe that of a superheated solid. The key difference is
that elastic energy caused by the liquid expansion during the melting plays an important
role in affecting the liquid nucleation, while no such effect presents in the supercooling
process. As a result, a nucleation forbidden gap appears to prevent the liquid nucleation
and melting from the bulk. If the system consists heterogeneous nucleation sites such as
free surfaces, the melting starts from these places at the thermodynamic melting
temperature. This could be one of the reasons for which the crystallization always
requires some undercooling but melting usually occurs at the equilibrium melting
temperature [1]. In Chapter 6, the melting from nanovoids has been investigated (note the
melting from a free flat surface is an extreme case of void melting when the void radius
becomes infinite). This is a heterogeneous process because the disordered void surface
provides the heterogeneous nucleation sites. The melting always initiates at the void
surface and propagates to the whole sample. Since the void surface has a negative
curvature relative to a flat surface, the melting temperature in void melting is higher than
the thermodynamic melting temperature. The void melting is a complex process because
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there are four melting stages and three types of melting temperatures. The interplay of the
elastic energy, void size, system size, and interfacial free energies (solid-vapor, liquidvapor, and solid-liquid) determines the complex hierarchical melting sequence.
The melting investigated in the above two chapters takes place from either the
preformed liquid nuclei or the heterogeneous nucleation sites. Another interesting
problem of general interests is how a liquid nucleates in a perfect (i.e., surface-free and
defect-free) crystal to trigger the melting at the upper limit of superheating. Although this
problem has been studied extensively over the past century [7-12,14-25], the microscopic
mechanism is still unclear. Since all materials have surfaces, the superheating is difficult
to achieve in experiments because the surface melting is always dominant. However, the
superheating can be obtained if the surface melting is suppressed by using special
techniques. For example, Daeges and Gleiter [10] coated a thin gold layer around a silver
sphere. Since the lattice constants of the gold and silver are very close, it is equivalent
that the free surface of the silver is “removed”. Moreover, the melting temperature of the
gold is higher than that of the silver. Therefore, the silver can melt earlier than the gold
and the melting starts from the bulk. It was observed that the silver is superheated up to
25 K for a time period of about one minute. Superheating can also be achieved by the
picosecond pulsed laser irradiation [11,12,22,24]. The laser irradiation heats the materials
internally and initiates the melting from the bulk. Substantial superheating (about 20%
above the normal melting point) has been observed from these experiments.
Unfortunately, the melting is extremely fast in these experiments. Typically, the
transition time is of a few nanoseconds. Thus, it is difficult to investigate the detailed
microscopic mechanism of melting at the superheating from these experiments.
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Recently, the computer simulation [17-20,23,25] becomes an important tool for
studying the superheating problem. To achieve maximum superheating, the system needs
to be surface-free and defect free. Such systems can be easily prepared in computer
simulations. The free surface can be removed by using the periodic boundary conditions
(PBCs) [13]. The defects can be excluded by arranging the atoms in a perfect crystal
lattice. Due to such convenience, the melting at the upper limit of superheating has been
investigated extensively in computer simulations. Several instability theories
[15,16,19,20] have been developed to interpret the melting mechanism. Born [15]
proposed that the melting occurs when the shear modulus falls to zero at high
temperatures. This theory is based on the fact that a liquid does not have a shear modulus.
Originally Born shear instability theory was proposed for the melting from the free
surface, and later it was applied for the melting at the superheating. Lindemann [16]
proposed a vibrational lattice instability theory in which the melting is triggered when the
root-mean-square displacement (RMSD) of atoms reaches a critical fraction of the
nearest neighbor distance. Some researchers [17,18,146] claimed that they have bridged
the above two instability criteria for the melting at superheating. Fecht and Johnson [19]
proposed an entropy catastrophe theory that is analogous to Kautzmann’s paradox [20,21]
for the glass transition. They argued that the entropy of a superheated solid increases
continuously due to the presence of the defects such as voids at high temperatures. When
the entropy of a solid equals to that of a liquid, a catastrophe or melting occurs instantly,
because it is against the physical law if the entropy of a solid is larger than that of a
liquid. The interstitial instability model [147-152] states that at high temperatures the
thermal fluctuations create interstitial defects. These interstitial defects have higher
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energy state and cause the instability of the system. If the interstitial defects aggregate to
a critical number, the melting occurs. Forsblom and Grimvall [147,148] artificially
inserted interstitial-vacancy pairs into a crystal aluminum lattice to create interstitial
defects. Their results show that the critical number of point defects is about ten. Another
instability model is the dislocation-line model [153-155]. At high temperatures, the
thermal fluctuations and distortions create some defective atoms. Usually the atoms
whose first nearest neighbors are not twelve are defined as the defective atoms. When
these atoms become neighbors of each other, they can be connected by a line, which is
usually called dislocation line. Many researchers claimed that the melting occurs when
the length of the dislocation line is close to the system length [153-155].
Another interesting topic is whether the homogeneous melting is a first-order or
second-order transition. According to Ehrenfest’s classification, the first-order transitions
are accompanied by a discontinuous change of state, while the second-order transitions
are accompanied by a continuous change of state [156]. Due to the aforementioned
instabilities and catastrophes, most researchers viewed the melting at superheating as a
first-order transition [15,157,158]. However, in Fecht and Johnson’s model [19], the
entropy difference between liquid and solid phases goes to zero continuously, which is
similar to a glass transition (a second-order transition). Moreover, Hansen and Verlet
[159] argued that the melting is a second-order transition.
In this chapter, we will investigate the mechanism of the homogeneous melting at
superheating. Various instability theories such as the Born shear instability theory,
Lindemann vibrational instability theory, the interstitial instability model, and the
evolution of the number of the first nearest neighbors will be discussed. Particularly, we

251

will use the isothermal heating method to investigate the nucleation process at
temperatures slightly below the upper limit of superheating. We have found that the ring
diffusion occurs in the superheated crystal and the self-diffusion of the crystal atoms is
related the nucleation process. The order of the transition will also be discussed in this
chapter.

7.1. Gradual Heating and Isothermal Heating

In Chapters 2-6, the simulation systems contain either different phases or defects.
In this chapter, we use a perfect crystal to investigate the homogeneous melting. Initially
all atoms of the same type are arranged in an fcc lattice. Periodic boundary conditions are
applied in all directions. Therefore the system is both surface-free and defect-free. The
atoms interact via a standard Lennard-Jones (LJ) potential φ (r ) = 4ε [(σ / r )12 − (σ / r ) 6 ] ,
0

where ε = 119.8k B and σ = 3.405 A . The parameters ε and σ are used as the reduced
units of the energy and length respectively. The temperature unit is in ε / k B ≈ 120 K. The
cutoff distance is set to 2.5σ . Molecular dynamics simulations are performed in a
constant number of atoms, constant-pressure, and constant-temperature (NPT) ensemble.
The Parrinello–Rahman method [68] is used to control the system pressure and the Nose
thermostat [69] is used to control the system temperature. The pressure of the system is
kept at zero throughout the simulations. The MD time step was set to 5 × 10 −15 sec.
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Figure 7.1. The melting in the gradual heating method. The number of atoms in the
system is 4 000. The melting occurs at the upper superheating limit TmS =0.76 ε / k B . (a)
The change of the volume per atom with the increasing temperature. (b) The change of
the enthalpy per atom with the increasing temperature.
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Figure 7.2. The evolution of the volume per atom with the simulation time in the
isothermal heating method. The melting occurs at 0.739 ε / k B . The number of atoms in
the system is 4 000. The snapshots at A, B, and C are shown in Figure 7.3.

