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Summary
The performance of a novel micro-thermodielectric power generation system was
investigated in order to determine if thermodielectric power generation can be practically
employed and if its performance can compete with current portable power generation
technologies.

Thermodielectric power generation is a direct energy conversion

technology that converts heat directly into high voltage direct current.

It requires

dielectric (i.e., capacitive) materials whose charge storing capabilities are a function of
temperature. This property can be exploited by heating these materials after they are
charged; as their temperature increases, their charge storage capability decreases, forcing
them to eject a portion of their surface charge. This ejected charge can then be supplied
to an appropriate electronic storage device.
There are several advantages associated with thermodielectric energy conversion;
first, it requires heat addition at relatively low conventional power generation
temperatures, i.e., less than 600 °K, and second, devices that utilize it have the potential
for excellent power density and device reliability. The predominant disadvantage of
using this power generation technique is that the device must operate in an unsteady
manner; this can lead to substantial heat transfer losses that limit the device’s thermal
efficiency.

The studied power generation system was designed so that the power

generating components of the system (i.e., the thermodielectric materials) are integrated
within a micro-scale heat exchange apparatus designed specifically to provide the
thermodielectric materials with the unsteady heating and cooling necessary for efficient

xix

power generation. This apparatus is designed to utilize a liquid as a working fluid in
order to maximize its heat transfer capabilities, minimize the size of the heat exchanger,
and maximize the power density of the power generation system.
The thermodielectric materials are operated through a power generation cycle
that consists of four processes; the first process is a charging process, during which an
electric field is applied to a thermodielectric material, causing it to acquire electrical
charge on its surface (this process is analogous to the isentropic compression process of a
Brayton cycle). The second process is a heating process in which the temperature of the
dielectric material is increased via heat transfer from an external source. During this
process, the thermodielectric material is forced to eject a portion of its surface charge
because its charge storing capability decreases as the temperature increases; the ejected
charge is intended for capture by external circuitry connected to the thermodielectric
material, where it can be routed to an electrochemical storage device or an
electromechanical device requiring high voltage direct current. The third process is a
discharging process, during which the applied electric field is reduced to its initial
strength (analogous to the isentropic expansion process of a Brayton cycle). The final
process is a cooling process in which the temperature of the dielectric material is
decreased via heat transfer from an external source, returning it to its initial temperature.
Previously, predicting the performance of a thermodielectric power generator was
hindered by a poor understanding of the material’s thermodynamic properties and the
effect unsteady heat transfer losses have on system performance. In order to improve
predictive capabilities in this study, a thermodielectric equation of state was developed
that relates the strength of the applied electric field, the amount of surface charge stored

xx

by the thermodielectric material, and its temperature. This state equation was then used
to derive expressions for the material’s thermodynamic states (internal energy, entropy),
which were subsequently used to determine the optimum material properties for power
generation. Next, a numerical simulation code was developed to determine the heat
transfer capabilities of a micro-scale parallel plate heat recuperator (MPPHR), a device
designed specifically to a) provide the unsteady heating and cooling necessary for
thermodielectric power generation and b) minimize the unsteady heat transfer losses of
the system. The simulation code was used to find the optimum heat transfer and heat
recuperation regimes of the MPPHR. The previously derived thermodynamic equations
that describe the behavior of the thermodielectric materials were then incorporated into
the model for the walls of the parallel plate channel in the numerical simulation code,
creating a tool capable of determining the thermodynamic performance of an MTDPG, in
terms of the thermal efficiency, percent Carnot efficiency, and energy/power density.
A detailed parameterization of the MTDPG with the simulation code yielded the
critical non-dimensional numbers that determine the relationship between the heat
exchange/recuperation abilities of the flow and the power generation capabilities of the
thermodielectric materials. These relationships were subsequently used to optimize the
performance of an MTDPG with an operating temperature range of 300 – 500 °K. The
optimization predicted that the MTDPG could provide a thermal efficiency of 29.7
percent with the potential to reach 34 percent. These thermal efficiencies correspond to
74.2 and 85 percent of the Carnot efficiency, respectively. The power density of this
MTDPG depends on the operating frequency and can exceed 1,000,000 W/m3.
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Chapter One
Background and Motivation
Small, portable, and lightweight power generation systems are currently in very
high demand in both the military and commercial markets, due to a dramatic increase in
the use of personal electronics and communications equipment. These devices include
night vision goggles, satellite based communications gear, avionic drones, camera phones,
personal digital organizers, and GPS locators. These devices require power generation
systems that provide power with reliability, commonality, and portability, at a low cost.
The easiest way to satisfy these demands is to utilize batteries; however, nonrechargeable batteries are rendered useless upon discharging, and rechargeable batteries
require portable power generation units to recharge them. Thus, a portable small scale
power generation system that can either replace batteries entirely or recharge them to
extend their lifetime is of considerable interest. The objective of this study is to evaluate
the performance of a novel thermodielectric power generation system that may be
particularly suited to satisfying the small scale power generation demands of various
military and commercial applications.
There are several different classes of small scale power generators currently being
researched. The most popular types are fueled energy systems, which consist primarily
of the following technologies: fuel cells, heat engines and electromechanical energy
converters (turbines, pistons, gas-driven systems), and thermoelectrics. Other classes of
competing technologies are nuclear energy systems, photovoltaics, electrochemical
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capacitors, and hybrids, which feature combinations of several of the aforementioned
technologies [1].
Each of these technologies has certain advantages and disadvantages. Fuel cells
provide silent and reliable operation, and they have a superior energy density compared
to current battery technology [2]. However, the two predominant fuel choices, hydrogen
and methanol, each have downsides. Hydrogen requires special storage capabilities,
which result in dramatic increases in fuel cell complexity and cost, besides requiring a
special supply network for refueling. Methanol is easy to store, and the technological
problems that caused its efficiency and power density to suffer have largely been solved;
however, the technology is costly, and the fuel is toxic [1]. Despite these disadvantages,
the current and potential benefits of fuel cells have lead to over $1 billion in US
government support of the industry, and recent industry estimates project that the fuel cell
market will reach $19 to $35 billion by 2013 [3].
Heat engines and electromechanical energy converters, which include turbine and
piston power generation systems, are highly developed technologies for large scale power
generation systems. However, at much smaller scales, there are significant heat loss,
vibration, acoustic signature, and thermal signature problems. Additionally, there are
reliability problems restarting these devices, device orientation is important, and
combustion based devices require some type of emissions control. There are efforts
underway to develop a microturbine, utilizing micro fabrication technology, which may
alleviate some of the aforementioned problems [4].
technological problems may not be solvable.
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However, the design and

Nuclear energy sources have an incredible energy density (up to 1000 times the
energy density of chemical based sources), and the energy systems that have been
developed for satellites have excellent reliability. However, releasing nuclear energy in a
controlled way is extremely difficult, and problems related to health and environmental
hazards can only be addressed in a large and expensive research program that has yet to
be established [1].
Photovoltaics are an established technology, are quiet, have few to no moving
parts, and can provide conversion efficiencies between 10 to 30 percent. However, the
most efficient photovoltaic converters are costly, and these devices require clear, sunny
days and sun tracking to insure optimal performance.
Electrochemical capacitors (EC) attempt to combine the best features of batteries
and capacitors, i.e., high specific energy and high specific power, respectively, into one
device. EC technology has spread to applications that require power in pulsed intervals,
such as starting an engine, capturing braking energy in regenerative braking systems in
electric vehicles, and short duration energy storage. Many of these applications currently
use batteries, but electrochemical capacitors are replacing them, because they are superior
from lifetime and size comparisons, and their costs are dropping into a more competitive
range. However, larger devices that would be able to supply power over longer intervals,
and replace batteries entirely, are still relatively expensive [5].
Thermoelectric energy converters are extremely reliable, have few moving parts,
and are inherently silent. However, they suffer from very low efficiencies (5 –10 percent)
that result in substantial thermal energy waste. Their usage is generally limited to
applications where reliability is the most important factor.
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The power generation technique that is investigated in this study is
thermodielectric power generation, which is somewhat similar to thermoelectric power
generation.

Thermoelectric power generation utilizes the Peltier effect to produce

electricity from a heat source. The Peltier effect occurs when the junction between two
dissimilar conductors is heated or cooled; this generates an electrical current, whose
direction depends on the direction of the temperature gradient. The electrical current
provides power to an electro-mechanical system or an electrical storage device. Figure 1
is a diagram of a simple thermoelectric generator.

The basic operation of a

thermoelectric power generator requires supplying heat to the hot side of the conductor
junction and removing heat from the cold side. The difference in the thermal energy
supplied and removed between the two sides is converted into electrical energy [6].

Figure 1: A simple thermoelectric energy conversion system
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Thermodielectric power generation utilizes the pyroelectric effect to convert heat
to useful electricity.

The pyroelectric effect manifests itself in a polar, capacitive

material that has a temperature dependent electric polarization.

The pyroelectric effect

occurs when the material is heated or cooled while it is in a polarized, charged state. The
resulting polarization change forces the material to reject or accept electrical charge from
its surroundings, based on the direction of the temperature change and the orientation of
the polarization. The pyroelectric effect can be utilized in a power generation system to
force electrical charge from the power generating (pyroelectric) material to an electrical
storage device via heating and cooling, see Figure 2. Subsequently, the electrical storage
device can be used to satisfy the power demands of an electromechanical device.

Figure 2: A simple thermodielectric power generation cycle
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The advantages of thermodielectric power generation are threefold. First, it does
not require the high source temperatures that a traditional thermoelectric power generator
requires. Its preference for lower grade heat (i.e., less than 600 °K) allows the use of a
greater variety of thermal sources, including waste heat from other high temperature
power generation systems.

This also eliminates the need to work with expensive

materials designed to operate at high temperatures. Second, the device can potentially
provide an excellent power density, which makes it attractive for portable applications
that need a small, low weight power generator. Third, the combination of relatively low
operating temperatures and almost no moving parts provides the potential for a power
generating system with excellent reliability and a long lifetime.
The biggest disadvantage of thermodielectric power generation is that it requires
unsteady operation; the thermodielectric material is subjected to a thermal and electrical
cycle (as opposed to other power generation systems that generally operate in a relatively
steady-state manner). Cycling of the thermodielectric material’s temperature requires an
unsteady heat exchange system that is highly efficient, in order to avoid significant losses
associated with heating and cooling of the material. This limits the magnitude of the
temperature cycling that a thermodielectric element material can be subjected to, thus
limiting the amount of charge that can be extracted during a cycle. Another disadvantage
is the relatively small temperature range of operation of a given thermodielectric material
(i.e., less than 50 °K).

Consequently, a device must be constructed with several

thermodielectric materials in order to increase the temperature range of operation; this
will cause the maximum Carnot and thermal efficiencies to increase.
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Thermodielectric power generation has been studied by a small number of
researchers since the late 1950’s.

Initial investigations (1959-1962) by Hoh [7],

Clingman & Moore [8], and Childress [9] attempted to evaluate the energy conversion
properties of various dielectric materials. In particular, they focused their investigations
on ferroelectrics, which are known thermodielectric materials.

They studied the

theoretical performance of materials operated in the neighborhood of their ferroelectric
transitions (a molecular realignment phenomenon that is a strong function of
temperature), and found that the maximum conversion efficiencies were approximately
0.5 percent for a single material, equating to 7 percent of the Carnot efficiency [9].
Additionally, they determined the basic dielectric material properties necessary for
meaningful power generation; i.e., a very large electric displacement, a very large
breakdown voltage, and a strong temperature dependence of the electric displacement.
The electric displacement is the amount of electrical charge a dielectric material can store
per unit surface area, and the breakdown voltage is the point at which the dielectric
material suffers catastrophic failure (destruction of the charge storing capability.). The
product of these two properties describes the electrostatic energy density of the dielectric
material, and this must be sufficiently large to extract significant quantities of electrical
energy. A strong temperature dependence of the electric displacement is necessary to
maximize the electrical charge that can be extracted from the dielectric material when it
is heated and cooled. Using these results, the conclusion of these investigations was that
thermodielectric power generation utilizing an individual thermodielectric material is not
practical.
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In the mid 1960’s, Fatuzzo, Kiess, and Nitsche [10] followed up on the work of
previous investigators by using better material models and studying several different
types of power generation cycles. By determining the thermodynamic states of their
materials (i.e., i.e., they related the entropy and Gibbs free energy to the electric
displacement, electric field strength, temperature, and specific heat), they were able to
calculate and compare the thermal and electrostatic energy stored by their
thermodielectric materials, as well as evaluate the performance of the power generation
cycles. They concluded that the thermal efficiency of their cycles could generally not
exceed 1 percent, despite subjecting their thermodielectric materials to relatively large
temperature changes. Thus, they determined that the thermal energy required to increase
the temperature of the dielectric material is nearly always much larger than the resulting
change in the electrostatic energy stored by the material, rendering the process highly
inefficient for energy conversion.
During the same period, Skinner [11] investigated thermodielectric power
generation for space based applications, utilizing solar energy as the thermal energy
source. Skinner tested several dielectric materials in a test rig designed to simulate outer
space conditions, comparing the ratio of electrical output to input and demonstrating
conversion of heat to electricity. However, Skinner did not report the thermal efficiency
and power density of his energy converter.
In the mid 1970’s three separate researchers advanced the field of
thermodielectric power generation. Gonzalo [12] analyzed the dielectric energy stored by
a ferroelectric material.

He concluded that with proper material selection, a

thermodielectric power generator that used only one dielectric material could achieve a
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maximum efficiency of 4 percent, which corresponds to 17 percent of the Carnot
efficiency. Additionally, Gonzalo proposed that several of these thermodielectric devices
could be tailored to operate in sequential temperature ranges, such that they could be
connected, creating a multistage converter. This device has a much larger temperature
range of operation, increasing the maximum predicted efficiency to 14 percent, for a
device operating between 300 and 1500 °K.
During the same period, Briot et. al [13] investigated thermodielectric converters
that use ferroelectric ceramic materials. Briot et. al’s experiments were specifically
designed to utilize the large change of the electric displacement that occurs when a
ferroelectric material undergoes a phase transition.

They reported that their cycles

produced very high energy densities, but did not comment on device efficiencies.
Concurrently, Drummond [14-17] designed a thermodielectric power generator
that featured several critical innovations. First, like Gonzalo, he realized that the device
needed to be composed of an array or cascade of different thermodielectric materials
(described in more detail below). Each thermodielectric material could be designed to
generate power within a different temperature range, thus the temperature limits of the
device could be increased. This would increase the thermal and Carnot efficiencies of the
device. Second, the array of power generating materials would require extensive heat
recuperation between them, i.e., materials operating at higher temperatures would eject
their waste heat to materials operating at lower temperatures, where it would be used as
source heat.

The more heat that could be recuperated between successive power

generating materials, the more the device efficiency could approach the Carnot limit,
despite the poor efficiency of the power generation cycles of individual materials. Third,
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Drummond determined that a thermal and electrical switching mechanism that would
control the power generation cycles of the individual materials and efficiently extract
useful electrical charge was necessary. The major implication of Drummond’s work was
that a well designed thermodielectric conversion device could be capable of achieving 50
percent of the Carnot efficiency.
The work of Drummond was followed by the efforts of a research group lead by
R.B. Olsen in the early 1980’s. Olsen’s group investigated new materials capable of
higher energy conversion efficiencies [18, 19], studied various power generation cycles
and heat recuperation techniques that would optimize the power density and thermal
efficiency [20-24], designed thermodielectric power generators for a variety of different
applications [25], and patented several designs for thermodielectric converters [26, 27].
Olsen’s group built, tested, and subsequently patented an experimental thermodielectric
power generator that demonstrated the heat cascading effect in a pyroelectric device,
shown in Figure 3 [23]. In this schematic, the ceramic stack consists of thin film
dielectric materials separated by a working fluid, which is oscillated by the pump drive.
The difference in temperature between the heater and the cooling unit induces
temperature oscillations in the flow, which, in turn, generate temperature oscillations in
the dielectric materials, providing the heating and cooling necessary for power generation.
This experimental test stand is the basis for the design that is analyzed in this
investigation, because of its potential for efficient unsteady heat delivery to and from the
thermodielectric materials.

Olsen’s work in this field ended in the mid 1980’s,

presumably due to lack of funding.
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Figure 3: Schematic View of the Thermal-Mechanical Portions of the Pyroelectric
Conversion Experiment [23]

In the late 1980’s, Tiwary [28] conducted experiments with thin film ferroelectric
polymers, attempting to quantify the maximum ratio of thermal to electrical energy
conversion, as well as relate the performance of his ferroelectric material to other
materials. Most recently, Ikura’s experimental investigation [29] implemented one of
Olsen’s theoretical operating cycles in a simple thermodielectric converter, demonstrating
the ability to generate significant quantities of high voltage power with a thermodielectric
device. However, Ikura’s device was highly inefficient.
Some of the aforementioned papers and patents propose several designs for
thermodielectric power generators. However, they provide practically no information
about 1) The necessary capabilities of the heat exchanger and recuperator used by the
power generation system, 2) The interaction between the power generating components
and the heat exchanger/recuperator, and 3) The dependence of the thermal efficiency and
power density of the power generation system on both the material properties and the
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interaction between the power generating materials and the heat exchanger/recuperator.
The objective of this study is to provide a physical explanation and methodology for
determining the necessary heat exchanger and thermodielectric material properties for an
efficient thermodielectric power generator.
The device studied in this investigation is the Micro-Thermodielectric Power
Generator (MTDPG), see schematic in Figure 4. The power generation system consists
of arrays of individual thin film dielectric materials that are optimized to generate power
within specific temperature ranges, referred to in Figure 4 as micro-power generators
(MPGs). The arrays of MPGs are imbedded into thin plates of width ‘a’and separated by
flow channels of width ‘b’. A working fluid is oscillated back and forth along these
channels in order to periodically heat and cool the MPGs, supplying them with the
heating and cooling required for power production. The heat transfer fluid is heated and
cooled in the left and right reservoirs, respectively, by high and low temperature heat
exchangers.
A critical component of the MTDPG is the micro-scale parallel plate heat
recuperator (MPPHR), shown in Figure 5.

The MPPHR consists of high and low

temperature reservoirs on its left and right sides, respectively, which are connected by
several relatively long and narrow constant width channels.

The reservoirs contain

pumps that induce laminar flow oscillations within the channels, resulting in periodic
heating and cooling of the channel walls. The purpose of the MPPHR is to provide
efficient, periodic heating and cooling of the channel walls with minimal heat rejection to
the low temperature reservoir on the right.
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Figure 4: Schematic of MTDPG

Figure 5: Schematic of the MPPHR

The MTDPG is designed to utilize the advantages and overcome the limitations of
thermodielectric power generation, as discussed in the beginning of the Introduction. By
operating at relatively low temperatures (<500 °K), a liquid working fluid can be used to
transfer heat from the reservoirs to the MPGs. Since liquids have much larger heat
capacities than gases, the device shrinks and the power density increases tremendously.
Additionally, the only moving part required is a piston to maintain the flow oscillations,
which increases device reliability.

The problems associated with efficient, unsteady

heating of the MPGs and operating them within small temperature ranges are overcome
by the MPPHR. The MPPHR is designed to operate in the most efficient heat transfer
range possible, i.e., it transfers heat between the flow and the MPGs across minute
temperature gradients, minimizing the losses associated with non-isothermal heat transfer,
and recuperates heat between successive MPGs along the length of the channel, creating

14

a bucket brigade of heat transfer, see Figure 6. The long aspect ratio of the MTDPG
allows for many custom MPGs (i.e., tailored to operate in different temperature ranges) to
be embedded along the channel walls, creating a long cascade of optimized
thermodielectric elements that will increase the device efficiency.
One of the many differences between this and previous investigations, and
perhaps the most important, is the use of an equation of state to model the behavior of
every individual MPG. This investigation uses a phenomenological equation of state,
determined from experimental data, to relate the electrostatic properties of the MPGs to
the material’s temperature. The state equation is used in conjunction with the governing
conservation equations to evaluate the physics and thermodynamic characteristics of the
MTDPG. In particular, the heat exchange mechanisms and the interaction between the
MPGs and flow are studied, which has never been done before.
The performance of the MTDPG channel is evaluated by numerically solving the
appropriate conservation equations. Its performance is optimized using several metrics,
i.e., the thermal efficiency, the percent Carnot efficiency, the net heat per cycle converted
into electromotive work, and the power or energy density.

When possible, the

performance metrics are determined as a function of non-dimensional groups that
describe the material and operating regimes of the MTDPG. This parametric scaling
behavior is used to optimize performance over a wide range of design conditions. The
goal of this study is to determine the MPG material properties, heat recuperator properties,
and operating cycle that are required for practical thermodielectric power generators.
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Figure 6: The bucket brigade of heat transfer between embedded MPGs in an MTDPG

The initial phase of this study consisted of experimental and numerical efforts.
The experimental work investigated a test capacitor’s behavior when its temperature and
applied electric field were varied.

The test capacitors were chosen based on their

dielectric material, which was known to be temperature dependent. The measured data
was then used to find an empirical, phenomenological equation of state that was used to
model the MPGs. The equation of state was used to derive expressions for the relevant
thermodynamic states (entropy, internal energy) of the MPGs, which were then used to
determine the optimum combination of the temperature and electric field for power
generation. The state expressions were subsequently applied to several different simple
thermodielectric device models, which consisted of cascades of MPGs that were operated
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through several different power generation cycles and connected by heat recuperation
systems of varying capabilities. The performance of these simple idealized devices was
determined numerically and used to estimate and predict how the material and
recuperator properties affect device performance.
The next phase of this study numerically investigated the performance of the
Micro-Parallel Plate Heat Recuperator (MPPHR). This investigation determined the
operating regimes of the MPPHR and the operating conditions under which the MPPHR
provides sufficient heat exchange and recuperation for the MPGs.
The final phase of this study was a numerical, parametric investigation of an
entire MTDPG channel.

This study elucidated the fundamental thermodynamic

interactions between the MPGs and channel flow, thus establishing several critical nondimensional parameters that were subsequently used to optimize the performance of the
MTDPG.
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Chapter Two
The Thermodielectric Effect

The previous chapter briefly discussed the fundamental principles behind
thermodielectric power generation. This chapter contains a more detailed introduction to
thermodielectric materials, their properties, and their potential for power generation. The
state variables are defined, and related to the electrostatic energy, which determines the
material’s ability to do electrostatic work. The state variables are then incorporated into a
basic work cycle to show how the temperature dependence of a dielectric material can be
exploited for use in a power generation system.

2.1 Dielectric Material Properties

Ideal dielectric materials have no free electrical charges that can move through the
material under the influence of an electric field (as opposed to a conductor). The only
motion possible is a minute displacement of positive and negative charges in opposite
directions, usually small compared to atomic dimensions. This creates dipole moments
throughout the material, otherwise known as polarization. The dipoles produce their own
electric fields, which add to the externally applied field, making dielectric materials
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particularly useful in capacitors, because they increase the amount of free charge that can
be stored on a capacitor’s plates [30].
In some dielectric materials, the removal of the external electric field results in the
disappearance of the polarization.

Within this group there are Class A dielectric

materials, which have a linear dependence of the polarization of an individual molecule
on the local electric field strength.

This relationship determines the macroscopic

relationship between the electric polarization P (C/m2) and the electric field intensity E
(N/C):

P = χ eε 0 E

(2.1)

where χe is the non-dimensional electric susceptibility, which is dependent on the
molecular properties of the dielectric material.

The quantity ε0 is the electrical

permittivity of a vacuum, which is used to normalize the electric susceptibility. The
polarization is one of the quantities that determine the electric displacement D (C/m2),
which describes both the orientation and the amount of free charge stored on the
dielectric material. The electric displacement is:

D = ε0E + P

(2.2)

For Class A dielectrics, Eqs. 2.1 and 2.2 can be combined to determine the relative
permittivity (εr, dimensionless), otherwise known as the dielectric constant of the material,
which typically varies in magnitude between 2 and 5:

D = ε 0 E + χ eε 0 E = ε 0ε r E = ε E

(2.3)

where

ε r =1 + χe

(2.4)
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and

ε = ε 0 ε r = ε 0 (1 + χ e )

(2.5)

where ε is the permittivity of the medium (F/m).
The linear relationship between the electric displacement and electric field in Eq.
2.3 is analogous to the classic capacitor equation in which the total stored charge (Qc) is
proportional to the product of the capacitance (C) and the voltage (V), i.e.,

Qc = CV

(2.6)

Equation 2.6, like Eq. 2.3, is limited to describing Class A dielectrics that have relatively
small electric displacements.

Dielectric materials that are not Class A may have

dielectric constants that are greater than 105 ; these materials are of tremendous interest in
this investigation because they can store much more surface charge. However, they are
also characterized by a remnant polarization that does not disappear when the external
electric field is removed. This remnant polarization depends on the history of the applied
electric field, resulting in a complex, non-linear relationship between the polarization and
electric field that is characterized by hysteresis and memory effects, which are discussed
in more detail below.
The electrostatic energy density Ξ (J/m3) of a dielectric material subjected to an
external electric field is
Ξ=

1
E⋅D
2

(2.7)

The total electrostatic energy Σ can be evaluated by integrating the electrostatic energy
density over the volume of the material; i.e.,
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Σ=

1
D ⋅ Edv
2 ∫∫∫
v

(2.8)

The total electrostatic energy stored by a simple parallel plate capacitor with a Class A
dielectric, shown in Figure 7, can be found by substituting Eq. 2.3 into Eq. 2.8, yielding:

Σ=

1
1
1
ε 0 ε r E 2 dv = AD lε 0 ε r E 2 = AD lεE 2
∫∫∫
2 v
2
2

(2.9)

E

AD
+

-

+

-

l

Figure 7: Simple parallel plate capacitor with surface area ‘AD’and width ‘l’

2.2 Dielectric Properties of Ferroelectric Materials

Ferroelectricity is a phenomenon which can be observed in a class of dielectrics
called ferroelectric materials.

In a normal dielectric, the polarization, or electric

displacement, vanishes when the electric field returns to zero. In a ferroelectric material,
on the other hand, there is a spontaneous polarization –an electric displacement which is
inherent to the crystal structure of the material and does not disappear in the absence of
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the electric field. The direction of this polarization can be reversed or reoriented by
applying an electric field of sufficient strength.
Ferroelectric materials generally have a nonlinear relationship between the
polarization and the electric field, which is necessary to describe both the hysteresis and
saturation behavior that these materials possess, shown in Figures 8, 9, and 10. Figure 8
displays plots of polarization vs. electric field for several different samples of Barium
Titanate (BaTiO3), which is a ferroelectric material that has a very large electric
displacement. These plots illustrate the saturation behavior of the polarization at large
values of the electric field, as well as the different types of hysteresis that occur in
dielectric materials.
Saturation occurs when the material is no longer able to store additional electrical
charge, in spite of the increasing electric field strength. If the electric field is sufficiently
increased, breakdown will occur. This condition is associated with the failure of the
material’s insulating properties, which allows electrons to freely flow through the
substance, destroying its dielectric properties.
Hysteresis occurs in ferroelectric materials because some of the dipole molecules
or molecular groups are displaced in an inelastic manner when an electric field is applied.
These dipoles keep their new alignments, even after the removal of the electric field.
When an electric field is re-applied, they re-align themselves based on the magnitude and
rate at which the external electric field changes, their previous orientation, and their
degree of freedom.

The occurrence of these inelastic dipoles makes ferroelectric

polarization much larger than the polarization in normal dielectrics.
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Figure 8: Contrasting polarization hysteresis in (a) single crystal; (b) ceramic polycrystal;
(c) fine grain ceramic BaTiO3 samples [31]

Figure 9 displays a plot of electric displacement versus electric field for another
dielectric material, PZT (Lead Zirconate Titanate).

This material has a larger

spontaneous polarization than Barium Titanate and it can withstand larger electric fields.
However, it also has a larger enclosed hysteresis area, which may hinder the energy
conversion process in a thermodielectric power generator. In

order

to

reduce

the

magnitude of ferroelectric hysteresis, these materials can be doped with other nonhysteretic elements or compounds. An example of this is shown in Figure 10, in which
Lead Titanate (PbTiO3) is doped with calcium (Ca). The downside of doping is that the
amplitude of the spontaneous polarization decreases as well.
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Figure 9: Polarization/Electric field hysteresis in a PZT 52:45 film, 4,500 Angstroms
thick, taken at 60 Hz [31]

Figure 10: Effect of Calcium Doping on Ferroelectric Hysteresis (Pb,Ca)TiO3 Films [32]
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Since the polarization of ferroelectric materials is at least two or three orders of
magnitude larger than the quantity ε0E, Eq. 2.2 can be approximated by the relationship

D = P ( E (t ))

(2.10)

where E(t) is the variation of the electric field with time. The electric displacement is
written in this form because the polarization has a non-linear dependence on the time
variation of the electric field, due to hysteresis effects. To date, several models of the PE(t) relationship have been developed to account for hysteresis.

Devonshire [33]

developed a phenomenological model for Barium Titanate using classical thermodynamic
principles, by defining the free energy as a function of the polarization and temperature.
He determined the possible stable and meta-stable states of the polarization, and
calculated its dependence on the external electric field, shown in Eq. 2.11 and Figure 11.
E (t ) = 2 A1 P + 4 A2 P 3 + 6 A3 P 5

(2.11)

where A1, A2, and A3 are empirically determined constants that are dependent on the
dielectric material and the operating conditions it is subject to.
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Figure 11: Dependence of the polarization on the electric field, theoretically predicted by
Devonshire’s theory [34]

Landauer et. al. [34] and Jimbo et. al [35] developed phenomenological models of the PE(t) relationship based on the work of Merz [36], who determined that the time rate of
change of the polarization is proportional to eϖ/E(t), where ϖ is a function that measures
the temperature dependence of the material and E(t) is the external electric field. Their
phenomenological relaxation model of the P-E(t) relationship is [34, 35]:

(

P = Ps 1 − 2e −ξ
ξ = ξ ( E (t ),

)

(2.12)

dE
,ϖ , τ E )
dt

(2.13)

where the function ξ (Eq. 2.13) depends on the magnitude and rate of change of the
applied electric field, the temperature dependence factor ϖ, and the relaxation time of the
material (τE), which is a function of the material’s molecular and macroscopic structure.
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Figure 12 displays a plot of the normalized polarization versus the applied electric field
for polyvinylidene fluoride (PVDF) as calculated by Jimbo et. al’s model [35].

Figure 12: Dependence of the normalized polarization upon the electric field for PVDF
(theoretical) [35]

A dielectric material exhibits thermodielectric behavior if its polarization is a
function of temperature. As the temperature of the material increases, the polarization of
the material decreases; this causes the electric displacement to decrease as well. When
the electric displace decreases, some of the electric charge is forced off of the surface of
the material, and can thus be captured by an external device. Additionally, very small
amounts of charge may travel through the material without damaging it, i.e., without
breakdown occurring; this is referred to as leakage.
The dielectric constant of Class A dielectric materials may be a nonlinear function
of temperature, while the material’s fundamental relationship between the electric
displacement and the electric field is still linear. On the other hand, non-linear dielectric
materials may have a much more complex dependence of the electric displacement on the
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temperature and electric field. This is shown in Figure 13, which displays several plots
of electric displacement vs. voltage for a ferroelectric material subjected to large
amplitude electric field oscillations at different temperatures.

The amplitude of the

electric displacement and the size of the hysteresis region decrease with increasing
temperature, and the shape of the curve increases in complexity before flattening out at
higher temperatures.
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Figure 13: Dependence of the electric displacement on temperature of Lead Zirconate
[22]
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2.3 Thermodielectric Power Generation

The differential work per unit volume done by a dielectric material during
charging is
dW = − E ⋅ dD

(2.14)

If the differential work is negative, the surroundings have performed work on the material,
whereas if it is positive, the material has performed work on the surroundings. Thus,
work is done by the surroundings when the material is charged, and work is done on the
surroundings when the material is discharged. This relationship is analogous to the
classic p-v relationship for gas within a piston-cylinder system.

dW = pdv

(2.15)

Here, work is done on the surroundings when the gas expands, and work is done on the
gas when it is compressed.
The differential work is integrated to determine the work done on or by a
dielectric material as it changes states during a process.
2

Work = − ∫ E ⋅ dD

(2.16)

1

For a Class A dielectric material, the work done to charge or discharge a dielectric
material is determined from the following expression:

Work = − ∫

2

1

(

D
1
⋅ dD =
D12 − D22
2ε
ε

)

(2.17)

This result can be used to evaluate the performance of a Class A thermodielectric
material operated in a simple work cycle, see Figure 14. At State 1, the thermodielectric
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material is cold, and it is charged by increasing the electric field to the maximum
allowable value, at State 2. From State 2 to State 3, the thermodielectric material is held
at the maximum allowable electric field, while its temperature is increased. During this
process, the dielectric constant of the thermodielectric material decreases, thus forcing
electric charge from the surface of the dielectric as its polarization decreases.

The

“ejected”charge can be captured by external circuitry, and redirected to a storage device.
From State 3 to State 4, the thermodielectric material is discharged by decreasing the
electric field to zero. From State 4 to State 1, the thermodielectric material is cooled back
to the original cold temperature.

Figure 14: Simple work cycle of a Class A dielectric
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The net energy conversion of the work cycle in Figure 14 is determined by
applying Eq. 2.17 to each stage. Graphically, it is the area enclosed by the triangle 1-2-34, which can be calculated by subtracting the area of triangle 1-3-5-1 from triangle 1-2-51, given by:

D32
1  D22
Work = 
−
2  ε Cold ε Hot

 1
1
2
 = ε Cold E 22 − ε Hot E32 = (ε Cold − ε Hot )E Max
 2
2


(

)

(2.18)

Equation 2.18 shows that the maximum amount of work a Class A dielectric material is
capable of performing is dependent on two quantities; the temperature dependence of the
dielectric constant and the maximum electric field.
The maximum work performed by the material can be compared to the heat
absorbed by the thermodielectric material, to estimate the thermal efficiency of the cycle
and determine the necessary material properties for efficient power generation. The heat
absorbed by the dielectric material is given by
Q = ρ s c s ∆T

(2.19)

A typical Class A dielectric has a permittivity between 10-11 and 10-10 Farad/m.
Assuming that a) the thermodielectric has a ‘cold’ stage permittivity (εcold) of 10-10
Farad/m, b) it loses 50 percent of its permittivity during a temperature change of 50 °K,
and c) it has a thermal capacitance per unit volume of roughly 106 J/m3 °K, the ratio of
the net work output to the heat input is:

(

)

1
1
.5 ⋅ 10 −10 E 2
(
ε Cold − ε Hot )E 2
2.5 ⋅ 10 −17 E 2
W 2
2
=
= 2
=
= 5.0 ⋅ 10 −19 E Max
6
50
Q
ρ s c s ∆T
10 ∆T

(2.20)

The maximum electric field can be re-written as a function of the thermal efficiency,
W/Q.
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E Max =

W
(
2 ⋅ 1018 )
Q

(2.21)

Equation 2.21 shows that in order to achieve a mere 2 percent thermal efficiency, i.e.
W/Q=.02, the dielectric requires a maximum electric field of 2E8 N/C, which is at least
one and possibly several orders of magnitude greater than the breakdown electric field for
a Class A dielectric. If the temperature range of operation or the thermal capacitance of
the material were reduced significantly, then the electric field strength required for
‘efficient’power generation would decrease somewhat. However, a decrease in the
temperature change would reduce the ability to extract charge from the dielectric material,
and a decrease of the material’s density would probably result in a decrease in the
material’s charge storing abilities, i.e., the dielectric constant.

