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SUMMARY
Skilled manpower is an important component of a research organization; however, few quantitative models have appeared which can
relate the future objectives of the organization to the types and
amounts of skill required to accomplish these objectives. This
thesis develops mathematical models which allocate skilled manpower
to projects over time in order to maximize the expected value of
accomplishing the projects.
The future objectives of an organization can be related to
projects, alternative technical approaches, and tasks. It is assumed
that the success of a technical alternative depends on the success of

all member tasks, but the success of a project depends on the success
of at least one approach.

A task can be performed by only one type of

skill, and its probability of success is expressed as a function of
the amount of support of that skill. The model consists of four
sequential models, T, P, V, and M. Models T, P, and V are solved by
dynamic programming while model M uses linear programming.
Given an amount of support available for technical alternatives,
projects, and all projects, models T, P, and V select the skill amounts

for each task, technical alternative, and project which maximizes the
expected value of accomplishing the projects. Model M allocates the
skills to the projects in the manner required by the previous models
so that the project completion dates are met, and the variation in the

vi i i

size of the work for

is minimized. The total model can be used by

a research organization to develop viable and timely policies for
maintaining,fthe proper mix of research skills.
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CHAPTER I
INTRODUCTION
Research on research and development management techniques is
slowly changing the art of decision-making into a science of decisionmaking in research organizations. In previous years management scientists have hypothesized, modeled and developed various schemes for
selecting projects in a research environment [6]. The bulk of these
studies have been concerned with selecting projects which give the
maximum return on investment, i.e., they were concerned with financial
resources. Chapter II, the literature survey, discusses the few quantitative methods which have considered resource allocation from the
standpoint of manpower skills.
Scientific manpower is currently one of research's scarcest commodities. Such a situation underlines the importance of effective
utilization of research skills. Unless an organization can convert
its desired objectives and goals into a manpower skill plan, it may
find that its aspirations cannot be realized.

In most research organizations potential projects must compete
for limited resources, such as money, skills, facilities, etc.; therefore, projects cannot be considered in isolation. The objective should
be at any time to pursue a portfolio of projects which will achieve the
maximum total benefit from the use of available resources. Normally
such an objective cannot be achieved by simply ranking the projects in
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descending order of attractiveness until all available resources are
depleted. The reason is that each project may require different
resources, arse such resources are not interchangeable in the short
term; thus simple ranking of projects until the first resource constraint is met may not utilize the resources in the best way [3].
Moreover, the amount of a resource required by a project is not necessarily deterministic. As the amount of skill support increases, the
chances increase of realizing the project [23, 37].
A simple way to determine the amount of dollars available for
supporting manpower of a particular project is by the amount of money
available to support the project. Such a method fails to delineate the
specific skills required to support the project. Furthermore, if the
organization waits until this is known, it may find itself unable to
acquire a needed skill on time.

More fundamentally, manpower skills

interact with the budget so that it is unlikely a budget can be appropriately allocated to projects without consideration of future manpower
requirements.
The objective of this thesis is to develop a manpower skill planning model which can relate the future objectives of a research organization to the skills required to accomplish these goals. Such a model
will consider the variables of timing and probability of success for
future projects as a function of the magnitude and timing of skill support. It also investigates the problem of the selection of projects
and project support levels which maximize the expected value of future
projects while explicitly considering research skills as decision
variables. Such a strategy generates an optimum skill allocation plan
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over time.
This research is a relevant extension of the work by Dean and
Hauser [14], ind of other researcher's such as [5,23,33], who have
w.

investigated - quantitative techniques to aid research organizations in
planning. This study should assist in identifying the relevant skills
and their timing for the accomplishment of future projects. Such
results can be used by research decision-makers to develop guiding
policies and programs which will chart future manpower decisions. These
programs should increase the effectiveness of the organization because
they will allow the organizational decision-maker to anticipate future
needs and take appropriate actions.
The output of the skill planning model should serve as a basis
for more detailed studies such as the acquisition of new skills when
required. In addition, the model specifies what mix of skills yield the
greatest benefit to the organization. Finally, if the organization does
not have the optimal mix of skills for a given amount of dollars to
spend on manpower, the model suggests logical remedial actions.
The model should have application to most research organizations
which can supply the required inputs to the model. It should provide
significant benefits to organizations which consider many projects
requiring multiple skills because such an environment dictates the use
of a systematic method to evaluate the large number of alternatives
which prevail.

1. Description of the General Problem
The problem of allocating skills to projects in a research
organization is essentially one of resource allocation, the resource
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being scientific manpOer. There appears to be two distinguishable
strategies in research skill planning. The first is to begin by
analyzing thegpresent inventory of skills and then to select future
projects which will effectively utilize the existing inventory. The
second, and the one pursued in this thesis has been defined as "a
specification of the kinds and number of men an organization will
need to accomplish its objectives; a forecast from current inventories
of how well it is now set to meet these projected needs..."