There are two methods to melt the sample: gradual heating and isothermal
heating. The gradual heating method is to heat the sample continuously from a low
temperature to a high temperature with a constant heating rate. This method has been
used extensively by many researchers for investigating the homogeneous melting at the
upper limit of superheating. The isothermal heating method is to hold the system
isothermally at a desired temperature. Figure 7.1 shows the melting process in the gradual
heating method. The sample is heated continuously from 0.2 ε / k B to 0.9 ε / k B with a
heating rate of 1.33 × 1011 K/s. The number of atoms in this sample is 4 000. As the
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temperature increases, the system volume and enthalpy increases. At T = 0.76 ε / k B , both
the volume and enthalpy jump to a higher value (i.e., a catastrophe occurs) which
corresponds the melting transition. Usually this temperature is called the upper limit of
the superheating, TmS . The equilibrium melting temperature TmE is defined as the
temperature at which a bulk solid and a bulk liquid coexist with a flat interface. For a LJ
system, TmE = 0.618 ε / k B . Thus the maximum superheating is (TmS − TmE ) / TmE ≈ 23%.
Figure 7.2 shows the melting process in the isothermal heating method. The
system is heated from 0.2 ε / k B to 0.739 ε / k B with a heating rate of 1.33 × 1011 K/s. At T
= 0.739 ε / k B , the heating is stopped and the temperature is held isothermally. Initially
the system is in crystal state. The thermal fluctuations in the system aggregate the
defective atoms in this stage. After about 180 000 MD steps, a catastrophe of the system
volume occurs and the system transforms from crystal state to liquid state very quickly.
Thus, using the isothermal heating method, we find the melting occurs at 0.739 ε / k B ,
which is about 3% lower than TmS . This difference is caused by the hysteresis effect in the
gradual heating method. In Chapter 6, we have found the hysteresis effect caused by the
gradual heating method in the void melting. The gradual heating yields a melting
temperature about 8-9% higher than that obtained from the isothermal heating. In the
homogeneous melting, this effect is not very strong but still obvious. The snapshots at
time A (T = 0.3), B (T = 0.739, before melting), and C (T = 0.739, after melting) are
shown in Figure 7.3. At the low temperature of 0.3 ε / k B [Figure 7.3(a)], the atoms
vibrate slightly around their equilibrium sties and the structure is close to a perfect fcc
crystal. At the high temperature of 0.739 ε / k B [Figure 7.3(b)], some atoms are
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disordered but the crystal structure still maintains before the melting occurs. After
melting occurs at this temperature [Figure 7.3(c)], all atoms are away from their
equilibrium sites and become liquid atoms. Thus in the isothermal heating, there is a long
time that the crystal keeps the crystal symmetry. By logging the atom positions in this
critical period, we can investigate the kinetic motion of atoms before the catastrophe
occurs. In the gradual heating method, it is difficult to gain such detailed information
because the transition is too fast.

Figure 7.3. The snapshots at time A, B, and C [indicated in Figure 7.2]. (a) Time A, T =
0.3 ε / k B . (b) Time B, T = 0.739 ε / k B , before melting. (c) Time C, T = 0.739 ε / k B , after
melting.

Using the isothermal method, we also find a slight finite size effect on the melting
temperature. Figure 7.4 shows the melting temperature as a function of the sample size.
As the sample size increases from 500 to 32 000, the melting temperature increases
slightly from 0.725 ε / k B to 0.740 ε / k B . When the number of atoms is larger than 4 000,
the melting temperature approaches the asymptotic value of 0.740 ε / k B . The size
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dependence may be related to the thermal fluctuations. The larger fluctuations in the
smaller system could cause the premature melting. Thus the melting temperature shows a
finite size effect. However, the finite size effects are not as significant as those in
Chapters 3-6. This is because we use a pure system without any defect and interface. The
systems used in the previous chapters contain either different phases or defects. Under
such circumstances, the interaction between the sample and its periodic images is strong.
Thus, the inhomogeneity usually causes strong finite size effects.
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Figure 7.4. The size-dependent melting temperature obtained from the isothermal heating
method. The melting temperature approaches 0.740 ε / k B at large sample sizes. The
bottom axis is plotted with the logarithmic scale.
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7.2. Instability Theories and Melting Criteria
7.2.1. Born Shear Instability Theory

Born [15] proposed that melting occurs when one of the crystal shear moduli falls
to zero. The melting process is to break the translational symmetry of the crystal into the
disordered structure of the liquid whose shear modulus is zero. In Born theory, the
mechanical instability is responsible for this order-to-disorder transition. For an fcc
crystal, there are two shear moduli: C 44 and C ′ = (C11 − C12 ) / 2 . In Chapter 2 we have
presented the method for calculating the elastic constants in the MD simulation. The
temperature-dependent elastic moduli, C11 , C12 , C 44 , and C ′ , are shown in Figure 7.5.
Before melting occurs, all elastic moduli decrease almost linearly with the increasing
temperature. The relation among these elastic moduli is C11 > C12 > C 44 > C ′ . At the
melting temperature TmS =0.74 ε / k B , the value of shear modulus C ′ is about
4.78 ε / σ 3 ( ≈ 0.2 GPa). This value is very small relative to those at the low temperatures,
but it is not zero. If the shear modulus C ′ is linearly extrapolated to high temperatures, it
approaches zero at T = 0.95 ε / k B , which is about 1.54 TmE (note TmE = 0.618 ε / k B for the
LJ system). Apparently, Born shear instability criterion overestimates the melting
temperature at superheating. Similarly, Tallon [20] argued that Born melting criterion is
incorrect or at least incomplete. Lu and Li [14] argued that the homogeneous nucleation
as a kinetic instability occurs in advance of the shear instability, volume catastrophe, and
entropy catastrophe. Therefore, the Born shear instability may not be observable. In
Chapter 3, we also demonstrated that the critical nucleus size is only of about 10-20
atoms at the superheating limit. The large thermal fluctuations at high temperatures can
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easily create such critical or postcritical nuclei. Therefore, it is possible that melting
occurs with the non-trivial shear modulus. The validity of Born criterion is thus
questionable.
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Figure 7.5. Temperature-dependent elastic moduli of a LJ crystal. The equilibrium
melting temperature TmE and the superheating limit TmS are indicated by the dashed lines.
The linear decrease of the elastic moduli indicates the crystal is softening with increasing
temperature. The shear modulus C ′ still has finite value at the superheating limit TmS .
The arrow indicates the temperature at which the extrapolation of C ′ approaches zero
(Born shear instability). Bottom and left scales: in reduced LJ units; Right and top scales:
in real units (GPa and K).
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7.2.2. Lindemann Vibrational Instability Theory

At low temperatures, the crystal atoms vibrate slightly around their equilibrium
sites. At high temperatures, the amplitude of the vibration becomes large. Lindemann
[16] argued that the crystal loses its translational symmetry if the average vibration
amplitude of the crystal atoms approaches a critical value (about 20-30% of the first
nearest distance). Lindemann vibrational instability is often used as a criterion to define
the upper limit of the superheating. Some researchers [7] even claimed that the Born
shear instability and Lindemann vibrational instability occur simultaneously to trigger the
melting at the superheating limit.
The vibrational amplitude of the atoms is usually expressed in term of the mean
square displacement (MSD). The mean square displacement is a measure of atoms
moving away from their initial positions. If the initial position of atom i at time t = 0 is

r
r
ri (0) and the new position at time t is ri (t ) , the instantaneous square displacement of
r
r
2
atom i is ri (t ) − ri (0) . The mean square displacement is calculated by taking the

average over all atoms in the system,

S 2 (t ) =

1
N

N

r

r

∑ r (t ) − r (0)
i =1

i

i

2

.