Thus, materials that

possess a much larger permittivity, i.e., dielectric constant, are desired, because it will
reduce the magnitude of the electric field necessary for efficient conversion of heat to
electrical energy.
An example of a work cycle implemented with a ferroelectric material with a
large electric displacement is shown in Figure 15. The work cycle starts in the upper left
hand corner of shaded region, where the material is at a low temperature and subjected to
a relatively small applied electric field (State 1). The material is then reversibly charged
by increasing the electric field, thus increasing the electric displacement to a maximum
(State 2). From State 2 to State 3, the temperature of the material is increased while the
electric field is held constant, causing the electric displacement to decrease and charge to
be ejected. The dielectric material is then discharged reversibly from State 3 to State 4.
The work cycle is completed by cooling the material back to its original temperature, a
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process that forces the material to absorb charge from ground as the electric displacement
increases (process 4-1).

Figure 15: Theoretical power generation cycle for Lead Zirconate for an electric field
oscillation between ±EMax [22]

Figure 15 also illustrates how the hysteretic regions reduce the enclosed power
generation cycle area, thus reducing the power generated and the thermal efficiency of
the cycle. However, it is important to note that the hysteresis curves shown in Figure 15
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do not represent the actual paths that would be followed in a real work cycle, because
these hysteresis curves are those that result from electric field oscillations between ±EMax.
The electric field oscillations of a real power generation cycle will only vary between the
imposed limits (i.e., E1 and E2). A more realistic example of what a true work cycle
would look like is shown in Figure 16, in which the hysteresis loops caused by electric
field oscillations between E1 and E2 are shown (referred to in Figure 16 as the partial
loops). Figure 16 shows that the work cycle area increases for the partial loop cycle,
because the hysteresis area decreases.
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Figure 16: Theoretical work cycle for Lead Zirconate for a partial electric field
oscillation between EMin and EMax [22]
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Chapter Three
The Thermodielectric Equation of State

The previous chapter introduced the fundamental properties of thermodielectric
materials and demonstrated how these materials can be used to generate power. It was
shown that ferroelectric materials are necessary for efficient thermodielectric power
generation, because they are capable of storing large amounts of electrostatic energy.
These materials have a non-linear relationship between the electric displacement, electric
field, and temperature, characterized by saturation and hysteresis phenomena. In this
chapter, a phenomenological thermodielectric equation of state that captures the
saturation and temperature dependent behavior of these materials is developed from
experimental data.

The state equation is then used to derive and analyze the

thermodynamic state relationships that govern material behavior. These equations are
subsequently used to investigate, optimize, and compare the performance of several
idealized thermodielectric power generation systems.

3.1 Development of the Thermodielectric Equation of State

The thermodielectric equation of state needs to relate the electric displacement (D)
to the material temperature (T) and the applied electric field (E). In order to develop this
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equation, a thermodielectric material was placed in an experimental apparatus, and its
temperature and electric field were varied parametrically. The data that was obtained was
used to generate a phenomenological model that expressed the electric displacement as a
function of the electric field and temperature. The dielectric material selected was the
model X7R capacitor manufactured by the AVX Corporation.

This capacitor is

composed of a mixture of dielectric materials, including Barium Titanate (BaTiO3),
which is a ferroelectric material with a large electric displacement. The test capacitor
was placed in an oven and connected to a simplified Sawyer-Tower circuit, see schematic
in Figure 17. The oven was used to vary the temperature of the capacitor, and the
Sawyer-Tower circuit was used to determine the dependence of the electric displacement
on the applied electric field.
The next two figures present some of the measured experimental data that was
used to develop the phenomenological model. Figure 18 shows the variation of the
electric displacement with the applied electric field for the test capacitor. Because the
internal geometry of the capacitor is unknown, the electric displacement and applied
electric field cannot be calculated directly; however, they can be described in terms of
their analogs, the total charge stored (measured in Coulombs) and the electric potential
(measured in Volts). Limitations of the applied electric field prevented the capacitor
from saturating, and the size of the hysteresis region of the test capacitor is small, due to
doping with non-ferroelectric materials. Figure 19 shows the temperature dependence of
the slope of the Q-V curve at the point V=0. This data was measured by maintaining a
constant strength AC field across the capacitor while holding its temperature constant.
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Figure 17: Schematic of experimental apparatus

Based on the experimental data, the phenomenological equation of state that was
developed is:

 1 − e − βE
 2

D = Dmax 
− 1 = Dmax 
− βE
− βE
1+ e

1+ e





(3.1)

where

β (T ) = φe −σT

(3.2)

The phenomenological state equation captures both the saturation behavior and the
exponential temperature dependence of thermodielectric materials, as determined by
these experimental studies and demonstrated in the literature [21, 30-35].
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Figure 18: Dependence of the charge storage capabilities of the dielectric material on the
electric field strength
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Figure 19: Dependence of the slope of the Q-V curve (at V=0) on the capacitor
temperature (Experimental)
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The behavior of the phenomenological thermodielectric state equation is shown in
Figure 20, which displays plots of the electric displacement as a function of the electric
field and the function

(Eq. 3.2). The state equation is an odd function of the electric

field, saturating at ±DMax at large magnitude fields. The function

accounts for the

exponential dependence of the electric displacement on temperature, which is exhibited
by the data shown in Figure 19. The function

also contains the only material constants

in the phenomenological state equation, φ and σ. φ is a pre-exponential factor within the
temperature dependent function β, and

is an exponential factor that characterizes the

D

temperature sensitivity of the thermodielectric material.

β Decreasing
(Temperature Increasing)

E

Figure 20: Dependence of the electric displacement upon the electric field and
temperature function β using the phenomenological model
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It is important to note that hysteresis effects are ignored in this thermodielectric
state equation. While the irreversibilities associated with these effects may be significant
for some materials within certain temperature ranges, the equation of state has not been
selected to model any particular material within any specific temperature range, and these
effects are highly material dependent. Inclusion of such effects would greatly complicate
the investigation, and may not yield useful information, so they are excluded.

3.2 Thermodynamic State Equations

3.2.1 Derivation

Analysis of a thermodielectric power generation system requires expressions that
relate the entropy, internal energy, and electric displacement of a thermodielectric
material to its temperature and the applied electric field, for both steady state and
transient conditions. These expressions are derived from the generic differential state
relationships. First, the differential work per unit volume (Eq. 2.16) is substituted into
the reversible forms of the 1st and 2nd Laws of thermodynamics, resulting in the
fundamental T-dS equation of the material.

du = δQ − δw = Tds − δw = Tds + EdD

(3.3)

The differentials of Eq. 3.3 are expanded in terms of the independent variables, the
temperature and electric field.
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dD =

∂D 
∂D 
 dE +
 dT
∂E T
∂T  E

(3.4)

du =

∂u 
∂u 
 dE +
 dT
∂E  T
∂T  E

(3.5)

ds =

∂s 
∂s 
 dE +
 dT
∂E  T
∂T  E

(3.6)

Substituting equations 3.4, 3.5, and 3.6 into Eq. 3.3, and setting either dE or dT equal to
zero yields the following relationships:

T

∂s 
∂D 
∂u 
 +E
 =

∂E  T
∂E  T ∂E  T

(3.7)

T

∂s 
∂D 
∂u 
 +E
 =

∂T  E
∂T  E ∂T  E

(3.8)

Taking

∂
∂
of Eq. 3.7 and
of Eq. 3.8 yields:
∂T
∂E

∂s 
∂2s 
∂2D 
∂ 2u 



+
+
=
T
E

∂E  T
∂E∂T  T , E
∂E∂T  T , E ∂E∂T  T , E

(3.9)

∂D 
∂2s 
∂2D 
∂ 2u


+
+
=
T
E

∂T  E
∂E∂T  E ,T
∂E∂T  E ,T ∂E∂T

(3.10)



 E ,T

Subtracting Eq. 3.10 from Eq. 3.9 yields:

∂s 
∂D 
 =

∂E  T ∂T  E

(3.11)

Substituting Eq. 3.11 into Eq. 3.6 yields:
ds =

∂s 
∂D 
 dE
 dT +
∂T  E
∂T  E

(3.12)

Integrating Eq. 3.12 and assuming that the entropy at zero temperature and zero electric
field is zero, i.e., s(0,0)=0), yields:
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∂s 
∂D 
 dT + ∫
 dE
∂T  E
∂T  E
0
0

T

E

s( E , T ) = ∫

(3.13)

Substituting Eq. 3.11 and Eq. 3.7 into Eq. 3.5 yields:

du =

 ∂D 
∂u 
∂D  
 dT + T
 +E
  dE
∂T  E
∂E T 
 ∂T  E

(3.14)

Integrating Eq. 3.14 and assuming that the internal energy at zero temperature and zero
electric field is zero, i.e., u(0,0)=0),:
E
 ∂D 
∂u 
∂D  
u (E , T ) = ∫
 dT + ∫ T
 +E
  dE
∂T  E
∂T  E
∂E  T 
0
0 
T

(3.15)

Equations 3.13 and 3.15 indicate that the entropy and internal energy can be evaluated at
any given electric field and temperature by integrating along two sequential paths; the
path on which E=0 and the temperature increases from T=0 to T, and the path on which
T=T and the electric field changes from E=0 to E. Along the first path, Eq. 3.15 reduces
to:

∂u 
 dT = ρc v T
∂T  E =0
0

T

u (0, T ) = ∫

(3.16)

Since the working materials in this investigation are solids, the density is assumed to be
constant, and since the rate of change of the internal energy with respect to the
temperature is evaluated at a zero electric field, the specific heat is assumed to be
constant. Next, substituting Eq. 3.16 into Eq. 3.15 yields:
 ∂D 
∂D  
u (E , T ) = ρc v T + ∫ T
 +E
  dE
∂T  E
∂E  T 
0 
E

(3.17)
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Equation 3.17 describes the internal energy of a reversible thermodielectric material. In
order to develop an expression for the entropy of a reversible thermodielectric material,
Eq. 3.8 is evaluated along the path on which E=0, which yields:

T

∂S 
∂u 
 =

∂T  E =0 ∂T  E =0

(3.18)

Next, substituting Eq. 3.18 into Eq. 3.13, and setting s(0, T0) equal to s0, yields:
E
 T  E ∂D 
ρc v
∂D 
s( E , T ) = s 0 + ∫
dT + ∫
 dE = s 0 + ρc v Ln  + ∫
 dE
T
∂T  E
 T0  0 ∂T  E
0
T0
T

(3.19)

Equation 3.19 is the entropy equation for a generic, non-hysteretic thermodielectric
material. It is now used to find the time rate of change of temperature (dT/dt) of a
differential thermodielectric element subjected to a time varying electric field and a time
varying heat source. First, the rate of entropy change of the material is defined as:

dS& =

∂S  & ∂S  &
 dE +
 dT
∂E T
∂T E

(3.20)

Next, Eq. 3.11 is substituted into Eq. 3.20, and the time rate of entropy change (i.e., dS/dt)
is expressed as a function of the reversible heat transfer into the element (i.e., dS=dq/T),
yielding:

dq& ∂D  &
−
 dE
T
∂
T
E
dT& =
∂S 

∂T  E

(3.21)

Next, the partial derivative with respect to temperature is taken of Eq. 3.19 and
subsequently substituted into Eq. 3.21, which yields:
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dq& ∂D  &
−
 dE
T ∂T  E
&
dT =
ρc v E ∂ 2 D 
+ ∫ 2  dE
T
T E
0 ∂

(3.22)

Equation 3.22 describes the time rate of temperature change for any reversible
thermodielectric material undergoing a process. The source terms in the numerator of Eq.
3.22 are the external heat source/sink and the internal thermodielectric source/sink. The
external heat source/sink is proportional to the rate of conductive, convective, and
radiative heat transfer into/out of the differential element. The internal thermodielectric
source/sink is proportional to the rate of change of the electric field and the dependence
of the electric displacement on the temperature. The capacitive terms in the denominator
of Eq. 3.22 are the inert thermal capacitance and the thermodielectric capacitance,
respectively. The latter is zero when the applied electric field is zero.
In order to employ the internal energy equation (3.18), entropy equation (3.19)
and time rate of temperature change equation (3.22) (subsequently referred to as the
temperature equation) in a thermodielectric power generation system analysis, the
integrals and partial derivatives in these equations must be evaluated.

This is

accomplished by substituting the thermodielectric equation of state into these equations,
and evaluating these terms. The resulting expressions are:

 e − βE
 1 + e − βE
1
u ( E , T ) = ρcv T + 2 DMax E (σT − 1)
+
Ln
− βE
E
β
+
e
1
 2

S ( E , T ) = S 0 + ρcv Ln





 e − βE
 1 + e − βE
T
1

+ 2σDMax E 
+
Ln
− βE
T0
βE  2
1 + e
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(3.23)


 


(3.24)

dq&
β Ee − βE
dE&
+ 2 Dmax σ
− βE 2
T
1+ e
dT& =
 β Ee − βE
 1 + e − βE
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e − βE
1

Ln
+ 2σ 2 D Max E 
+
+
2
T
β E  2
1 + e − βE
 1 + e − βE
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)

) (

(

)





(3.25)

Equations 3.23 through 3.25 can be used to evaluate the performance of thermodielectric
materials in a power generation system. However, before doing so, it is important to
understand how the thermodielectric components in these equations behave when the
temperature and electric field vary, to allow optimization of their performance.

3.2.2 Temperature and Electric Field Dependence of the Thermodynamic
State Equations

The thermodielectric components of the entropy (3.24) and temperature (3.25)
equations are of particular interest because these quantities determine the optimum
thermodynamic operating conditions and material properties for a power generation
system. These terms are:

 e − βE
 1 + e − βE
1
Ln
2σD Max E 
+
− βE
E
β
e
1
+
 2

 β Ee − βE
2σ 2 D Max E 
 1 + e − βE

(

 β Ee − βE
2 Dmax σ 
 1 + e − βE

(

)

2

+

(3.26)

 1 + e − βE
e − βE
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+
Ln
βE  2
1 + e − βE
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dE& 






(3.27)

(3.28)
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The dependence of these quantities on the temperature and applied electric field can be
determined by parametrically varying either quantity. In such an analysis, DMax, σ, and φ
are held constant, thus Eqs. 3.26 through 3.28 become functions of temperature (via β)
and the electric field only. When studying the effects of varying the temperature, the
electric field is held constant; thus, the coefficients of Eqs. 3.26 and 3.27 are constant, Eq.
3.28 is zero, and the dependence on temperature of the multi-term exponentials within
Eqs. 3.26 and 3.27 readily be studied. In order to study the effects of varying the electric
field, the temperature is held constant, however, the coefficients of Eqs. 3.26 and 3.27
are not constant because they depend on the electric field. To isolate the effects of the
electric field within the multi-term exponential quantities, Eqs.

3.26 and 3.27 are

multiplied by β/β and rearranged, yielding:

2σD Max
β

 βEe − βE
 1 + e − βE

Ln
+

− βE
2
e
1
+



2σ 2 D Max
β





(3.29)

 (β E )2 e − β E
 1 + e − βE
β Ee − βE
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+
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1 + e − βE
 1 + e − βE
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(3.30)

Equations 3.26 through 3.30 are now arranged so that they may readily be studied.
Since the coefficients of Eqs. 3.26 through 3.30 are constant, they can be disregarded in
this parametric analysis. Additionally, the exponential terms in Eqs. 3.26 through 3.30
are all a function of the quantity Eβ. Thus, to simplify the parametric analysis, these
exponential terms are rewritten as a function of Z=Eβ, yielding:
F1(Eβ ) = F1(Z ) =

e −Z
1  1 + e −Z
Ln
+
1 + e − Z Z  2





(3.31)
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F 2(Eβ ) = F 2(Z ) =

G1(Eβ ) = G1(Z ) =

Ze − Z

(1 + e )

−Z 2

G 2(Eβ ) = G 2(Z ) =

H ( Eβ ) = H ( Z ) =

 1 + e −Z
Ze − Z

Ln
+
1 + e −Z
 2

+

Z 2e−Z

)

 1 + e−Z
Ze − Z

Ln
+
1 + e −Z
 2

(1 + e ) (
−Z 2

(3.32)
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1  1 + e −Z
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1 + e −Z
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Ze − Z

(3.33)

(3.34)

(3.35)

(1 + e )

−z 2

Similarly, the equation of state (3.1) is rewritten as a function of Z, to facilitate a
comparison of its behavior with the exponential thermodielectric terms.

Here, it is

normalized by a factor of DMax/10 for comparative scaling purposes.

D
(Z ) = 1  2 − Z − 1
D Max
10  1 − e


(3.36)

The effects of varying either the electric field or temperature on the
thermodielectric components of the internal energy, entropy, and temperature equations
are described in Figures 21 and 22, in which Eqs. 3.31 through 3.36 are plotted as a
function of Z. Figure 21 shows the Z dependence of F1(Z), F2(Z), and the normalized
state equation.

The function F1(Z) describes the temperature dependence of the

thermodielectric component of the entropy when the electric field is held constant. F1(Z)
approaches zero at both small and large values of Z, which correspond with very high and
very low operating temperatures, respectively.

F1(Z) has a minimum when Z is

approximately equal to 2.568; this is a design point for a material operating in a power
generation system because the magnitude of the thermodielectric component of the
entropy is a maximum here. In a power generation cycle, operation near this design point
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maximizes the entropy difference between the charged and uncharged states of a
thermodielectric element. This maximizes the area enclosed by the power generation
cycle (see Figures 15 and 16), which maximizes the amount of heat converted into
electrical energy. This design point corresponds to an electric displacement of .8575DMax,
indicating that the optimum value of the thermodielectric entropy component occurs
before dielectric saturation.
The function F2(Z) describes the electric field dependence of the thermodielectric
component of the entropy when the temperature is held constant. Unlike F1(Z), F2(Z)
saturates at its minimum value as Z increases, corresponding with the saturation of the
electric displacement at large electric fields. Thus, for any given temperature, there is an
unbounded domain of the electric field (i.e., Z>4) that minimizes the dielectric
component of the entropy.

This indicates that operating a thermodielectric element

beyond the saturation point will not increase the entropy difference between the charged
and uncharged states. Thus, little or no benefit is gained by increasing the electric field
beyond this point.
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Figure 21: Z dependence of the exponential functions F1(Z) and F2(Z)
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Figure 22 shows the Z dependence of G1(Z), G2(Z), H(Z), and the normalized
state equation. The function G1(Z), which appears in the denominator of the temperature
equation (3.25), is the negative of the derivative of the function F1(Z). G1(Z) is positive
for Z<2.568 and negative for Z>2.568. When G1(Z) is positive, the thermodielectric
‘capacitance’adds to the (inert) thermal capacitance of the material, thus increasing the
element’s “resistance” to temperature change.

When G1(Z) is negative, the

thermodielectric ‘capacitance’ reduces the thermal capacitance of the element, thus
decreasing its “resistance” to temperature change. This has both positive and negative
effects; the positive effect is that any decrease of the thermal capacitance allows the
element to be driven through a larger temperature oscillation by an external heat source.
This can be used to increase the enclosed area of a power generation cycle, which
increases the amount of energy conversion and the thermal efficiency of the cycle. The
negative effect occurs if the net thermal capacitance (inert plus thermodielectric)
decreases significantly (i.e., it approaches zero) as this would require a very large ratio of
electrostatic to thermal energy stored by the material. This condition is bad because it
means that the time rate of temperature change (Eq. 3.25) will approach infinity, and this
will lead to material behavior that will violate the 2nd Law of Thermodynamics (i.e., is
not physically possible). Thus, an inoperable temperature range may exist.
The function G2(Z) is also positive for Z<2.568 and negative for Z>2.568. G2(Z)
saturates, however, at a value of -.693 for Z>10. Thus, the function G2(Z) indicates that
as the electric field is increased beyond Z=2.568, there may be an unbounded region
where power generation is not possible. This is in contrast with the conclusions reached
by analyzing the function G1(Z), which indicated that a potentially inoperable
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temperature range (where the function G1(Z) has its largest negative value) is bounded
by ranges of operable higher and lower temperatures where operation is possible because
the value of G1(Z) increases.
The function H(Z), which appears in the thermodielectric source term in the
temperature equation, is positive for all values of Z, and peaks at approximately Z=1.7,
which is very close to the anticipated operating region (i.e., Z≈2.568). The sign of H(Z)
indicates that the thermodielectric source term will be positive when the material is
charged, and negative when the material is discharged.

If the rate of charging or

discharging of a dielectric element (dE/dt) is large, then the thermodielectric source term
will be significant during the charging and discharging processes of the power generation
cycle. This indicates that this term will interact with the external heat source/sink term
during the power generation cycle, and this interaction must be properly managed in
order to optimize the shape and size of the cycle, which will optimize device performance.

3.3 Application of Thermodynamic State Equations to an Idealized
Power Generation System

This section describes an investigation of the performance of idealized
thermodielectric power generation systems.

Using the thermodynamic relationships

derived in the previous section, simple and “real”work cycles of micro-power generating
elements (MPGs) are analyzed, for both individual MPGs and cascades of MPGs
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operating as part of a larger power generation system. The MPGs operating within
multiple element power generation systems are assumed to be connected by heat
recuperation devices that simulate heat exchangers of varying capabilities. Thus, the
performance of devices operating with different power generation cycles, material
properties, and heat exchange systems can be compared.

The performance of each

theoretical power generating device is determined by the thermal efficiency, percent
Carnot efficiency, and total thermal energy converted into electrical energy, and used to
estimate the performance limits of a real device.

3.3.1 Simple Cycle Analysis

The performance of power generation systems based on MPGs operating in a
simple work cycle is determined in this section. The T-S and E-D diagrams of an
individual MPG operating in a simple work cycle are shown in Figures 23 and 24,
respectively. The element is isothermally charged from state 1 to state 2, heated by an
external source from state 2 to state 3, isothermally discharged from state 3 to state 4, and
cooled by an external source from state 4 to state 1. The performance of the cycle is
evaluated by first determining the properties of the MPG at each state, and then
determining the heat absorbed, rejected, and converted into electrical energy during each
process. The entropy and electric displacement are determined by evaluating the entropy
(3.24) and state (3.1) equations, using the material and operating properties listed in
Table 1 and the values of the temperature and electric field at each state. The heat
absorbed, rejected, and converted into electrical energy are:

54

Q Absorbed = ∫ TdS , dS > 0

(3.37)

Q Re jected = − ∫ TdS , dS < 0

(3.38)

QConverted = W Net = Q Absorbed − QRe jected

(3.39)

The heat absorbed, heat rejected, and operating temperature range are used to find the
thermal, Carnot, and percent Carnot efficiencies:

η=

QConverted
W Net
=
Q Absorbed Q Absorbed

ηC = 1 −

η %C =

(3.40)

TL
TH

(3.41)

η
ηc

(3.42)

Table 1: Material and operating properties of the individual simple cycle MPG
Electric
Displacement DMax
Maximum Applied
Electric Field
Pre-Exponential
Factor (φ)
Temp. Sensitivity
Sigma (σ)

2 C/m2

Density
ρ
Specific Heat
Cv
High Temperature
TH
Low Temperature
TL

10000000 N/C
.0541 C/N
.024763 °K-1

2000 kg/m3
5000
J/(kg °K)
420 °K
400 °K

It should be noted that the maximum electric displacement, maximum electric field,
density, and specific heat listed in Table 1 were selected arbitrarily. The value of the preexponential factor (φ), which appears in the entropy equation (3.24), was selected based
on the experimental data shown in Figure 19 in the beginning of this chapter. The value
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of the temperature sensitivity parameter ( ), which also appears in the entropy equation,
was determined by optimizing the thermal efficiency of the cycle.

1.06

T/TL, TL=400 K

4

3

1.04
1.02
1

2

1
Thermal Efficiency: 1.42%
Carnot Efficiency: 4.76%
Percent Carnot Efficiency: 29.8%

0.98
0.96
-0.04

-0.02

0

S/ρcv

0.02

0.04

0.06

2.0

2

2

Electric Displacement (C/m )

Figure 23: T-S diagram of a simple power generation cycle
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Electric Field (N/C)
Figure 24: E-D diagram of a simple power generation cycle

56

The simple cycle shown in Figures 23 and 24 has an efficiency of 1.42 percent,
which is only 30 percent of the Carnot efficiency. Its poor performance is due to three
factors; a small operating temperature range, an inefficient cycle shape, and a lack of heat
recuperation.

The operating temperature range has been kept small because the

thermodielectric component of the entropy (i.e., F1(Z)) is only maximized over a small
temperature range, as shown in Figure 21. This fact is further supported by the results in
Table 2 and Figure 25 which describe the performance of the simple cycle of Figure 23
over expanded temperature ranges. The thermal efficiency initially increases with the
increasing temperature range until it reaches a maximum value and then decreases. This
is due to a narrowing (i.e., decrease of the horizontal width) of the work cycles as the
element is operated farther away from its thermodynamic design point at Z=Eβ=2.568.
As the temperature range expands, the value of Eβ at the highest and lowest cycle
temperatures moves farther away from 2.568, causing the thermodielectric entropy
component, and thus the entropy difference between the charged and uncharged states, to
decrease.
Additionally, the percent Carnot efficiency of the cycle decreases as the operating
temperature range increases because the cycles become less effective at using the
available temperature difference (TH-TL) to convert thermal energy into electrical energy,
i.e., generate power.

The normalized work (enclosed cycle area) increases with

diminishing returns as the operating temperature range increases because the entropy
difference between the charged and uncharged states decreases.
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Table 2: Performance of simple cycle elements with expanding temperature ranges of
operation
Temperature Range
(°K)
400 –420
390 –430
380 –440
370 –450
360 –460

1.2

T/TL, TL=400 K

1.15
1.1

Thermal Efficiency

Percent Carnot
Efficiency
29.8
17.32
11.77
8.58
6.51

1.42
1.61
1.61
1.52
1.42

Normalized Work
Output W/( cv)
.4
.76
1.06
1.29
1.47

T High=420, T Low=400
T High=430, T Low=390
T High=440, T Low=380
T High=450, T Low=370
T High=460, T Low=360

1.05
1
0.95
0.9
0.85
-0.35

-0.25

-0.15
S/ρcv

-0.05

0.05

Figure 25: Comparison of work cycles as the temperature range is expanded; the entropy
of each cycle is offset by a constant to prevent the cycles from overlapping

The simple cycle has an “inefficient shape” for two reasons. First, its width is
relatively small with respect to its height, giving the cycle a poor aspect ratio. This
makes the efficiency of the cycle very sensitive to changes in the slope of processes 2-3
and 4-1, because the amount of heat addition and rejection during these processes can
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have a large influence on the cycle efficiency. This is shown in Eq. 3.43 below, where
the thermal efficiency of the simple cycle is written as a function of the heat absorbed or
rejected during each process.

η =1−

QOut
Q + Q1− 2
= 1 − 4 −1
Q In
Q 2−3 + Q3− 4

(3.43)

If the heat rejected and absorbed during processes 4-1 and 2-3, respectively (i.e., Q4-1 and
Q2-3), are much larger than Q1-2 and Q3-4, then their ratio will have a much greater impact
in determining the thermal efficiency. For the ideal cycle of Figure 23, Q4-1 and Q2-3 are
nearly equal, and they are significantly larger than Q1-2 and Q3-4, thus contributing to the
poor thermal efficiency. The second reason the shape is inefficient is that the slopes of
processes 2-3 and 4-1 are inefficient; i.e., Q2-3 and Q4-1 are relatively large. If the slopes
of these processes were to increase, the heat absorbed and rejected during these processes
would go to zero, because the entropy change across these processes would go to zero.
As a result, the cycle efficiency would approach the Carnot limit, because heat would
only be absorbed and rejected at the maximum and minimum cycle temperatures. On the
other hand, if the slope were to decrease, Q2-3 and Q4-1 would increase, and the thermal
efficiency of the cycle would go to zero.
The cycle aspect ratio can be improved by increasing the electrostatic energy
stored by the dielectric material. Since the thermodielectric component of the entropy
(Eq. 3.24) is proportional to the electrostatic energy (Eq. 2.7), the simple cycles will
widen and the heat absorption and ejection during processes 1-2 and 3-4 will increase.
Heat transfer during these processes is more efficient because it occurs isothermally at
the temperature limits of the cycle. Thus, the cycle’s thermal efficiency will increase
because the impact of these processes on the cycle’s efficiency increases.
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The cycle aspect ratio can also be improved by increasing the slopes of processes
2-3 and 4-1; however, they cannot be increased by changing the material properties or
basic operating parameters of the cycle. The slopes of processes 2-3 and 4-1 can only be
increased by changing the type of processes that occur during the cycle. Thus, every
simple cycle has a substantial efficiency penalty associated with heating and cooling of
the element during processes 2-3 and 4-1. In order to reduce the impact of this penalty, a
thermodielectric power generation system requires a heat recuperation system. Simply
put, heat recuperation systems increase the effective slopes of non-isothermal heating and
cooling processes by transferring heat ejected from the system during cooling processes
back to the system during heating processes.
The preceding results show that a combination of small temperature ranges of
operation and substantial heat recuperation are necessary for an efficient thermodielectric
device. To apply these ideas in practice, a multiple element cascade is constructed,
composed of individual thermodielectric elements that are operated in sequential
temperature ranges and connected by a heat recuperation system. An example of a twoelement cascade of simple cycles is shown in Figure 26; each element is optimized to
achieve the maximum thermal efficiency in its respective temperature range of operation
(This is accomplished by selecting the proper value of σ, the temperature sensitivity
factor of the material.), and the two elements are connected by a heat recuperation system.
Crude and advanced heat recuperating models are used to simulate the performance of
the heat exchange system. The crude heat recuperating system removes waste heat from
the high temperature element and delivers it as source heat to the low temperature
element. Thus, this system can only recuperate heat across a temperature difference
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approximately equal to the temperature range of a cycle.

On the other hand, the

advanced heat recuperating system transfers waste heat from the high temperature
element to both itself and the low temperature element, allowing the system to recuperate
(i.e., transfer) heat across a zero temperature difference. The calculation techniques used
for the crude and advanced recuperation systems are described in Appendix G.

High Temperature Element

1.45

Low Temperature Element
3H

1.4

2H

1.35
T*

4H

3L

1H, 4L

1.3
2L
L

1.25

1L

1.2
A

B

C

D

E

1.15
0.2

0.25

S/(ρcv)

0.3

F

0.35

Figure 26: A two-element simple cycle cascade

The crude heat recuperation system transfers waste heat rejected from processes
4H-1H and 1H-2H of the high temperature element (depicted in Figure 26 by the areas
enclosed by the points 4H-F-D-1H and 1H-D-C-2H, respectively) to processes 2L-3L and
3L-4L of the low temperature element. If the heat rejected from the high temperature
element exceeds the heat needed by the low temperature element, the surplus is rejected
from the two-element cascade as waste heat.
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If the heat rejected from the high

temperature element is less than the heat required by the low temperature element, the
deficit is supplied to the low temperature element by an external source.
The advanced heat recuperating system delivers waste heat across a zero
temperature gradient. Thus, if the curves describing processes 2-3 and 4-1 are parallel,
then the efficiency of each simple cycle will be the Carnot efficiency. This is because the
inefficient heat transfer processes (i.e., 2-3 and 4-1) are effectively eliminated by the
recuperation system. The remaining heat addition and rejection occurs only at the high
and low cycle temperatures, during processes 3-4 and 1-2, respectively. However, if the
curves are not parallel, then there will be incomplete heat recuperation, reducing the
maximum possible efficiency of the individual cycles and the combined system.
Table 3 describes the calculated performance of the individual elements and the
two-element system, for no, crude, and advanced recuperation. For these cases, the high
temperature element operated between 400 and 420 °K and the low temperature element
operated between 380 and 400 °K.
With no heat recuperation, the two-element system’s thermal efficiency does not
increase, and the percent Carnot efficiency decreases by nearly fifty percent. With crude
recuperation, the system’s thermal efficiency is nearly twice that of the non-recuperated
case, and the percent Carnot efficiency increases slightly compared to that of the
individual elements.

With advanced recuperation, the individual elements’ cycle

efficiencies approach the Carnot limit because the curves along processes 2-3 and 4-1 are
nearly parallel. However, since the lower element’s cycle is slightly wider than the upper
element’s cycle, the lines describing processes 2-3 and 4-1 of the combined two element
cycle are effectively less parallel than those describing processes 2-3 and 4-1 of the
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individual elements. This causes a slight decrease of the percent Carnot efficiency of the
two element system compared to the individual elements.

Table 3: Thermal efficiency, percent Carnot efficiency, and normalized work for a two
element simple cycle cascade

High Temperature
Element
Low Temperature
Element
2 Element System w/
No Recuperation
2 Element System w/
Crude Recuperation
High Temp. Element
w/ Adv. Recuperation
Low Temp. Element
w/ Adv. Recuperation
2 Element System w/
Adv. Recuperation

Thermal
Efficiency
1.42%

Percent Carnot
Efficiency
29.8%

Normalized Work
Output W/( cv)
.4

1.49%

29.81%

.42

1.45%

15.28%

.82

2.87%

30.13%

.82

4.68%

98.29%

.4

4.91%

98.11%

.42

9.15%

96.10%

.82

Next, a nine element cascade of simple cycles is constructed within the
temperature range of 300 – 480 °K, see Figure 27. The performance of each individual
element in the device without recuperation is described in Table 4. Each metric in Table
4 increases as the average operating temperature of each cycle decreases because the area
of the power generation cycle increases. The power generation cycle area is determined
by the thermodielectric component of the entropy (see Eq. 3.24), which is proportional to
the temperature sensitivity (σ) of the dielectric material. As the mean cycle operating
temperature decreases, the optimum value of the temperature sensitivity increases,
resulting in wider and more efficient work cycles.
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Table 4: Performance of individual elements in a 9 element simple cycle cascade
operating between 300-480 °K
Stage
1
2
3
4
5
6
7
8
9

Temperature
Range
460-480 °K
440-460 °K
420-440 °K
400-420 °K
380-400 °K
360-380 °K
340-360 °K
320-340 °K
300-320 °K

Thermal
Efficiency
1.24%
1.29%
1.35%
1.42%
1.49%
1.57%
1.66%
1.76%
1.87%

Percent Carnot
Efficiency
29.76%
29.77%
29.78%
29.79%
29.81%
29.87%
29.89%
29.92%
29.94%

Normalized Work
Output W/( cv)
.35
.365
.382
.4
.42
.441
.465
.491
.521

1.7
1.6

1
2

1.5

3
4

T*

1.4

5

1.3

6
7

1.2
1.1

8
9

1
0.9
-0.1

0

0.1

0.2
S/(ρcv)

0.3

Figure 27: 9 Element simple cycle cascade
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Table 5 describes the performance of cascades of simple cycle elements utilizing
either crude or advanced recuperation, starting from a single element (#9 only) and
increasing the cascade length until it encompasses all 9 elements (9:1). When crude
recuperation is used, the entire system’s thermal efficiency is 12.31 percent and the
percent Carnot efficiency is 32.82 percent. However, the performance of such systems
suffers from diminishing returns as the cascade length is increased, because the cycle area
of high temperature elements decreases as the mean cycle temperature increases. Since
the smaller high temperature power generation cycles eject less waste heat for
recuperation to lower temperature cycles, additional heat must be added to the lower
cascade elements from an external source. This reduces the thermal efficiency of the
cascade because it is most efficient when all of the heat is added at the maximum cascade
temperature.