1

There-

fore, skill planning requires information about future research
objectives and a detailed description of the resource allocation plan
which best facilitates accomplishment of these future objectives. The
purpose of this section is to discuss the nature of the information
required to do skill planning, so that it may be assimilated into a
meaningful model. It is first desirable to identify the relevant
variables of a resource allocation plan.
Relevant Variables
a. Future Objectives. Information concerning the types of
problems which the research organization will face in the future is
essential. The development of the methodology required to identify
the future problems facing a research organization is a meaningful
issue. Such a problem is beyond the scope of this study; however,
several techniques, such as [10,39,40], address this question. A brief
discussion cf the salient points of these techniques appears in Chapter

1

Dill, Gayer, and Weber, "Model and Modeling for Manpower Planning," Management Science (December, 1966).
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II. For the present

is sufficient to assume that satisfactory

methods are available; thus, the future programs which will face the
organization-re assumed known. It should be recognized that there
will be uncertainty surrounding this future plan and the plan may
change over time.
The future programs will vary in their value to the organization; therefore, it is necessary that some quantitative measures be
assigned to each future project. This measure, called value, should
reflect the relative importance of the project to the organization.
For purposes of the mathematical model it is assumed that these values
exist, are additive, and reflect the relative importance of each project. Since research organizations may vary in their objectives and
products, the best type of measure, e.g., dollars, military value,
etc., may vary for different organizations. Previous studies have
utilized a variety of measures. Freeman [23] assigned to each project a value in dollars which considers discounted profits, improvement
or maintenance of market position, and possible royalty payments. Asher
[5], Allen and Johnson [33, and Rosen and Sauder [37], used similar
methods for assigning values. Nutt [33], Terque [40], and Quest [10]
utilized planners and technical experts to assign numerical values
reflecting military, economic, geopolitical and intelligence data. The
values are made additive and relative by using the Churchman - Ackoff
comparative ranking technique. 2
2

Dean and Hauser [10] used military

Pages 195-201, Ackoff, Russell L., Scientific Method: Optimizing Applied Research Decisions, John Wiley and Sons, (1962).
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planners to assign rel tive military values including the range and
scale of these values. They also considered varying this numerical
value to tehe sensitivity of decisims on estimates of military
value.
In addition to value, each project may have a due date, a time
at which the project should be completed. Such a date is not necessary
if the project does not have any requirement for its completion.
Although the time at which the project is finished depends to some
extent on its starting time, no starting time for a project will need
to be specified because this variable is selected in the mathematical
model. A project, which is not completed before its due date, may still
have some value to the organization; however, because of competitor's
research, product obsolescence, or other reasons, this value is reduced.
In these cases a timeliness function relates the value of the project
to its completion date. Some planning techniques, e.g., Torque [40]
and Quest [10] have assessed a penalty for the early completion of a
project; however, it appears this was done to minimize the number of
projects undertaken at one time or to diminish the possibility of some
project starting early, and thereby causing another project to suffer
from lack of support. Since the model developed in this thesis generates the optimum level of support for projects over time, it is assumed
that a project has full value at completion, from the present until the
due date. After the due date, the value is decreased in accordance
with some timeliness function to be determined by the organization.
This function is active until the absolute due date (latest time period
at which a project has a non-zero value) is reached, after which no
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value is received fromethe project.
For each project, the relevant technical approaches which may
be pursued m4t be identified, perhaps by knowledgeable people in the
research orgdnization. Previous studies [1,10,14,39,40] have explicitly
recognized that there are alternative approaches to the solution of a
problem. For example, in landing a man on the moon and returning him
to earth, there are two relevant approaches: (1) Fly directly to the
moon, making a soft landing, then return to earth in the same spacecraft.
(2) Fly into an orbit around the moon, separate, land, take-off, and
hook up again to the orbiting space station, and finally fly back to
earth. In this oversimplified example each technical alternative has
certain advantages, disadvantages, costs, and probabilities of success.
Either or both approaches could be undertaken, but the success of the
project depends upon the success of at least one approach. This is
described in the literature as a parallel strategy. Both parallel and
its dual strategy, series, have been investigated by Abernathy and
Rosenbloom [I] and Dean [16]. For the present it is assumed that only
parallel strategies can be undertaken and that the decision of which
relevant approaches will be pursued is made by the mathematical model.
The model makes that decision by considering the costs and the expected
probabilities of success.
b. RelatingOblectives to Research Skills. Each technical
approach which teas been associated with a future project is composed of
smaller elements called tasks. In the model formulation it is assumed
that each task is independent and that the successful completion of a
technical approach requires that each component task be successfully
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completed. Also, it .3 assumed that a task can be performed by one
and only one skill. For example, some technical alternative may have
three tasks'Asociated with it. Tasks one, two, three may require
technical skills such as solid state physics, acoustics, and communications theory, respectively. This assumption specifies that only
scientific personnel with expertise in solid state physics could be
assigned to'task one. Likewise, tasks two and three require expertise
in acoustics and communications theory. Such an assumption prevents
the assignment of skilled people to tasks which do not require their
expertise skills. The manner in which such an assumption could be
operationalized might be to establish a complete list of relevant
1 3
technical skills such as was done in Quest [lo]. Each technical
approach could then be broken down into tasks which would correspond
to ones in the composite listing.
It should be noted that only tasks of a technical approach
which require expertise in a technical area are considered. Therefore,
such tasks as clerks, technicians, etc., which do not possess state of
the art knowledge are not used in the model. The reason being that it
is the skills of the technical experts which is the commodity that is
scarcest, is most costly, and, therefore needs to be utilized most
effectively.
Each component task of a technical alternative is assigned a
probability that it will succeed. This success probability depends on