(7.1)

The Lindemann parameter x L is defined as the ratio of the root-mean-square
displacement S (t ) to the average distance between nearest neighbors rnn [160],

xL =

S (t )
, which is a fractional quantity. The average distance between nearest
rnn

neighbors can be calculated by the equation rnn =
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2
2
a0 =
(4Vn )1 / 3 , where a 0 is the
2
2

lattice constant and Vn is the average volume per atom. Figure 7.6 shows the change of
the mean square displacement with the increasing temperature. At low temperatures, the
MSD is small. As the temperature increases, the MSD increases as well. At the
superheating limit, the MSD increases suddenly. The critical MSD measured from Figure
7.6 is about 0.12 σ 2 . Using Vn = 1.14σ 3 [Figure 7.1(a)], we calculate the critical
Lindemann parameter x L* ≈ 0.295. This is in good agreement with Ziman’s x L* ≈ 0.2-0.25
[49], and Jin et al.’s x L* ≈ 0.22 [17].
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Figure 7.6. Mean square displacement (MSD) of atoms as a function of temperature. The
arrow indicates the critical MSD at which melting occurs.
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7.2.3. Interstitial Instability Theory

a0 / 2

3a0 / 4
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Figure 7.7. Two types of interstitial sites in an fcc crystal. The distance between an
interstitial site (filled circle in green) and an atom (filled circle in black) is indicated by a
dashed line in each figure. (a) Octahedral site. (b) Tetrahedral site.

The instability caused by the interstitial defects has been discussed recently [147152]. If an atom jumps from a lattice site to an interstitial site, it creates an intersticevacancy pair. The interstitial atom intends to push the surrounding atoms away from their
equilibrium sites. Thus, the interstitial defect is in a high-energy state and could cause the
instability to the system. For an fcc crystal, there are two types of interstitial sites:
octahedral site [Figure 7.7(a)] and tetrahedral site [Figure 7.7(b)]. Forsblom and Grimvall
[147,148] artificially inserted interstice-vacancy pairs into the crystal lattice to trigger the
melting. They found that usually 6-7 interstitials and 3-4 vacancies could trigger the
melting. However, a fundamental question is that whether the formation of such
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interstice-vacancy pairs can occur naturally in a superheated crystal. As shown in Figure
7.7, the distance between an atom and an octahedral site is roct − atom = a 0 / 2 and the
distance between an atom and a tetrahedral site is rtet − atom = 3a 0 / 4 , where a 0 is the
lattice constant of an fcc crystal. At the temperature close to the superheating limit,

a 0 ≈ 1.58σ . Therefore, roct −atom = 0.79σ and rtet −atom = 0.68σ . Prior to melting, if the
thermal fluctuations generate an interstitial defect, the distances between the defective
atom and its surrounding atoms should be at least close to roct − atom . If the interatomic
distance is even shorter, the tetrahedral interstice is likely to form. In order to check
whether atoms can enter the interstitial sites, we did the following investigation. We
heated a perfect crystal of 500 atoms from T = 0.2 ε / k B to its superheating limit
0.725 ε / k B . At this temperature, the system is held isothermally for about 700 000 MD
steps. Initially the system is in the crystal state and finally becomes a liquid. During this
process, we calculated the distances between all atoms and found a shortest interatomic
distance. The minimum interatomic distance is logged during this process as shown in
Figure 7.8. During the heating period, the shortest interatomic distance decreases almost
linearly with the increasing temperature, implying that atoms can displace longer and
longer from their equilibrium sites. At T = 0.725 ε / k B , the shortest distance is about
0.9 σ , no matter what state of the system is. Most importantly, the shortest interatomic
distance is much larger than roct −atom = 0.79σ and rtet −atom = 0.68σ . This result indicates
that the atoms are unlikely to enter the interstitial sites for triggering the melting. Even if
the system is in the liquid state, the shortest interatomic distance is still about 0.9 σ .
Therefore the validity of the interstitial instability is also questionable.
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Figure 7.8. The evolution of the shortest interatomic distance with the simulation time.
The system contains 500 atoms. The system temperature is increased from 0.2 to 0.725
ε / k B and held at 0.725 ε / k B isothermally. The gradual heating and isothermal heating
periods are separated by the dotted line. The ideal distance between an octahedral
interstitial site and a neighboring atom is indicated by roct − atom , and that between a
tetrahedral interstitial site and a neighboring atom is indicated by rtet − atom .

7.2.4. Relation between the Crystal Enthalpy at TmS and Liquid Enthalpy at TmE

At the same temperature, the enthalpy (note at P = 0 it is the internal energy) of a
liquid is always higher than that of a crystal. However, the enthalpy of a superheated
crystal can be higher than the enthalpy of a supercooled liquid. Similarly, the density of a
superheated crystal also can be higher than the density of a supercooled liquid. Thus it is
interesting to investigate if there is any connection between the crystal enthalpy and
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liquid enthalpy at the critical temperatures TmE and TmS . Belonoshko et al. [161] used a
constant-number of atoms, constant-volume, and constant-enthalpy (NVE) ensemble to
investigate the melting at the superheating limit of a LJ system. Initially they provided
the system with some kinetic energy and thereafter let the system relax. Upon melting at
the superheating limit, they found that the system temperature drops from TmS to TmE at
the corresponding pressure. The decrease of the temperature is due to the absorption of
the latent heat for melting. Since the energy and volume in the NVE system is conserved,
they concluded that the internal energy of a crystal at TmS is equal to that of a liquid at

TmE at the same volume. More precisely, the “internal energy” should be replaced by
“enthalpy”, because the pressures are non-zero in their simulations. However, it is
unclear whether this relation is related to the simulation ensemble. In our work, we did a
test in a NPT ensemble to check the validity of this relation. We heated a single crystal
from 0.2 ε / k B to 0.9 ε / k B and then cooled the system from 0.9 ε / k B back to 0.2 ε / k B .
During this heating-cooling process, the temperatures at the superheating limit
( TmS =0.76 ε / k B ) and of the spontaneous crystallization ( Tc =0.42 ε / k B ) can be obtained.
The equilibrium melting temperature is determined in Chapter 3: TmE =0.618 ε / k B . The
enthalpies per volume, which are H s ρ s for the crystal and H l ρ l for the liquid, are
calculated at different temperatures, where H s and H l are the enthalpy per atom of the
respective solid phase and liquid phase, ρ s is the crystal density, and ρ l is the liquid
density. Figure 7.9 shows the crystal and liquid enthalpies per volume as a function of the
temperature. It can be clearly seen that the crystal enthalpy per volume at TmS is lower
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than the liquid enthalpy per volume at TmE . Thus, Belonoshko et al.’s argument [161] is
not valid in the NPT ensemble.
The discrepancy may be caused by the incomplete melting in their NVE
ensemble. Since an NVE ensemble is an isolated system, the energy is conserved. If a
phase transition such as crystallization and melting occurs, the associated latent heat
(either released or absorbed) comes from the system itself. The pressure and the system
temperature change accordingly to accommodate the phase transition in the NVE
ensemble. If the crystal is not fully melted, the liquid can coexist with the remaining
crystal at the thermal dynamic melting temperature TmE at a corresponding pressure. Even
if the remaining crystal is very small, the coexistence still exists because no external
energy is induced to melt the crystal. As a result, the system temperature always drops to
the equilibrium melting temperature at the corresponding pressure, as shown in
Belonoshko et al.’s work [161]. In a NPT ensemble, the system can absorb sufficient
energy from the external “thermostat” and the sample can become a pure liquid. Thus, the
coincidence of the crystal enthalpy per volume at TmS and the liquid enthalpy per volume
at TmE may be caused by the artifact of the NVE system. Actually, Morris and Song [162]
have used this method to determine the thermodynamic melting temperature TmE in an
NVE ensemble.
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Figure 7.9. The enthalpy per volume as a function of the temperature during the heatingcooling process. The crystal enthalpy per volume at the superheating limit TmS is not
equal to the liquid enthalpy per volume at the equilibrium melting temperature TmE
(indicated by the dashed line).