Table 5: Performance of simple cycle multi-element cascades using either crude or
advanced recuperation, using the power generating elements of Figure 26 and Table 4
Stages

Temperature
Range

9 Only
9:8
9:7
9:6
9:5
9:4
9:3
9:2
9:1

300-320 °K
300-340 °K
300-360 °K
300-380 °K
300-400 °K
300-420 °K
300-440 °K
300-460 °K
300-480 °K

Thermal
Efficiency
(Crude)
1.87%
3.57%
5.13%
6.56%
7.88%
9.1%
10.24%
11.31%
12.31%

Percent
Carnot
(Crude)
29.94%
30.63%
30.76%
31.14%
31.51%
31.86%
32.2%
32.52%
32.82%
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Thermal
Percent
Normalized
Efficiency
Carnot
Work
(Advanced) (Advanced)
W/( cv)
6.06%
97.04%
.521
11.15%
94.73%
1.012
15.47%
92.81%
1.477
19.2%
91.19%
1.918
22.46%
89.82%
2.34
25.33%
88.64%
2.74
27.87%
87.61%
3.12
30.16%
86.7%
3.48
32.21%
85.9%
3.83

The nine-element cascade that uses advanced recuperation has a thermal
efficiency of 32.21 percent and a percent Carnot efficiency of 85.9 percent; this
demonstrates the superiority of advanced recuperation systems compared to crude
recuperation systems. Additionally, Table 5 shows that as the length of the cascade
increases from 1 to 9 elements, the thermal efficiency increases with diminishing returns,
and the percent Carnot efficiency decreases with diminishing losses. Both trends are
attributable to the decrease of the power generation cycle area as the mean cycle
temperature increases.

3.3.2 Real Cycle Analysis

The simple cycles analyzed in the previous section fail to take into account the
temporal nature of thermodielectric power generation. The thermodielectric source term
in the temperature equation (Eq. 3.25) induces temperature changes in the dielectric
material that depend on the time rate of change of the imposed electric field. Thus, this
term is non-zero during the charging and discharging processes (i.e., 1-2 and 3-4,
respectively), and these processes do not occur isothermally unless the material is
simultaneously heated or cooled by an external source. Thus, implementing a more
practical power generation cycle requires periodic operation at a given frequency and
time dependent external heating and cooling sources. To account for the temporal nature
of the cycle, the temperature equation (3.25) is numerically integrated along the path of
the cycle, and used in conjunction with the entropy and state equations to evaluate the
time dependence of the thermodynamic states.
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A comparison of the simple cycle of Figure 23 and a corresponding “real”cycle
operating at 1 Hz is shown in Figure 28. Processes 1a-2a and 3a-4a are idealized as
isentropic charging and discharging processes (analogous to the isentropic compression
and expansion processes of a Brayton Cycle), and processes 2a-3a and 4a-1a are constant
electric field processes with external heat addition and removal (analogous to the isobaric
heating and cooling processes of a Brayton Cycle).

1.08
3a

Real Cycle (1a-2a-3a-4a)

T/TL, TL=400 K

1.06

Ideal Cycle (1-2-3-4)

4a
3

1.04

4

2a

1.02
1
2

0.98
-0.04

-0.02

1, 1a

0

0.02

0.04

0.06

S/ρcv
Figure 28: Comparison of a simple and real work cycle

The isentropic charging and discharging processes of the “real”cycles, depicted
in Figure 28 by processes 1a-2a and 3a-4a, respectively, are actually not quite isentropic
in the following analysis.

The combination of a simple integration scheme and a

relatively large time step cause the entropy of the element to change slightly along the
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process, due to inaccuracies in the numerical integration. These slight deviations can
easily be seen in Figure 28. However, these inaccuracies were not eliminated, because
they do not cause any violations of the thermodynamic equations (i.e., all states at a given
temperature and electric field still satisfy the entropy and state equations). Rather, these
inaccuracies allow the impact of path deviations to be considered in the analysis. For
example, if the quantity dS is positive for a portion of the process, then the path deviation
can be thought of as an irreversibility in the system. On the other hand, if it is negative,
then heat is ejected to the environment in some manner during the process. In either case,
the deviations from the isentropic path are accounted for in all subsequent analyses.
The rate at which charging and discharging occurs during processes 1-2 and 3-4
of the real cycle affects the total time available for processes 2-3 and 4-1 to proceed. If
the rate of heat addition via the external source is constant, varying the rate of charging
and discharging varies the amount of heat added and removed from the element, thus
affecting the size of the power generation cycle. This is illustrated in Figure 29 and
Table 6, which show a comparison of four real cycles with different charge/discharge
(C/D) periods for processes 1-2 and 3-4, expressed as a ratio of the cycle period. Since
the rate of heat addition and removal during processes 2-3 and 4-1 is held constant, cycles
with larger charge/discharge ratios during processes 1-2 and 3-4 receive and reject less
heat during processes 2-3 and 4-1, because there is less time available for heat exchange
with the external source. This results in smaller temperature ranges of operation and
smaller enclosed cycle areas.
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Table 6: Comparison of performance metrics for real cycles with varying
charge/discharge ratios
Cycle Type

Thermal
Efficiency
1.42%
1.88%
1.92%
1.93%
1.95%

Simple Cycle
Real Cycle, C/D ratio of 1/8
Real Cycle, C/D ratio of 1/6
Real Cycle, C/D ratio of 1/5
Real Cycle, C/D ratio of 1/4

Percent Carnot
Efficiency
29.84%
28.24%
31.86%
33.54%
37.96%

Normalized Work
W/( cv)
.4
.438
.371
.349
.291

1.08
3b

1.07

3c
3d

T/TL, TL=400 K

1.06

4a

1.05
4b

1.04

4c

1.03
1.02

4d
2
C/D Time: 1/8 Period
C/D Time: 1/6 Period
C/D Time: 1/5 Period
C/D Time: 1/4 Period

1.01
1
0.99
-0.02

3a

1

0

0.02
S/ρcv

0.04

(1-2-3a-4a)
(1-2-3b-4b)
(1-2-3c-4c)
(1-2-3d-4d)

0.06

Figure 29: Comparison of real cycles with different charge/discharge periods during
processes 1-2 and 3-4

All of the real cycles listed in Table 6 are more efficient than the nominal simple
cycle introduced in the previous section. This is because processes 1-2 and 3-4 of the
real cycles are nearly isentropic, which reduces the ratio of heat ejected to heat absorbed
during a cycle, compared to a simple cycle element.
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However, with advanced

recuperation, individual and multi-element cascades of simple cycles can perform better
than their real cycle counterparts because they can recuperate heat across smaller
temperature gradients. This is because individual real cycles have a limited temperature
range across which they can recuperate heat, as they do not absorb and reject heat within
identical temperature ranges. This is illustrated in Figure 30, which shows a two element
real cycle cascade with the maximum temperature recuperation range for each individual
MPG and for the combined system. Figure 30 shows that the combined temperature
range for recuperation for a real cycle system is greater than the sum of the recuperation
temperature ranges of individual MPGs.
Table 7 shows a comparison of the performance of the two element real cascade
with no, crude and advanced recuperation. With no or crude heat recuperation, the
thermal efficiency of the real system is similar to that of the simple system described in
Table 3. However, with advanced recuperation, the performance of the individual and
two element real systems is poorer than the corresponding simple systems. This occurs
for two reasons; first, the limited temperature range for recuperation in the real cycle
systems reduces its effectiveness. Second, the small deviations in the cycle path that
occur during processes 1-2 and 3-4 of the real cycles cause system performance to
decrease slightly, as previously noted.
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Table 7: Performance of a two element real cycle cascade operating at 1 Hz with a C/D
time of 1/8 of a period
Thermal Efficiency
High Temperature
Element
Low Temperature
Element
2-Element System w/
No Recuperation
2-Element System w/
Crude Recuperation
High Temp. Element
w/ Advanced
Recuperation
Low Temp. Element
w/ Advanced
Recuperation
2-Element System w/
Advanced Recup.

1.93%

Percent Carnot
Efficiency
29.55%

Normalized Work
W/( cv)
.425

2.04%

29.53%

.447

2%

17.18%

.872

3.75%

32.83%

.872

4.46%

68.11%

.425

4.62%

68.17%

.447

7.96%

68.1%

.872

1.04
3U

1.02
1

Maximum Recuperation
Range for
2U
3L
2 Stage Cycle

T*

0.98

4U

1U

0.96
0.94

4L
2L

Maximum Temp. Recuperation
Range for Lower Cycle
Real Upper Cycle
Real Lower Cycle

0.92
0.9
-0.12

Maximum
Temperature
Recuperation
Range
for Upper
Cycle

1L

-0.07

-0.02

0.03

S/ρcv
Figure 30: Two element real cycle system operating at 1 Hz and a C/D time of 1/8

71

Next, an eight stage cascade of real elements operating between 312 –494 °K, at
1 Hz, and with a C/D ratio of 1/8 of a period, is constructed, see Figure 31. The
performance of the individual elements is described in Table 8 and the performance of
the system operating with crude recuperation is described in Table 9. The data in Table 8
show that the low temperature cycles are more efficient than the high temperature cycles,
which agrees with the trend demonstrated by the simple cycles in Table 4. This trend is
caused by the increase in the temperature sensitivity (σ) that occurs when the mean cycle
operating temperature decreases. Since the thermodielectric component of the entropy is
proportional to the temperature sensitivity, the cycle area, and thus the thermal efficiency,
increases.
The data in Table 9 show that the improvement in performance of a multi-element
system using crude heat recuperation diminishes as its length increases. As a result, the
percent Carnot efficiency of the multi-element system barely increases as the number of
elements increases. The fundamental problem is the decrease of the cycle area that
accompanies an increase of the temperature limits; i.e., the high temperature elements do
not supply the lower temperature elements with the necessary waste heat. Consequently,
this heat ‘deficit’must be provided to the lower temperature elements by an external
source. Since this heat is added to the system at a lower temperature, it is recuperated
through fewer elements. This reduces the benefit of constructing a cascade of elements
in sequential temperature ranges, because these systems are most efficient when all of the
heat is added at the maximum cascade temperature.
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Figure 31: Eight stage cascade of real cycle elements operating at 1 Hz with a C/D time
of 1/8 of a period

Table 8: Performance of the eight individual real cycle elements of Figure 31, operating
at 1 Hz with a C/D time of 1/8 of a period
Stage

Temperature
Range

Thermal
Efficiency

Percent Carnot
Efficiency

1
2
3
4
5
6
7
8

466 –493.8 °K
444 –472.1 °K
422 –450.3 °K
400 –428 °K
378 –405.9 °K
356 –384 °K
334 –361.8 °K
312 –339.9 °K

1.68%
1.76%
1.83%
1.93%
2.04%
2.15%
2.28%
2.41%

29.88%
29.51%
29.08%
29.55%
29.58%
29.42%
29.64%
29.44%
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Normalized
Work
W/( cv)
.363
.386
.413
.425
.447
.477
.5
.538

Table 9: Performance of an eight element real cycle cascade operating with crude
recuperation, at 1 Hz, and a C/D time of 1/8 of a period
Cascade
Stages
8:7
8:6
8:5
8:4
8:3
8:2
8:1

Temperature Range
312 –361.8 °K
312 –384 °K
312 -405.9 °K
312 -428 °K
312 –450.3 °K
312 –472.1 °K
312 –493.8 °K

Thermal
Efficiency
4.39%
6.07%
7.48%
8.67%
9.71%
10.59%
11.33%

Percent
Carnot Eff.
30.63%
30.76%
31.14%
31.51%
31.86%
32.2%
32.52%

Normalized Work
W/( cv)
1.138
1.615
2.062
2.49
2.9
3.29
3.65

Before considering the performance of the multi-element system with advanced
recuperation, it is important to note that for the previous real cycle calculations, the small
amounts of heat addition or ejection required during processes 1-2 and 3-4 (which are a
result of the numerical integration errors) were not treated as recoverable. If it were
possible to recover this “lost” heat, then the thermal and percent Carnot efficiencies of
these systems would substantially increase. This level of heat recuperation is referred to
as complete recuperation, because all of the possible heat is recuperated within the
system. It is treated as a theoretical limit of recuperation for the ‘real’cycles, and can be
used to measure the relative performance of the advanced and crude heat recuperating
systems. The performance of the eight element system with either advanced or complete
recuperation is described in Table. 10.

The thermal efficiency of the advanced

recuperation case suffers diminishing returns as the number of system elements increases,
causing the percent Carnot efficiency to decrease steadily. As discussed previously, this
is caused by the path deviations of processes 1-2 and 3-4, as well as the decreasing cycle
area of the high temperature elements.

Yet, the entire system achieves a thermal
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efficiency of 19.84 percent, which corresponds to over 53 percent of the percent Carnot
efficiency. However, the performance of the system with complete recuperation is far
superior.

The thermal efficiency (31.12 percent for the entire system) increases

significantly as the number of elements increases and the percent Carnot efficiency
(84.53 percent) increases with diminishing returns as the Carnot limit is approached.
The performance of the real cycle system with complete heat recuperation
approaches the performance of the simple cycle system with advanced recuperation
(Table 5), as both systems approach the maximum performance limit. This performance
limit (~85 percent of the Carnot limit for the temperature range of 300 – 500 °K) is
determined by the lines that describe processes 2-3 and 4-1 of the multi-element systems;
since they are not parallel, the system can never achieve the Carnot efficiency. The
slopes of these lines can be changed to be more parallel in a multi-element system,
because they are a function of the width of individual elements’ cycles, which are
proportional to the maximum electric displacement and maximum electric field. These
properties could be varied along the MPGs of a multi-element system, in order to counter
the change in value of the temperature sensitivity of the MPGs. By forcing the lines
along processes 2-3 and 4-1 of the entire system to be parallel, the performance limit will
be the Carnot efficiency.
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Table 10: Performance of an eight element real cycle cascade with either advanced or
complete heat recuperation, operating at 1 Hz, and a C/D time of 1/8 of a period
Stages

8:7
8:6
8:5
8:4
8:3
8:2
8:1

Thermal
Efficiency
(Advanced)
9.44%
12.42%
14.69%
16.47%
17.85%
18.96%
19.84%

Percent Carnot
Efficiency
(Advanced)
68.59%
66.24%
63.49%
60.76%
58.1%
55.92%
53.88%

Thermal
Efficiency
(Complete)
10.72%
15.11%
18.97%
22.44%
25.62%
28.5%
31.12%

Percent
Carnot
(Complete)
77.92%
80.56%
81.97%
82.81%
83.42%
84.04%
84.53%

Next, a cascade of real elements operating between 301 – 492 °K, at 1 Hz, and
with a C/D ratio of 1/4 of a period is constructed. Since the C/D ratio of the electric cycle
of this cascade (1/4) is much larger than that of the previously studied cascade (1/8), the
temperature range of operation of each individual element’s power generation cycle is
much smaller (see Figure 29). Thus, this multi-element system requires thirteen elements
to span the same overall temperature range as the previously studied eight element
cascade. The performance of this system, featuring crude recuperation, can be compared
with the performance of the eight element real cycle cascade and the nine element simple
cycle cascade by plotting the thermal efficiency versus the normalized number of
elements in the system, see Figure 32. The performance of the system with the C/D ratio
of ¼ is superior to the other two systems for two reasons: first, the smaller cycles of the
¼ period system are more efficient than those of either the 1/8 period real cycle system or
the simple system. As the temperature range of operation of the individual real elements
gets smaller, the shape of the ¼ period cycles more closely resembles a Carnot cycle,
which increases the element’s thermal efficiency. Second, and more importantly, as the
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number of elements in the system increases, the temperature difference across which heat
is recuperated by the crude recuperation process decreases. Thus, as the number of
elements in a system employing crude recuperation increases (while the overall
temperature range is held constant), the performance approaches that of a system
employing advanced recuperation, because heat will be recuperated across a near-zero
temperature difference. This implies that a multi-element system featuring many small,
highly efficient cycles can overcome the inherent performance limits of a crude heat
recuperation system.
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16

Thermal Efficiency

14
12
10
8
6

13 Stage Real Cycle Cascade
with 1/4 Period C/D Time

4

8 Stage Real Cycle Cascade
with 1/8 Period C/D Time

2

9 Stage Simple Cycle

0
0

0.2

0.4

0.6

0.8

1

1.2

Normalized Cascade Length
Figure 32: Comparison of simple and real cycle cascades with crude recuperation
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3.3.3 The Electrostatic Energy Density

In the previous analysis, the maximum electric field and electric displacement
were held constant. In this section, these quantities are varied, and their effects on the
performance of individual elements and multi-element systems are studied.

The

electrostatic energy density (EED) was defined in Chapter 2 as the product of the electric
displacement and the electric field, divided by two.

It can be used to scale the

performance of the thermodielectric elements when these quantities vary because the
thermodielectric component of the entropy is proportional to it (Eq. 3.24).
The dependence of the thermal efficiency upon the electrostatic energy density is
shown in Figure 33 for both the nominal simple cycle element operating between 400420 °K, and the nine element simple cycle system operating with crude recuperation. As
the electrostatic energy density increases, the thermal efficiency of the entire system and
the thermal efficiency of the individual element increase with diminishing returns, as
both approach the Carnot limit of performance. The shape of a power generation cycle
using low electrostatic energy density elements resembles a thin parallelogram (see
Figure 23), which has poor thermal and percent Carnot efficiencies. However, as the
electrostatic energy density increases, the width of the cycle widens, and the shape of the
cycle more closely resembles a slightly tilted rectangle. Since rectangular cycles exhibit
the Carnot efficiency, the thermal efficiency approaches the Carnot limit as the
electrostatic energy density increases.
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Figure 33: Dependence of the thermal efficiency upon the normalized electrical energy
density for a nine element simple cycle cascade with crude recuperation and an individual
cascade element (#4)

Figure 34 shows the dependence of the normalized work performed by the power
generation systems on the normalized electrostatic energy density of the MPGs, for both
the simple and real cycle systems. The normalized work is directly proportional to the
electrostatic energy density because the area of the MPG power generation cycles is
directly proportional to the thermodielectric component of the entropy.
The final two figures in this chapter compare the performance of real cycle multielement systems when the normalized electrostatic energy density and the number of
power generating elements in the system vary.

Figures 35 and 36 describe the

dependence of the thermal efficiency on the normalized number of power generating
elements in the cascade, for the real cycle system with MPGs that have a
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charge/discharge ratio of 1/8. Figure 35 shows that a thermodielectric power generation
system that employs crude recuperation must utilize thermodielectric materials with a
large electrostatic energy density in order to achieve a viable thermal efficiency. On the
other hand, Figure 36 shows that a thermodielectric power generation system that
employs advanced heat recuperation can achieve viable efficiencies while utilizing
thermodielectric materials that have a much smaller electrostatic energy density.
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Figure 34: Dependence of the normalized work upon the normalized electrical energy
density for simple and real cycle cascades
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Figure 35: Dependence of the thermal efficiency upon the normalized cascade length for
the 8 element real cycle cascade with crude recuperation
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Figure 36: Dependence of the thermal efficiency upon the normalized cascade length for
the 8 element real cycle cascade with advanced recuperation
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3.4 Chapter Summary

Using data obtained from of a simple experimental investigation, a
phenomenological model for thermodielectric materials was developed. This equation
was substituted into the thermodynamic state relationships that determine the behavior of
a non-hysteretic thermodielectric material, generating expressions for the material’s
internal energy, entropy, and rate of temperature change with time, as a function of the
applied electric field and the material temperature. The behavior of these equations was
then parametrically investigated in order to determine the optimum material temperature
and applied electric field for thermodielectric power generation.

The entropy and

temperature equations were then used to determine the performance of thermodielectric
elements operating in a power generation cycle, so that the performance of
thermodielectric power generation systems employing different combinations of power
generation cycles and heat recuperation systems could be investigated. The results of
these investigations show that an efficient thermodielectric power generation system is
possible, but there are several constraints on the material properties and device operating
conditions.

The simplest devices, i.e., those that have a small number of power

generation elements and utilize crude recuperation, would only be feasible if they use
materials that are capable of storing very large amounts of electrostatic energy; these
materials may not be presently available. Fortunately, the more complex devices, which
utilize a combination of advanced recuperation and a larger number of dielectric elements,
would be able to achieve higher efficiencies even with materials capable of storing less
electrostatic energy. However, they require a highly efficient and controllable unsteady
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heat exchange system, as well as a large number of dielectric materials that are
individually optimized to operate in specific sequential temperature ranges. Both have
yet to be developed.
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Chapter Four
The Micro-Parallel Plate Heat Recuperator

One of the conclusions of the previous chapter is that a practical thermodielectric
power generator is feasible only if a highly efficient and controllable unsteady heat
transfer device is developed. It must provide the micro-power generators (MPGs) with
the necessary heating and cooling for power generation, and it must recuperate heat
between the MPGs. The following chapter describes a numerical investigation of the
heat transfer characteristics of a device selected to satisfy these needs: the Micro-Parallel
Plate Heat Recuperator (MPPHR).

4.1 Design

A schematic of the MPPHR appears in the Introduction, see Figure 5. The
MPPHR consists of high and low temperature reservoirs on its left and right sides,
respectively, connected by long and narrow channels of constant width ‘b’, separated by
walls of constant thickness ‘a’. The reservoirs contain pistons that force laminar fluid
oscillations within the channels, resulting in periodic heating and cooling of the channel
walls via a coupled axial advection –cross-stream conduction heat transfer mechanism.
The hydrodynamics and thermodynamics of transferring heat from one reservoir
to another via an oscillatory flow through narrow channels have been studied by
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Kurzweg [38-43], Kaviany [44, 45], and Bejan [0, 47]. These studies discuss in detail the
periodic heat transfer mechanism that results from laminar and turbulent flow oscillations
in a channel connecting reservoirs of different temperatures. The laminar heat transfer
mechanism is an unsteady, coupled process in which the dominant heat transfer mode
alternates between axial convective transport (i.e., advection) and cross-stream heat
conduction. This process can be crudely described as a four step mechanism, shown in
Figure 37. The first step occurs when the flow is from left to right, during which fluid
from the high temperature reservoir enters the channel. The advection of hot fluid into
the channel establishes large cross-stream temperature gradients between the core of the
flow and the cooler walls along the entire length of the channel. Step two occurs as the
flow decelerates, changes direction, and subsequently accelerates in the leftward direction.
During this process there is an exceptionally high rate of cross-stream conduction due to
the large temperature gradients created during step one. The third step occurs when the
flow is from right to left, during which fluid from the low temperature reservoir enters the
channel. The convective transport of cold fluid into the channel establishes large crossstream temperature gradients between the relatively cold flow core and the hot walls.
Step four occurs as the flow decelerates, changes direction and subsequently accelerates
in the rightward direction. During this process there is again an exceptionally high rate of
cross-stream conduction due to the large temperature gradients created during step three.
The cycle then repeats itself.
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Figure 37: The coupled axial convective transport –cross-stream conductive heat
transfer mechanism

The heat exchanger investigated in this portion of the study is referred to as a
recuperator because it provides the means for transferring waste heat from an embedded
micro-power generating wall element (MPG) operating at a high temperature as source
heat to an adjacent MPG operating at a lower temperature, where a fraction of this heat is
converted into electrical energy. In the MPPHR, waste heat is recuperated between
adjacent MPG elements as part of a cascade of heat transfer that occurs along the entire
length of the channel walls, similar to a bucket of water transferred between firefighters
in a bucket brigade (see Figure 6). Each MPG element receives the waste heat of its
neighbor on the left, via the flow, converts a portion of it to electrical energy, and rejects
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the remaining heat to the flow, where it is recuperated by transferring it to the MPG on
the right. This process continues until the heat that cannot be utilized by the MPGs is
ejected to the cold reservoir.
The objective of previous studies of similar problems was to maximize the
amount of heat that could be pumped through the channels. Specifically, the studied heat
exchangers were designed for two goals: (1) maximizing the transfer of heat from the hot
reservoir to the cold reservoir [38-45], and (2) maximizing the transfer of heat from hot
channel walls to the cooler reservoirs [46, 47].

The goal of these studies was to

determine the combination of channel geometry, fluid properties, and operating
conditions that achieved the optimum heat transfer rates. Since these researchers were
not concerned with the detailed behavior of the heat exchanger’s wall temperature, they
predominantly investigated systems with adiabatic or isothermal walls. In contrast, the
objective of the MPPHR investigation is to maximize the amplitude of the temperature
oscillations within the walls and minimize the heat transferred between the reservoirs.
This will maximize the ability of the embedded micro-power generators to generate
power and minimize the heat rejected by the system, which will optimize the
performance of a thermodielectric power generation system. Thus, the investigated heat
exchanger utilizes an inert (non-power generating) wall boundary condition that is neither
adiabatic nor isothermal; instead, it relates the temperature of the finite thickness heat
recuperator walls to the conductive heat flux from the adjacent channel fluid. This allows
for more detailed study of the interaction between the heat capacity of the walls and the
heat transfer mechanism of the flow.
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4.2 Model

4.2.1 Flow Model

Conservation of mass, momentum, and energy are applied to an individual
channel of the MTDPG.

To simplify the analysis, the flow is assumed to be two

dimensional, with constant density, specific heat, thermal diffusivity and viscosity. It is
also assumed to be a fully-developed flow in the x-direction and satisfy the no-slip
condition along the walls of the channel. Applying these assumptions to the conservation
of mass equation yields a vertical (y-axis) channel velocity of zero. Thus, the momentum
conservation equations reduce to one equation, i.e.,
1 ∂p
∂u
∂ 2u
−ν 2 = −
ρ ∂x
∂t
∂y

(4.1)

Next, it is assumed that piston oscillations within the reservoirs produce a sinusoidal time
varying pressure gradient that is described by the following expression:
∂p ∆p
=
cos(ωt )
∂x
L

(4.2)

Equation 4.2 is substituted into Eq. 4.1, and the resulting equation is solved analytically
for the limit cycle solution, using the separation of variables technique (see Appendix A.).
The simplified form of the solution is shown below; it is expressed as a product of the
characteristic amplitude, UAmp, and an amplitude and profile function, the Shape Factor
(SF).
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U amp =

∆p
ρω L

u ( y, t ) = U amp SF ( y, t ,

(4.3)

ωb 2
)
ν

(4.4)

The shape factor function is dependent on a non-dimensional coefficient referred to in the
literature [38-45] as the Womersley number, w, defined as:

w=

ω
b
ν

(4.5)

The Womersley number is the ratio of the channel height and the viscous boundary layer
thickness. For small values of the Womersley number (i.e., w<0.7), the Shape Factor has
a parabolic profile and small amplitude, see Figure 38. In this flow regime the viscous
momentum diffusion dominates the pressure driven movement of the flow. For moderate
values of the Womersley number (i.e., 0.7<w<2.5), neither the viscous shear stress nor
the pressure oscillations dominate the characteristics of the flow.

This regime is

characterized by larger velocity gradients near the walls and a broader, larger amplitude
peak in the center of the channel. For large values of the Womersley number (i.e., w>2.5)
the flow is dominated by pressure forces and the resulting profile of the Shape Factor is
plug-like. This flow regime is characterized by very thin, large velocity gradients near
the walls, and a large, constant amplitude flow occupying most of the channel.
The amplitude of the Shape Factor is determined by calculating its root mean
square (RMS) velocity, shown in Appendix B. The RMS of the Shape Factor is plotted
in Figure 39 as a function of the altered Womersley number (walt), defined as:

w alt =

w

(4.6)

2
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The root mean square of the Shape Factor approaches zero as the viscous forces increase
in strength compared to the pressure oscillations (i.e., as walt approaches zero). However,
as the viscous forces weaken, the RMS increases exponentially with the altered
Womersley number, before saturating at a value of 2-1/2 in the pressure dominated regime.
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Figure 38: Shape factor profile and amplitude for several values of the Womersley
number
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Figure 39: Dependence of the RMS velocity amplitude upon the Womersley number

To derive the 2-D energy equation the previous assumptions were supplemented
by the additional assumptions that the viscous heating and pressure work are small and
can be neglected (These assumptions are validated in the next sections.). Using these
assumptions, the energy equation becomes:

∂T
∂T
+ α∇ 2 T
= −u
∂x
∂t

(4.7)

This energy equation cannot be solved analytically due to the oscillating velocity profile
and open flow boundary conditions at the reservoirs. Consequently, various researchers
have used perturbation techniques to estimate the net heat convected per cycle through
the channel, with some success [39, 40, 42, 45].

In this study, Eq. 4.7 is non-

dimensionalized using the non-dimensional variables and parameters in Eq. 4.8, in order
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to gain insight into the non-dimensional groups that determine the heat transfer
characteristics of the heat exchanger. These groups are subsequently used to scale the
performance metrics of the MPPHR in the parametric investigations presented in the
results section.
ϑ=

T − TL
, U = u = SF ,
TH − TL
U Amp

X =

x,
L

Y=

y
,
b

τ=

t
t'

(4.8)

Substitution of Eq. 4.8 into Eq. 4.7 yields:

U Amp SF ∂ϑ α ∂ 2ϑ α ∂ 2ϑ
∂ϑ
=−
+
+
t'
t'
t'
∂τ
∂X L2 ∂X 2 b 2 ∂Y 2
L

(4.9)

Appropriate choice of the time scale t′ yields the important non-dimensional scaling
numbers. There are three time scales to choose from: the period of oscillation, the crossstream conduction time scale, and the advection time scale.
Oscillation time scale: t ' =

1
ω

(4.10)

Cross - stream conduction time scale: t ' =
Advection time scale: t ' =

b2
α

L

(4.11)

(4.12)

U Amp

Substituting Eq. 4.10 into Eq. 4.9 yields the following non-dimensional energy equation:

U Amp
∂ϑ
∂ϑ
α ∂ 2ϑ
α ∂ 2ϑ
=−
⋅ SF
+
+
∂τ
ωL
∂X ωb 2 ∂Y 2 ωL2 ∂X 2

(4.13)

Equation 4.13 depends upon the following non-dimensional parameters; the Penetration
Ratio (PR), defined as:
PR =

2U Amp

(4.14)

ωL
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The normalized Penetration Ratio (PRNorm), defined as:
PR Norm = PR ⋅ RMS (SF ) =

2U Amp

ωL

⋅ RMS (SF )

(4.15)

The non-dimensional scaling variable π1, defined as:

π1 =

b 2ω
α

(4.16)

Next, the cross-stream conduction time scale (Eq. 4.11) is substituted into Eq. 4.9,
yielding:

b 2U amp
∂ϑ
∂ϑ ∂ 2 ϑ b 2 ∂ 2 ϑ
=−
⋅ SF
+
+
∂τ
∂X ∂Y 2 L2 ∂X 2
αL

(4.17)

Equation 4.17 depends upon the following non-dimensional parameters; the nondimensional scaling variable π3, defined as:
π3 =

b 2U amp

αL

= π1 ⋅

PR
2

(4.18)

The normalized version of π3, defined as:

π 3, Norm = π 3 ⋅ RMS (SF ) =

b 2 U amp RMS (SF )

αL

= π1 ⋅

PR Norm
2

(4.19)

A discussion of the non-dimensional coefficients produced by substituting the advection
time scale into Eq. 4.9 is not presented here because the derived parameters are not
particularly relevant to the analysis of this problem.
The non-dimensional coefficient of the convective term in Eq. 4.13 contains the
Penetration Ratio (PR, Eq. 4.14), which is the ratio of the advective (UAmp/L) and
oscillation (1/ω) time scales of the flow. It is also the ratio of the maximum distance that
a particle of fluid travels along the axis of the channel compared to the channel length, if
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the Shape Factor function has an amplitude of one1. The Penetration Ratio is normalized
(Eq. 4.15) by multiplying it by the root mean square of the Shape Factor in order to
account for the shape factor’s amplitude variation with the Womersley number, see
Figure 39. The normalized Penetration Ratio is used to compare channel configurations
in which the convective strength of the flow varies.
The non-dimensional parameter π1 (Eq. 4.16) is the inverse of the cross-stream
conduction coefficient of Eq. 4.13. It is the ratio of the cross-stream conduction and
oscillation time scales; thus, it characterizes the amount of time available during one
oscillation for heat to be conducted cross-stream. The non-dimensional parameter π1 is
related to the square of the Womersley number (W) via the Prandtl number, which
couples the molecular transport properties of the momentum and energy equations, i.e.,

b 2ω b 2ω α π 1
W =w =
=
⋅ =
ν
α ν Pr
2

(4.20)

The non-dimensional parameter π3 (Eq. 4.18) appears in the convective term of
Eq. 4.17. Since is the ratio of the cross-stream conduction and advective time scales, it is
independent of the oscillation time scale (period of oscillation). Like the Penetration
Ratio, π3 is normalized (Eq. 4.19) by multiplying it by the root mean square of the Shape
Factor, in order to account for the amplitude variation of the flow with the Womersley
number.

1

The distance that the fluid element travels in one direction is known as the tidal displacement in most of
the literature on oscillatory heat exchangers [36-41]. In most of these investigations, it is generally used in
lieu of the Penetration Ratio to describe the advective amplitude of the flow.
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4.2.2. Wall Model

The wall boundary condition is satisfied by applying conservation of energy. The
heat flux into and out of the walls is set equal to the rate of change of the internal energy
of the walls, using Fourier’s law of heat conduction, as shown in Eq. 4.21 and Figure 40:

ρ s c sV s

∂T f
∂Ts
= −κ f A
∂y
∂t

(4.21)

Figure 40: The wall temperature boundary condition

Three important assumptions are used to simplify the wall boundary condition.
First, the wall sections, or elements, are assumed to be thin enough in both the x and y
planes such that that the temperature of each element is spatially uniform. Second, there
is a symmetry line along the horizontal axis of the wall, which eliminates conduction
through the wall. Third, the individual wall elements are insulated from each other, to
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prevent axial conduction between the elements.
between a wall node and the adjacent fluid.