7.2.5. Number of the First Nearest Neighbors

The number of the first nearest neighbors is an important characteristic of the
crystal symmetry. For a perfect fcc crystal, this number is twelve. If the crystal structure
changes, the number is different from twelve. Since the melting is an order-to-disorder
transition, the number of the first nearest neighbor changes during the transition. In many
researchers’ work [153-155], an atom is defined as a defective atom if the number of its
first nearest neighbors is not twelve. At high temperatures, the thermal fluctuations could
aggregate the defective atoms to form clusters. Some researchers defined such clusters as
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“dislocation lines”. In order to investigate the evolution of the number of the first nearest
neighbors, we calculated the average number of the first nearest neighbors. The critical
cutoff distance for determining the first nearest neighbors is taken as the value at which
the pair distribution function (PDF) of an fcc crystal reaches its first minimum [Figure
2.6]. Empirically, we chose this value as 1.35 σ .
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Figure 7.10. The evolution of the average number of the first nearest neighbors during the
melting process. At T=0.46 ε / k B , the number deviates from twelve. At T=0.739 ε / k B ,
the number drops from 11 to 8.6 upon the melting. The distributions of the number of the
first nearest neighbors at time A-E are shown in Figure 7.11.

Figure 7.10 shows the average number of the first nearest neighbors as a function
of the simulation time. At low temperatures, the number is exactly twelve, indicating that
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the crystal has a perfect fcc structure. As the temperature increases, the thermal
fluctuations make atoms deviate from their equilibrium sites and some atoms may loose
some nearest neighbors. As a result, the average number decreases with the increasing
temperature. At T=0.46 ε / k B , the decrease of the average number becomes obvious.
After the temperature reaches 0.739 ε / k B , the system is held isothermally. Before
melting occurs, the average number is about eleven. After melting occurs, the average
number drops to 8.6.
In order to investigate the distribution of the number of the first nearest neighbors
at different stages, we picked five typical stages A-E as shown in Figure 7.10 for
investigation. The distribution is to show the fraction of atoms that have n nearest
neighbors. The distributions are shown in Figure 7.11. At time A (T=0.205), one can find
that 100% of atoms have 12 nearest neighbors, indicating that the crystal has a perfect fcc
structure. At time B (T=0.588), one can find that about 80% of atoms have 12 nearest
neighbors, about 19% of atoms have 11 nearest neighbors, and 1% of atoms have 10
nearest neighbors. This means that the crystal structure has some distortions, but the fcc
structure is still maintained. At time C and D (T=0.739, but before melting occurs), the
distributions are almost identical. Only 40% of atoms have 12 nearest neighbors. Some
atoms even have only 8 nearest neighbors. The average number of the nearest neighbors
is about 11. At time E (T=0.739, but after melting occurs), the distribution is very flat
because the liquid is very disordered. The number of the nearest neighbors ranges from 412 and the average number is about 8.5 for the liquid.

269

1.0
time A, T=0.205
time B, T=0.588
time C, T=0.739
time D, T=0.739
time E, T=0.739

Fraction

0.8
0.6
0.4
0.2
0.0
4

6

8

10

12

14

16

Number of the first nearest neighbors
Figure 7.11. The distributions of the number of the first nearest neighbors at different
stages. The stages A-E are indicated in Figure 7.10. See the text for details.

7.3. Ring Diffusion in a Superheated Crystal
7.3.1. Mean Square Displacement during the Isothermal Heating

Lindemann vibrational criterion states that a superheated crystal becomes a liquid
when the mean square displacement (MSD) reaches a critical value. We have verified this
criterion during the gradual heating as shown in Figure 7.6. In order to check the
Lindemann criterion in the isothermal heating, we calculated the mean square
displacement of 4 000 atoms at a temperature of 0.738 ε / k B , which is slightly below the
melting temperature of 0.739 ε / k B . The temperature is held isothermally at this
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temperature for about 700 000 MD steps and the sample does not melt. The MSD in this
period is shown in Figure 7.12. At the end of the calculation, the MSD reaches about
0.8 σ 2 which is much larger than the critical value of Lindemann criterion (~0.12 σ 2 ). It
seems that the Lindemann criterion is not valid during the isothermal heating.
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Figure 7.12. The time-dependent mean square displacement at the isothermal temperature
T = 0.738. The MSD is larger than the critical value of 0.12 but the sample does not melt.

In order to check the travel distance of atoms, we plot the distributions of the
atomic displacements at different time, as shown in Figure 7.13. The atomic displacement
distribution measures the fraction of the atoms that travel a distance r from their original
equilibrium sites. We calculated the distributions at three moments: at the initial time
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when the temperature reaches 0.738, after 200 000 isothermal runs, and after 400 000
isothermal runs. The initial distribution shows that the first peak is at the displacement
r ≈ 0.03σ , indicating that all atoms vibrate around their original equilibrium sites. After

200 000 isothermal runs, most atoms still vibrate around their original sites, but some
atoms travel about 1.2 σ (the second peak in Figure 7.13), as indicated by the arrow. This
displacement is very close to the first nearest neighbor distance ( 2 / 2a 0 ≈ 1.16σ ),
implying that atoms may jump to their neighboring lattice sites. After 400 000 isothermal
runs, the height of the second peak increases, indicating that more atoms jump to their
neighboring sites. Moreover, another peak can be seen at r ≈ 1.6σ , which is very close to
the second nearest neighbor distance a 0 ≈ 1.58σ . This implies that some atoms may have
the second-order jump.
Usually atoms are very difficult to jump or diffuse in a crystal without vacancies.
Since the initial crystal is perfect in our simulations, the jump of atoms must be with the
help of the thermally activated defects. At high temperatures, the atoms loose some of
their nearest neighbors, as shown in Figures 7.10 and 7.11. Thus, the self-diffusion
becomes possible in a superheated crystal. However, such kind of self-diffusion may not
be observable during the gradual heating, because the heating rate in the gradual heating
method is too fast so that atoms do not have enough relaxation time to jump. In other
words, the fast heating rate suppresses the thermodynamic events. In the gradual heating
method, the thermal fluctuations can aggregate the collective movement of atoms and
make them to jump from their original lattice sites to the neighboring sites. After the
jump, the atoms are in new lattice sites. Thus the system is still in the crystal state.
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Figure
7.13. The distribution of the atomic displacements at T = 0.738 at different simulation
time. The horizontal axis represents the atomic displacement. The two arrows indicate the
first and second nearest neighbor distances respectively.