Thus, heat can only be conducted
The main benefit of making these

assumptions is that the finite difference formulation of Eq. 4.21 can be implemented
directly into the solution scheme for the energy equation of the flow. This eliminates the
need for an iterative scheme that simultaneously solves the heat conduction equation
within the wall elements and the energy equation within the flow, which would be very
costly from a computational perspective. However, the drawback of these assumptions is
that the boundary condition loses accuracy as the wall thickness increases, because the
wall will develop an internal thermal boundary layer and temperature gradient. Since the
anticipated design of the MPPHR will employ very thin walls, these assumptions should
not affect the most important results of this investigation.
The geometric relationship between the volume of a wall element and the crosssectional area for heat transfer with the adjacent flow, i.e. Vs/A=a, is substituted into Eq.
4.21, and the thermal conductivity is written in terms of the thermal diffusivity, yielding:

α f ρ f c f ∂T
∂ Ts
=−
∂t
ρ s c s a ∂y

(4.22)

Non-dimensionalization of Eq. 4.22 using equation set 4.8 and the cross-stream
conduction time scale (Eq. 4.11) yields:
ρ f c f b ∂ϑ
∂ϑ
=−
⋅
∂τ
ρ s c s a ∂Y

(4.23)

where:

FWTCR =

ρfcfb

(4.24)

ρ scsa
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The non-dimensional parameter derived in this analysis is the fluid-to-wall thermal
capacitance ratio (FWTCR). As the FWTCR becomes large, the wall becomes adiabatic,
because the heat transferred into and out of the wall goes to zero, since its thermal
capacitance goes to zero (i.e., the wall appears to be insulated).
The metric used to evaluate the performance of the MPPHR is the Effectiveness,
E, which non-dimensionally compares the heat loss of the recuperator (i.e., the net heat
ejected to the cold reservoir), to the average energy oscillation of the walls.

E = 1−

QConduction + QConvection
∆EWall

(4.25)

The net heat convected through a vertical plane of the MPPHR, per unit depth, is found
by integrating the heat flux along that plane over one cycle.
b
QConvection Γ
= ∫ ρc p ∫ u ( y, t ) ⋅ T ( y, t ) ⋅ dy ⋅dt
d
0
0

(4.26)

The thermal energy conducted through a plane of the MPPHR, per unit depth, can be
found similarly.

QConduction Γ b ∂T
= ∫∫k
dydt
d
X
∂
0 0

(4.27)

The average oscillation of the internal energy of the wall, per cycle, per unit depth, is:

∆E Stack ρ s c sVs ∆T ρ s c s aL iMax
=
=
∑ (TMax ,i − TMin ,i )
d
d
iMax i =1

4.3 Viscous Dissipation
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(4.28)

The differential rate of viscous dissipation is a source term in the energy equation
(Eq. 4.7). This quantity is derived using the assumptions utilized previously in the
derivation of the mass and momentum equations. The result is:

 ∂u 
Local Dissipation Rate = 2µ  
 ∂y 

2

(4.29)

In order to find the total amount of kinetic energy converted into heat within the channel,
Eq. 4.29 is integrated over the channel area and one period of operation to determine the
dissipation per unit depth and per cycle (J/m/cycle) of the channel.
2

2

L b/2 Γ
b/2 Γ
 ∂u 
 ∂u 
Diss
= 2µ ∫ ∫ ∫   dtdydx = 2 µL ∫ ∫   dtdy
∂y 
∂y 
depth
−b / 2 0 
0 −b / 2 0 

(4.30)

The expanded velocity equation (Eq. A.6) is substituted into Eq. 4.30, and the resulting
integral is evaluated, yielding:

((

Diss
1
2
*
= 2πbU Amp
)
ρL * ϑ1 ( walt
d
walt

) + (ϑ
2

2

*
( walt
)

) )(sinh (2w ) − sin (2w ))
2

*
alt

*
alt

(4.31)

where the functions ϑ1 and ϑ2 are defined in Eqs. A.7 and A.8, respectively, and walt* is
defined as:
*
w alt
=

walt
2

(4.32)

The viscous dissipation coefficient (VDC) is defined as:
2
ρ bL
VDC = 2πU Amp

(4.33)

and the viscous dissipation integral is defined as:
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Figure 41 shows the dependence of the viscous dissipation integral, viscous
dissipation coefficient, and the viscous dissipation on the altered Womersley number,
w*alt (Eq. 4.32), within the anticipated design space of the MPPHR, for a constant
normalized Penetration Ratio channel (i.e., the amplitude of the flow velocity is constant).
The viscous dissipation is fairly constant for values of w*alt greater than 0.5, but it
increases exponentially as w*alt decreases below that value, because the dissipation
coefficient increases exponentially as w*alt approaches zero. The viscous dissipation
coefficient increases exponentially because the characteristic velocity amplitude (U Amp)
increases exponentially, in order to compensate for the RMS of the Shape Factor, which
decreases exponentially as w*alt approaches zero, as shown in Figure 39.
A crude criterion for the viscous dissipation per cycle is that it should not exceed
0.1 J/m/cycle. All of the MPPHR configurations considered in this investigation have a
viscous dissipation smaller than 0.04 J/m/cycle, and most are about an order of
magnitude below that, tenuously validating the assumption of negligible viscous
dissipation. This condition is not violated because the MPPHRs generally have a value
of w*alt greater than 0.3, which avoids the very small w*alt region where the dissipation
increases exponentially. Nevertheless, the channels can violate the negligible dissipation
assumption at certain combinations of operating conditions and fluid properties. This is
because the amplitude of the dissipation coefficient is exponentially dependent on the
normalized Penetration Ratio, operating frequency, device length, and fluid viscosity, as
shown in Eq. 4.35.
2
2πU Amp
ρ bL ∝ (PR Norm ) (ω )
2

3/ 2

(ν )1 / 2 ρ

L4
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(4.35)

Thus, the viscous dissipation can easily exceed the 0.1 J/m/cycle threshold when the
frequency of operation, normalized Penetration Ratio, or device length are increased.
This indicates that the negligible viscous dissipation assumption must be applied
judiciously.
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Figure 41: Dependence of the dissipation integral, dissipation coefficient (J/m/Cycle),
and the viscous dissipation (J/m/cycle) upon walt, normalized Penetration Ratio=.2,
frequency=2 Hz, viscosity=2.78E-7 m2/s

4.4 Pumping Work

The total energy required by the pump to maintain the fluid oscillations in the
channel is calculated by integrating the power input over a cycle of operation.
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Γ

Γ

Γ

0

0

0

W Pump = ∫ PPump dt = ∫ Force ⋅ U (t , y )dt = ∫ A∆p cos(ωt ) ⋅ U (t , y )dt

(4.36)

Since both the amplitude and phase of the velocity vary along the vertical axis of the
channel, the dot product of the pressure and velocity is integrated along the y-ordinate.
This operation is performed by dividing the cross-sectional area into its components (Eq.
4.37) and substituting them into Eq. 4.36.
A = db = d ∫

b/2

−b / 2

(4.37)
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W Pump = ∫ A∆p cos(ωt ) ⋅ U (t , y )dt = ∫ d ∫ ∆p cos(ωt ) ⋅ U (t , y )dydt
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0

(4.38)
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The velocity (Eq. 4.4) is substituted into Eq. 4.38, yielding:
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d
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The integral in Eq. 4.40 is evaluated in Appendix C. The result is:
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The pumping work coefficient is defined as:
2
PWC = 2πU Amp
ρLb

(4.42)

and the pumping work integral is defined as:
 1
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(4.43)

The dependence of the pumping work, pumping work integral, and pumping work
coefficient on w*alt are described in Figure 42.

While the pumping work integral

increases exponentially with w*alt, the pumping work coefficient decreases exponentially,
and both level off when w*alt approaches a value of one, where viscosity no longer
dominates the flow. Like the viscous dissipation, the pumping work is maximum in the
small w*alt regime, where the pressure gradient must be increased exponentially to
overcome the flow resistance caused by the shear stress. Additionally, since the pumping
work coefficient is identical to the viscous dissipation coefficient, it has the same power
law scaling with the normalized Penetration Ratio, frequency of operation, device length,
and fluid viscosity.
Within the MPPHR design space of this investigation (walt>.3), the pumping work
is less than .01 J/m/cycle. Using the same constraint as was placed on the viscous
dissipation (WPump<0.1 J/m/cycle), the negligible pumping work assumption is validated.
However, given the power law scaling of the pumping work coefficient, the assumption
must be carefully applied, particularly when the frequency and normalized Penetration
Ratio are increased in the small w*alt regime.
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Figure 42: Dependence of the pumping work integral, pumping work coefficient, and
pumping work upon the altered Womersley number, normalized Penetration Ratio=.1,
frequency=2 Hz, viscosity=2.78E-7 m2/s

4.5 Numerical Simulation

Equations 4.7 and 4.21 were solved numerically using a grid consisting of a fixed
rectangle occupying the entire channel area. The left and right open flow boundaries of
the channel are adjacent to constant temperature hot and cold reservoirs, respectively, and
the top and bottom boundaries are the channel walls, represented by Eq. 4.21. The nodes
of the grid are spaced at constant intervals during all simulations; the node length (dx) is
fixed for all simulations (.001 m), while the node height (dy) varies with the channel
height.
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The numerical scheme used to solve the energy equation is an alternating
direction implicit (ADI) [48] method based on a finite difference approach. Approximate
factorization is used to convert the two-dimensional temperature equation (4.7) into two
one-dimensional equations that can be solved implicitly in successive sweeps in the x and
y directions. The scheme is 2nd Order accurate in space in the body of the grid, 1st Order
accurate in space along the reservoir boundaries, 1st Order accurate in time (limited by
the truncation error of the approximate factorization), fully implicit, and unconditionally
stable. The derivation of the discretized form of the energy equation for the flow is
presented in Appendix D.
The wall boundary equation is solved with an implicit trapezoidal scheme, 2nd
Order accurate in time and space (Explicit schemes for the given wall boundary equation
are unstable.). The derivation of the discretized form of the wall boundary equation is
also presented in Appendix D.
The reservoir temperatures only affect the channel during the inflow periods of
the flow oscillations, because upwind finite differences are used along the open flow
boundaries. When the flow is entering the channel, the boundary temperature is based on
the reservoir temperature, and when the flow is exiting the channel, the boundary
temperature is extrapolated from the temperature profile within the channel.
The MPPHR numerical simulation is terminated when the channel reaches limit
cycle behavior. This occurs when the convective heat flux through the channel (Eq. 4.26)
is constant both per cycle and spatially along the axis of the recuperator. The dependence
of the MPPHR performance upon non-dimensional design parameters and operating
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conditions is evaluated post-simulation. The simulator program was coded in the C
programming language.

4.6 Performance

This section presents the results of a parametric numerical investigation of the
heat transfer and recuperation capabilities of the MPPHR. The goal of this investigation
is to determine the operating regime(s) in which the MPPHR is most effective at both
transferring heat and recuperating it between the flow and the wall elements.

The

working fluid used in the parametric investigation is pressurized, saturated water.
Average values were used for all physical properties, within the temperature range 350 475 °K. The operating regime variables and material properties of the nominal case are
described in Table 11.

Table 11: Material properties and channel operating regime for nominal MPPHR test
case
475 °K

Hot Reservoir
Temperature
Cold Reservoir
Temperature
Fluid Density
Fluid Specific Heat
Wall Density
Wall Specific Heat

900 kg/m3
4300 J/kg·°K
2000 kg/m3
5000 J/kg·°K

Fluid Viscosity

2.78E-7 m2/s

350 °K
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Fluid Thermal
Diffusivity
Frequency

1.853E-7 m2/s

Channel Height
Wall Height
π1
Normalized
Penetration Ratio
FWTCR

.00015 m
.0581 mm
6.1
0.1

8 Hz

1

The first two figures in this section show the basic temperature distribution within
the channel for the nominal MPPHR configuration. Figure 43 shows the dependence of
the fluid core and wall temperatures upon time at several locations along the axis of the
recuperator. The wall temperature lags that of the channel core, due to the time it takes
for cross-stream conduction to transfer heat across the width of the channel.

Although

the temperature difference between the core and wall is only a few degrees, it is not small
enough for the purposes of this investigation, as the wall temperature needs to approach
the channel core temperature in order to minimize the cross-stream temperature gradients.
This reduces the magnitude of the convective-conductive heat transfer mechanism, which
decreases the amount of heat ejected out of the recuperator.
Additionally, the temperature oscillations within the body of the channel are in
phase and of similar magnitude, indicating that entrance effects are limited to the regions
closest to the flow boundaries, where the temperature oscillations have a different
magnitude, phase, and waveform.
Figure 44 shows the dependence of the net heat convected per cycle through the
channel upon the axial location. The value should be constant throughout the entire
channel in order to satisfy conservation of energy.

However, due to the sharp

temperature jumps induced by the isothermal reservoir boundary conditions, the entrance
regions exhibit some fluctuations, which do not affect the results of this investigation.
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Figure 43: Temperature profile at various locations along the recuperator axis

Figure 44: Dependence of the net heat convected per cycle upon axial node location
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4.6.1 The Net Heat Convected per Cycle

The dependence of the net heat convected per cycle from the hot reservoir to the
cold reservoir on the non-dimensional number π1, the normalized Penetration Ratio, the
Womersley number, and the fluid-to-wall thermal capacitance ratio (FWTCR) is
described in Figures 45 through 51 (For the duration of this chapter, the net heat
convected per cycle from the hot reservoir to the cold reservoir is simply referred to as
the net heat convected per cycle.).

The effects of varying the channel height and

frequency of operation on the net heat convected per cycle, for a normalized Penetration
Ratio and fluid-to-wall thermal capacitance ratio of 0.1 and 1, respectively, are shown in
Figure 45. As the non-dimensional number π1 (Eq. 4.16) approaches zero, the crossstream conduction dominates the heat transfer process. It is so effective at transferring
heat between the core of the flow and the walls that it inhibits large cross-stream
temperature gradients from forming.

Without these gradients, the cross-stream

conduction and advective flow oscillations cannot couple, choking the heat transfer
mechanism and forcing the net heat convected per cycle through the channel to zero. As
π1 increases, the characteristic distance for heat conduction between the core of the flow
and the walls increases. As a result, larger cross-stream temperature gradients form
within the oscillating flow and the coupling between the cross-stream conduction and the
advective flow oscillations increases substantially, resulting in an exponential increase in
the net heat convected per cycle through the channel. At π1≈30, the net heat convected
per cycle peaks when the cross-stream temperature gradients and the advective flow
oscillations are perfectly “tuned”. The existence of this tuned peak is consistent with the
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work of previous investigators, although it occurs at a different value of π1 [39, 41, 43].
For π1>30, the net heat convected per cycle decreases slightly before leveling off. This
result disagrees with that of previous investigators [39, 41, 43] whose work indicates that
the net heat convected per cycle decreases at an exponential rate beyond the tuning point
for maximum heat transfer. In this operating regime, the cross-stream conduction time
scale (i.e., b2/α) is much larger than the oscillation time scale (i.e., 1/ω). This would
seem to indicate that the cross-stream conduction process is too slow to couple with the
advective flow oscillations, which may explain why the net heat convected per cycle
decreases exponentially in their work. However, this is not the case in this investigation.
Although the relatively rapid flow oscillations provide less time for cross-stream
conduction, they also generate much larger temperature gradients in the near-wall regions,
thus maintaining high levels of cross-stream heat conduction.

As a result, the heat

transfer mechanism remains strongly coupled, and the net heat convected per cycle only
decreases marginally.
Additionally, the net heat convected per cycle is proportional to the inverse square
root of the frequency. Thus, it increases as the frequency decreases, because longer
periods of oscillation allow more time for cross-stream conductive heat transfer, which
strengthens the coupled heat transfer mechanism.

On the other hand, the net heat

convected per unit time (rate of heat transfer between the reservoirs) is proportional to the
square root of the frequency of oscillation. As the frequency of oscillation increases, the
time available for heat conduction per cycle decreases, but the rate of cross-stream
conduction increases, because the cross-stream temperature gradients are much larger.
Thus, the rate of heat transfer between the reservoirs increases.
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This result is in

disagreement with Kurzweg’s analytical result [39, 41], which predicts that the rate of
heat transfer between the reservoirs is proportional to the frequency of oscillation.
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Figure 45: Dependence of the net heat convected per cycle upon π1 (FWTCR = 1, PRNorm
= .1, Pr = 1.5)

The effects of varying the normalized Penetration Ratio or the thermal diffusivity
of the fluid on the net heat convected per cycle, for a frequency and fluid-to-wall thermal
capacitance ratio of 2 Hz and 1, respectively, are shown in Figures 46 and 47,
respectively. In Figure 46, the net heat convected per cycle increases with the square of
the normalized Penetration Ratio, which agrees with previous studies [39, 40, 43]. In
Figure 47, the net heat convected per cycle increases with the square root of the thermal
diffusivity. It is important to note that the viscosity is held constant in this data, so that
the thermal diffusivity varies inversely with the Prandtl number. The dependence of the
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net heat convected per cycle on the thermal diffusivity, as determined in this study, is
difficult to compare with previous studies, because there is either inconclusive [40] or
potentially conflicting [39, 43] data presented. This is because the previous researchers
scaled the dependence of the net heat convected per cycle on the Prandtl number when
both the viscosity and the thermal diffusivity were allowed to vary, whereas this data was
generated by only varying the thermal diffusivity. It will be shown that the net heat
convected per cycle has a completely different dependence on the viscosity than the
thermal diffusivity, because they affect the convective – conductive heat transfer
mechanism in two fundamentally different ways. Thus, the Prandtl number should not be
used alone to determine how the net heat convected per cycle varies when the viscosity
and thermal diffusivity vary.
Using the results presented in Figures 45 through 47, the following expression for
the scaled net heat convected per cycle (QConvection,Scaled) is derived:

QConvection, Scaled = QConvection

ω
Pr
2
ω 0 PR Norm

(4.44)

The scaled net heat convected per cycle is plotted vs. π1 in Figure 48; the data were
obtained by using the parameters listed in the legend; the default values of the frequency,
normalized Penetration Ratio, and Prandtl number are 2 Hz, 0.1, and 1.5, respectively.

111

Net Heat Convected per Cycle (J/m)
(Log Scale)

1000

NPR=.05
NPR=.1
NPR=.2
NPR=.3

100

10

1
0.1

1

π1 (Log Scale)

10

100

Net Heat Convected per Cycle (J/m)
(Log Scale)

Figure 46: Dependence of the net heat convected per cycle upon π1 and the normalized
Penetration Ratio

1000
Pr=.25
Pr=.5
Pr=1
Pr=1.5
Pr=3

100

10

1
0.1

1

π1 (Log Scale)

10

100

Figure 47: Dependence of the net heat convected per cycle upon π1 and the thermal
diffusivity
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Figure 48: Dependence of the normalized net heat convected per cycle upon π1

The effect of varying the viscosity of the fluid on the net heat convected per cycle
is shown in Figure 49. The viscosity affects the heat transfer characteristics of the
channel through the Womersley number (Eq. 4.5), which determines the characteristic
shape and amplitude of the Shape Factor (Eq. 4.4). To determine the importance of the
Shape Factor’s amplitude and profile, two channels are compared; the first case is a
control channel in which the viscosity is held constant and the normalized Penetration
Ratio is varied by changing the pressure gradient. Thus, the shape of the flow profile
does not change even though the amplitude of the flow varies in proportion to the
normalized Penetration Ratio. The altered Womersley number (Eq. 4.6) of the control
case is fixed at 0.874, where the flow profile has a relatively broad parabolic shape since
it is neither viscous or pressure controlled (see Figure 38). The second channel is the test

113

case, in which the pressure gradient is held constant and the viscosity varies. Thus, the
altered Womersley number varies, causing the amplitude and profile of the Shape Factor
function to vary. Thus, the control case captures channel performance when only the
normalized Penetration Ratio varies and the test case captures channel performance when
the normalized Penetration Ratio and the shape of the flow profile vary. Both channels
are operated at identical values of π1, to insure that the effects of changing the viscosity
are isolated from the effects of changing the frequency, channel height, and thermal
diffusivity. The results in Figure 49 show that the net heat convected per cycle scales
identically with the normalized Penetration Ratio in the small and mid Womersley
number range (i.e., walt<1.75). This behavior indicates that the amplitude of the Shape
Factor dominates the channel’s heat transfer characteristics in this regime, and the shape
of the velocity profile is essentially irrelevant. However, the net heat convected per cycle
decreases in the large Womersley number regime (walt>1.75) of the test case, whereas it
continues to increase for the control case. Their behavior differs because the coupled
heat transfer mechanism of the test case begins to decouple; the velocity and thermal
gradients within the flow of the test case are isolated in the very-near wall regions of the
channel in this flow regime, whereas they are distributed much further into the core of the
flow in the control case. Thus, in the test case, the temperature gradients that drive the
cross-stream conduction process are effectively confined to the near wall region,
preventing them from coupling with the bulk flow oscillations in the center of the channel,
breaking the coupled heat transfer mechanism.

Since the MPPHRs of interest to this

investigation operate with an altered Womersley number smaller than 1.75, the influence
of the flow’s profile on performance can be ignored.
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Figure 49: Dependence of the scaled net heat convected per cycle and altered Womersley
number upon the normalized Penetration Ratio and viscosity

The fluid-to-wall thermal capacitance ratio affects the net heat convected per
cycle through the temperature gradients that determine the rate of cross-stream
conduction. This is shown in Figure 50, which compares the time dependence of the
temperature at the wall and the flow centerline for channels with an FWTCR of 0.8 and 3.
For the small FWTCR case, the wall temperature lags that of the adjacent flow, because
the fluid does not have enough thermal energy to drive the temperature of the wall. This
causes large cross-stream temperature gradients to form, which increase the rate of crossstream conduction, strengthen the coupling of the convective-conductive heat transfer
mechanism, and increase the net heat convected per cycle. For the large FWTCR case,
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the wall’s temperature is easily driven by the adjacent flow, since the wall has a very
small thermal capacitance; this eliminates the temperature lag between the core of the
flow and the wall, causing the cross-stream temperature gradients decrease. Thus, the
heat transfer mechanism weakens because there is very little cross-stream conduction,
causing the net heat convected per cycle to decrease significantly. The ramifications of
these effects are shown in Figure 51, which shows the dependence of the net heat
convected per cycle upon π1 for several values of the FWTCR. As anticipated, at a given
value of π1, the net heat convected per cycle decreases as the FWTCR increases.
Of particular importance is the divergence of the curves at small values of π1,
indicating that the thermal capacitance ratio has a much stronger effect on the net heat
convected per cycle in small π1 channels. This is related to the size of the thermal
boundary layer; in channels with a small value of π1, the thermal boundary layer easily
encompasses the entire channel, because heat can rapidly conduct across the
characteristically short distance between the walls and the core of the flow. This keeps
the cross-stream temperature gradients small, preventing the cross-stream conduction
from coupling with the bulk flow oscillations, causing the net heat convected per cycle to
approach zero as π1 approaches zero, as seen in Figures 45 through 47. However, when
the thermal capacity of the walls increases, an effect similar to an increase of the
characteristic cross-stream distance occurs: the wall temperature lags further behind that
of the channel core, leading to an increase of the cross-stream temperature gradients, the
rate of cross-stream conduction, and the coupling of the convection-conduction
mechanism. Essentially, the thermal boundary layer gets stretched. On the other hand,
the thickness of the thermal boundary layer in channels with a large value of π1 is already
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large, and the wall temperature already lags the channel core temperature by a significant
amount. Thus, when the FWTCR decreases, the thermal boundary layer cannot increase
in size because it is already ‘stretched’to its limit, as the characteristic distance between
the core of the flow and the walls is already large.

Thus, changing the thermal

capacitance of the walls in this regime has less impact on the cross-stream temperature
gradients and the net heat convected per cycle.

Figure 50: Comparison of flow temperature profiles for channels with different values of
the FWTCR
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Figure 51: Dependence of the net heat convected per cycle upon π1 and the FWTCR

It is also worth noting that changing the fluid-to-wall thermal capacitance ratio is
accompanied by a shift of the peak value of the net convection per cycle to a different
value of π1. Channels with a larger fluid-to-wall thermal capacitance ratio have their net
convection per cycle peak at larger values of π1 since their characteristic thermal
boundary layers are less ‘stretched’at a given value of π1. Thus, the coupling between
the cross-stream conduction and the advective flow oscillations continues to increase at
larger values of π1 because the cross-stream temperature gradients continue to increase.
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4.6.2 The Spatial Average of the Wall Temperature Oscillation

The spatially averaged wall temperature oscillation is important to this
investigation for two reasons. First, it is directly proportional to the spatial average of the
wall energy oscillation, which in combination with the net heat convected per cycle is
used to determine the Effectiveness of the channel.

Second, the size of the wall

temperature oscillation is critical to the investigations of Chapter 5, where the walls are
composed of micro-power generating elements, and require a specific temperature
variation to generate power, as discussed in Chapter 3.
The dependence of the spatial average of the wall temperature oscillation upon π1
is plotted in Figure 52 for several values of the normalized Penetration Ratio. At π1≈1.5,
the average wall temperature oscillation peaks because the flow oscillations generate
large enough cross-stream temperature gradients within the flow to move heat from the
core to the walls, and a minimal amount of that heat is lost to the cold reservoir in the
process.

For π1>1.5, the average wall temperature oscillation decreases linearly, as a

direct result of the reduced time available or the increased distance required for crossstream conduction between the core of the channel and the walls. Additionally, Figure 52
shows that the average wall temperature oscillation increases linearly with the normalized
Penetration Ratio, establishing a direct correlation between the temperature oscillation of
the walls and the convective strength of the flow oscillations. The ramifications of this
relationship are seen in the non-dimensional scaling results for a power generation system,
discussed in Chapter 5.
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The effects of varying the fluid-to-wall thermal capacitance ratio on the average
wall temperature oscillation are shown in Figure 53. As the thermal capacitance of the
wall decreases, the average wall temperature oscillation increases with diminishing
returns, as it approaches the adiabatic limit. The average wall temperature oscillation
also increases in direct proportion to the normalized Penetration Ratio for all values of
the fluid-to-wall thermal capacitance ratio.
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Figure 52: Dependence of the spatially averaged wall temperature oscillation upon π1
(FWTCR=1)
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Figure 53: Dependence of the spatially averaged wall temperature oscillation upon the
fluid-to-wall thermal capacitance ratio and normalized Penetration Ratio

4.6.3 The Effectiveness

The Effectiveness, defined in Eq. 4.25, is based on the ratio of the net heat
convected per cycle and the spatially averaged energy oscillation of the wall. It is a
measure of the heat recuperation capabilities of the channel because it compares the heat
ejected to the cold reservoir to the heat transferred to the walls of the device.
The maximum value of the Effectiveness is one. In order to achieve this value, an
amount of heat equivalent to that ejected by the recuperator during one cycle must
generate a wall energy oscillation during the same period of operation. This is only
possible if the axial and cross-stream conduction losses are negligible; axial conduction
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losses result from the conduction of heat directly between the two reservoirs without
being transferred to the walls. Its effects can be mitigated by increasing the frequency of
operation, reducing the channel height, or reducing the thermal diffusivity of the fluid.
Cross-stream conduction losses, on the other hand, cannot be mitigated so easily; crossstream conduction is required to transfer heat to the walls and generate large temperature
oscillations, yet large cross-stream gradients induce large rates of heat transfer through
the channel, causing the channel to ‘lose’large amounts of heat.
The effects of varying the strength of the cross-stream conduction process on the
Effectiveness are shown in Figure 54, in which π1 and the normalized Penetration Ratio
are varied. In the limit of small values of π1, the Effectiveness approaches one. However,
the Effectiveness decreases as π1 increases, because the net heat convected per cycle
increases at a greater rate than the thermal energy delivered and removed from the
channel walls.
Additionally, Figure 54 shows that increasing the normalized Penetration Ratio at
a given value of π1 causes the Effectiveness of the recuperator to decrease. This is
because the net heat convected per cycle increases with the square of the normalized
Penetration Ratio (see Figure 46), but the average energy oscillation of the wall
(proportional to the temperature oscillation) only increases linearly with the normalized
Penetration Ratio (see Figure 52).
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Figure 54: Dependence of the Effectiveness upon π1 and the normalized Penetration
Ratio (FWTCR = 1, Pr = 1.5)

The dependence of the Effectiveness on the normalized Penetration Ratio and π1
can be accounted for by plotting the Effectiveness against π3, Norm (Eq. 4.19), see Figure
55. As π3,Norm approaches zero, all of the Effectiveness curves converge to a value of one.
However, for π3,Norm greater than 0.2, the Effectiveness curves diverge, because channels
with a larger normalized Penetration Ratios suffer rapid performance loss, due to the
quadratic dependence of the net heat convected per cycle on the normalized Penetration
Ratio.
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Figure 55: Dependence of the Effectiveness upon π3,Norm and the normalized Penetration
Ratio (FWTCR = 1, Pr = 1.5)

The dependence of the Effectiveness on either the viscosity of the working fluid
or the imposed temperature gradient is considered in Figures 56 and 57, respectively.
Figure 56 describes the dependence of the Effectiveness upon the normalized Penetration
Ratio for the control and test viscosity cases that were previously discussed in the net
heat convected per cycle section.

The Effectiveness decreases linearly with the

normalized Penetration Ratio for walt less than 1.75, indicating that the amplitude of the
Shape Factor determines channel performance, and the shape of the velocity profile is
essentially irrelevant. However, in the large Womersley number region (walt>1.75), the
Effectiveness of the viscosity test case increases, due to the corresponding decrease of the
net heat convected per cycle, as shown in Figure 49. Additionally, the results in Figure
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56 indicate that the performance of MPPHRs using working fluids with different
viscosities can easily be predicted by comparing the normalized Penetration Ratio.
The effects of varying the axial temperature gradient of the recuperator are
considered in Figure 57, in which the dependence of the net heat convected per cycle,
spatially averaged wall temperature oscillation, and Effectiveness upon the normalized
temperature gradient are described. The normalized temperature gradient is determined
by dividing the actual temperature gradient of a given MPPHR (determined by its hot and
cold reservoir temperatures) by the temperature gradient of the nominal MPPHR
(determined by the reservoir temperatures listed in Table 12).

∆TNorm =

(TH − TC ) Actual
(TH − TC ) No min al

(4.45)

Figure 57 shows that the net heat convected per cycle and the average wall temperature
oscillation increase linearly with the normalized temperature gradient while the
Effectiveness remains constant. This indicates that recuperator performance and heat
transfer characteristics do not depend upon the imposed temperature gradient.
It is important to note that as the temperature gradient is increased, this result may
become inaccurate because the constant property assumptions used for the fluid density,
specific heat, viscosity, and thermal diffusivity may no longer apply. Thus, the derived
form of the conservation equations will not accurately represent the hydrodynamic and
thermodynamic behavior of the system .

125

Pressure Gradient Varied

5

Viscosity Varied
Altered Womersley Number

Effectiveness

4
3
0.85
2
1
0.7

Altered Womersley Number
(w alt)

1

0
0

0.1

0.2

0.3

0.4

Normalized Penetration Ratio (PRNorm)
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Figure 57: Dependence of the net heat convected per cycle (J/m), spatially averaged wall
temperature oscillation (K), and Effectiveness upon the normalized temperature gradient.
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Finally, the effect of varying the fluid-to-wall thermal capacitance ratio on the
Effectiveness is shown in Figure 58, for several channel configurations. Figure 58 shows
that all of the investigated cases peak within a relatively broad range of values of the
FWTCR, between approximately 1.5 and 3. The Effectiveness decreases as the FWTCR
is reduced below 1.5, because the net heat convected per cycle increases at a faster rate
than the average energy oscillation of the wall. For values of the FWTCR greater than 3,
the flow readily drives temperature changes in the wall, minimizing the cross-stream
temperature gradients. However, the reduced thermal capacitance of the wall causes the
average wall energy oscillation to decrease at a slightly faster rate than the net heat
convected per cycle, causing the Effectiveness to decrease.
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Figure 58: Dependence of the Effectiveness upon the FWTCR (PRNorm=.1, f=2 Hz)
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4.7 Chapter Summary

The conditions under which the performance of a liquid based Micro-Parallel
Plate Heat Recuperator is optimized were elucidated. It was determined that:
1. The parameter π1 is useful for determining the net heat convected per cycle, the
spatially averaged wall temperature oscillation, and the Effectiveness of an MPPHR
channel.

The Effectiveness of the recuperator approaches its maximum as π1

approaches zero, but the ability to drive temperature oscillations in the walls goes to
zero simultaneously.
2. The normalized Penetration Ratio strongly affects the operating regime and
performance of the MPPHR, because it determines the magnitude of the advective
flow oscillations. The net heat convected per cycle and the average internal energy
oscillation of the wall increase quadratically and linearly, respectively, with the
normalized Penetration Ratio.
3. π3,Norm is a useful non-dimensional variable for determining the Effectiveness of an
MPPHR channel, for values of π3,Norm less than 0.2, because it accounts for variation
of the normalized Penetration Ratio and π1. Recuperator effectiveness approaches its
maximum as π3,Norm approaches zero, while the temperature oscillations go to zero
simultaneously.
4. The fluid-to-wall thermal capacitance ratio can have a significant impact on
recuperator performance. While the Effectiveness does not vary substantially with
the FWTCR, the net heat convected per cycle increases dramatically as the FWTCR
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decreases, while the average wall temperature oscillations go to zero. On the other
hand, as the FWTCR increases, the net heat convected per cycle decreases with
diminishing returns, and the spatially averaged wall temperature oscillation increases
with diminishing returns, as the wall boundary condition asymptotically approaches
the adiabatic limit.
5. The viscosity of the working fluid predominantly affects the behavior of the MPPHR
through the viscous dissipation, pumping work, and the velocity amplitude. Both the
viscous dissipation and pumping work increase with the square root of the viscosity,
indicating that highly viscous working fluids are unsuitable for use in the MPPHR.
The velocity amplitude is affected by the presence of the viscosity in the Womersley
number, which determines the amplitude and profile of the Shape Factor. The shape
of the flow profile was shown to be irrelevant within the design range of the
recuperator.

However, the amplitude of the Shape Factor critically affects the

normalized Penetration Ratio.
6. The negligible pumping work and viscous dissipation assumptions are tenuous.
These quantities increase exponentially as the altered Womersley decreases, and they
have a power law dependence on the frequency of operation and the normalized
Penetration Ratio.
7. The unsteady heat transfer capabilities of the MPPHR are suited for a
thermodielectric power generation system, because they are efficient, predictable, and
controllable.
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Chapter 5
The Micro-Thermodielectric Power
Generator

The investigation of Chapter 3 determined a phenomenological thermodielectric
equation of state, which was subsequently used to determine the material properties and
operating conditions necessary for an efficient thermodielectric power generation system.
The investigation of the previous chapter determined the heat recuperation capabilities of
the Micro-Parallel Plate Heat Recuperator (MPPHR), a device designed to meet the
unsteady heat exchange and recuperation needs of a thermodielectric power generation
system. In this chapter, the tools developed in the prior investigations are combined in
order to numerically investigate the behavior and performance of the MicroThermodielectric Power Generator (MTDPG), by parametrically varying the relevant
dimensional and non-dimensional variables that determine its operating regime. The
performance is evaluated in terms of the thermal efficiency, percent Carnot efficiency
and energy density of the power generation system. The performance of the MTDPG is
then optimized with respect to its thermal and percent Carnot efficiency.

5.1 Design
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The heat transfer and power generation systems of the Micro-Thermodielectric
Power Generator (MTDPG) are integrated into one structure, as shown in Figure 4. The
heat transfer system is the oscillating flow between the two reservoirs, and the power
generation system is the array of micro-power generators (MPGs) that are embedded in
the walls of the channels. The oscillating flow within the channels transfers heat from the
high temperature reservoir to the high temperature MPGs, and then from the high
temperature MPGs to the lower temperature MPGs, before the remainder of the heat is
ejected to the cold reservoir (see Figure 6). Thus, the oscillating flow provides the MPGs
with the unsteady heating and cooling necessary for power generation, as well as the
necessary heat recuperation for an efficient thermodielectric power generation system.
The arrays of MPGs along the axis of the channels represent the long cascades of power
generating elements, described in Chapter 3, that are necessary for an efficient
thermodielectric power generation system.
The performance of the MTDPG is determined by solving the relevant
conservation equations.

This is accomplished by combining the thermodynamic

equations that determine the behavior of a thermodielectric power generating element
(developed in Chapters 3) with the numerical tools used to solve the energy equation of
the Micro-Parallel Plate Heat Recuperator (MPPHR) (developed in Chapter 4). Thus, the
inert wall boundary equation used in the numerical MPPHR investigation (Eq. 4.21) is
replaced with a thermodielectric power generating wall boundary equation (Eq. 3.25) that
describes the behavior of MPGs operating in a power generation cycle. A schematic of
the simulation area of the MTDPG channel is shown in Figure 59.
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Figure 59: Schematic of the MTDPG simulation area

5.2 Model

5.2.1 Flow Model

Since the derivation of the 2-D conservation equations for the channel flow is
described in detail in Chapter 4, this is a brief synopsis. Using the relevant assumptions,

132

conservation of mass dictates that the flow is one dimensional in the axial direction, and
conservation of momentum yields the following limit cycle solution for the flow velocity:

b 2ω
u ( y, t ) = U amp SF ( y , t ,
)
ν

(5.1)

The expression describing the velocity consists of a characteristic amplitude, UAmp (Eq.
4.3), and a profile and amplitude function, the Shape Factor (Eq. A.10).

The

characteristic amplitude is determined by the strength of the pressure oscillations, which
are induced by pistons in the high and low temperature reservoirs. The amplitude and
profile of the Shape Factor is determined by the Womersley number (W), which is the
ratio of the viscous (b2/ν) and oscillation (1/ω) time scales of the flow, i.e.,

W =

b 2ω
ν

(5.2)

Next, the energy equation of the flow is derived using the same relevant assumptions,
with the additional assumptions of negligible viscous dissipation and pumping work.
This yields:

∂T
∂T
+ α∇ 2 T
= −u
∂x
∂t

(5.3)

A non-dimensionalization of the energy equation yields the relevant non-dimensional
variables that describe the operating and heat transfer regimes of the channel (see Chapter
4 for the full derivation and discussion of each variable). The non-dimensional groups
that are important to this investigation are: 1) the normalized Penetration Ratio, which
characterizes the amplitude of the flow oscillations with respect to the channel length:

PR Norm =

2U Amp

ωL

RMS (SF )

(5.4)
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2) π1, which characterizes the time available for heat to conduct cross-stream from the
channel core to the walls:

π1 =

b 2ω b 2ω ν
=
⋅ = W ⋅ Pr
α
ν α

(5.5)

and 3) the normalized temperature gradient, which characterizes the temperature limits
imposed on the power generation system:

∆TNorm =

(TH − TC ) Actual
(TH − TC ) No min al

(5.6)

5.2.2 Power Generating Wall Model

The thermodielectric wall boundary temperature equation is derived from the
energy, entropy and state equations of a differential thermodielectric element (See
Chapter 3).
dq&
β Ee − βE
dE&
+ 2 Dmax σ
− βE 2
T
dT
1+ e
=
dt
 β Ee − βE
 1 + e − βE
ρc v
e − βE
1

Ln
+ 2σ 2 D Max E 
+
+
− βE 2
T
βE  2
1 + e − βE
 1 + e

(

(

)

) (

)





(5.7)

The wall elements are treated as isolated differential elements using the assumptions
made in the study of the inert wall elements in Chapter 4. The implications of these
assumptions are that heat cannot be conducted between the MPGs and can only be
transferred into and out of each element via the adjacent flow. Thus, the rate of heat
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transfer between the MPGs and the adjacent flow is expressed by Fourier’s law of heat
conduction, per unit volume:

d q& =

1
V MPG

∂T
− ρ f cv, f α
dQ
1
=−
κfA
=
dt
V MPG
∂y
a

f

∂T

(5.8)

∂y

Substituting Eq. 5.8 into Eq. 5.7 yields the complete power generating wall boundary
equation:

− ρ f cv , f α f ∂T
∂y

aT

dT
=
dt ρc
 β Ee − βE
v
+ 2σ 2 D Max E 
− βE
T
 1 + e

(

+ 2 Dmax σ

(1 + e )

− βE 2

dE&

 1 + e − βE
1
e − βE

+
+
Ln
βE  2
1 + e − βE

) (
2

βEe − βE

)





(5.9)

Like the inert wall boundary condition, the accuracy of the power generating wall
boundary condition may significantly decrease when the wall thickness increases. This is
because a thermal boundary layer may form inside the wall when its thickness increases,
thus invalidating the assumption that each wall element is spatially isothermal. In order
to eliminate this source of error, the temperature distribution within the wall would have
to be solved for. This requires solving the non-linear heat conduction equation within the
wall in conjunction with the energy equation of the flow. This would require costly
computations and may not yield enough information justify the effort and computational
cost because the anticipated MPG thickness is in the thin film region, where these errors
are negligible.
Solving Eq. 5.9 requires specification of the MPG density (ρ), specific heat (cv),
wall thickness (a), pre-exponential factor (φ), temperature sensitivity (σ), and maximum
electric displacement (DMax), along with the magnitude and rate of change of the electric
field (E, dE/dt). The nominal values of the density and specific heat are taken from the
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MPPHR investigation in Chapter 4. The effects of varying either quantity on MTDPG
performance are determined in the ensuing parametric investigations. The wall thickness
is determined by specifying the fluid-to-wall thermal capacitance ratio (FWTCR, Eq.
4.24), which provides a non-dimensional means of determining MTDPG performance
when the wall thickness varies. The pre-exponential factor (φ) is fixed at a value of .054
for all investigations. Its value is based on the experimental work presented in Chapter 3,
see Figure 19.

The temperature sensitivity (σ) of each MPG is determined by the

minimum entropy point of the curve F1(Z), which occurs at a value of Eβ=2.567554 (see
Figure 21). Setting Eβ=2.567554 yields the following relationship for the temperature
sensitivity:

σ=

1  E Max φ 
Ln

T  2.567554 

(5.10)

The nominal value of the maximum electric displacement (DMax) is 2 C/m2. It
was determined arbitrarily, and the effects of using materials with different values are
determined in the ensuing parametric investigations. The magnitude and rate of change
of the electric field (E, dE/dt) are determined by a function that calculates the strength of
the field at a given time based on the desired maximum amplitude (EMax), phase angle,
bias (EBias), and mode shape (the mode shape describes how the electric field varies in
time; i.e., square wave, sinusoidal wave, etc.). The nominal value of the maximum
electric field strength (EMax) is 1E7 N/C, which is approximately equal to the breakdown
voltage of Barium Titanate, a ferroelectric material that has been studied for
thermodielectric power generation purposes [9]. The value of the maximum electric field
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strength is also varied in the ensuing parametric investigations in order to determine its
effects on MTDPG performance.
There are several additional dimensional and non-dimensional parameters that
describe the power generating wall boundary condition and thus affect the performance
of the MTDPG. The first is the fraction of a period that is used to charge and discharge
the MPG elements during a cycle, otherwise known as the charge/discharge ratio (C/D).
This quantity determines the magnitude of the thermodielectric source term in Eq. 5.9
because it determines the rate at which charging and discharging occurs (i.e., dE/dt). The
default value used for the C/D ratio is 1/8, which means that processes 1-2 and 3-4 of the
power generation cycle (charging and discharging, respectively) take 1/8 of a period to
occur. Figure 60 describes a comparison of how the electric field varies with time for the
four different values of the C/D ratio used in this investigation.
The second and third investigated wall boundary parameters are the maximum
electrostatic energy density (EED) and the normalized electrostatic energy density
(NEED), i.e.:
EED = E Max D Max

NEED =

E Max DMax
ρ s c v,s

(5.11)

⋅
Actual

ρ s cv , s
E Max DMax

(5.12)
No min al

The maximum electrostatic energy density (J/m3 ) characterizes the amount of work a
dielectric material is capable of performing, as demonstrated in Chapter 3.

The

normalized electrostatic energy density (NEED) is the ratio of the given material’s actual
maximum electrostatic energy density to the thermal energy density (ρcv, J/(m3⋅°K)),
normalized by the nominal value of this ratio. The normalized electrostatic energy
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density characterizes the amount of heat that must be supplied to a thermodielectric
material in order to perform a certain amount of dielectric work.

Figure 60: Comparison of electric field cycles with different charge/discharge ratios

The fourth quantity affiliated with the thermodielectric wall boundary equation is
the phase angle of the electric field oscillations, which determines the synchronization
between the temperature oscillations of the MPGs and the electric field oscillations. Thus,
it affects the interaction between the temperature of the MPGs and the temperature
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oscillations of the adjacent flow, which affects the operation and performance of the
individual MPGs, as well as the entire MTDPG.

The phase of the temperature

oscillations of the MPGs are determined by the phase of the flow oscillations (which are
determined by the Womersley number), the thermal diffusivity of the flow, the channel
height, the frequency of oscillation, and the heat capacitance of the wall. As such, the
investigator has little to no control over them. On the other hand, the phase of the applied
electric field is determined by the investigator. Thus, the phase of the applied electric
field can be ‘tuned’to optimize the thermal efficiency or energy density of the MPGs and
the MTDPG.
The fifth quantity affiliated with the wall boundary equation is the electric field
bias that can be applied to a thermodielectric element. A bias may be used to operate the
thermodielectric element between a non-zero electric field and the maximum electric
field, instead of between an electric field of zero and the maximum electric field. A
theoretical power generation cycle using this approach appears in Figure 16 in Chapter 2.
A dimensional variable that is unrelated to the wall boundary equation, but should
be investigated in a parametric study, is the length of the MTDPG.

In the inert

investigation of the MPPHR in Chapter 4, the length of the channel was not an important
variable because there was no energy conversion/removal along the length of the channel.
This is not the case in the MTDPG, where power is extracted along the channel length.
Thus, the length of the MPG, which affects the normalized Penetration Ratio and the
temperature gradient of the channel, and determines the number of MPGs, will affect
MTDPG performance.
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5.3 Performance Metrics

In order to calculate the efficiencies and energy density of the MTDPG, the net
heat convected through the channel (per cycle) is required. It is calculated (per unit depth)
at any given axial location along the channel by calculating the net internal energy
advected by the flow during one period of operation:
Γ
Qconvection
= ρc p ∫
d
0

b

∫ u( y, t ) ⋅ T ( y, t )dydt

(5.13)

0

The thermal efficiency of the MTDPG is determined by the amount of heat that enters
and exits the channel, defined as Qin and Qout, respectively, and calculated using Eq. 5.13.

ηt = 1 −

Qin
Qout

(5.14)

The energy density (ED, work done per unit volume) is calculated by dividing the net
work done per cycle by the channel volume.

ED =

(Q − Qout )
Work
= in
(b + a )Ld (b + a )Ld

(5.15)

The energy density can be converted to the power density (per unit volume) by dividing
by the period of one cycle.

Ψ=

(Qin − Qout )
(b + a )LdΓ

(5.16)

The performance of the MTDPG can also be determined by evaluating the
performance of the individual MPGs, using the net work done per cycle, the thermal
efficiency, and the percent Carnot efficiency. This is accomplished by determining the

140

heat transferred into, heat transferred out of, and work performed by each individual
MPG, using the following expressions:
Γ b

Qi = ∫ ∫ ρc pUTi dydt
0 0

Γ

Qi = ∫ − kA
0

Γ b

i −1 / 2

− ∫ ∫ ρc pUTi dydt
0 0

(5.17)
i +1 / 2

∂Ti
dt
∂y

(5.18)

Qi = ∫ Ti dS i

(5.19)

Qi = Wi = ∫ − Ei dDi

(5.20)

Equation 5.17 uses control volume analysis of the flow to determine the net heat per
cycle that is extracted from the flow by the MPGs, and Eq. 5.18 uses control volume
analysis of the MPGs to determine the same quantity. Both approaches are described in
Figure 61. Equation 5.19 is the net heat absorbed (per cycle) by an individual MPG and
Eq. 5.20 is the net work done (per cycle) by an individual MPG. These equations are
evaluated by integrating the quantities T-dS and E-dD around one complete power
generation cycle for each MPG.
The Carnot efficiency of each individual MPG is calculated from its maximum
and minimum cycle temperatures.

η C ,i = 1 −

TLow,i

(5.19)

THigh,i

The thermal efficiency of each MPG is calculated using Eq. 5.14, and the percent Carnot
efficiency of each MPG is determined by dividing its thermal efficiency by its Carnot
efficiency, i.e.,
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η %C , i =

η t ,i

(5.20)

η C ,i

Similarly, the Carnot efficiency of the MTDPG is determined by the high and low
reservoir temperatures, and the percent Carnot efficiency of the MTDPG is determined
by dividing the device thermal efficiency by the device Carnot efficiency.

Figure 61: Determination of the heat transferred into and out of the MPGs using flow
and wall based control volume analysis
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5.4 Numerical Simulation

The simulation program used to solve the energy equation of the MTDPG is
based on the simulation program used to solve the energy equation of the MPPHR. The
most significant change to the program is the wall boundary condition. The inert wall
boundary equation (Eq. 4.21) was solved with an implicit 2 nd Order accurate (time and
space) linear multi-step trapezoidal scheme. It was manipulated so that it satisfied the
boundary condition coefficient constraints of the Thomas Algorithm [48], which is the
solution procedure used to solve the discretized energy equation of the flow. However,
the linear multi-step trapezoidal scheme cannot be used for the power generating wall
boundary equation because of the non-linearity of Eq. 5.9; i.e., the discretized equation
cannot be arranged to satisfy the constraints of the Thomas Algorithm. Two solutions to
this problem were investigated; the first solution was to use a simple explicit scheme, and
the second was to use a series of higher order semi-implicit or explicit sub-schemes
featuring Runge-Kutta numerical integrating techniques. Since the latter yielded a semiimplicit Runge-Kutta scheme that performed satisfactorily, it was used nearly exclusively
in this study. A complete derivation of the preferred scheme, as well as a comparison of
different numerical schemes that were investigated, appears in Appendix E.
Another change to the simulation was the treatment of the open flow boundary
conditions at the channel boundaries. Instead of using only upwind finite differencing at
the boundary, a combination of upwind differencing and flux damping was employed.
These techniques were used to mitigate the disruptive effects caused by a step change in
the boundary temperature, which occurs when the flow reverses direction, from being
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directed out of the channel to being directed into the channel. When the flow is out of the
channel, the boundary temperature is extrapolated from within the channel, such that the
exiting flow does not ‘see’the reservoir. On the other hand, during inflow, the boundary
temperature is that of the adjacent reservoir. Thus, when the flow reverses direction from
outflow to inflow, the boundary temperature undergoes a large step change, because there
is a significant difference between the temperature of the fluid that has just exited the
channel and the temperature of the reservoir fluid that is starting to enter the channel.
The step change induces numerical errors in the solution of the energy equation, resulting
in axial variations of the net heat convected per cycle in the channel entrance regions, as
shown in Figure 44. Since the use of upwind differencing alone insufficiently diffuses
the numerical error in the boundary region, an additional technique, called flux damping,
described further in Appendix E, was used. Simply put, flux damping replaces the large
step change in the heat flux that occurs during flow reversal with a more gradual change
in the heat flux. This decreases the size of the numerical errors that occur in the entrance
region, although it does not eliminate them entirely. The numerical errors that occur in
the entrance region of the MTDPG are characterized by a difference between the net heat
removed from the flow (Eq. 5.17) and the net heat absorbed by the MPGs (Eq. 5.18) at a
given location. In order to eliminate these errors these regions are truncated from the
MTDPG during the performance analysis of the channels. The elimination of these
regions causes the thermal efficiency of the channel to significantly decrease because part
of the cascade of MPGs is eliminated. However, the energy and power density of the
MTDPG actually improve slightly as a result of this process because the MPGs in the
boundary regions do not perform as efficiently as the MPGs in the center of the channel.
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Finally, the solution procedure of the MTDPG simulation program is also slightly
different than that of the MPPHR. Both programs begin identically by operating with an
inert wall boundary condition. However, after a brief period, the power generating cycles
of the MTDPG are activated; first, Equation 5.10 is used to determine the value of the
temperature sensitivity (σ) of each individual MPG. Once this is accomplished, the
electric field cycles are initiated, and the simulation runs until it approaches limit cycle
behavior.

At this point, Eq. 5.10 is used again to determine a new value of the

temperature sensitivity of each MPG, and the simulation is again allowed to approach
limit cycle behavior. This process is repeated one or two more times to assure that the
MPGs are operating in their optimum thermodynamic state for power generation.

5.5 Performance

5.5.1 Operating Conditions of the Nominal MTDPG

Before presenting the results of the parametric investigations, it is useful to
understand the basic thermodynamic behavior of a nominal MTDPG.

This channel

configuration is not optimized for maximum performance, but it is useful for
demonstrating the thermodynamics that govern MTDPG performance. The operating
conditions and material properties of the nominal MTDPG are shown in Table 12 and the
thermodynamic performance is shown in Figures 62 through 68 and in Table 13.
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Table 12: Nominal operating conditions
Frequency
Channel Height
Hot Reservoir Temp.
Cold Reservoir Temp.
FWTCR
Prandtl Number

2 Hz
.0003 m
475 °K
350 °K
1
1.5

Normalized
Penetration Ratio
Length
Fluid Density

.1214

Fluid Specific Heat

4300 J/kg °K

.07 m
900 kg/m3

Fluid Viscosity
Fluid Thermal Diff.
Wall Density
Wall Specific Heat
Wall Thickness
Maximum Electric
Displacement (Dmax)
Maximum Electric
Field (Emax)
Phase Angle
Charge/Discharge
Ratio
Electric field Bias

.000000278 m2/s
.000000185 m2/s
2000 kg/m3
5000 J/kg °K
.0001161 m
2 C/m2
1E7 N/C
241.2 Degrees
1/8 of a Period
0 N/C

Table 13: Performance of the nominal MTDPG
Thermal Efficiency

Percent Carnot Efficiency

Energy Density

10.94%

41.57%

240,000 J/m3

Figure 62 describes the time dependence of the temperature profile within the
channel. At state 1, the charging of the element begins. This causes the wall temperature
to increase, due to the thermodielectric source term and heating by the adjacent flow. In
this particular MTDPG, the rate of charging has been ‘tuned’to cause the temperature
change induced by the thermodielectric source term to nearly match the temperature
change of the adjacent flow. This eliminates the cross-stream temperature gradients that
would normally occur in the flow during this part of the cycle; since this corresponds
with a decrease in the rate of cross-stream conduction, the coupling between the cross-
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stream conduction and bulk flow oscillations is decreased, weakening the coupled heat
transfer mechanism, as discussed in Chapter 4. This causes the net heat convected per
cycle through the MTDPG to decrease. Since the net heat convected per cycle into the
cold reservoir is the heat ejected by the device (QOut), the thermal efficiency increases by
properly ‘tuning’the strength of the thermodielectric source term to match the heating
from the adjacent flow. At state 2, the charging is completed, and the power generation
stage begins. During process 2-3, the MPG is heated by the adjacent flow while the
applied electric field is fixed, driving high voltage current from the MPG to a desired
storage device. The temperature of the MPG lags the temperature of the adjacent flow,
due to the time it takes for heat to conduct from the channel core to the MPGs. Upon
reaching state 3, the power generation process is complete. From state 3 to state 4, the
MPG is discharged. During this process, its temperature drops, due to cooling by the
adjacent flow and the temperature change generated by the thermodielectric source term.
Similar to process 1-2, the rate of discharging has been adjusted so that the temperature
change induced by the thermodielectric source term nearly matches the temperature
change of the adjacent flow, in order to eliminate cross-stream temperature gradients.
During process 4-1, the element is cooled by the adjacent flow to its original temperature.
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Figure 62: Temperature profile of the nominal MTDPG channel

Figure 63 shows the time dependence of the temperatures of the flow centerline
and the MPGs at eight different locations along the axis of the MTDPG, ranging from the
channel entrance (x=.001) to the channel exit (x=.07). Since the temperature oscillations
are almost completely in phase along the axis of the channel, the power generation cycles
are executed simultaneously by ever MPG in this study (i.e., the phase angle of the
applied electric field is identical for all MPGs).

In a real flow, the phase of the

temperature oscillations will vary along the axis of the channel because the viscosity and
thermal diffusivity of the fluid are functions of temperature. Thus, a real MTDPG will
require individually synchronizing the phase angle of the applied electric cycle for each
MPG, in order to maintain the optimum synchronization of the electric field and
temperature oscillations.
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Figure 63: Time dependence of the flow centerline and MPG temperatures

Figure 64 shows the net heat convected per cycle from left to right (Eq. 5.13) at
each axial location along the channel.

The net heat convected per cycle decreases

between the hot and cold reservoir because heat is removed from the flow and converted
into electrical energy by the MPGs. Additionally, it increases near the entrance regions
of the channel before undergoing a steep decrease at the boundary node.

This

inconsistent behavior is caused by the sharp change in the heat flux that enters the
channel when the flow reverses direction, from outflow to inflow, and it occurs despite
the use of upwind differencing and flux-damping. Thus, the entrance regions of the
channels are eliminated from the performance calculations, resulting in a lower thermal
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efficiency (because the cascade is truncated) but preserving the numerically accurate
regions of the channel.

Figure 64: Axial dependence of the net heat convected per cycle through the MTDPG

Figures 65 and 66 describe T-S and E-D plots of the power generation cycle of
the MPG located at 0.05 meters from the hot reservoir. In Figure 65, the slopes of
processes 2-3 and 4-1 are nearly parallel, which is similar to the behavior of the simple
and ‘real’work cycles studied in Chapter 3. However, the slopes of processes 1-2 and 34 of the actual power generation cycle are unlike those of the simple or ‘real’cycles
studied in Chapter 3, i.e., they are neither isentropic nor isothermal. The curved paths of
processes 1-2 and 3-4 are due to the interaction of the thermodielectric source term and
the adjacent flow during the charging and discharging processes. Since the slopes of
these processes depend on the material properties and the operating regime of the
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MTDPG, the shape and thermal efficiency of the individual work cycles can vary greatly
in the ensuing parametric investigations.
The E-D plot of the power generation cycle in Figure 66 shows that the electric
displacement actually decreases very little during process 2-3. Ideally, it will decrease
much more because the area of the cycle would increase dramatically, thus increasing the
power generated by the MPGs.

In order to increase the decrease of the electric

displacement, the temperature change during process 2-3 must increase significantly.
However, there are two factors which limit the temperature change during process 2-3;
first, the thermodynamic properties of the entropy equation dictate that the efficiency of
an individual MPG power generation cycle can only be maximized over a small
temperature range (as shown in Chapter 3). Thus, the temperature range of the work
cycle should remain relatively small.

Second, in order to increase the temperature

oscillations of the MPG, the operating conditions of the MTPDG must be changed (e.g.,
the flow amplitude could be increased, the temperature gradient could be increased, the
MPGs could be made thinner, etc.). However, it may not be possible to increase the
temperature oscillations of the wall without decreasing the recuperative capabilities of the
channel. This will cause the thermal efficiency of the MTDPG to decrease at the expense
of increasing the power output.
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Figure 65: Normalized T-S cycle of MPG 50, located at x=.05 meters from the hot
reservoir

Figure 66: E-D Diagram of MPG 50, located at x=.05m from the hot reservoir
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Figure 67 describes the temperature range across which MPGs exchange and
recuperate heat via the flow. Figure 67 displays the normalized T-S cycles of five
adjacent MPGs.

The temperature range of the individual power generation cycles

overlaps significantly, indicating that there is a very small difference in the operating
range of adjacent MPGs. Thus, the “bucket-brigade” of heat recuperation between the
MPGs can occur across a near-zero temperature gradient.

Figure 67: Normalized T-S plot of five adjacent MPGs

Figure 68 describes the axial dependence of the work done, heat absorbed,
thermal efficiency, and percent Carnot efficiency of each MPG. The work done by each
MPG is nearly constant in the central region of the channel, but there is a sharp decrease
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near the channel boundaries. This illustrates the problems associated with the entrance
regions, and demonstrates the need for 1) better treatment of the open flow boundary
conditions and 2) the capability for controlling the synchronization of the power
generation cycles of individual MPGs. Additionally, the work performed by each MPG
along the channel decreases slightly as the mean operating temperature decreases (i.e.,
the node number increases). This is an unexpected trend, because the hotter MPGs did
less work than the colder MPGs in the investigations of Chapter 3. This reversal occurs
because the temperature oscillations of the hotter MPGs are actually slightly larger than
those of the colder MPGs. The hotter MPGs undergo a larger temperature oscillation
because the channel thermodynamics require it; unlike the multi-element systems of
Chapter 3, in which heat could be arbitrarily added to the colder MPGs in order to make
up for a heat ‘deficit’in the system (i.e., the hotter MPGs did not reject enough waste
heat for the colder MPGs to use as source heat), heat can only be added at the entrance of
an MTDPG channel, i.e., the top of the MPG cascade. Thus, the size of the enclosed area
of the power generation cycles of higher temperature MPGs must increase to allow them
to eject sufficient amounts of waste heat for the lower temperature MPGs to use as source
heat. This not only prevents a heat ‘deficit’from occurring, it shows how the power
generation system interacts with the flow and how it can cause the thermodynamics of the
channel heat transfer mechanism to change in order to accommodate the power
generation process.
Additionally, Figure 68 shows that the thermal and percent Carnot efficiencies of
the MPGs increases as the cold reservoir is approached. Thus, even though the size of
the power generation cycles decreases, they become more efficient as their shape changes.
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It is important to note that this result depends on the operating regime and material
properties of this MTDPG.

Figure 68: Comparison of the work done and heat absorbed by the MPGs
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5.5.2 Dependence of the MTDPG Performance Upon the Flow Properties
and MTDPG Geometry

This section describes the results of the MTDPG investigations in which the
parameters that determine the flow properties, operating regime, and geometry were
parametrically varied. These variables are: 1) π1, 2) the normalized Penetration Ratio, 3)
the working fluid viscosity, 4) the absolute temperature range of operation, 5) the
temperature gradient, and 6) the MTDPG length.

For these investigations, the

normalized electrostatic energy density (NEED), fluid-to-wall thermal capacitance ratio
(FWTCR), and charge/discharge ratio (C/D) were kept constant with values of 1, 1, and
1/8, respectively. The goal of these investigations is to determine the dependence of
device performance on these variables in order to understand and predict performance
across all operating regimes. Thus, the performance of the MTDPG can be optimized
based on the thermal efficiency, percent Carnot efficiency, and the energy density under a
variety of operating conditions.
Figure 69 describes the dependence of the thermal efficiency and energy density
on π1, which was varied by changing the height of the channel, frequency of operation,
and thermal diffusivity of the fluid. It is important to note that the phase angle of the
electric field oscillations, which determines the synchronization of the temperature and
electric field oscillations, varies between individual data points because the optimum
synchronization at a given value of π1 depends differently on the values of the quantity
b2 ω and the thermal diffusivity (α). The values of the phase angle used to generate this
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data correspond with the synchronization that yields the optimum thermal efficiency at
any given value of π1.
The thermal efficiency of the MTDPG increases as π1 decreases because the heat
transfer losses associated with transferring heat across a non-zero temperature gradient,
i.e. from the core of the flow to the walls, goes to zero because the cross-stream
temperature gradients go to zero. This concept is described in Figure 70, which shows
the time dependence of the temperature profile within the channel for an MTDPG with an
operating value of π1=1.09; this time dependent temperature profile can be compared to
the time dependent temperature profile shown in Figure 62, for an MTDPG with an
operating value of π1=6.10. As the heat transfer losses go to zero, the heat recuperation
approaches its theoretical limit, where all of the heat that enters the system is recuperated
by the MPGs as it travels to the cold reservoir. Thus, the performance of an MTDPG
could theoretically approach the Carnot limit as π1 becomes very small, because all of the
heat addition occurs at the hot reservoir temperature and all of the heat ejection occurs at
the cold reservoir temperature. However, this level of performance is not possible,
because both the energy lost to viscous dissipation and required for pumping power
becomes significant as π1 becomes very small.
Figure 69 also shows that the energy density of the channel increases as π1
decreases. This performance seems counter-intuitive because the net heat convected per
cycle from the hot reservoir to the cold reservoir goes to zero as π1 decreases, as shown in
Chapter 4 and below in Figure 71. However, as the magnitude of the cross-stream
temperature gradients decreases with π1 (as shown in Figure 70), the cross-stream
conduction process becomes more efficient; i.e., a greater percentage of the heat
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transported by the bulk flow in the center of the channel is transferred to the MPGs as π1
decreases, even though the total amount of heat transferred through the channel decreases.
Thus, the energy density of the MTDPG increases as π1 decreases because a greater
percentage of the thermal energy transported by the oscillating flow can be converted into
electrical energy.
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Figure 69: Dependence of the thermal efficiency and energy density upon π1, PRNorm=.08
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The dependence of the thermal efficiency and energy density of the MTDPG upon
the normalized Penetration Ratio and π1 is shown in Figure 72. The thermal efficiency of
the MTDPGs peaks at a specific value of the normalized Penetration Ratio, irrespective
of the value of π1. This result decouples the effects of the advective and conductive heat
transfer processes on the performance of the MTDPG because the non-dimensional
groups that determines the operating regime of either process (i.e., PRNorm and π1) can be
optimized independently to maximize the thermal efficiency of the channel. This result is
the opposite of that presented in Chapter 4, in which the recuperator performance,
specified by the Effectiveness, was dependent on π3,Norm, a non-dimensional group that is
dependent on both the normalized Penetration Ratio and π1. The difference in scaling
behavior occurs because these non-dimensional parameter represent two fundamentally
different aspects of the MTDPG’s operating and performance regimes in this
investigation. The non-dimensional parameter π1 determines the effectiveness of the
cross-stream conduction process that transfers heat from the core of the flow to the MPGs;
i.e., as π1 decreases, a greater percentage of the heat advected by the oscillating flow is
transferred to the walls via cross-stream conduction, where it can be converted into
electrical energy by the MPGs. On the other hand, the normalized Penetration Ratio
determines the maximum temperature oscillations that the flow can generate in the walls;
i.e., it characterizes the maximum heating and cooling the flow oscillations can provide,
irrespective of the effectiveness of the cross-stream conductive process.
When the value of the normalized Penetration Ratio is smaller than the value that
produces the peak thermal efficiency, the convective transport of the flow is too weak to
provide the MPGs with a sufficient temperature oscillation. This results in MPGs that
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have smaller individual work cycles with lower thermal efficiencies, because they do not
receive sufficient heating and cooling for power generation. On the other hand, when the
value of the normalized Penetration Ratio is greater than that which produces the peak
efficiency, the convective transport of the flow is too strong. Although the MPGs are
provided with a sufficient temperature oscillation for efficient power generation, the flow
generates excessive heat rejection to the cold reservoir that reduces the thermal efficiency
of the MTDPG.
It should be noted that the peak thermal efficiency can occur at different values of
the normalized Penetration Ratio if the MPG material properties, the fluid-to-wall
thermal capacitance ratio, or electric field properties (i.e., the phase, charge/discharge
ratio, bias, etc.), because these parameters affect the size and shape of the individual
power generation cycles, which affect the amount of heating and cooling needed to
produce the optimum thermal efficiency. These performance changes are discussed in
more detail in subsequent sections.
The energy density of the MTDPG channel is proportional to the normalized
Penetration Ratio because the enclosed area of the power generation cycles is
proportional to the average wall temperature oscillation, which is proportional to the
normalized Penetration Ratio (see Figure 52). The energy density decreases with π1,
which agrees with the data presented in Figure 69.
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The effects of varying the fluid’s viscosity are shown in Figure 73. The viscosity
affects the operating regime of the MTDPG via the shape and amplitude of the flow
profile, determined by the Shape Factor function (Eq. A.10).

Like the parametric

investigation of the viscous effects in Chapter 4, the performance of the test case (the
viscosity varies) is compared with a control case (the normalized Penetration Ratio
varies). Figure 73 shows that the performance of the MTDPG is very similar for both
cases, indicating that the viscosity of the fluid predominantly affects the performance of
the MTDPG by increasing or decreasing the amplitude of the flow. Thus, the shape of
the flow profile is much less important than the amplitude of the Shape Factor.
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Unfortunately, this figure does not give insight into how MTDPG performance
changes if the viscosity is a function of temperature. The flow will no longer be fully
developed, which will result in flow profile and amplitude variations along the axis of the
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Next, the results of a parametric investigation of the dependence of MTDPG
performance on the absolute temperature difference between the hot and cold reservoirs
and the temperature gradient are discussed. Figure 74 shows the dependence of the
thermal efficiency and energy density of the MTDPG on the hot reservoir temperature
when the temperature difference between the reservoirs is fixed at 125 °K. Both the
thermal efficiency and energy density decrease with increasing reservoir temperatures
because MPGs that operate at a lower mean temperature are more effective at converting
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heat into electrical energy; i.e., the enclosed area of lower temperature power generation
cycles is larger than the enclosed area of higher temperature power generation cycles.
This is shown in Figure 75, in which E-D plots of an individual MPG are compared for
two different sets of reservoir temperatures (see Chapter 3 for a complete description of
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Figure 74: Dependence of the thermal efficiency and energy density upon the hot
reservoir temperature when the temperature gradient is fixed, π1=6.1, PRNorm=.1214
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Figure 75: Comparison of MPG E-D plots for MTDPGs with two different mean
temperature ranges of operation; the MPG is located at the channel’s axial midpoint;
π1=6.1, PRNorm=.1214

Figure 76 describes the dependence of the thermal efficiency, percent Carnot
efficiency, and energy density on the temperature gradient of the channel, which is varied
by changing the hot reservoir temperature while fixing the cold reservoir temperature at
350 °K. The thermal efficiency increases with diminishing returns as the hot reservoir
temperature is increased, for two reasons. First, as the temperature gradient increases, the
temperature oscillations of the flow increase, causing the temperature oscillations in the
MPGs and the net heat ejected to the cold reservoir to increase. Thus, the work done by
the MPGs increases, but the heat the channel is forced to reject to the cold reservoir
increases as well. Second, increasing the hot reservoir temperature requires operating the
MPGs at higher mean operating temperatures. As illustrated in Figure 75, MPGs that
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operate efficiently at higher temperatures have smaller power generation cycles, which
convert less of the available heat provided by the flow into useful electrical energy.
The percent Carnot efficiency initially increases rapidly with the hot reservoir
temperature, reaching a peak and then decreasing as the hot reservoir temperature
continues to increase. This indicates that there is an optimum temperature gradient for
any MTDPG channel, for which the MTDPG makes the most effective use of the
imposed temperature limits of operation.
The energy density of the MTDPG increases with a very slight diminishing
returns trend as the hot reservoir temperature increases.