7.3.2. Ring Diffusion in a Superheated Crystal

Figures 7.12 and 7.13 show that the mean square displacement of atoms in a
superheated crystal could be much larger than the critical Lindemann parameter but the
sample still keeps the crystal structure. This is due to the atom hopping inside the
superheated crystal. As shown in Figure 7.13, the average atom hopping distance is close
to the first nearest neighbor distance, implying that the atoms are hopping among their
nearest neighbors. The atom hopping may be destructive to the stability of the system and
cause the melting. In order to clearly illustrate this process, we have used the following
method to visualize the snapshots of the system.
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Figure 7.14. The atom hopping in a superheated crystal of 500 atoms at T=0.739 ε / k B .
The blue spheres represent the equilibrium sites of the atoms. (a) The equilibrium atom
positions. (b) Clusters formed by the atom hopping. The hopping atoms are represented
by large spheres. The arrow heads represent the new atom positions.

When the system is brought to the desired temperature and held isothermally, the
atomic positions are averaged over the first 10 000 MD steps. Usually the atom hopping
has not occurred yet during this period. Therefore the average positions represent the
equilibrium positions of atoms. The averaged positions are used as the reference positions
for the following visualization. Figure 7.14(a) shows the average or equilibrium atomic
positions. Clearly the equilibrium atomic positions are well ordered and form a nearly
perfect fcc lattice. Next, the atom positions are averaged over every 100 MD steps and a
series of new atom positions are obtained. The distance between the new position of an
atom and its equilibrium position is the displacement of that atom. We plot a vector
pointing from the equilibrium position of each atom to its new position to indicate its
displacement. At the isothermal temperature, the aggregation of the atom movements
makes it possible for the atom hopping among their nearest neighbors. Figure 7.14(b)
Shows the atom displacements after 530 000 MD steps. The atom displacements are
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represented by the vectors pointing from their equilibrium positions to their new
positions. Clearly, the lengths of the displacements of some atoms are close to the nearest
neighbor distance, indicating that the atoms jump from their equilibrium sites to their
neighboring sites. After these atoms jump to the new lattice sites, they are identical to the
atoms originally in these sites. The large value of MSD shown in Figure 7.12 is mainly
caused by this kind of atom hopping. It is worth noting that the atom hopping may not be
observable in the gradual heating method because the extremely fast heating rate
suppresses the collective movements of atoms.
Figure 7.14(b) also shows that the atom hopping occurs in a collective way.
Namely, these hopping atoms form clusters that are similar to the diffusion rings. Since
there are no preformed vacancies in the superheated crystal, a hopping atom must “kick”
another atom away in order to occupy its lattice site. The atom been kicked must kick the
third atom away, and so forth. As a result, these atoms form a diffusion ring or diffusion
loop. There are two types of the diffusion loops: close loop and open loop, as illustrated
in Figure 7.15. In the close loop, each atom displaces one first nearest neighbor distance.
After the hopping completes, the original lattice site of the first hopping atom is occupied
by the last hopping atom, and thus there is no vacancy left in the crystal. In the open loop,
the first hopping atom leaves a vacancy and the last atom moves less than one nearest
neighbor distance. The transient loop during the formation of a close loop can be viewed
as an open loop. For example, loop A in Figure 7.14(b) is a close loop (note the bottom
atom in green color is one part of the loop due to the periodic boundary conditions),
while loops B and C are open loops.
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(a)

(b)

Figure 7.15. Illustration of two types of diffusion loops. (a) A close diffusion loop. (b) An
open diffusion loop.

Figure 7.16. The snapshots of forming a close diffusion loop. The blue spheres represent
original equilibrium sites. The red spheres represent the hopping atoms. The vectors
represent the atom displacements. (a) Initial. (b) After 320 MD steps (1.6 ps). (c) After
880 MD steps (4.4 ps). (d) After 1 220 MD steps (6.1 ps).
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In order to estimate how fast an atom jumps from one lattice site to another one,
we picked up a loop for investigation, as shown in Figure 7.16. The blue spheres
represent the original equilibrium atom positions. The red spheres represent the atoms
that have already diffused to their nearest neighbors. The vectors represent the atom
displacements from the original equilibrium sites to the new positions. Initially, as shown
in Figure 7.16(a), an atom (indicated by red color) moves to one of its nearest
neighboring sites. The original atom in that site is pushed away as indicated by the long
blue vectors. In addition, another atom tends to fill the vacancy created by the hopping
atom. After 320 MD runs (1.6 ps), six atoms have hopped from their initial positions. The
six atoms form an open loop. The two atoms (in blue color) near the end of the loop have
already moved away from their original positions but have not arrived at the new lattice
sites yet. After 880 MD runs (4.4 ps), eight atoms have hopped from their initial
positions, as shown in Figure 7.16(c). After 1 220 MD runs (6.1 ps), eleven atoms have
hopped from their initial positions. Due to the periodic boundary conditions, the eleven
atoms form a close loop. Thus, the average time for an atom traveling one nearest
neighbor distance is about 6.1/11 ≈ 0.55 ps.

7.3.3. Melting Caused by the Ring Diffusion

In the superheated crystals studied in this chapter, there are no pre-existing
vacancies. In order to diffuse in the crystal, the hopping atoms need to push the
surrounding atoms away from their equilibrium sites in order to gain more space for
moving. Therefore, the atom hopping can cause the local instability. As shown in Figure
7.16, the ring diffusion has a collective hopping feature. Depending on the sample size,
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the size of a diffusion loop could be as small as of a few atoms and as large as of a few
thousand atoms. Therefore, in the isothermal heating regime, the atom hopping in a
superheated crystal could be related to the liquid nucleation and the subsequent melting.

Figure 7.17. Snapshots of close-pair atoms and displaced atoms during the formation of
the diffusion loops. The close-pair atoms are represented by red spheres. The blue
spheres represent the original equilibrium sites of atoms. The vectors represent the atom
displacements. (a) Initial stage when melting occurs. (b) After 1 400 MD steps. (c) After
1 800 MD steps. (d) After 1 840 MD steps.

When two atoms are very close, the strong repulsive force between two atoms
could cause the local instability. At a temperature close to the upper superheating limit,
the average nearest neighbor distance is about 1.16 σ . Here we define the critical
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distance between two atoms as 0.95 σ . If the distance between two atoms is shorter than
the critical distance, we define them as close-pair atoms. In order to check whether the
atom hopping is induced by the close-pair atoms, we mark them with read spheres in the
snapshots, as shown in Figure 7.17. Note in these snapshots, the close-pair atoms are
shown with their new positions for better visualization. In Figure 7.17(a), it seems that
the crystal is still stable even though several close-pair atoms appear. Some atoms
displace slightly from their equilibrium sites but they are not at the vicinity of the closepair atoms. In Figure 7.17(b), some diffusion loops are formed and some atoms displace
from their equilibrium sites. Nevertheless, it seems that the close-pair atoms are far away
from the diffusion loops and other displaced atoms. In Figure 7.17(c), some close-pair
atoms are close to the diffusion loops and the largely displaced atoms. However, at the
same time, the atoms near other close-pair atoms only displace slightly. In Figure 7.17(d),
no close-pair atoms appear in the system. However, a lot of atoms still displace largely
from their equilibrium sites. Therefore, from Figure 7.17(a)-(d) we can find that the
displaced atoms do not always appear at the vicinity of the close-pair atoms. It seems that
there is no direct connection between the close-pair atoms and the displaced atoms.
At high temperatures, the large thermal fluctuations can break the local
symmetries of the atoms. Although the system is still in the crystal state, some atoms lose
some of their crystal features. For example, as shown in Figures 7.10 and 7.11, the
average number of the first nearest neighbors is eleven rather than twelve at high
temperatures. Many researchers [153-155] defined the atoms with non-twelve nearest
neighbors as defective atoms. It seems that this definition overestimates the number of
the defective atoms at high temperatures, because the average number of the first nearest
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neighbors is eleven. Here we define the critical number as eight. If an atom has less than
eight nearest neighbors, it is classified as a defective atom. In Figure 7.18, we show the
defective atoms in the snapshots during the melting process. The defective atoms are
represented by red spheres. It seems that the defective atoms appear at the vicinity of the
atoms with large displacement. This coincidence becomes more obvious in Figure
7.18(d) where more defective atoms appear at the disordered region.