Ideally, it should increase

linearly, since the average MPG temperature oscillation increases linearly with the
temperature gradient (see Figure 57).

However, since MPG performance decreases

slightly at higher mean operating temperatures, as demonstrated in Figures 74 and 75, the
energy density of the MTDPG decreases slightly from the anticipated performance trend.
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The next parametric study investigates the length of the MTDPG, which affects
the channel’s non-dimensional operating regime through both the normalized Penetration
Ratio (Eq. 5.4) and the temperature gradient (∆TL), which is defined as:
∆TL =

(TH

− TL )
L

(5.23)

It is difficult to compare the performance of the MTDPGs in these investigations because
the thermal efficiency, in particular, is affected by the size of the channel sections that are
truncated in the performance analyses (because of numerical errors). In order to simplify
the performance comparison between MTDPGs of different lengths, the truncation
regions are fixed at a specific number of nodes. The consequence of this approach is that
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longer channels “lose” a smaller percentage of their MPGs, gaining an inherent
performance advantage over shorter channels when evaluating the thermal efficiency.
In order to compare the effects of changing the channel length, the following
parametric studies were conducted: 1) the length was varied while the normalized
Penetration Ratio and the temperature gradient were constant, 2) the length was varied
while the velocity amplitude and the temperature gradient were constant, and 3) the
length was varied while the normalized Penetration Ratio and the reservoir temperatures
were constant. The length of the MTDPG, the cold reservoir temperature, the normalized
Penetration Ratio, and velocity amplitude are listed for each of these cases in Table 14.

Table 14: MTDPG length, cold reservoir temperature, normalized Penetration Ratio, and
velocity amplitude for parametric variation of the device length (the hot reservoir
temperature was fixed at 475 °K)
Length (m)
Case 1
Case 2
Case 3
Case 1
Case 2
Case 3
Case 1
Case 2
Case 3
Case 1
Case 2
Case 3

.06
.06
.06
.08
.08
.08
.09
.09
.09
.1
.1
.1

Cold Reservoir
Temperature (K)
367.86
367.86
350
332.14
332.14
350
314.29
314.29
350
296.43
296.43
350

Normalized
Penetration Ratio
.12141
.14164
.12141
.12141
.10623
.12141
.12141
.09442
.12141
.12141
.08498
.12141

Velocity
Amplitude (m/s)
.0458
.0534
.0458
.0610
.0534
.0610
.0687
.0534
.0687
.0763
.0534
.0763

Figure 77 shows the effects of increasing or decreasing the length of the MTDPG
on the thermal efficiency and energy density of the device. Case 1 has the largest
increase of the energy density as the length is increased, whereas Case 2 has the largest
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increase of the thermal efficiency. The energy density of Case 1 increases significantly
with the channel length because the velocity amplitude must increase in order to keep the
normalized Penetration Ratio constant. Thus, the net heat convected into and out of the
MTDPG, the wall temperature oscillations, and the enclosed area of the individual MPG
power generation cycles all increase, resulting in an increase in the amount of heat
converted into electrical energy. The thermal efficiency of Case 1 increases with the
channel length, because the work performed by the MPGs increases at a faster rate than
the heat that enters the MTDPG.

The thermal efficiency of Case 2 increases the fastest

with channel length because the MPG cascade increases in length while the velocity
amplitude and temperature gradient remain constant. As a result, the rate of heat supplied
by the hot reservoir only increases slightly and the rate of heat ejection to the cold
reservoir decreases slightly, while the work performed by the cascade of MPGs increases
as the length of the cascade increases.

Thus, the thermal efficiency increases

dramatically. The energy density of Case 2 increases slightly as the cascade length
increases, because the average temperature oscillation of the MPGs increases. This
increase of the average temperature oscillation may seem peculiar because the velocity
amplitude and temperature gradient do not increase; i.e., these quantities, which
predominantly determine the amplitude of the MPG temperature oscillations, are constant.
However, the amplitude of the wall temperature oscillations is affected somewhat by the
MPG power generation cycles; as the number of MPGs increases, their influence on the
heat transfer mechanism of the flow increases.

For this case, the MPGs cause the

temperature oscillations to increase slightly with length, which benefits device
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performance as the length increases, and decreases device performance as the length
decreases.
Case 3 is the control case of this parametric investigation; its thermal efficiency
and energy density should remain constant as the length of the MTDPG increases or
decreases, because the relationship between the temperature gradient and the velocity
amplitude does not change. For example, if the length of the MTDPG increases, the
number of MPGs and the total amount of work performed by the MPGs increases.
However, the velocity amplitude increases proportionately to the length of the channel,
causing the net heat convected into and out of the MTDPG to increase as well. Thus, the
thermal efficiency remains constant, because the increase in the amount of work
performed by the MPGs is offset by the increase in the net heat convected into and out of
the MTDPG. However, the thermal efficiency of Case 3 increases slightly with device
length. This is a misleading increase in performance that results from the removal of a
fixed number of nodes from the entrance regions of the channel. Since the size of the
truncation region is constant, longer channels have relatively smaller truncation regions,
losing less MPGs and gaining a performance advantage. This result indicates that a
fraction of the thermal efficiency gains of Cases 1 & 2 are misleading because they are
attributable to the reduced size of the truncation regions rather than superior performance.
The energy density of Case 3 is constant because the average temperature
oscillation of the MPGs remains constant. As the length increases, the flow amplitude
increases, and this compensates for the decrease in the temperature gradient, since the
reservoir temperatures are constant. The energy density is unaffected by the size of the
truncation regions.
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Figure 77: Dependence of the thermal efficiency and energy density upon the MTDPG
length, π1=6.1

The performance of Cases 1 and 2 can also be compared by considering the
dependence of the adjusted percent Carnot efficiency upon the length of the MTDPG, as
shown in Figure 78. The adjusted percent Carnot efficiency crudely takes into account
the misleading performance increase caused by the fixed size of the truncation regions. It
is calculated by subtracting or adding the change in performance of the control case
(whose performance should remain constant) to the performance of Cases 1 and 2, when
the length is varied.

η C , Adjusted ,i = η C ,i ± (η C ,Case 3,i − η C ,Case 3, L =.07 )

(5.24)

As the MTDPG length increases, the adjusted percent Carnot efficiency of Case 1
decreases. This is because its thermal efficiency increases at a slower rate than its Carnot
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efficiency when the length of the MTDPG is extended. Thus, this MTDPG makes less
efficient use of the available temperature limits as the temperature range of operation
increases. On the other hand, the adjusted percent Carnot efficiency of Case 2 continues
to increase with length because its thermal efficiency increases at a greater rate than the
Carnot efficiency. Thus, the data in Figure 78 show that there is a tradeoff between
optimizing the thermal and percent Carnot efficiency or the energy density of the
MTDPG when the length of the device is varied. Additionally, the results presented in
Figure 78 suggest that there is a combination of the velocity amplitude and temperature
gradient that produces the optimum percent Carnot efficiency, and thus the optimum
thermal efficiency of a given MTDPG. This combination happens to also be a function
of the material and operating properties of the micro-power generators, which are
investigated in the following section.
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Figure 78: Dependence of the percent Carnot efficiency upon the MTDPG length

172

5.5.3 Performance Variation of the MTDPG with the MPG Variables

The results presented in the previous section demonstrated the dependence of the
thermal efficiency, percent Carnot efficiency, and energy density of the MTDPG on the
operating variables that control the thermal and hydrodynamic operating regime. This
section describes the results of a study of the dependence of the thermal efficiency and
energy density on the operating regime of the micro-power generators (MPGs). In
particular, the dependence of the MTDPG performance upon the material properties and
the power generation cycle properties is studied. The investigated dimensional and nondimensional variables are: 1) the phase angle of the electric field oscillations, 2) the
maximum electrostatic energy density (EED), 3) the charge/discharge ratio (C/D), 4) an
electric field bias (EBias), 5) the wall thickness, determined via the fluid-to-wall thermal
capacitance ratio (FWTCR), 6) the wall thermal capacitance (ρcv), and 7) the normalized
electrostatic energy density (NEED).
The electric field oscillations are synchronized with the thermal oscillations of the
flow by varying the phase angle of the electric field oscillations. The phase angle can be
used to maximize the thermal efficiency or energy density of the MTDPG, because
altering the phase of the electric field oscillations alters the interaction between the flow
and the MPGs, and thus causes the net heat convected into/out of the channel and the size
and shape of the power generation cycles to change.

The synchronization that

corresponds with the maximum efficiency is shown in Figure 79, where the time
dependence of the flow’s temperature profile and a normalized T-S plot of the adjacent
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MPG are shown. The thermal efficiency is optimized in this synchronization because the
charging (1-2) and discharging (3-4) processes are initiated when the temperature of the
adjacent flow is nearly identical to that of the wall, thus minimizing the cross-stream
temperature gradients and reducing the net heat convected per cycle through the channel.

Figure 79: Time dependence of the flow temperature profile and a normalized T-S plot
of the adjacent MPG, for an electric field phase angle corresponding with the optimum
thermal efficiency, at location x=.02 from the hot reservoir

The phase angle that generates the maximum energy density of the MTDPG
initiates the charging and discharging processes earlier (with respect to the thermal
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oscillations of the flow), see Figure 80.

The temperature of the wall during the

charging/discharging processes leads that of the adjacent flow, causing cross-stream
temperature gradients to form and the heat transfer mechanism to increase in strength.
This causes greater heat loss to the cold reservoir, but it also causes the enclosed area of
the power generation cycles to increase, because the temperature change of the MPGs
during the power stroke (process 2-3) increases. The net result is that the thermal
efficiency of the MTDPG decreases but the energy density increases.

Figure 80: Time dependence of the flow temperature profile and a normalized T-S plot
of the adjacent MPG, for an electric field phase angle corresponding with the optimum
energy density, at location x=.02
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If the charging/discharging processes are synchronized to occur earlier than the
peak energy density synchronization, then the net heat convected per cycle through the
channel continues to increase, but the energy density and thermal efficiency decrease,
because the temperature change of the MPGs during process 2-3 begins to decrease, i.e.,
the cycle area decreases.

On the other hand, if the charging/discharging processes are

initiated much later, i.e., after the optimum efficiency synchronization shown in Figure
79, then the enclosed cycle area decreases at a faster rate than the net heat convected per
cycle, causing both the energy density and the thermal efficiency to decrease. In this
scenario, the synchronization of the temperature and electric field oscillations prevents
the MPGs from effectively using the available temperature oscillations. This concept is
described in Figure 81, in which the overlapping cycle paths at states 3 and 1 represent
wasted temperature oscillations that are not used for power generation.
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Figure 81: Time dependence of the flow temperature profile and a normalized T-S plot
of the adjacent MPG, for an inefficient electric field phase angle, at location x=.02

The optimum phase of the electric field oscillations depends on the phase of the
temperature oscillations of the MPGs, which are affected by the phase of the flow
oscillations, the heat transfer capabilities of the fluid and the flow, the thermal
capacitance of the MPGs, the electrostatic energy density of the MPGs, and the
charge/discharge ratio of the electric field cycle. The next set of figures show several
examples of how the optimum phase angles depend on the operating conditions and
material properties.
Figure 82 shows the dependence of the optimum phase angle on the Womersley
number, for a fixed viscosity fluid (i.e., the quantity b2 ω is varied). As the Womersley
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number increases in value, the phase angle corresponding with the optimum thermal
efficiency and energy density decreases.

The smaller phase angle corresponds to

initiating the electric field cycle at a later point in time, which indicates that the wall
temperature oscillations occur at a later point in time when the MTDPG has larger values
of the Womersley number. This occurs because the characteristic distance across which
heat must be conducted cross-stream increases with b2 ω, and this causes the wall
temperature oscillations to occur later in time; i.e., the lag between the channel core and
the wall temperature oscillations increases.
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Figure 82: Dependence of the thermal efficiency and energy density upon the phase of
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Figure 83 shows the dependence of the thermal efficiency and energy density of
the MTDPG on the phase angle of the applied electric field and the MPG material
properties, which were specified by parametrically varying the maximum electrostatic
energy density (EED, Eq 5.11). The phase angle that maximizes the thermal efficiency
shifts significantly with increasing electrostatic energy density because the characteristics
of the electric field cycle change. Since the thermodielectric source term that drives
MPG temperature change during processes 1-2 and 3-4 is proportional to the electrostatic
energy density (Eq. 5.9), the temperature change of the MPG during these processes will
increase or decrease accordingly. Thus, the phase angle of the electric field must be
modified when the EED varies, to keep the temperature of the MPG approximately equal
to that of the adjacent flow during the charging and discharging processes. For example,
if the EED increases, the temperature of the MPG will begin to lead that of the adjacent
flow during processes 1-2 and 3-4 if the phase is unaltered (This concept is demonstrated
further in the next parametric investigation). This will cause cross-stream temperature
gradients to form in the flow field, which will cause the net heat convected per cycle to
increase and the thermal efficiency to decrease.

Thus, the phase angle corresponding

with the optimum thermal efficiency decreases as the EED increases. By starting the
electrical field oscillations at a later time, the MPG starts the charging/discharging
processes with a greater temperature lag between it and the adjacent flow, preventing it
from catching up and passing the temperature of the flow during the process.
On the other hand, the phase angle that yields the maximum energy density of the
MTDPG does not shift when the EED varies. This indicates that the maximum enclosed
area of the individual MPG power generation cycles is not a function of the phase angle
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when the electrostatic energy density varies. Figure 83 also demonstrates that there can
be a significant tradeoff between optimizing according to the thermal efficiency or energy
density as the electrostatic energy density increases, because the energy density decreases
rapidly as the phase angle decreases, and the thermal efficiency decreases rapidly as the
phase angle increases.
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Figure 83: Dependence of the thermal efficiency and energy density on the phase angle
for various electrostatic energy density (EED) materials

The final example of the dependence of the optimum electric field phase angle on
the MTDPG’s design parameters is shown in Figure 84, in which the wall thickness is
varied via the fluid-to-wall thermal capacitance ratio (FWTCR).

The phase angles

corresponding to the maximum thermal efficiency and energy density increase with a
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decreasing wall thickness (increasing FWTCR). This indicates that the electric field
oscillations should be initiated earlier in time in order to properly synchronize them with
the wall temperature oscillations. This shift occurs because thinner walls require less
time to heat and cool, thus reducing the lag between the channel core and the wall
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Figure 84: Dependence of the thermal efficiency and energy density on the electric field
cycle phase angle, the wall thickness is varied via the FWTCR

The next parametric investigation determines the dependence of the performance
of the MTDPG on the electrostatic energy density of the MPGs, see Figure 85. Both the
thermal efficiency and energy density of the MTDPG peak at different values of the
electrostatic energy density, and then begin to decrease.
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This behavior is in sharp

contrast to that exhibited by the simple and ‘real’power generation systems investigated
in Chapter 3, whose thermal efficiency and energy density increased monotonically with
the EED. As the electrostatic energy density of the MTDPG initially increases, the
enclosed area of the MPGs’power generation cycles increases, and the MPGs convert
more of the available heat into electrical energy. However, as the EED continues to
increase, the MPGs require additional heating and cooling for efficient power generation,
and the flow is unable to provide it. Thus, the thermal efficiency and energy density of
the MTDPG begins to decrease, despite the use of superior power generating materials.
This phenomenon is illustrated in Figure 86, in which the power generation cycles of
MPGs with different values of the EED are compared. The low EED MPG (1.8×107 J/m3)
does not convert enough of the available heat provided by the flow into electrical energy,
and has a smaller cycle area, resulting in a lower energy density and thermal efficiency of
the MTDPG. The mid EED MPG (3.5×107 J/m3) is able to convert almost all of the
available heat into electrical energy, while maintaining an efficient cycle shape,
producing the optimum thermal efficiency and a relatively large energy density of the
MTDPG. The high EED MPG (6.0×107 J/m3) is “too powerful”for this MTDPG channel,
for two reasons; first, the temperature rise induced by the thermodielectric effect during
the charging process effectively replaces the temperature oscillation of the MPG that is
provided by the adjacent flow. Thus, the flow is incapable of generating a sufficient
temperature change in the MPG during the power stroke (process 2-3), causing the
enclosed power generation cycle area to decrease. Second, the temperature change of the
MPG during processes 1-2 and 3-4 is too rapid because the temperature of the MPG
begins to lead the temperature of the adjacent flow, see Figure 87. This causes heat
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transfer losses in the system because the flow begins to remove heat from the MPG
during process 1-2, and add heat to the MPG during process 3-4, when it should be doing
the opposite, in order to maximize the cycle area and device efficiency. These losses
manifest themselves as overlaps along the T-S cycle path, as evident at States 2 and 4 of
the high EED MPG in Figure 86.
Additionally, it should be noted that the thermal efficiency and energy density
peak at different values of the electrostatic energy density in Figure 85. The peak thermal
efficiency occurs at the value of the EED that produces the optimum combination of
cycle shape and enclosed cycle area of the MPGs, whereas the peak energy density
occurs at the value of the EED that produces the maximum enclosed cycle area. Also, it
is worth noting that at large values of the EED, the curves for both the thermal efficiency
and energy density diverge slightly. This occurs because differences in the value of the
temperature sensitivity ( ) of the MPGs produce slightly different performance. The
value of

is determined from the entropy optimization routine, and because this routine

is dependent on EMax but not on DMax, the values of the temperature sensitivity can vary
substantially when EMax becomes large. It was determined from these investigations that
better thermal efficiencies are achieved by MPGs that have a relatively large electric
displacement and a smaller applied electric field in the large EED regime.
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Figure 86: Comparison of normalized power generation cycle area for MPGs with
different electrical energy densities (EED)
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Figure 87: Time dependence of the flow temperature profile at x=.02, for an MTDPG
with an EED of 6×107 J/m3, and a C/D ratio of 1/8

The next parametric investigation determined how the performance of the
MTDPG depends on the electrostatic energy density and charge/discharge ratio. As
discussed previously, the charge/discharge ratio determines how much time it takes to
charge and discharge the MPGs, as well as how much time is available for the power
generating process (2-3) during the power generation cycle. Both of these factors play an
important role in determining the size and shape of the MPG power generation cycles,
thus affecting the thermal efficiency and energy density of the MTDPG. For example,
increasing the amount of time it takes to charge and discharge the MPGs during processes
1-2 and 3-4 decreases the amount of time available for processes 2-3 and 4-1 to proceed,
thus reducing the amount of time available for the adjacent fluid to provide heating and
cooling of the MPGs during the power and cooling strokes of the cycle. However, the
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magnitude of the thermodielectric source term, which has a strong effect on the
interaction between the flow and the MPG, decreases inversely with the time it takes for
processes 1-2 and 3-4 to proceed. Thus, the combination of these effects can result in
substantial changes to the shape and size of the power generation cycles of the MPGs,
resulting in significant changes in MTDPG performance.
Figures 88 and 89 show the effects of varying the electrostatic energy density of
the MPGs and the charge/discharge ratio of the electric field on the thermal efficiency
and energy density of the MTDPG. The data in Figure 88 show that MTDPGs composed
of MPGs with a low electrostatic energy density (i.e., less than 2.0×107 J/m3) have a
nearly identical thermal efficiency for all of the charge/discharge ratios that were
investigated.

On the other hand, the MTDPG’s composed of MPGs with a higher

electrostatic energy density have a superior performance with a longer charge/discharge
period. The thermodielectric source term that drives temperature oscillations in the
MPGs during processes 1-2 and 3-4 is much weaker, and this reduces the amount by
which the temperature of the MPGs leads that of the adjacent fluid during these processes.
Thus, as the charge/discharge ratio increases, the value of the electrostatic energy density
at which the thermal efficiency peaks increases, because the losses associated with a large
thermodielectric source term are mitigated. This concept is demonstrated in Figure 90, in
which the time dependence of the temperature within the channel is plotted for an
MTDPG with a charge/discharge ratio of ¼ and an electrostatic energy density of 6.0×107
J/m3. This temperature time dependence can be compared with that shown in Figure 88,
in which the electrostatic energy density is identical and the C/D ratio is 1/8. Although
the temperature of the MPG still leads that of the adjacent flow during processes 1-2 and
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3-4, the temperature gradient between the MPG and the flow centerline is much smaller,
resulting in much lower heat loss, and thus a much better thermal efficiency (6 percent in
the former case, 12 percent in the latter).
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The data in Figure 89 show that the energy density of the channel decreases as the
charge/discharge ratio increases for nearly all values of the electrostatic energy density.
This occurs because the enclosed cycle area of the MPGs decreases as the
charge/discharge period increases, because there is less time for the adjacent fluid to heat
the MPG. The lone exception to this trend occurs in MTDPGs that use MPGs with very
large electrostatic energy densities and a short charge/discharge period (i.e., an EED
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greater than 4×107 J/m3 and a C/D ratio of 1/8). In these MPGs, the temperature change
generated by the thermodielectric effect during processes 1-2 and 3-4 disrupts the heat
transfer mechanism of the flow to such a degree that it prevents the MPGs from receiving
sufficient heating and cooling for power generation.

Thus, the enclosed cycle area

decreases compared to MPGs with a longer charge/discharge period.
Additionally, the peaks of the energy density curves in Figure 89 are weakly
dependent on the charge/discharge ratio, i.e. they occur approximately at the same value
of the electrostatic energy density, whereas the peaks of the thermal efficiency curves in
Figure 88 are strongly dependent on the C/D ratio, i.e. they occur at different values of
the electrostatic energy density. The peak energy density barely shifts because it only
depends on the maximum enclosed cycle area, which is primarily dependent on the
electrostatic energy density of the MPGs and the heat transfer capabilities of the channel,
but not on the C/D ratio of the cycle. On the other hand, the electrostatic energy density
that produces peak thermal efficiency shifts significantly with the C/D ratio because the
thermal efficiency depends on both the enclosed cycle area and the cycle shape, and the
charge/discharge ratio strongly affects the cycle shape.
An example of how the charge/discharge ratio can be used to optimize the
performance of an MTDPG is shown in Figure 91, in which the normalized T-S plots of
an MPG are compared when the electrostatic energy density is 4.0×107 J/m3 and the
charge/discharge ratio is either 1/8 or ¼ of a period.

The electric cycle with a

charge/discharge ratio of 1/8 of a period maximizes the energy density of the MTDPG
because it generates a larger MPG cycle area at the expense of a less efficient cycle shape.
This MTDPG has a thermal efficiency of 11.13 percent and an energy density of
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4.48×105 J/m3. On the other hand, the MPG with a C/D ratio of ¼ of a period has a
smaller enclosed area, but it has a much more efficient cycle shape. Thus, the thermal
efficiency of the MTDPG increases to 14.82 percent whereas the energy density
decreases to 3.3×105 J/m3.
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Figure 89: Dependence of the MTDPG energy density on the electrostatic energy density
and charge/discharge ratio
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Figure 90: Time dependence of the temperature, at x=.02, for an MTDPG with an EED
of 6×107 J/m3, and a C/D ratio of ¼

Figure 91: Comparison of normalized T-S diagrams of the MPG at location x=.03, for
different charge/discharge ratio varied
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The next parametric study determined the dependence of MTDPG performance
on electric field cycles in which an electric field bias is applied. A comparison of an
MPG’s power generation cycle with and without an electric field bias is shown in the ED and T-S diagrams in Figures 92 and 93, respectively.

These figures show that the

enclosed area of the power generation cycle is significantly larger when the MPG
operates with an electric field bias, due to a combination of effects. During process 4-1
of the power generation cycle, the thermodielectric ‘thermal capacitance’term in the
denominator of the temperature equation (5.9) is positive when a bias is applied, whereas
it is zero in the non-bias case. In the bias case, this term causes an increase in the
effective thermal capacitance of the MPGs, which results in a smaller temperature change
during process 4-1, as evident in Figure 93.

However, this decrease in the wall

temperature oscillation is more than offset by an increase in the temperature oscillation of
the wall during processes 1-2 and 3-4, also evident in Figure 93.

The thermodielectric

source term, which drives temperature changes in the MPGs during processes 1-2 and 3-4,
increases in strength when a bias is applied, because two of its components (σ and H(Z),
see Eqs. 3.28 and 3.35) increase in value.

The temperature sensitivity (Eq. 5.10)

increases as the bias increases, since the maximum electric field increases, i.e.,
E Max = E Nominal

Maximum

+ E Bias

(5.25)

On the other hand, the function H(Z) has a larger average value during the charging and
discharging processes of a biased electric field cycle because the operating regime of the
MPG changes. The net effect of these cycle changes is that the enclosed cycle area and
the net heat convected per cycle into the channel increase.

191

The dependence of the thermal efficiency and energy density of the MTDPG on
the electric field bias is shown in Figure 94, for channels with two different values of π1.
Both the thermal efficiency and energy density increase initially as the strength of the
bias increases.

However, as the bias continues to increase, the thermal efficiency and

energy density saturate, because the enclosed cycle area and net heat convected into the
channel don’t increase any further because the average value of the function H(Z) ceases
to increase, and the temperature sensitivity increases with diminishing returns.

Figure 92: E-D diagrams of an MPG operating with unbiased (top) and biased (bottom)
power generation cycles
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Figure 93: T-S diagrams of an MPG operating with unbiased and biased power
generation cycles
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The next parametric investigation studied the dependence of the performance of
the MTDPG on the thermal capacitance of the MPGs, which appears in separate terms in
the boundary equation (Eq. 5.9), i.e., ‘ρcv’and ‘a’. The quantity ρcv determines the
thermal capacitance per unit volume of material, and the MPG thickness ‘a’determines
the volume of the material (The width and depth are not considered because the width of
each MPG is fixed and the 2-D investigation eliminates the depth). In the MPPHR study
of Chapter 4, these wall properties appeared as a group within a single non-dimensional
variable, the fluid-to-wall thermal capacitance ratio (FWTCR).

However, these

quantities are separated in the MTDPG study because they appear in different quantities
within the wall boundary equation, and this changes their impact on MTDPG
performance. The quantity ρcv appears in the denominator of Eq. 5.9, where it is added
with a storage term that is proportional to the electrostatic energy density of the MPGs.
The sum of these terms affect the size of the power generation cycles because it
determines how much heat must be invested in an MPG in order to affect a temperature
change.

On the other hand, the MPG thickness appears in the numerator of the

temperature equation, within the source term that represents the conductive heat flux
from the adjacent fluid. Thus, the thickness only affects the magnitude of the heat flux
term, whereas the thermal capacitance per unit volume affects the magnitude of both
source terms. Since the thickness only affects the heat flux source term, it affects the
relative magnitudes of the heat flux and thermodielectric source terms. Thus, it affects
both the length and direction of processes 1-2 and 3-4 on a T-S diagram, thus effecting
the size and shape of the power generation cycles.
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In order to complete a parametric investigation of the affect of the MPG thermal
capacitance per unit volume and thickness, three different cases were examined. In the
first test case, the wall thickness was changed by varying the FWTCR. In the second test
case, the thermal capacitance per unit volume was varied by changing the density of the
wall. In the third case, the density and wall thickness were both varied, while keeping the
fluid-to-wall thermal capacitance ratio constant. The fourth and fifth cases were identical
to the second and third cases, but the electrostatic energy density was changed from its
nominal value of 2.0×107 J/m3 to 1×107 J/m3, in order to compare MTDPG performance
when the magnitude of the thermal storage capacity changes with respect to the
electrostatic storage capacity.
Figure 95 shows the dependence of the thermal efficiency and energy density on
the wall thickness for Case 1. When the FWTCR increases, the thickness of the wall
decreases, resulting in larger wall temperature oscillations, smaller cross-stream
temperature gradients, and reduced heat transfer through the channel. These effects result
in a slight increase of the thermal efficiency, because the heat ejected by the channel
decreases at a faster rate than the work done by the MPGs (the work done by the MPGs
decreases as the MPGs get thinner). However, reducing the wall thickness also reduces
the energy density of the device, unless the additional work performed by operating the
MPGs through a larger temperature oscillation is greater than that lost by using thinner
walls. This particular tradeoff is noticeable in the small FWTCR regime (<1), where the
energy density initially increases as the wall thickness decreases (FWTCR increases).
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Figure 95: Dependence of the thermal efficiency and energy density on the FWTCR

Figures 96 and 97 show the dependence of the thermal efficiency and energy
density of the MTDPG on the MPG density for Cases 2, 3, 4, and 5, as previously
described. Comparing Cases 2 and 3 shows that their performance is quite similar for
densities greater than the nominal value (i.e., 2000 kg/m3), but is quite different for lower
densities. In the large density regime (ρ>2000 kg/m3), Case 3 has thinner walls that
operate through a larger temperature oscillation, giving it a slightly better thermal
efficiency, but also a slightly poorer energy density. On the other hand, in the small
density regime (ρ<2000 kg/m3), Case 2 has thinner walls than Case 3, since the walls of
Case 3 increase in inverse proportion to the density. Thus, the MPGs of Case 2 undergo
larger temperature oscillations and more closely match the temperature oscillations of the
adjacent flow, which reduces the size of the cross-stream temperature gradients and the
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heat transfer rate through the channel, causing the thermal efficiency to increase
substantially.
The energy densities of Cases 2 and 3 peak at different values of the density in the
small density regime. Case 3 peaks at a larger value of the density, and then declines
sharply, because the wall thickness of Case 3 increases inversely with the density. Thus,
despite an increase in the temperature oscillations of each MPG, the channel volume
increases at a much more rapid rate than the work done by the MPGs. On the other hand,
the behavior of Case 2 is much more complex; as the density decreases, the temperature
oscillations of the MPGs increases, and the volume of the MTDPG remains constant.
Thus, the energy density of the MTDPG should continue to increase, because the
enclosed area of the MPG power generation cycles should increase. However, this is not
the case; the enclosed cycle area peaks and begins to decrease. This occurs because the
thermal capacitance of the MPGs actually becomes too small. The MPGs are unable to
absorb enough heat for energy conversion from the adjacent flow, and the amount of heat
that they convert into electrical energy begins to decrease. Thus, the energy density of
the device begins to decrease.
The performance trends demonstrated by Cases 2 and 3 also occur in Cases 4 and
5. However, in the small density regime, the thermal efficiency increase of Case 4 with
respect to Case 5 is much larger than the increase of Case 2 with respect to Case 3. In
fact, the thermal efficiency of Case 4 becomes much larger than the thermal efficiency of
Case 2, even though the MPGs of Case 2 have an electrostatic energy density twice as
large.

This occurs because the MPGs of Case 4 generate less thermodielectric

temperature change during processes 1-2 and 3-4. This eliminates some of the heat
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transfer losses that occur if the temperature of the MPG leads that of the adjacent flow,
and more importantly, the temperature change of the MPG generated by the
thermodielectric source term does not replace the temperature change generated by the
adjacent flow. For example, in Figure 86, it was shown that the temperature change
generated by large electrostatic energy density MPGs (i.e., the EED=6.0×107 J/m3 case)
during the charging and discharging processes can replace nearly all of the temperature
change that the flow is capable of providing. This scenario is the opposite, in that the
lower EED MPGs of Case 4 generate less temperature change during the charging and
discharging processes (i.e., 1-2 and 3-4), which allows them to be driven through larger
temperature oscillations during the power generation and cooling processes (i.e., 2-3 and
4-1, respectively), without subjecting the channel to an increase in the normalized
Penetration Ratio or the temperature gradient. Consequently, the thermal efficiency
increases dramatically.
The MPG power generation cycle and the time rate of change of the temperature
profile of Case 4 at peak thermal efficiency are shown in Figure 98. Both the normalized
T-S and E-D diagrams demonstrate the relatively large size of the enclosed cycle area,
compared to the cycles in Figures 65, 79, 86, 91, and 93. The normalized T-S diagram
shows that the heat transfer from the adjacent flow and the thermodielectric source term
drive large temperature oscillations in the MPGs that are utilized to efficiently generate
power. The time dependence of the temperature profile shows that the temperature of the
MPGs still leads that of the adjacent flow during significant portions of the cycle, which
would normally cause large heat transfer losses in the flow. However, because the
thermal capacitance of the wall is small compared to that of the flow (i.e., the FWTCR
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equals 8 for this configuration), most of the temperature gradient in the flow occurs very
close to the wall, mitigating some of the heat transfer losses through the channel, since
the flow amplitude is smaller in the near-wall region.
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profile, at x=.02, for the optimum thermal efficiency configuration of Case 4
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The final investigation of this section determined the dependence of the thermal
efficiency and the work performed by the MTDPG channel on the normalized
electrostatic energy density (NEED), defined in Eq. 5.12. The NEED is the ratio of the
actual maximum electrostatic energy density to the thermal energy density (ρcv),
normalized by the nominal value of this ratio. It characterizes the amount of heat that
must be invested in a thermodielectric material in order to perform a certain amount of
dielectric work.
The dependence of the performance of the MTDPG on the NEED was determined
by comparing the performance of Cases 2 and 4 of the previous parametric data set (i.e.,
FWTCR constant, density varies) with the performance of the MTDPG when the
electrostatic energy density (EED) varied (see Figure 89). This comparison is shown in
Figure 99, in which the dependence of the thermal efficiency and work performed by the
MTDPG on the NEED are described. Both metrics displays an identical dependence on
the NEED, for either parametric data set, which indicates that the NEED can be used to
determine MTDPG performance when either the thermal or thermodielectric storage
properties of the MPGs are altered. Additionally, the existence of a clearly defined peak
for either metric indicates that there is an optimum ratio of the thermal to electrostatic
energy storage capability of the MPGs.
The dependence of the work done by the MPGs on the NEED is shown instead of
its dependence on the energy density of the MTDPG because the energy density does not
scale with the NEED. This is because the energy density is inversely proportional to the
volume of the MPGs, which changes when the density varies (in order to keep the
FWTCR constant) but does not change when the electrostatic energy density varies.
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Figure 99: Dependence of the thermal efficiency and work done on the normalized
electrical energy density

5.5.4 Advanced Parametric Investigations

In this section, the interdependence of several of the previously studied nondimensional groups is investigated in further detail, with the goal of reducing the
“independent” non-dimensional variables to the smallest possible number.

In the

previous section, it was shown that the thermal efficiency and work done by the MTDPG
are a function of the normalized electrostatic energy density (NEED), a non-dimensional
group composed of the MPG’s thermal capacitance (ρcv) and the maximum electrostatic
energy density (DMaxEMax). The optimum thermal efficiency and amount of work done
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by the MTDPG occur at different values of the NEED, and these values are dependent on
the operating and heat transfer regime of the MTDPG, characterized by π1, the
normalized Penetration Ratio, the temperature gradient, the charge/discharge ratio, and
the wall thickness. The NEED can be combined with several of these variables to
produce larger non-dimensional groups that determine MTDPG performance, which can
be used to simplify the optimization of the device.
The first non-dimensional parameter that the NEED is combined with is the
normalized Penetration Ratio. Recall that the parametric results presented in the flow
variables section showed that the normalized Penetration Ratio determines the amount of
heating and cooling that the flow can provide to the MPGs. Since the NEED determines
the amount of thermodielectric work the MPGs can perform, the normalized Penetration
Ratio is divided by the NEED, creating a new non-dimensional number, the Sklar number
(Sk), which directly relates the heating and cooling abilities of the flow to the energy
conversion capabilities of the wall, i.e.,
Sk = PR Norm / NEED

(5.26)

The Sklar number can be used to determine the thermal efficiency of the MTDPG
because it describes how much thermal energy is transported by the flow and how much
of that heat can be converted into useful electrical energy. This is shown in Figure 100,
which shows the dependence of the thermal efficiency on the Sklar number, for variations
of all of the variables included in its definition. Since the normalized Penetration Ratio is
a function of the imposed pressure gradient, the flow viscosity, frequency of operation,
and channel height, the Sklar number captures a critical relationship between eight
MTDPG design variables.
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Note that Figure 100 also shows the dependence of the thermal efficiency on the
Sklar number for two different values of π1. As anticipated, the optimum Sklar Number
does not change when π1 varies, because π1 only describes the effectiveness of the crossstream conductive heat transfer process.
Unfortunately, the Sklar Number is incapable of scaling the work done by the
MPGs. The enclosed area of the power generation cycles has a linear dependence on the
normalized Penetration Ratio, as shown in Figure 72, but it has a negative parabolic
dependence on the NEED, as shown in Figure 99. This combination causes the work

Thermal Efficiency

done by the MPGs to vary in an unpredictable manner with the Sklar number.
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Figure 100: Dependence of the thermal efficiency upon the Sklar number
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The dependence of the thermal efficiency on the Sklar Number is further
investigated by parametrically varying the other important non-dimensional variables,
such as the FWTCR, the charge/discharge ratio, and the normalized temperature gradient.
Figure 101 shows that the optimum thermal efficiency increases with diminishing returns
and shifts to smaller values of the Sklar number as the FWTCR increases (i.e., the wall
thickness decreases). As the walls become thinner, the temperature oscillations of the
MPGs increase, and this allows the device to operate more efficiently with some
combination of reduced flow amplitude, reduced MPG thermal capacitance, or increased
MPG electrostatic energy density.
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Figure 101: Dependence of the thermal efficiency upon the Sklar number and the
FWTCR
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Figure 102 shows the dependence of the thermal upon the FWTCR, for MTDPGs
with several different values of the Sklar Number. The lower Sklar number MTDPG (i.e.,
Sk=.045) has a much higher thermal efficiency with very thin walls, whereas the higher
Sklar number MPGs (i.e., Sk=.080, .121, .162) have a higher thermal efficiency with
thicker walls.
In the thick wall regime (i.e., the fluid-to-wall thermal capacitance ratio is less
than 3), the MPGs of the MTDPG with a Sklar number of .045 are too thick. During
processes 1-2 and 3-4 of the power generation cycle, these MPGs have a relatively large
temperature change induced by the thermodielectric source term, compared to the
temperature change induced by the adjacent flow. This effect is particularly pronounced
as the MPG thickness increases, because the temperature oscillations induced by the flow
decrease substantially.

This causes the thermal efficiency of individual MPGs to

decrease, because the MPGs are too powerful for the flow to effectively drive efficient
power generation cycles in them; i.e., the MPGs do not receive sufficient heating and
cooling from the flow. On the other hand, the MTDPGs with a larger value of the Sklar
number perform better with thicker walls because their MPGs receive more heating and
cooling from the adjacent flow during processes 1-2 and 3-4, thus taking advantage of the
benefits of operating with thicker walls.
In the thin wall regime (i.e., the FWTCR is greater than 3), the flow generates
much larger temperature oscillations in the wall, and these are used most efficiently by
low Sklar number MTDPGs, because they can convert more of the available heat into
electrical energy. Consequently, the MPGs of the MTDPG with a Sklar number of .045
are provided sufficient heating and cooling in this operating regime, causing the thermal
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efficiency of the device to increase. On the other hand, when the thickness of the MPGs
of the higher Sklar number MTDPGs is reduced, there is little or no benefit, because
these MPGs already receive enough heating and cooling from the adjacent flow. Thus,
their thermal efficiency does not change appreciably, but the energy density decreases as
the MPG thickness decreases, see Figure 95.
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Figure 102: Dependence of the thermal efficiency upon the FWTCR and Sklar number

Figure 103 describes the dependence of the thermal efficiency on the
charge/discharge ratio and the Sklar number. MTDPGs with a smaller value of the Sklar
number benefit substantially when their charge/discharge ratio is increased because the
thermodielectric source term is weakened. As the Sklar number decreases, the rate of
temperature change generated by the thermodielectric source term during processes 1-2
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and 3-4 increases relative to the rate of temperature change generated by the adjacent
flow, which increases the impact of the thermodielectric source term on MPG
performance.

By increasing the charge/discharge ratio, the longer charge/discharge

period prevents the temperatures of the MPGs from leading that of the adjacent flow, thus
eliminating heat transfer losses in the system. On the other hand, MTDPGs with a higher
value of the Sklar number benefit from having electric cycles with shorter
charge/discharge ratios. In these systems, the flow induces rapid temperature changes in
the MPGs during processes 1-2 and 3-4. Consequently, the charge/discharge ratios that
generate a larger rate of thermodielectric temperature change do not cause the
temperature of the MPGs to lead that of the adjacent flow and the heat transfer losses
associated with this phenomenon do not occur. Thus the time available for processes 2-3
and 4-1 can be increased in order to increase the power generated by the MTDPG.
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Figure 103: Dependence of the thermal efficiency upon the Sklar number and the
charge/discharge ratio

Figure 104 describes the parametric dependence of the thermal efficiency on the
FWTCR and the charge/discharge ratio. The data were used to determine how the C/D
ratio could be used to improve the performance of devices with either thinner or thicker
walls. The investigated MTDPGs are described in Table 15 and Figure 104.

Table 15: The Sklar number and C/D ratio of Cases 1 through 4

Case 1 (Nominal)
Case 2
Case 3
Case 4

Sklar Number
.121
.121
.045
.045

210

C/D Ratio
1/8
¼
1/8
¼

Comparing Cases 1 and 2, the thermal efficiency of Case 2 peaks at a much smaller value
of the fluid-to-wall thermal capacitance ratio. Since the temperature oscillations of the
walls are much smaller in the small FWTCR regime, the MPGs of Case 1 are charged too
rapidly, and they suffer heat transfer losses due to the temperature of the MPG leading
that of the adjacent flow. On the other hand, the slower charging rate of the MPGs of
Case 2 reduces the heat transfer losses caused by the thermodielectric source term during
processes 1-2 and 3-4. However, as the FWTCR increases, the thermal efficiency of
Case 1 rapidly increases because the larger temperature oscillations of the thinner walls
prevent the heat transfer losses associated with charging and discharging the MPGs. On
the other hand, the thermal efficiency of Case 2 decreases because the thinner MPGs
perform less work.
A similar comparison is performed for the two MTDPGs with a much lower value
of the Sklar number, .045. The results are similar, in that the thermal efficiency of the
MTDPG with the larger charge/discharge ratio peaks at a much lower value of the
FWTCR.

However, the crossover point at which the MTDPG with the smaller

charge/discharge ratio becomes more efficient shifts to a much larger value of the
FWTCR (i.e., 8) because the temperature change associated with the thermodielectric
source term during processes 1-2 and 3-4 increases relative to the temperature change
induced by the adjacent flow. Thus, the optimum wall thickness decreases in order for
the adjacent flow to force a sufficient temperature oscillation for an efficient power
generation cycle.
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Figure 104: Dependence of the thermal efficiency upon the FWTCR, charge/discharge
ratio, and Sklar number

Finally, the dependence of the thermal and percent Carnot efficiencies on the
Sklar number and the temperature gradient was investigated.

Recall that when the

thermal efficiency and percent Carnot efficiency were plotted versus the hot reservoir
temperature in Figure 76, it was shown that the thermal efficiency increases with
diminishing returns as the hot reservoir temperature (i.e., the temperature gradient)
increases, and the percent Carnot efficiency peaks at an optimum value of the hot
reservoir temperature, corresponding with the MTDPG that makes the most efficient use
of the available temperature limits.

This investigation is expanded by plotting the

dependence of the thermal and percent Carnot efficiencies of the MTDPG upon the Sklar
number and the hot reservoir temperature, see Figure 105.
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The thermal efficiency of the MTDPGs does not scale with the non-dimensional
hot reservoir temperature when the Sklar number varies, because MTDPGs with a small
Sklar number require large temperature gradients to be most efficient (their MPGs need
larger temperature oscillations or they will not be driven through sufficient temperature
change for efficient power generation), whereas MTDPGs with a large Sklar number
require small temperature gradients in order to be most efficient (otherwise they waste
heat that they cannot use). This is shown in Figure 105, in which the large Sklar number
MTDPGs are the most efficient when the hot reservoir temperature is relatively low, and
the small Sklar number MTDPGs are the most efficient when the hot reservoir
temperature is relatively large. The percent Carnot efficiency reflects this trend, peaking
within the temperature range where each MTDPG displays superior performance. This
result suggests that a new number that combines the Sklar number and the nondimensional temperature gradient may be capable of scaling the percent Carnot efficiency.
Thus, a new non-dimensional quantity, the Neumeier number (Nm), is defined; it is the
product of the normalized temperature gradient (4.45) and the Sklar number.

Neumeier = Nm =

(TH

− TC ) Actual

(TH − TC ) No min al

Sk

(5.27)

The thermal and percent Carnot efficiencies are plotted versus the Neumeier number in
Figure 106. The percent Carnot efficiency demonstrates non-dimensional dependence on
the Neumeier number, having a clearly defined peak that can be utilized to optimize
MTDPG performance with respect to the imposed temperature limits. Additionally,
Figure 106 shows that for any given set of reservoir temperatures, the MTDPG that has
the highest percent Carnot efficiency will have the smallest Sklar number.
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Recalling the parametric investigation of the MTDPG length in the flow variables
section (see Figures 77 and 78), it was suggested that the percent Carnot efficiency of the
MTDPG would peak at a specific combination of the temperature gradient and the
velocity amplitude. This relationship is captured by the Neumeier number, because the
normalized temperature gradient captures the effect of varying the reservoir temperatures,
and the Sklar number captures the effects of varying the length of the MTDPG and the
velocity amplitude of the flow. The Neumeier number proves particularly useful because
it also determines how the material properties of the MPGs affect the ability of the

Thermal and percent Carnot Efficiency

MTDPG to utilize the available temperature difference for power generation.
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Figure 105: Dependence of the thermal efficiency and percent Carnot efficiency upon
the hot reservoir temperature and the Sklar number
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Figure 106: Dependence of the thermal efficiency and percent Carnot efficiency upon
the Neumeier number

5.6 Optimization

Using the results of the previous sections, the performance of an MTDPG channel
is optimized by maximizing the thermal efficiency. First, the material and operating
constants are set.

This includes the two reservoir temperatures, the working fluid

properties, the length of the MTDPG, and the MPG properties. The working fluid is
saturated water, whose viscosity, thermal diffusivity, density and specific heat are known,
as listed in Table 12. The hot reservoir temperature is fixed at 500 °K, for several
reasons.

Since water is the working fluid, it must be pressurized to maintain it in the

liquid phase. At 500 °K, the pressure must be at least 3.0 MPa, and this value rises
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rapidly with temperature. Thus, for practical purposes, the temperature of the working
fluid is limited. The cold reservoir temperature is fixed at 300 °K, which approximates
ambient conditions.

The length of the MPG is set at the nominal value, .07 meters.

The individual MPG properties (ρ, cv, EMax, DMax) are determined by selecting a
real thermodielectric material and using its thermal and dielectric storage properties to
represent the properties of each MPG. The selected material is Lead Titanate, PbTiO3,
whose properties are given in Table 16. The maximum electric displacement is assumed
to be approximately equal to the spontaneous polarization, which has a value of 0.81
C/m2, and the maximum electric field amplitude is fixed at 1×107 N/C, which is a
moderately “aggressive” value (The breakdown field strength is dependent on the
material properties, electrode properties, and material construction techniques, and thus is
not easily determined. Conservative estimates place the maximum electric field lower
than the chosen value, but some investigations place breakdown voltages for similar
materials at higher values [50, 51].). The density and specific heat of Lead Titanate are
7500 kg/m3 and 360 J/(kg⋅°K), respectively. Using the nominal MPG properties shown
in Table 12 and the properties of Lead Titanate, the normalized electrical energy density
(NEED) is calculated to equal:
NEED = 1.518

(5.28)

Next, the operating regimes described by the non-dimensional parameters π1 and
the Womersley number are determined. The smallest values of π1 yield the highest
thermal efficiencies, as shown in Figure 69, but the data do not take into account the
losses due to viscous dissipation and pumping work, which increase as the Womersley
number decreases. Using the data in Figures 41 and 42, a reasonable choice for the value
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of the altered Womersley number (walt*) is 0.6, which corresponds to the minimum point
on the viscous dissipation curve (see Figure 41).

Since the viscosity is fixed by the

choice of the working fluid, the frequency and channel diameter are related by:

b = 2w

*
alt

ν 1.785 × 10 −4
2ν
*
= 2 walt
=
ω
πf
f

(5.29)

The frequency of the MTDPG is now used to determine the channel diameter. The
frequency can be increased in order to increase the power density of the device and
decrease the axial conduction losses. However, the viscous losses and pumping work
required to maintain the fluid oscillations will increase as well, since the viscous
dissipation and pumping work coefficients (Eqs. 4.33 and 4.42) increase exponentially
with the frequency (Eq. 4.35). Thus, the selected operating frequency is 2 Hz, which is a
reasonable value, although it can be increased to increase the power density of the device.
A frequency of 2 Hz yields a channel height of approximately 0.25 millimeters.
Next, equations for the thickness of the MPGs and the amplitude of the flow can
be written as functions of the FWTCR and Sklar number, respectively. The thickness of
the wall is:
a=

ρ f c p, f b
ρ s c p , s FWTCR

= .0003627 / FWTCR

(5.30)

The normalized Penetration Ratio is written as a function of the normalized electrostatic
energy density (NEED) and the Sklar number:

PR Norm = NEED ⋅ Sk = 1.518Sk

(5.31)

The normalized Penetration Ratio is then written as a function of the root mean square of
the Shape Factor and the Penetration Ratio:
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PR Norm = RMS ( SF ) ⋅ PR = 0.17533PR

(5.32)

Substituting Eq. 5.32 into 5.31 yields:
PR = 8.658Sk

(5.33)

The Penetration Ratio can then be written in terms of the characteristic velocity
amplitude (Eq. 4.3) and rearranged to find the velocity amplitude:

PR =

2U amp

(5.34)

ωL

U amp = 2 PRωL = 17.3ωLSk

(5.35)

The actual velocity amplitude can then be defined as:
U amp , Actual = U amp RMS ( SF ) = (17.3ωLSk )(.17533) = 3.033ωLSk = 2.668 Sk

(5.36)

The next step in the optimization is to select the operating value of the Sklar
number and the FWTCR. Using the data in Figure 103, a Sklar number of .057 is chosen,
corresponding to the peak efficiency of a channel with a C/D ratio of ¼. This C/D ratio is
chosen because it yields the highest thermal efficiency of any of the investigated C/D
ratios. The choice of the Sklar number results in a normalized Penetration Ratio and
actual velocity amplitude of .0865 and 0.1521 m/s, respectively.
The FWTCR is selected by optimizing the thermal efficiency according to the
data in Figure 104, in which the Sklar number, FWTCR, and C/D ratio are varied. The
data in Figure 104 indicate that for a C/D ratio of ¼ and a Sklar number of .045, the
optimum FWTCR is greater than 6, and for a C/D ratio of ¼ and a Sklar number of 0.121,
it is less than 1. Thus, an FWTCR of 4 is selected, which corresponds to a wall thickness
of 90.675 µm.
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The final variable required to run a simulation is the phase angle. Using the data
in Figures 83 through 85, a nominal phase angle of 260 degrees is chosen. This value can
be ‘tuned’ for maximum performance once the optimization process is nearing
completion.
Using the configuration described above, the initial optimization MTDPG
simulation was performed. The result is a channel with a thermal efficiency of 23.3
percent, which corresponds to 58.3 percent of the Carnot efficiency, which is 40 percent.
Simply put, better performance had been anticipated. However, there are several reasons
for this; first, the conduction losses of this MTDPG are much larger compared to the
nominal cases in the previous investigations because the temperature gradient has
increased by 60 percent. This small performance loss can be eliminated by increasing the
length of the MTDPG, so that the temperature gradient remains constant relative to the
nominal MTDPG in the earlier investigations. Second, the MTDPG was not actually at
its optimum Sklar number, because the choice of an FWTCR not equal to one has caused
the optimum Sklar number to shift (the data in Figure 103, which was used to determine
the optimum Sklar number, was generated with an FWTCR of 1). As demonstrated in
Figure 101, increasing the FWTCR decreases the optimum value of the Sklar number.
By accounting for these two factors, the performance of the optimized case can be
increased substantially. The length was increased from .07 meters to .112 meters, and the
normalized Penetration Ratio was decreased from .0865 to .043833. The normalized
Penetration was decreased substantially in order to account for two factors: 1) the shift of
the optimum Sklar number to a lower value and 2) the increase of the velocity amplitude
that would occur if the normalized Penetration Ratio remains constant and the length of
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the MTDPG increases (as shown in Figures 77 and 78, the velocity amplitude should be
held constant when the length of the MTDPG is increased, in order to achieve the
maximum increase in the thermal efficiency). After making these changes, the thermal
efficiency of the optimized MTDPG increased from 23.3 to 29.3 percent, which is 73.1
percent of the Carnot efficiency. Of the 6 percent increase in the thermal efficiency,
approximately 1/6th was due to the decrease in conduction losses, and approximately 3/6th
was due to the decrease in the velocity amplitude. The remainder of the performance
increase was due to the decrease in size of the truncated entrance regions relative to the
length of the channel. Since the size of the entrance regions was held constant at 9 nodes,
the truncated regions constituted 25.7 percent of the shorter MTDPG (L=.07), but only
16.1 percent of the longer MTDPG (L=.112).
Finally, an electric field bias is added to the cycle in order to achieve an increase
in performance similar to that shown in Figures 94. The optimum electric field bias has a
value of 2×106 N/C, which is 20 percent of the nominal value of EMax. This MTDPG
channel has a thermal efficiency of 29.73 percent, corresponding to 74.33 percent of the
Carnot efficiency.
The following set of figures describes some of the important characteristics of the
optimized MTDPGs.

Figure 107 shows the time dependence of the centerline

temperature of the flow and the temperature of the MPGs at several axial locations. The
temperature oscillations of the centerline and MPGs are nearly identical at each location.
This indicates that the cross-stream temperature gradients are nearly zero, thus
minimizing the heat transfer losses associated with transferring heat across a non-zero
temperature gradient. It also assures that nearly all of the thermal energy from the core of
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the channel reaches the MPGs. Of particular interest in this figure is the change in the
amplitude of the temperature oscillations of the MPGs along the axis of the channel.
MPGs closest to the high temperature reservoir undergo much larger temperature
oscillations than MPGs closer to the low temperature reservoir.

This peculiar

phenomenon is a result of the required conservation of energy along the axis of the
channel. Since heat can only be added at the high temperature open flow boundary, all of
the thermal energy that travels down the MPG cascade must enter at the top of the
cascade as well. This requires each higher temperature MPG to reject sufficient waste
heat to provide the lower temperature MPG on its right with all of the necessary source
heat. Recall that in the multi-element cascades studied in Chapter 3 (i.e., Figures 27 and
31), each lower temperature MPG only received a portion of its necessary source heat
from the adjacent higher temperature MPG, and the remainder of the source heat required
by the MPG (i.e., the heat ‘deficit’) was supplied by an outside source; this is not possible
in the MTDPG. In the analysis of Chapter 3, the lower temperature MPGs always
required more heat than was rejected by the higher temperature MPGs, because the area
of their power generation cycles was always larger. This was partially due to the fact that
the temperature range of each MPG was fixed, requiring each MPG to operate through an
identical temperature gradient. In the MTDPG analysis, the temperature range of each
MPG is not fixed, rather, they self-adjust to insure that each MPG rejects sufficient waste
heat and absorbs sufficient heat, in a manner that satisfies conservation of energy along
the axis of the channel. Thus, since lower temperature MPGs convert more thermal
energy into electrical energy than their higher temperature counterparts (i.e., the entropy
difference between their charged and uncharged states is larger, or, to put it another way,
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their power generation cycles are wider), the temperature range of higher temperature
power generation cycles increases, to provide them with a large enough enclosed cycle
area to absorb and reject sufficient amounts of heat; i.e., although their power generation
cycles cannot become any wider, they become taller.

Correspondingly, lower

temperature power generation cycles cannot become narrower, so they become shorter.

Figure 107: Time dependence of the temperature of the MPGs and the flow centerline at
several locations along the axis of the MTDPG channel for the optimized case
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Figure 108 shows the net heat convected per cycle through the MTDPG at each
MPG location. The open flow boundary region discrepancies are significant but they
dissipate within the first 6 or 7 MPGs. Of more interest is the shape of the curve, which
decreases at a faster rate near the hot reservoir, and a slower rate near the cold reservoir.
This indicates that the higher temperature MPGs are extracting more thermal energy from
the flow than the low temperature MPGs.

Figure 108: Axial dependence of the net heat convected per cycle for the optimized case

Figure 109 shows normalized T-S diagrams of MPGs at the x=.03, x=.056, and
x=.082 locations (there are 112 nodes, each 1 mm wide). The cycle shapes are slightly
bulbous and they vary along the length of the channel.

The unique curvatures of

processes 1-2 and 3-4 result from the complex interaction between the adjacent flow and
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the MPGs, because the magnitude of the heat flux, thermodielectric source term, and
thermodielectric storage term within the temperature equation change rapidly.

The

difference in the shape of the cycles, in particular, between the hot (x=.03) and cold
(x=.082) MPGs, reflects the difference in their ability to convert heat into electrical
energy, as discussed previously. The hotter MPG undergoes a much larger temperature
oscillation in order to compensate for its poorer ability to convert heat into
thermodielectric energy, which is determined by the perpendicular distance between the
curves of processes 2-3 and 4-1 (They are farther apart for the colder MPG (x=.082),
indicating it can do more thermodielectric work.). Additionally, the shape of the hotter
MPGs’power generation cycles is more efficient because there is much less heat addition
and removal during processes 1-2 and 3-4 (i.e., these processes behave much more like
isentropic processes in the hotter MPGs).

Figure 109: Normalized T–S diagrams for three MPGs for the optimized case
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Figure 110 displays a normalized T-S plot of every 5th MPG of the entire MTDPG
cascade, starting from the 112th element at the very bottom and going up to the 1st
element at the top. The cycle shapes change as the cascade temperature decreases, as
noted in the previous figure. Additionally, the power generation cycles of the upper and
lower boundary MPGs are not completely accurate, due to the errors in the entrance
regions. However, while these boundary MPGs are also not optimized, because the phase
of their thermal oscillations is different from the phase of the thermal oscillations that
occur in the body of the channel, they are subject to the same phase of the electric field
cycle. Better treatment of the convective boundary condition at the flow reservoir, in
combination with better control of the individual MPG power generation cycles near the
channel boundary, can lead to improved cycle performance in these regions, and better
MTDPG performance.
Figure 111 shows the thermal and Carnot efficiency of each MPG and Figure 112
shows the work done and heat absorbed by each MPG. The high temperature MPGs are
more efficient and perform more work than the low temperature MPGs because their
cycle shape is more efficient and their larger temperature oscillations overcome their
weaker ability to convert heat into electrical energy.
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Figure 110: Normalized T-S diagrams for every 5th MPG for the optimized case

Figure 111: Axial dependence of the thermal and Carnot efficiency for each MPG of the
optimized case
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Figure 112: Axial dependence of the work done and heat absorbed by each MPG of the
optimized case

The thermal and percent Carnot efficiencies of the optimized MTDPGs are shown
in Table 16, and the energy density, power density, and rate of heat transfer through the
MTDPG are shown in Table 17. Included in Table 16 are the projected thermal and
percent Carnot efficiencies of an MTDPG that has no truncated entrance regions at the
open flow boundaries. These metrics are calculated by assuming that the performance of
the MPGs in the boundary regions of the channel is similar to those in the body of the
channel.
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Table 16: Optimized MTDPG thermal and percent Carnot efficiency

29.21%

Percent
Carnot
Efficiency
73.03%

Maximum
Projected Thermal
Efficiency
33.07%

Maximum
Projected Percent
Carnot Efficiency
82.68%

29.73%

74.33%

33.65%

84.13%

Thermal
Efficiency
Optimization
without Electric
Bias
Optimization with
Electric Field Bias
Added

Table 17: Energy density of optimized MTDPGs

Optimization
without Electric
Field Bias
Optimization with
Electric Field Bias
Added

Energy Density
118,880 J/m3

Power Density
237,760 W/m3

Q In
11.1 J/m

Q Out
7.86 J/m

132460 J/m3

264,920 W/m3

12.13 J/m

8.52 J/m

The maximum projected percent Carnot efficiencies in Table 16 are very close to
the maximum percent Carnot efficiencies projected in the investigations of Chapter 3 (see
Tables 5 and 10). This result indicates that the heat transfer system within the MTDPG is
extraordinarily effective at transferring heat between the flow and the MPGs and
recuperating it within the MPG cascade.
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The power density of the optimized MTDPGs is excellent. However, there are
two important factors that must be taken into consideration: 1) this metric does not
include the volume of space occupied by the auxiliary sub-systems that support the power
generation system, such as the reservoirs, external electrical circuitry, and hot and cold
heat exchangers, and 2) this data was generated with an operating frequency of only 2 Hz.
If the operating frequency were increased to 8 Hz, the power density of the channel can
exceed 1,000,000 W/m3, and the viscous dissipation and pumping work would still be
negligible (~6,000 W/m3) compared with the power output.
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Conclusion
6.1 Conclusions

The primary objective of this thesis was to determine if an efficient
thermodielectric power generation system is feasible, i.e., to ascertain if it can provide a
viable alternative to other portable power generation technologies.

This was

accomplished by a series of investigations that developed the ability to estimate and
predict the optimum efficiencies, energy densities, and power densities that a
thermodielectric device is capable of.

The results of this study indicate that it may be

possible to construct a highly efficient thermodielectric power generator that has the
potential for a superior power density.

It would require, however, thermodielectric

materials with specific properties, a highly efficient electrical supply and control system,
and a well designed heat exchange system.
In the first phase of this investigation, a phenomenological thermodielectric
equation of state was developed from experimental data. This equation of state was then
used to determine the basic thermodynamic states of a thermodielectric material (i.e., the
internal energy and entropy). These expressions were subsequently used to determine the
performance of idealized thermodielectric power generation systems composed of such
materials.

The performance of the power generation systems was compared by

subjecting these materials to several different power generation cycles and supplying

230

them with the necessary heating and cooling via several different theoretical heat
exchange and recuperation systems.
This study produced several important results. First, it was determined that the
thermodielectric source term that drives temperature change in the material during
charging and discharging processes is significant in power generation applications. Thus,
the power generation cycles implemented in a real device must take into account the
interaction between the heat transfer system and the thermodielectric elements during
these processes, in order to maximize the performance of each power generating element
and the entire system.
Second, the performance of power generating systems that use materials modeled
by the developed phenomenological equation of state deteriorates as the temperature of
the system increases, because the ability of the materials to perform thermodielectric
work depends on the entropy difference between the charged and uncharged states of a
power generating element, and this difference decreases as the temperature increases.
Finally, the maximum thermal efficiency of the device is primarily dependent on
four quantities: the electrostatic energy density of the MPGs, the number of power
generating elements within the system, the temperature limits of the power generation
system, and the ability of the heat recuperation system to efficiently transfer heat between
the power generating elements of the device. Power generation systems with a very
efficient heat recuperation system can achieve large efficiencies with relatively “weaker”
thermodielectric materials (i.e., capable of storing less electrostatic energy), but systems
with a less efficient heat recuperation system can only achieve large efficiencies with
thermodielectric materials capable of storing large amounts of electrostatic energy.
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The second phase of this investigation determined whether the Micro-Parallel
Plate Heat Recuperator (MPPHR) is capable of supplying thermodielectric micro-power
generating elements with the necessary heating and cooling for power generation and the
necessary heat recuperation for an efficient power generation system.

This was

accomplished by developing a numerical simulation program that solves the 2-D energy
equation of a laminar, purely oscillating flow within a micro-channel that connects two
reservoirs. The simulation program features a wall boundary condition that couples the
processes in the wall and the oscillating flow. This provides the means to determine if
the flow can provide the walls with the necessary heating, cooling, and recuperation for
efficient power generation. This capability can be described by a variable called the
Effectiveness, which determines how much of the heat that travels through the channel is
transferred to the walls before it is ejected to the cold reservoir.
This investigation determined that there were three non-dimensional variables that
specify the performance regime of the MPPHR: π1, π3,Norm, and the FWTCR.

The

performance of the recuperator is optimized by maximizing the Effectiveness, which is
accomplished by minimizing the values of π1 and π3,Norm, and choosing a fluid-to-wall
thermal capacitance ratio between a value of 1.5 and 4. The operating regimes of small
π1 and π3,Norm MPPHRs are characterized by very small cross-stream conduction time
scales, compared with the oscillation and advective time scales. Thus, these channels
have very small cross-stream temperature gradients, thus eliminating excessive heat
transfer through the channel and increasing the Effectiveness of the recuperator. The
optimum performance regime of the FWTCR is characterized by a balance between
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maximizing the amount of heat transferred to the walls and the need to minimize heat
rejection to the cold reservoir.
The third phase of this investigation determined the material properties and
operating conditions necessary for the Micro-Thermodielectric Power Generator
(MTDPG) to efficiently convert heat into electrical energy. This was accomplished by
combining the phenomenological thermodielectric equation of state developed in the first
phase of the investigation with the numerical tools developed in the second phase of the
investigation, creating a simulation program capable of estimating the performance of an
actual thermodielectric power generation system.
This investigation yielded six non-dimensional numbers and several dimensional
parameters that describe the operating regime of the MTDPG and can be used to optimize
its performance. These numbers are: π1, the Sklar number (Sk), the Neumeier number
(Nm), the fluid-to-wall thermal capacitance ratio (FWTCR), the charge/discharge ratio
(C/D), the phase angle, the electric field bias, and the length of the MTDPG.
The first number, π1, describes the effectiveness of the cross-stream conduction
process in transferring heat from the core of the flow to the micro-power generators
(MPGs). The smaller π1 is, the more efficient the cross-stream conduction process is, and
thus the more efficient the MTDPG is. However, since the viscous losses and pumping
work required to maintain flow oscillations increase dramatically as π1 decreases, there is
a limit to how small π1 can be.
The second number, the Sklar number, is the ratio of two non-dimensional
numbers, i.e., the normalized Penetration Ratio and the normalized electrostatic energy
density. The normalized Penetration Ratio characterizes how much heat can be provided
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to the MPGs via the advective flow oscillations, and the normalized electrostatic energy
density characterizes the amount of electrostatic work that can be performed by an MPG.
Thus, the Sklar number characterizes the amount of available heat that can be converted
into electrical energy, and the thermal efficiency peaks at a value of the Sklar number at
which the MPGs make optimal use of the available heat.
The third number, the Neumeier number, is the product of the normalized
temperature gradient and the Sklar number. Since the normalized temperature gradient
characterizes the temperature limits imposed on the MTDPG, and the Sklar number
characterizes the amount of available heat that can be converted into electrical energy, the
Neumeier number characterizes the ability of the MTDPG to utilize the available
temperature limits for power generation. Thus, the percent Carnot efficiency peaks at a
value of the Neumeier number at which the MTDPG optimally uses the available
temperature limits.
The fourth number, the fluid-to-wall thermal capacitance ratio (FWTCR), is used
to determine the thickness of the MPGs because it characterizes the fluid’s ability to drive
temperature oscillations in the MPGs. The thermal efficiency of a given MTDPG peaks
at a value of the FWTCR that balances the need to maximize both the temperature
oscillations and the thickness of the MPGs. The optimum value of the FWTCR depends
upon the value of the Sklar number and the charge/discharge ratio, making it difficult to
predict this value in advance.
The fifth number, the charge/discharge ratio, is the fraction of a period it takes for
a charging or discharging process to occur. This number determines the strength of the
thermodielectric source term and the time available for heat addition during the power
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stroke of the power generation cycle. Thus, it is important in determining both the
optimum thermal efficiency and energy density of the MPGs and the MTDPG channel.
Since the charge/discharge ratio and the FWTCR play an important role in the interaction
between the MPGs and the flow, they need to be optimized in conjunction with the Sklar
number in order to maximize the performance of an MTDPG.
The sixth number is the phase angle between the electric field and pressure
oscillations. This non-dimensional time delay can be used to tune the performance of the
MTDPG to optimize its thermal efficiency or energy density.

The phase angle

corresponding with either optimum performance metric is dependent on several operating
regime and material property variables, which makes it difficult to predict in advance, but
relatively easy to tune.
The two parameters that affect the performance of the MTDPG are the electric
field bias and the length of the MTDPG channel. The application of an electric field bias
can cause the thermal efficiency and energy density of the MTDPG to increase slightly,
due to a slight increase in the enclosed area of the MPG power generation cycles. On the
other hand, increasing the length of the MTDPG does not necessarily improve
performance (provided that the Neumeier number is held constant). Increasing the length
of the MTDPG increases the viscous dissipation and pumping work losses, but decreases
the axial conduction losses.
The final phase of this investigation also showed that the Micro-Thermodielectric
Power Generator is theoretically capable of efficiencies and power densities that are
competitive with (i.e., similar or superior to) current portable power generation
technologies (i.e., thermal efficiencies of 30 percent and power densities of well over
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100,000 W/m3). However, this result depends on several critical assumptions, including
the availability of thermodielectric materials that satisfy the phenomenological equation
of state, the ability to design a highly efficient electrical supply and control system, and a
well designed heat exchange system for the high and low temperature reservoirs.