Figure 7.18. Snapshots of defective atoms and displaced atoms during the formation of
the diffusion loops. An atom is defective if the number of its first nearest neighbors is
less than eight. The defective atoms are represented by red spheres. The vectors represent
the atom displacements. (a) Initial stage when melting occurs. (b) After 1 400 MD steps.
(c) After 1 800 MD steps. (d) After 1 840 MD steps.
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When melting occurs, the enthalpy of the system increases because the liquid has
a higher enthalpy than the crystal. If an atom loses some nearest neighbors, the enthalpy
of that atom should be higher. If two atoms are very close, the enthalpy is expected to
increase as well. Therefore, any structural change can be reflected in the enthalpy change.
In order to check the relation between a displaced atom and its enthalpy, we calculated
the enthalpy of each atom. In the snapshots as shown in Figure 7.19, the atoms are
colored differently according to their respective enthalpies. The color continuously
changes from bright green (for solidlike atoms) to dark purple (for liquidlike atoms). In
Figure 7.19(a), most atoms are solidlike atoms because they are vibrating around their
equilibrium sites. Since the diffusion loop shown in this picture is a close loop, the atoms
in this loop are still solidlike atoms. In Figure 7.19(b), some atoms displace away from
their equilibrium sites. It can be clearly seen that most displaced atoms have dark green
colors, indicating these atoms are in the intermediate state between solid and liquid. In
Figure 7.19(c), more displaced atoms are shown and some of them become liquidlike
atoms. In Figure 7.19(d), almost all atoms displace largely from their equilibrium sites.
At the same time, the color of these atoms becomes dark purple, indicating that they are
liquidlike atoms. Therefore, the displaced atoms coincide with the atoms of high
enthalpies. Moreover, one can find that initially the liquidlike atoms prefer to appear at
the vicinity of the open diffusion loop. Thereafter, the growth of the liquidlike atoms
starts from this region and propagates to the whole system very quickly. Thus, it seems
that the diffusion loop causes the local instability and provides the environment for the
formation of the liquid embryos.
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Figure 7.19. The enthalpy change of each atom during the formation of the diffusion
loops. The enthalpy level is represented by the color of the spheres. The bright green is
for solidlike atoms (lower enthalpy) and the dark purple is for liquidlike atoms (higher
enthalpy). The vectors represent the atom displacements. (a) Initial stage when melting
occurs. (b) After 1 400 MD steps. (c) After 1 800 MD steps. (d) After 1 840 MD steps.

The evolution of the diffusion loops is shown in Figure 7.20. In order to illustrate
the diffusion loops more clearly, only the atoms in the diffusion loops are shown. Figure
7.20(a) shows a close diffusion loop in which each atom moves one nearest-neighbor
distance. The vector pointing from each atom indicates the moving direction of that atom.
After the diffusion loop forms, the atoms in the loop are vibrating around their new
positions and become new crystal atoms. Thus, the close loop does not affect the stability
of the crystal once the transition is complete. However, during the transition, the loop is
an open loop that could cause the instability to the system. Figure 7.20(b) shows more
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diffusion loops appearing after 1 400 MD steps. The close loop shown in Figure 7.20(a)
is still there, indicating the atoms in this loop do not have a second-order diffusion. Three
new open loops appear at this moment. The loop in green color and the loop in red color
are very close to each other. After another 400 MD steps, the two open loops join
together to form one loop, as shown in Figure 7.20(c). The combination of two loops
involves more atoms than the growth of a single loop. Therefore, the combination process
may cause more instability to the system. The 2D snapshot of the total system is shown in
Figure 7.19(c). We find indeed some atoms around this loop displace largely from their
equilibrium sites, and the enthalpies of these atoms are close to the liquid enthalpy. After
additional 40 MD steps, more open loops appear in the system, as shown in Figure
7.20(d). The high concentration of the open loops causes the system unstable. As a result,
the spontaneous melting occurs and most atoms become liquid atoms, which can be
clearly seen in Figure 7.19(d). Thus, the dynamic evolution of the open loops could be
the precursor of the diffusion loop mediated melting. It is worth noting that the diffusion
loops are rarely seen if the system is heated with a fast heating rate. In the gradual heating
method, the fast heating rate suppresses the aggregation of the atom displacements (or
self-diffusion). As a result, the system can be superheated until the shear modulus cannot
sustain the driving force for changing from the solid to the liquid. Thus, the upper
superheating limit obtained in the gradual heating method is about 3% higher than that of
the diffusion loop mediated melting. In other words, the diffusion loop mediated melting
occurs earlier than that caused by Lindemann vibrational instability in the gradual heating
method. The heating rate dependence of the melting temperature has been verified in
experiment. For example, the superheating limit is outreached to 1.5 TmE in the experiment
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of using the femtosecond electron pulses to melt a thin aluminum film [60,163], while
that obtained from the picosecond laser irradiation is about 1.2 TmE [11,12,22,24].

Figure 7.20. The 3D snapshots of the diffusion loops during the melting process.
Different loops are distinguished by different colors. (a) Initial stage when melting
occurs. (b) After 1 400 MD steps. (c) After 1 800 MD steps. (d) After 1 840 MD steps.
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Figure 7.21. Illustration of the melting sequence. The temperature scale is for a LJ model
system.

The melting sequence is illustrated in Figure 7.21. At the thermodynamic melting
temperature, the melting occurs from the free surface. At this temperature, a bulk liquid
and a bulk solid also can coexist with a flat solid-liquid interface. If the surface melting is
suppressed, the melting temperature can be elevated. In the diffusion-loop mediated
melting, atoms can diffuse collectively in the superheated crystal even though there are
no preformed vacancies. The self-diffusion causes the instability to the system. When the
accumulation of the open diffusion loops reaches a critical value, the melting is triggered.
If the self-diffusion is suppressed such as in the gradual heating, the melting temperature
can be further elevated. When the average vibrational amplitude of atoms exceeds the
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critical fraction of the nearest neighbor distance, the melting is triggered by Lindemann
instability. The Born instability occurs when the shear modulus vanishes. The entropy
instability occurs when the solid entropy is equal to the liquid entropy. However, the
melting triggered by the last two instabilities may not be observable in general, because
they are preceded by the diffusion-loop mediated melting and Lindemann vibrational
instability.

Figure 7.22. The open diffusion loops in a system of 4 000 atoms at two different
temperatures. The loops are discriminated by different colors. (a) At T=0.739 ε / k B . The
melting occurs at this temperature. (b) At T=0.738 ε / k B . The melting does not occur at
this temperature.

As mentioned above, the ring diffusion manifests at high temperatures. However,
the presence of the self-diffusion does not guarantee the occurrence of the melting. For
example, extensive self-diffusion takes place in a crystal of 4 000 atoms at both T =
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0.739 ε / k B and T = 0.738 ε / k B . The corresponding snapshots of the open diffusion loops
are shown in Figure 7.22. At both temperatures, many atoms diffuse at least one nearest
neighbor distance. However, eventually the crystal melts at T = 0.739 ε / k B but does not
melt at T = 0.738 ε / k B . Thus, there must be some critical parameters that determine the
melting. In a close loop, all atoms vibrate around their new positions. Thus, the atoms in
the close loop are still crystal atoms and do not cause the instability. In an open loop, the
first jumping atom leaves a vacancy and forms the head of the loop. The last atom (tail
atom) has not jumped to one of its nearest neighbors yet and could be viewed as a
defective atom. The other atoms in the open loop have already jumped to their new
positions. Thus, only the head and the tail in an open loop may cause the instability. The
total number of the open loops, or the total number of the loop heads and loop tails, could
be the critical parameter for determining the melting. Figure 7.23(a) shows the number of
the open loops in the crystal as a function of time at two different temperatures. At T =
0.738 ε / k B , the number of the open loops is usually less than 5. The maximum number is
about 7. At this temperature, the system does not melt. At T = 0.739 ε / k B , the number of
the open loops increases rapidly when melting occurs. Figure 7.23(b) shows the enlarged
graph of the transition period at T = 0.739 ε / k B . The maximum number of the open loops
is 21 when the system is in crystal state. However, if the number exceeds 36, the system
melts very quickly. Thus the number of 36 could be the upper bound of the critical
number of the open loops, and the number of 21 could be the lower bound of the critical
number.
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Figure 7.23. (a) The number of the open loops as a function of time at two different
temperatures. The crystal contains 4 000 atoms. (b) The enlarged graph of the transition
period enclosed in the blue rectangular.

However, different size systems have different critical numbers. For example, in a
system containing 500 atoms, we find that the upper bound of the critical number of the
open loops is about 5, and lower bound is about 3. Thus, it is more reasonable to use the
critical density of the open loops to characterize the critical parameter. The critical
density is defined as the ratio of the critical number to the total number of atoms in the
system. In this work, we have investigated the critical density of the open loops in five
different size systems: N = 500, 864, 1 372, 2 048, 2 916, and 4 000. The upper and lower
bounds of the critical densities in each size system are shown in Figure 7.24. Clearly, the
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upper bound of the critical density is around 0.85% in each size system, and the lower
bound of the critical density is around 0.55%. Generally speaking, the rough range of the
critical density is about 0.5% - 1%. If the density of the open loops aggregates to this
range, melting can be triggered. If we consider the head and tail atoms in a loop as
defective atoms, the fraction of the critical number of the defective atoms is about 1%2%.

Critical density of open loops

0.014
0.012

lower bound
upper bound

0.010
0.008
0.006
0.004
0.002
0.000
2.6

2.8

3.0

3.2

3.4

3.6

log(N)

Figure 7.24. The upper and lower bounds of the critical densities in each size system. The
bottom axis (total number of atoms in the system) is plotted with the logarithmic scale.
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7.4. First-Order and Second-Order Transitions
7.4.1. Definition of the First-Order and Second-Order Transitions

At the critical point of a phase transition, the Gibbs free energy of each phase is
usually equal to each other [156]. However, the derivative of the Gibbs free energy can
be different. If the first-order derivative is discontinuous (different slope), then the
transition is called “first-order”. If the first-order derivative is continuous (same slope)
but the higher order derivatives are discontinuous, then it is a “second or higher order”
transition [156]. Since the first-order derivative of the Gibbs free energy is entropy,
⎛ ∂G ⎞
S = −⎜ ⎟ , one can use the entropy to represent the order of the transition, as shown in
⎝ ∂T ⎠ P

Figure 7.25. Generally, the entropy is discontinuous in the first-order transition but is
continuous in the second-order transition.

⎛ ∂G ⎞
S = −⎜ ⎟
⎝ ∂T ⎠ P

⎛ ∂G ⎞
S = −⎜ ⎟
⎝ ∂T ⎠ P

S2
S1

T
Tc

T
Tc

(a)

(b)

Figure 7.25. The difference in the entropy between (a) the first-order transition, and (b)
the second-order transition [156].
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(

The heat capacity, C P = ∂H

∂T

)

P

(

= T ∂S

∂T

) , is also different for the first-order
P

and second-order transitions, as shown in Figure 7.26. The heat capacity in the first-order
transition is discontinuous at the critical temperature, while that in the second-order
transition is continuous and has a peak at the critical temperature.

Cp

Cp

T

T

Tc

Tc

(a)

(b)

Figure 7.26. The difference in the heat capacity between (a) the first-order transition, and
(b) the second-order transition [156].

7.4.2. Heat Capacity

During the melting at the superheating limit, many physical quantities such as
volume and enthalpy change abruptly. It seems that the melting at the superheating is a
first-order transition. However, Fecht and Johnson’s model [19] implies that melting is a
second-order transition. In this model, the solid entropy approaches the liquid entropy
continuously at the upper limit of the superheating, which is like a reverse process of a
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glass transition (a second-order transition). Moreover, Born criterion [15]] also implies
that melting is a second-order transition, because the shear modulus decreases gradually
to zero. In order to verify the order of the transition, first we calculated the heat capacity
as a function of temperature, as shown in Figure 7.27. The heat capacity is calculated by

(

taking the first derivative of the enthalpy, C P = ∂H

∂T

) . The heat capacity increases
P

with the increasing temperature when the sample is in crystal state. At the critical
temperature, the discontinuity of the heat capacity forms a peak. After the sample
becomes a liquid, the heat capacity drops to a lower value and increases with the
increasing temperature again. Clearly, Figure 7.27 is very similar to Figure 7.26(a),
indicating that the melting at superheating is more like a first-order transition.

Heat capacity Cp, kB

10

8

6

4

0.5

0.6

0.7

0.8

0.9

T, ε/kB
Figure 7.27. The heat capacity as a function of temperature. The melting occurs at the
discontinuous point.
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7.4.3. Bond-Orientational Order

The first-order transition is always associated with the order to disorder or
disorder to order transition. Therefore, from the structural change, one also can determine
the order of a transition. The pair distribution function (PDF) or radial distribution
function (RDF) can be used for investigating the structure of materials. In Chapter 2, we
have calculated the pair distribution function (PDF) at different temperatures. However,
the PDF only shows the numbers of atoms in a set of spherical shells from which the
structure is determined. Unfortunately, different structures may have the same number of
nearest neighbors. For example, a central atom with 12 nearest neighbors can form fcc,
hcp or icosahedral structures [164]. It has been found that in a supercooled liquid the
icosahedral order is predominant [164]. However, the PDF cannot differentiate fcc and
icosahedral structures.
A more accurate method for determining these structures is the “bondorientational order” method that is proposed by Nelson et al. [164,165]. Rintoul and
Torquato [166,167] have used this method in the glass transition and obtained some
results that cannot be determined by PDF method. The details of the bond-orientational
order method are described as follows.
Suppose a central atom connects to all its nearest neighbors via a set of spatial
bonds. One then assigns the value
r
r
r
Qlm (r ) ≡ Ylm [θ (r ), φ (r )]

(7.2)

r
r
r
to each bond oriented in a direction r , where Ylm [θ (r ), φ (r )] are the spherical
r
r
harmonics, and θ (r ) and φ (r ) are the polar angles of a bond in the spherical coordinate,
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r
and m is an integer number between − l and l . If Qlm (r ) ’s are averaged over all the

bonds, one can get an average quantity,
1
Qlm ≡
Nb

Nb

∑Q

lm

i =1

r
(ri ) ,

(7.3)

where N b is the total number of bonds. For a given l and m , Qlm changes if the
coordinate system is rotated. To get a rotationally invariant quantity, one can define a
new quantity Ql and the third-order invariant Wl , as shown by
1