6.2 Future Studies

In order for the MTDPG to make the transition from concept to prototype, several
objectives must be accomplished: 1) the simulation program should be improved to yield
more accurate performance projections, 2) detailed device design and development
should begin (i.e., the heat exchange system and electronic supply and control system
need to be developed), and 3) dedicated thermodielectric materials research and
development should begin.
The accuracy of the simulation program can be improved in several different
areas. The first area is the set of constant property assumptions, which can be relaxed by
replacing the constant thermal diffusivity of the fluid with a temperature dependent one.
Thus, the flow’s momentum and energy equations remain decoupled, keeping the
structure of the simulation program relatively simple, but the accuracy of the temperature
distribution in the channel will improve.
A more problematic area is the treatment of the open flow boundary condition. If
the problems associated with this boundary condition can be resolved, the projected
performance of the MTDPG will improve. Additionally, there will be more information
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available about the temperature oscillations and power generation cycles of the MPGs in
the boundary regions, and this could be used to optimize future designs.
Another area where the simulation program can be improved is the treatment of
the wall boundary condition. The ability of the user to control the power generation
cycles of individual MPGs can be improved, resulting in better device performance. For
example, the phase of the electric field cycles of the MPGs near the open flow boundary
region can be individually tuned to reflect the lead/lag of their temperature oscillations.
This would complement any improvements to the open flow boundary condition. The
second suggestion is to increase the accuracy of the heat transfer model of the MPGs.
The current model does not take into account two-dimensional heat transfer within the
MPGs, including the effects that electrodes will have on the temperature and performance
of the MPGs.
The second objective of future studies should be detailed device design and
development. In particular, the reservoir heat exchangers need to be designed to provide
the micro-channels with a relatively uniform temperature to allow the MPGs to be
tailored to operate within the optimum temperature ranges. Additionally, the reservoir
and heat exchanger must be designed to minimize hydrodynamic pumping losses that will
adversely affect the efficiency of the device.
The electrical system needs to be designed to allow reversible charging and
discharging of the thermodielectric elements and efficient delivery of the high voltage
current generated by the MPGs to the desired storage device. This system will also
include the electrodes that will be connected to the MPGs. The electrodes must be
capable of sustaining large electric fields across the dielectric materials during the
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operating lifetime of the MTDPG. Additionally, their mass must be minimized because
the energy used to heat and cool them cannot be converted into electrical energy since
they are an inert material.
Finally, the behavior of thin-film thermodielectric materials needs to be studied in
detail. In particular, breakdown voltages, electric displacements, hysteresis regimes, and
temperature dependencies need to be established for materials capable of satisfying the
MTDPG’s needs. The durability of these thin films, as well as the cost of manufacturing
them, will also be of paramount importance to future investigations. The behavior of
these thin-film dielectrics can be tailored to either follow the phenomenological equation
of state used in this investigation or follow different models, which then can be
implemented into the improved version of the MTDPG simulation program, in order to
improve the accuracy of the performance predictions.

Once appropriate dielectric

materials have become available, the electrical system is completed, and the
reservoirs/device casing are designed, a prototype thermodielectric power generator can
be assembled and tested.
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Appendix A
The Limit Cycle Solution of an Incompressible Flow Driven by a
Sinusoidal Pressure Gradient in a Parallel-Plate Channel

Conservation of mass and momentum are applied to an individual channel of the
MPPHR. The following applicable assumptions simplify the flow equations; a 2-D
analysis with constant density and viscosity; a fully-developed flow in the x-direction,
and no-slip conditions along the walls of the channel.

In conjunction with these

assumptions, conservation of mass forces the vertical (y-axis) channel velocity to zero,
eliminating the conservation of momentum equation in the vertical direction. Next, it is
assumed that piston oscillations within the reservoirs produce a sinusoidal time varying
pressure gradient. The resulting axial momentum conservation equation is:
∂u
∂ 2u
∂p ∆p
−ν 2 = −
=
cos(ωt )
∂t
∂x ρL
∂y

(A.1)

The separation of variables solution technique is applied to Eq. A.1 by assuming that the
velocity has separate time and space solutions:

u ( y, t ) = Re[φ ( y)ϕ (t )]

(A.2)

The time solution is assumed to be sinusoidal in nature since the piston oscillations are
sinusoidal as well:

ϕ (t ) = eiωt

(A.3)
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The spatial solution is found by substituting Eqs. A.2 and A.3 into Eq. A.1, yielding a 2nd
Order ordinary differential equation with a hyperbolic homogeneous solution and a
constant particular solution of the form:

φ ( y ) = C1e −λy + C 2 e λy +

∆p
iρω L

(A.4)

where:
λ=

ω
2ν

(A.5)

The no slip boundary condition is applied at y=±b, yielding the constants C1 and C2.
These constants are substituted into Eq. A.4, which is then substituted into Eq. A.2. The
result is:
− λy

∆p [θ1 sin(−λy + ωt ) + θ 2 cos(−λy + ωt )]e +
u ( y, t ) =


ρωL + [θ 1 sin(λy + ωt ) + θ 2 cos(λy + ωt )]e λy + sin(ωt )

(A.6)

where:

θ1 =

− cos(λb) cosh( λb)
2 cos (λ b) cosh 2 (λb) + sin 2 (λb) sinh 2 (λb)

)

(A.7)

θ2 =

sin( λb) sinh( λb)
2 cos (λb) cosh 2 (λb) + sin 2 (λb) sinh 2 (λb)

(A.8)

(

(

2

2

)

and

U Amp =

∆p
ρω L

(A.9)

[θ 1 sin(−λy + ωt ) + θ 2 cos(−λy + ωt )]e − λy +

SF ( y, ω , t ) = 

+ [θ 1 sin(λy + ωt ) + θ 2 cos(λy + ωt )]e λy + sin(ωt )
Thus, Eq. A.6 can be re-written as:
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(A.10)

b 2ω
u ( y, t ) = U amp SF ( y , t ,
)
ν

(A.11)

The velocity profile (Eq. A.11) contains two parts, the characteristic amplitude (U Amp)
and the profile function (Shape Factor (SF)). This velocity profile is anticipated by the
non-dimensional form of the Navier-Stokes equation, which is derived using the
following non-dimensional variables:
U =

u ,
U Amp

Y=

y
,
b

τ=

t
t'

(A.12)

Substituting equation set A.12 into Eq. A.1 yields:

U Amp

∂U νt '
∂ 2U ∆pt '
− 2 U Amp
=
cos(ωt )
∂τ b
ρL
∂Y 2

(A.13)

The characteristic time scale is defined as:
t' =

1
ω

(A.14)

Substituting Eq. A.14 into Eq. A.13 yields:

U Amp

∆p
∂U
ν
∂ 2U
− 2 U Amp
=
cos(ωt ) = U Amp cos(ωt )
2
∂τ b ω
ρωL
∂Y

(A.15)

which reduces to:

∂U
ν ∂ 2U
− 2
= cos(ωt )
∂τ b ω ∂Y 2

(A.16)
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Appendix B
Calculation of the RMS Velocity of the Shape Factor Function

The shape factor function can be written as:

SF = ψ 1 cos(ωt ) + ψ 2 sin(ωt )

(B.1)

where:

ψ 1 = 2ϑ1 sin (λy ) sinh (λy ) + 2ϑ 2 cos(λy ) cosh(λy )

(B.2)

ψ 2 = 2ϑ1 cos(λy ) cosh (λy ) − 2ϑ1 sin (λy ) sinh (λy ) + 1

(B.3)

λ=

ω
2ν

(B.4)

and the functions θ1 and θ2 are defined in Eqs. A.7 and A.8 respectively.
The RMS of the Shape Factor is defined as:
Γ b/2

RMS ( SF ) =

∫ ∫ SF

2

dydt

0 −b / 2

(B.5)

Γb

The square of the Shape Factor is:
SF 2 = (ψ 1 cos(ωt ) ) + 2ψ 1ψ 2 cos(ωt ) sin( ωt ) + (ψ 2 sin( ωt ) )
2

2

(B.6)

Substituting Eq. B.6 into B.5 yields:

∫ ∫ [ψ
Γ b/2

RMS =

2
1

]

cos 2 (ωt ) + 2ψ 1ψ 2 cos(ωt ) sin(ωt ) + ψ 2 sin 2 (ωt ) dydt
2

0 −b / 2

Γb
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(B.7)

The quantities ψ1 and ψ2 are functions of ‘y’only, which allows the order of integration
to be switched. The time integration of each sinusoidal quantity within Eq. B.7 is:
2π
ω

Γ

∫ cos (ωt )dt ∫ cos (ωt )dt
2

2

=

0

Γ

0

∫ sin (ωt )dt

2

0

Γ

2π
ω

(B.8)

2π
ω

Γ

∫ sin (ωt )dt

2π

 t sin (2ωt )  ω ω 1
= +
=

4ω  0 2π 2
2

2

=

0

2π
ω

0

Γ

(B.9)

2π
ω

Γ

∫ sin (ωt )cos(ωt )dt

2π

1
 t sin (2ωt )  ω ω
= −
=

4ω  0 2π 2
2

=

∫ sin (ωt )cos(ωt )dt
0

2π
ω

=0

(B.10)

Substituting Eqs. B.8, B.9, and B.10 into Eq. B.7 yields:

[

]

b/2

1
ψ 1 2 + ψ 2 2 dy
∫
2 −b / 2

RMS =

(B.11)

b

The functions ψ12 and ψ22 are now expanded in terms of their components:

ψ 1 = 4ϑ1 sin 2 (λy ) sinh 2 (λy ) +
2

+ 8ϑ1ϑ 2 sin (λy ) sinh (λy ) cos(λy ) cosh(λy ) + 4ϑ 2 cos 2 (λy ) cosh 2 (λy )
2

ψ 2 = 4ϑ1 cos 2 (λy ) cosh 2 (λy ) − 8ϑ1ϑ 2 sin (λy ) sinh (λy ) cos(λy ) cosh (λy ) +

(B.12)

2

+ 4ϑ 2 sin 2 (λy ) sinh 2 (λy ) − 4ϑ 2 sin (λy ) sinh (λy ) + 4ϑ1 cos(λy ) cosh(λy ) + 1
2

(B.13)

Eqs. B.12 and B.13 are now substituted into Eq. B.11. The resulting equation has five
different integrals that must be evaluated:
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b/2

υ1 =

1
1
(sin (λy ) cosh (λy ) − cos(λy )sinh (λy )) b−b/ 2/ 2
sin λy sinh λydy =
∫
2 λb
b −b / 2

υ2 =

1
1
(sin (λy ) cosh (λy ) + cos(λy )sinh (λy )) b−b/ 2/ 2
cos λy cosh λydy =
∫
2 λb
b −b / 2

(B.14)

b/2

(B.15)

b/2
1
− 1  4λy − 2 sin (λy ) + sin (2λy ) cosh (2λy ) + 


υ 3 = ∫ sin 2 λy sinh 2 λydy =
(B.16)
16λb  + (−2 + cos(2λy )) sinh (2λy )
b −b / 2
 −b / 2
b/2

b/2
1
1  4λy + 2 sin (λy ) + sin (2λy ) cosh (2λy ) + 


υ 4 = ∫ cos 2 λy cos 2 λydy =
(B.17)
16λb  + (2 + cos(2λy )) sinh (2λy )
b −b / 2
 −b / 2
b/2

b/2
1
1  sin (2λy ) cosh(2λy ) − 


υ 5 = ∫ cos λy cosh λy sin λy sinh λydy =
16λ b  cos(2λy )) sinh (2λy )  −b / 2
b −b / 2
b/2

(B.18)

Substituting Eqs. B.12 through B.18 into B.11 yields:

(
(

)

2
2

1  4θ 1 υ 3 + 8θ1θ 2υ 5 + 4θ 2 υ 4 +
RMS ( SF ) =


2  4θ 1 2υ 4 − 8θ1θ 2υ 5 + 4θ 2 2υ 3 + 4θ 1υ 2 − 4θ 2υ1 + 1 

)

(B.19)

where υ1, υ2, υ3, υ4, υ5, θ1, and θ2 are only functions of the quantity λb, which can be
written in terms of the Womersley number and altered Womersley number (Eqs. 4.5, 4.6):

λb =

w
2

= walt

(B.20)
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Appendix C
Evaluation of the Pumping Work Integral

The pumping work per unit depth is defined as (Eq. 4.40):
W Pump
w

= PR ρω L
2

3

3

Γ b/2

∫ ∫ cos(ωt ) ⋅ SF (t , y, ω,ν )dydt

(C.1)

0 −b / 2

The pumping work integral is defined as:
Γ b/2

∫ ∫ cos(ωt ) ⋅ SF (t , y, ω ,ν )dydt =
0 −b / 2

[2θ sin (λ y ) sinh (λy ) + 2θ 2 cos(λy ) cosh(λy )] cos(ωt ) + 
= ∫ ∫ cos(ωt ) ⋅ 1
dydt
+ [2θ 1 cos(λy ) cosh(λy ) + θ 2 sin (λy ) sinh (λy ) + 1]sin(ωt )
0 −b / 2
Γ b/2

(C.2)

where the Shape Factor is defined in Eq. A.10, θ1 and θ2 are defined in Eqs. A.7 and A.8,
and λ is defined in Eq. A.5. The time and spatial integrals of Eq. C.2 are evaluated using
the following integrations:

∫ sin (λy ) sinh (λy )dy = 2λ [− cos(λy ) sinh (λy ) + sin (λy ) cosh(λy )] + C

(C.3)

∫ cos(λy ) cosh(λy )dy = 2λ [cos(λy ) sinh (λy ) + sin (λy ) cosh(λy )] + C

(C.4)

t sin (2ωt )
∫ cos (ωt )dt = 2 + 4ω + C

(C.5)

1

1

2

∫ cos(ωt ) sin (ωt )dt = −

cos 2 (ωt )
+C
2ω

(C.6)

Substitution of Eqs. C.3 through C.6 into Eq. C.2 yields:
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W Pump
w

=
b/2


 ϑ1

 [− cos(λy ) sinh(λy ) + sin (λy ) cosh (λy )] +  t sin (2ωt )  
 2λ
 +
 +
4ω  
 ϑ 2
2


 [cos(λy ) sinh(λy ) + sin (λy ) cosh (λy )] 
2
3 3  2λ
= PR ρω L 



 ϑ1 [cos(λy ) sinh(λy ) + sin (λy ) cosh (λy )] −
 cos 2 (ωt )  
 2λ
 
 −

ϑ
2
ω


2
 

[− cos(λy ) sinh(λy ) + sin(λy ) cosh (λy )] + y 

 −b / 2
 2λ

Γ

0

(C.7)
Evaluation of Eq. C.7 over one period of oscillation reduces the pumping work integral to:
b/2

W Pump
w


 ϑ1

 [− cos(λy ) sinh (λy ) + sin (λy ) cosh (λy )] +  Γ 
  2λ
 
2
3 3
= PR ρω L  ϑ2
 2 

 2λ [cos(λy ) sinh (λy ) + sin (λy ) cosh(λy )] 


 −b / 2


(C.8)

Evaluation of the spatial terms in Eq. C.8 reduces the integral to:
W Pump
w

 1
π
= PR 2 ρω 2 L3 b *
2
 walt

( ) ( )( ( ) ( ))
( ) ( )( ( ) ( ))

*
*
*
*
 
cos walt
ϑ2 walt
− ϑ1 walt
sinh walt


*
*
*
*
 + sin walt cosh walt ϑ 2 walt + ϑ1 walt  

(C.9)

where
*
w alt
=

ω b walt λb
=
=
2ν 2
2
2

(C.10)

*
The pumping work integral is written as a function of walt
because the original velocity

solution was determined as a function of a channel of width ‘2b’as opposed to ‘b’, and
the factor of ½ corrects for this.
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Appendix D
The Finite Difference Formulation of the Energy Equation of the
Flow

The finite difference formulation of the energy equation must be arranged into the
proper form so that the alternating-direction implicit (ADI) solution scheme can be used.
The derivation is as follows: first, the change in temperature between time steps is
defined.

∆Ti, j = Tin, j+1 − Tin, j = ∆T

(D.1)

Next, the energy equation (Eq. 4.7) is discretized implicitly by substituting Eq. D.1 and
using differential operators (δ) to represent the spatial partial derivatives:

{

(

)

(

∆Ti , j = dt u in, +j 1δ x Ti ,nj + ∆Ti , j + α (δ xx + δ yy ) Ti ,nj + ∆Ti , j

)}

(D.2)

Next, Eq. D.2 is rearranged such that all quantities dependent on temperatures evaluated
at time ‘n’are placed on the right hand side.

{1 + dt (U nj +1δ x − αδ yy − αδ xx )}∆T = dt (−U nj +1δ x + αδ yy + αδ xx )Ti ,nj (D.3)
Next, the left hand side of Eq. D.3 is factorized into two quantities, creating a cross-term
that must be added to the right hand side of the equation in order to maintain the equality.

(1 + dtU nj +1δ x − dt αδ xx )(1 − dt αδ yy ) ∆T =

(

)

(

)

dt − U nj +1δ x + αδ yy + αδ xx Ti ,nj − α dt 2U nj +1δ x δ yy − α 2 dt 2δ xx δ yy ∆T
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(D.4)

The two higher order terms (i.e., proportional to dt 2) on the right hand side of Eq. D.4 are
now added to the truncation error of the scheme, i.e. they are treated as negligible. Thus,
this process is known as approximate factorization; it results in a discretized equation that
is much easier to solve implicitly, but it creates a 2nd order truncation error in time,
limiting the scheme to 1st order accurate in time.
The solution process occurs in two stages.

First, the temporary temperature

change is defined as ∆T*:

(1 − dtαδ yy )∆Ti , j = ∆Ti *,j

(D.5)

Next, equation D.5 is substituted into Eq. D.4, yielding:

(1 + dtU nj +1δ x − dtαδ xx )∆Ti *,j = (−U nj +1δ x + αδ yy + αδ xx )Ti ,nj

(D.6)

Next, the finite difference operators on the left and right hand side are expanded. The
coefficients on the left hand side of Eq. D.6 are arranged in tri-diagonal matrix form:

 dtU nj +1 αdt  *
 dtU nj +1 αdt
dt
α


*

∆Ti −1, j + 1 +
−
∆Ti , j − 
+
2 
2 
 4dx
 4dx
2
2dx 2
dx
dx





= (−U nj +1δ x + αδ yy + αδ xx )Ti ,nj

 *
∆Ti +1, j =


(D.7)

Since the right hand side of Eq. D.7 is known, the Thomas Algorithm [48] is used to
solve the system of discretized equations for the temporary temperature change ∆Ti , j .
*

The solution procedure is a sweep in the x-direction along each row of the imposed grid.
With the solution of ∆Ti , j , the right hand side of Eq. D.5 is known, and the left hand
*

side of Eq. D.5 is arranged into tri-diagonal form by expanding the cross-stream
conduction finite difference operator. The Thomas Algorithm is then applied to Eq. D.5
to find the temperature change, ∆Ti,j; the solution procedure is a sweep in the y-direction
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along each column of the imposed grid. Finally, using the definition of ∆T in Eq. D.1,
the temperature at time ‘n+1’, Tin, j+1 , is extracted at every point along the grid.

The Finite Difference Energy Equation of the MPPHR Wall
Boundary Condition

The trapezoidal differencing scheme (otherwise known as the Crank-Nicolson or
time-centered implicit scheme) is:

T jn +1

= T jn

∆t
+
2

 ∂T  n  ∂T  n +1 
  +    + O[(∆t ) 3 ]
 ∂t  
 ∂t 
j

(D.7)

The wall boundary equation (4.21) is substituted into the right hand side of Eq. D.7,
yielding:

[

γ∆t
δ y T n + δ y T n +1
2

T jn +1 = T jn +

]

j

+ O[(∆t ) 3 ]

(D.8)

where γ is defined as:

γ=

α v ρ f cv, f

(D.9)

ρ s cv, s a

A one-sided second order spatial difference is used to expand the differential operator in
Eq. D.8, yielding:
T jn +1 = T jn +

γ∆t
2

 − T n + 4T n − 3T n
2
1
s


2
y
∆


  − T2n +1 + 4T1n +1 − 3Tsn +1 
+
 + O[(∆t ) 3 ]
 

2
y
∆
 
 j

where:
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(D.10)

η=

γ∆t
4∆y

(D.11)

Equation D.10 is rearranged:

(1 + 3η)∆Ts − 4η∆T1 + η∆T2 = −η(6T0n

− 8T1n + 2T2n

)

(D.12)

Equation D.12 is not in tri-diagonal form because the coefficient of the quantity ∆T2 is
non-zero. However, this quantity is eliminated from the coefficient matrix by using a
simple matrix coefficient elimination technique, allowing the Thomas Algorithm solution
procedure to be used.
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Appendix E
Numerical Techniques for the MTDPG Wall Boundary Equation

Since the temperature equation (Eq. 5.9) is a non-linear function of temperature,
an implicit finite difference formulation of the temperature equation cannot be arranged
so that it satisfies the constraints of the Thomas Algorithm.

Two solutions to this

problem were investigated; the first solution was to use a simple explicit scheme, and the
second was to use a series of higher order semi-implicit or explicit sub-schemes featuring
Runge-Kutta numerical integrating techniques. The latter of these two investigations
yielded a semi-implicit Runge-Kutta scheme that performed satisfactorily, so it was used
exclusively to generate the performance data in that appears in Chapter 5. A complete
derivation of this scheme, along with a comparison of different numerical schemes that
were tested, appears here.
The power generating wall boundary condition is a 2nd Order semi-implicit
Runge-Kutta scheme based on an explicit trapezoidal R-K scheme.

The scheme is

derived as follows: first, the change in temperature that occurs between time n and n+1 is
defined as:

∆Ti , j = Ti ,nj+1 − Ti ,nj = ∆T

(E.1)

The first step of the explicit R-K trapezoidal method (Eq. E.2) is an integration over one
full time step ‘dt’:
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(

∆Tˆ= dt ⋅ f t n , T n

)

(E.2)

where
n
∆Tˆ= Tˆ
i , j − Ti , j

(E.3)

Equation E.3 defines an approximation to the temperature difference between time ‘n’
and ‘n+1’, i.e. ∆Tˆ, and an approximate temperature at time ‘n+1’, defined as Tˆ. The
second step, shown below in Eq. E.4, is a summation of two equally weighted quantities:
the first quantity is half of the temperature change generated in one time step given an
initial temperature T (i.e., ∆Tˆ/ 2 ). The second quantity is half of the temperature change
that results from an explicit integration over one full time step, given an initial
temperature Tˆ.

∆T =

(

)

(

)

dt
dt
∆Tˆ dt
f tn ,T n +
f t n +1 , Tˆ =
f t n +1 , Tˆ
+
2
2
2
2

(

)

(E.4)

The first quantity, which is defined in Eq. E.2, is expanded by substituting the
temperature equation (Eq. 5.9):
n

 βEe − βE dE 
ρ v c v, f α v
n
n

−
δ y T + 2 DMaxσT 

− βE 2 dt

a
e
1
+



∆Tˆ= dt 
 βEe − βE

 1 + e − βE
e − βE
1
2 n
n
Ln
+
+
 ρ s c v , s + 2σ T DMax E 
− βE
− βE 2
E
β
1
e
+

 1 + e
 2

(

(

) (

)

)




n 
 
 
 
(E.5)

Likewise, the second quantity in Eq. E.4 is expanded by substituting the temperature
equation:
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(

)

dt
f t n+1 , Tˆ =
2

 βˆE n+1e − βˆE n +1  dE n +1  
dt  ρ v c v , f α v
 

−
δ y Tˆ+ 2 D MaxσTˆ


n +1 2 
ˆ

a
dt   
2
 1 + e − βE





n +1
n +1
n +1
ˆ
ˆ
 ˆ n +1e − βE
 1 + e − βˆE
e − βE
1
n +1 β E
2 ˆ
Ln
+ 2σ TD Max E 
+
+
ˆ n +1
2
2
 1 + e − βˆE n +1
βˆE n+1 
1 + e − βE

(

=

ρ s c v,s

(

) (

)

)

(E.6)





All of the quantities in Eq. E.5 are known. However, there are two unknown quantities in
Eq. E.6; the heat flux source term contains a spatial finite difference operator that acts on
ˆ
Tˆ, and this requires knowing the quantities Tˆ
1 and T2 :

ˆ
− 3Tˆs + 4Tˆ
1 − T2
δ y Tˆ=
2dy

(E.7)

ˆ
Tˆ
dy’and
1 and T2 are the approximate temperatures of the adjacent fluid at the distance ‘

‘2dy’ away from the wall at time n+1. There are two possible ways to find these
unknowns; the first method is to explicitly integrate the energy equation on the fluid side
ˆ
to determine Tˆ
1 and T2 . However, this technique will not increase the accuracy of the

simulation, and might actually decrease it. The other solution to this problem is to
n +1
ˆ
approximate Tˆ
and T2n +1 .
1 and T2 with T1

In doing so, Eq. E.4 becomes a semi-

implicit equation, yet it can be arranged to solve for the implicit unknowns, because the
implicit terms are not within the non-linear temperature quantities. Thus, Eq E.7 is
rewritten as:
− 3Tˆs + 4T1n+1 − T2n +1 − 3Tˆs + 4∆T1 − ∆T2 + 4T1n − T2n
ˆ
δ yT =
=
2dy
2dy
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(E.8)

Equation E.4 is now arranged such that the unknown temperature changes (∆T, ∆T1, ∆T2)
are on the left hand side of the equation and the known quantities are on the right hand
side:

dt
dt
γ
∆T1
∆T2
dy
4dy
1 ˆ
+
=
∆T +
+ 2σ 2TˆDMax E n +1Gˆ ρ s c v , s + 2σ 2TˆD Max E n +1Gˆ 2

−γ

∆T +

ρ s cv , s


 ˆ n +1 − βˆE n +1
 − γ − 3Tˆ+ 4T1n − T2n + 2 D MaxσTˆ βE e

 1 + e − βˆE n +1 2
dt  2dy

+ 
2
ρ s c v , s + 2σ 2TˆD Max E n +1Gˆ



(

)

(

)

 dE  n +1  

 
 dt   







(E.9)

where:

γ=

ρ v cv, f α v

(E.10)

a

n +1
− βˆE n +1
 βˆE n +1 e − βˆE n +1
 1 + e − βˆE
1
e
+
+
Gˆ= 
Ln
n +1
− βˆE n +1

ˆE n +1 2
ˆ
−
β
2
 1 + e
βE
1+ e


(

) (

)






(E.11)

The final step in arranging the boundary equation is to use a matrix coefficient
elimination procedure to zero the coefficient in front of ∆T2 in Eq. E.9. This is necessary
to preserve the tri-diagonal structure of the coefficient matrix so that the Thomas
Algorithm may be used to solve the system of equations.
The scheme in Eq. E.9 is not the only one that was implemented. In Figure 113,
the thermal efficiency of the MTDPG is plotted versus the time resolution of the
simulation for several different schemes. The schemes with superior performance are the
semi-implicit RK Trapezoidal (Eq. E.9), and the simple explicit scheme.
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Figure 113: Comparison of power generating wall boundary condition solution schemes

Flux Damping

Flux damping is used to prevent a large step change in the heat flux between the reservoir
temperature and the channel boundary temperature when the flow reverses direction,
from outflow to inflow. The heat flux is defined as the temperature difference between
the reservoir and boundary, i.e., TReservoir-TBoundary. Flux damping is accomplished by
multiplying the heat flux between the reservoir temperature and the channel boundary
temperature by a damping term that varies between 0 and 1. The damping term is a
function of time, increasing from a value of zero when the flow reverses from outflow to
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inflow to a value of one when the flow reverses direction again. Thus, when the inflow
period begins, the flux damping turns on, and prevents the channel from immediately
“seeing”the reservoir temperature. As the inflow increases, the flux damping weakens
(i.e., the damping term approaches a value of one). This concept is illustrated in Figure
114, in which the sinusoidal velocity oscillations and the amplitude of the flux damper
are shown versus time. Flux damping is applied individually at every grid point along the
boundary, to account for the phase difference of the flow oscillations across the flow
profile. Figure 114 shows that when the flow reverses from outflow to inflow (i.e., the
flow velocity changes from negative to positive), the flux damper resets to a value of zero,
after which it increases linearly until it saturates when the flow reverses direction again.
Additionally, it is important to note that flux damping does not affect the
fundamental characteristics of the heat transfer in the channel; it only reduces (by a small
amount) the amount of heat that enters and leaves the channel, while improving the
quality of the numerical simulation.
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Figure 114: Normalized flow velocity and hot reservoir flux damper versus time
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Appendix F
Ferroelectric Material Properties

Table 18 contains a list of ferroelectric materials and their important dielectric
properties. It was constructed by Tuttle et. al [37] in an investigation related to the work
of Drummond [14-17]. The first section of the table shows the ferroelectric material’s
transition or Curie temperature T C (above which hysteresis effects usually disappear),
density, and inverse Curie Constant β (related to molecular lattice softening; relatively
constant for materials of the same structure type and with similar elastic properties). The
middle section lists the material’s spontaneous polarization (Ps), specific heat (Cp), and
projected conversion efficiency (ηmax). The projected conversion efficiency is related to
a figure of merit determined in Drummond’s investigations (it is of no use in this
investigation). The last section of Table 18 contains the actual or projected spontaneous
polarization, specific heat, and projected conversion efficiency of the material at its Curie
temperature.
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Table 18: Material properties of various ferroelectric materials [37]

Figure 115 displays a plot of the spontaneous polarization vs. the transition (Curie)
temperature for various ferroelectrics and their material families [37]. Since material
hysteresis tends to decrease or disappear at material temperatures near or above the
transition temperature, material groups that have transition temperatures in the range of
300 to 500 °K may be of significant interest to this investigation, because they will
reduce potential hysteresis losses.
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Figure 115: Spontaneous polarization vs. transition (Curie) temperature for various ferroelectric
material families [37]

Appendix G

Recuperation Calculation Techniques

Crude Recuperation

The crude recuperation model only allows heat recuperation from a higher
temperature power generating element to a lower temperature power generating element,
(i.e., an element cannot recuperate heat to itself). Thus, the calculation of the simple
cycle system efficiency when crude recuperation is used is relatively straightforward,
since the operating temperature range of adjacent elements within multi-element simple
cycle systems do not overlap. First, the total heat absorbed by the cascade is determined
by summing the heat addition required by each power generating element (the heat
addition occurs during processes 2-3 and 3-4):

Q In = ∑ (Qi , 2−3 + Qi ,3− 4 )
n

(G.1)

i =1

where i=1 is the first (lowest temperature element) of the cascade. Next, the total heat
that can be recuperated is calculated. This is the heat rejected by all of the power
generating elements except the first element, which must reject heat to the ambient
environment:
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Qrecuperation = −∑ (Qi , 4 −1 + Qi ,1− 2 )
n

(G.2)

i =2

Next, the heat rejected to the environment is calculated:

Qreject = −(Q1, 4−1 + Q1,1− 2 )

(G.3)

Next, the total heat addition required by the cascade when crude recuperation is applied is
calculated:

QIn −Re cuperation = QIn − Qrecuperation

(G.4)

Finally, the thermal efficiency of the cascade is simply:

η=

QIn−recuperation − Qreject

(G.5)

QIn −recuperation

For a multi-element real cycle system, the temperature range of adjacent elements
overlaps. This can be problematic if the cycles share a considerable temperature range of
operation, because it limits the amount of heat that can be recuperated via crude
recuperation techniques. However, this is only a problem if the cycles are very, very thin,
i.e. their characteristic temperature change is much larger than their characteristic entropy
change, and this is not the case in this investigation. Thus, the calculation technique used
for the simple cycle systems with crude recuperation can be applied to real cycle systems
with crude recuperation.

Advanced Recuperation
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Calculating the thermal efficiency of a simple or real cycle cascade using
advanced recuperation is much more complex than calculating it for a crude recuperation
cascade. The first step is to determine approximately how much heat is absorbed and
rejected by an individual element during processes 2-3 and 4-1, respectively, at any given
temperature along the process curves. This is accomplished by dividing the temperature
range of each process into ‘m’ discrete temperature levels, and approximating the
differential heat input or heat rejected at each level by the relationship dQj=TjdSj, as
shown in Figure 116. The width of the rectangle determines the differential amount of
heat ejected or absorbed at a given temperature level, and it is determined by the slope of
the process curve. Thus, the amount of heat that can be recuperated across a zero
temperature gradient depends on the relative slopes of processes 2-3 and 4-1.

For

example, the heat absorbed at level ‘m-1’, defined in Figure 116 as dQ2-3,High, is much
larger than the heat rejected at level ‘m-1’, defined in Figure 116 as dQ4-1,High. This
means that all of the heat ejected (i.e., dQ4-1,High) can be recuperated as source heat in
dQ2-3,High, but dQ2-3,High will have a heat ‘deficit’, i.e. it requires additional heat to
complete the process. On the other hand, the heat absorbed at level m=2 (i.e., dQ2-3,Low)
is much smaller than the heat rejected (i.e., dQ4-1,Low). Thus, all of the heat ejected at this
level cannot be recuperated because it is not needed; it must be recuperated at lower
levels or ejected from the MPG. For a series of MPGs operating in a cascade, any excess
heat that cannot be recuperated within a higher temperature MPG can still be recuperated
as source heat to any lower temperature MPGs, thus making up any heat ‘deficits’that
occur within lower temperature MPGs. .
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The next step is to calculate the total amount of heat that must be added or
rejected at a given level once advanced recuperation across a zero-temperature gradient
has been accounted for:

dQdiff , j = dQ2 −3, j + dQ4−1, j

(G.6)

If the sum at an individual level is positive, then that value is added to the heat addition
requirements of the MPG. If it is negative, it is added to the heat ejection requirements of
the MPG. Thus, the total heat absorbed by a simple cycle MPG with advanced heat
recuperation is:

QIn = Q3− 4 + ∑ dQdiff , j , positive

(G.7)

and the total heat rejected by a simple cycle MPG with advanced recuperation is:

QOut = Q1− 2 + ∑ dQ diff , j ,negative

(G.8)

Finally, the last step is to calculate the heat recuperation that occurs between
higher and lower temperature MPGs along the length of the multi-element cascade. This
is identical to the process used for crude recuperation, except that the adjusted values for
the heat absorbed and rejected by each MPG, calculated in Eqs. G.7 and G.8, are used in
lieu of the total heat absorbed or rejected by each MPG.
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Figure 116: Discretization of heat absorbed and rejected during processes 2-3 and 4-1 of
an MPG cycle, for advanced recuperation calculation purposes
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