2⎞ 2
⎛ 4π l
Ql ≡ ⎜
Q
∑ lm ⎟⎠ ,
⎝ 2l + 1 m = −1

(7.4)

and
Wl ≡

∑

m1 , m2 , m3
m1 + m2 + m3 = 0

⎛ l
where the coefficients ⎜⎜
⎝ m1

⎛ l
⎜⎜
⎝ m1

l
m2

l ⎞
⎟ × Qlm1 Qlm2 Qlm3 ,
m3 ⎟⎠

(7.5)

l ⎞
⎟ are the Wigner 3j symbols [168]. The normalized
m3 ⎟⎠

l
m2

value of Wl is a sensitive quantity of different orientational symmetries,
Wˆ l ≡

Wl
⎛
⎞
⎜ ∑ Qlm ⎟
⎝ m = −1
⎠
l

2

3

.

(7.6)

2

The bonds are defined by connecting an atom to its nearest neighbors. In order to define
the nearest neighbors, one can define a cutoff radius. Usually this cutoff radius is the
distance at which the PDF has its first minimum value [164]. All atoms inside this sphere
are considered as nearest neighbors.
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For the cubic symmetry, the first nonzero Ql is Q4 ; For the icosahedral
symmetry, the first nonzero Ql is Q6 ; For random systems and isotropic fluid, Ql is zero
for any l > 0 [164]. For the solid-to-liquid transition, we will focus on l = 4 and l = 6 .
Nelson et al. [164] plotted a graph of quadratic invariants Ql and third-order invariants
Wl for different symmetries. It is a good table for checking the invariants Ql and Wl for

different structures.

0.7

Quadratic Invariants Ql

0.6
crystal

S

0.5

Tm

Q6

0.4
0.3
0.2

Q4

0.1
liquid
0.0

0

50000

100000

150000

M D steps, 5fs

Figure 7.28. The quadratic invariants Q4 and Q6 as functions of time during the melting.
Both Q4 and Q6 drop to zero at the superheating limit, indicating the melting is an orderto-disorder transition.
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Third-order Invariants Wl

0.000
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W6
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Figure 7.29. The third-order invariants W4 and W6 as functions of time during the
melting. Both W4 and W6 jump to zero when melting occurs.

Figures 7.28 and 7.29 show the quadratic invariants Q4 and Q6 and the thirdorder invariants W4 and W6 as functions of time during the melting respectively. For a
perfect fcc crystal, Q4 =0.19, Q6 =0.57, W4 = − 6.72 × 10 −4 , and W6 = − 2.63 × 10 −3 [164].
At the beginning of the simulation, the calculated values are close to these ideal values,
indicating the initial structure of the sample is fcc. As the temperature increases, the
thermal fluctuations generate some defects. As a result, the values of these invariants
deviate from the ideal values. At the critical temperature but before melting occurs, the
quadratic invariants are Q4 =0.13 and Q6 =0.41, and the third-order invariants are
W4 = − 2.5 × 10 −4 and W6 = − 0.93 × 10 −3 , indicating that the structure is still close to the

296

fcc symmetry. After melting occurs, all of the four invariants Q4 , Q6 , W4 , and W6 jump
to zero very quickly, indicating the system is totally in a random order. Unlike the
icosahedral order has been found as a transient order during the supercooling process, we
did not find any intermediate order during the melting at superheating. From Figures 7.28
and 7.29, we can find that the order-to-disorder transition is very obvious. Therefore, we
conclude that the melting at superheating is a first-order transition.

7.4.4. Symmetry Parameter

The order-to-disorder transition also can be characterized by the symmetry
parameter. In this work, we define three symmetry parameters (Sx, Sy, Sz) which are the
sums of bond vectors of the first nearest neighbors in X, Y, and Z directions respectively,
Sα =

1
N

N

1

∑ [ M (r
i =1

j
a

− rαi )] ,

(7.7)

where α represents one of three Cartesian coordinates, N is the total number of atoms in
the system, and M is the number of the nearest neighbor atoms of the ith atom, rαi is the
coordinate of the central ith atom in α direction, and raj is the coordinate of the jth
nearest neighbor in α direction. For a perfect fcc crystal, the symmetric bond vectors
cancel with each other. Thus, three symmetry parameters are equal to zero. Due to the
aggregated defects at high temperatures, the symmetry parameters have small values. For
disordered state, the symmetry parameters should have very large values. Figure 7.30
shows that the evolution of the symmetry parameters in X, Y, and Z directions during the
melting process. Clearly, the symmetry parameters in three directions behave similarly.
The symmetry parameters have small values at low temperatures and increase with the
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increasing temperature. After melting occurs, the crystal loses its symmetry. Therefore
the symmetry parameters increase rapidly. From Figure 7.30, we also can conclude that
the order-to-disorder transition is very fast and distinct during the melting at the
superheating. Therefore, the melting should be a first-order transition.

Symmetry parameter

10
X direction
Y direction
Z direction

8

6

4
S

2

0

Tm

0

50000 100000 150000 200000 250000

MD steps, 5fs
Figure 7.30. The symmetry parameters in X, Y, and Z directions. The rapid increase of
the symmetry parameters indicates the crystal loses its symmetry.
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7.5. Discussion and Conclusions

In this chapter, we discussed the homogeneous melting mechanism at the upper
limit of melting at superheating. It seems that most predominant theories are not entirely
correct. Born shear instability theory is incomplete because the shear modulus does not
vanish at temperatures close to the upper limit of superheating. The Lindemann
vibrational instability fails to predict melting in the isothermal heating method, because
the mean square displacements can be very large without melting. The interstitial melting
is elusive because the minimum nearest neighbor distance in our simulation is at least
14% larger than the distance between an atom and an octahedral site in an fcc crystal.
The entropy instability may not be entirely correct because the melting at superheating is
a first-order transition rather than a second-order transition.
Since the heating rate is usually very fast in either laser irradiation experiments or
computer simulations, the thermodynamic relaxation of atoms is suppressed. It may be
this reason that causes various catastrophes of melting. However, if one uses the
isothermal heating method as we did in this work, the melting at superheating occurs at a
temperature 3% below that in the conventional gradual heating method. At this
temperature, melting does not occur instantaneously. Before melting occurs, there is a
long period in which the system is in the crystal state. Some atoms are found to jump to
their neighboring sites in a collective way, which forms the ring diffusion. The diffusion
causes the instability to the superheated crystal. This is a real thermodynamically driven
nucleation process that cannot be found in the gradual heating method. We have found
two types of diffusion loops: close loop and open loop. After the close loop forms, all
atoms in the loop vibrate around their new equilibrium sites and become new crystal
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atoms. Thus, the close loop does not cause the instability to the system. In the open loop,
the head atom jumps to a new atomic site and leaves a vacancy. At the same time, the tail
atom has not finished the jump yet. Thus the head and tail atoms can cause the instability
to the crystal. When the number of open loops accumulates to a critical number, the
melting occurs. This critical number of the open loops has a finite-size effect: it increases
with the increasing system size. However, this finite-size effect can be reduced if the
critical number is scaled with the system size. We find that the critical density of the open
loops at melting, which is the ratio of critical number of open loops to the system size, is
about 0.5%-1% for different size systems.
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