3The developers of Quest established a list of technologies and
sciences to assist in evaluating the technical needs of proposed projects.
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the amount of support, both money and man-hours. It would be exceedis?
ingly difficult to obtain probability estimates from the organization
as a functionf6f both man-hours and money; therefore, probabilities
are estimated - only as a function of the man-hours of support. The
success probabilities should be estimated by knowledgeable persons
within the research organization. For certain types of tasks historical
data may provide an aid to the estimation procedure [12,32].
A man-hour of skill costs money, therefore money and man-hours
are not independent of each other. In many cases the cost of a research
task is a function of only man-hours and overhead, which may consider
facilities, equipment, etc., so that many times money and man-hour
costs are synonymous. The assumption is made that only research tasks
which are given skill support can be funded. This should eliminate any
discrepancies.
The man-hour support estimate should be converted into equivalent
dollars for each task. This can be done by multiplying the number of
man-hours by the cost per man-hour of the skill under consideration.
The cost per skill should be determined by the organization and might
be the actual salary cost or salary plus overhead. The essential consideration is that the values used reflect the relative costs of each
skill with respect to other skills, i.e., if chemists require larger
salaries and/or overhead allocations than propulsion engineers, then
the cost for chemists should be greater than that of propulsion engineers for the same period of time. Within a skill it is assumed that
all persons are equally effective in working on a relevant task. Thus,
for each task there is information regarding its probability of success
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as a function of the 4ney spent for manpower.
c.

Research Skills. The organization must classify its existing

inventory of4esearch skills into classes which coincides with the tasks
which relate to the future projects. Using these classes and any existing future plans for acquisitions, terminations, or transfers, a schedule of man-hours for each skill can be generated for each time period.
AssumptionsFigure 1 summarizes the relevant variables and their relationships
to the mathematical model which will specify the future manpower plan.
The following represents a list of the relevant assumptions made in
formulating the mathematical model:
1. Input information regarding future projects, alternative
technical approaches, tasks, and the probability of success as a function of skill support is available.
2. Quantitative values for projects exist, are additive and
reflect quantitatively the relevant importance of each project.
3. Only parallel approaches are allowed for a project.
4. Each task is independent and can be performed by only one
type of skill.
5. Only research tasks which are given skill support can be
funded.
6. ThP probability of success for a task can be expressed as

a function of the amount of support.
7. Within a skill all persons are equally effective in working
on a relevant task.
U. Only tasks which require expertise in a technical area are
considered.
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Figure 1. Summary of Relationship between Relevant
Variables and the Mathematical Model.
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CHAPTER II
LITERATURE SURVEY
Extensive research has been done on manpower build-up, manpower
flow, and time phasing of engineering and development projects by Norden
[321, Zieke [43], Drui [22], Redding and Brown [36], Rudelius [381, and
Dean, Mann and Corwin [12]. However, these studies are not particularly
applicable to the thesis problem for two reasons. First, the studies
referenced above are primarily for use by engineering and applied development organizations, whereas, the focus of this study is also on applied
research activities.

4

Second, the studies mentioned above have generally

been concerned with the development of statistical regression equations
which have several shortcomings. First, regression equations are constructed from historical information which is often not available.
Second, a particular regression equation for one industry may not have
any application in another industry. Third, since such a regression
model uses past data, a tacit assumption is made that previous policies
are desirable, which may not be the case. Finally, there is little
4

For purposes of this study, the following definitions are
adopted [6]:
Engineering: the specific design of new projects, processes, and machinery according to specifications and requirements. It also includes the
modification of existing products and processes.
Applied Development: the investigation of proposed approaches and solutions to determine and demonstrate the feasibility and desirability for
satisfying goals, capitalizing on opportunities, or solving problems.
Applied Research: the application of existing knowledge in a (new) manner
so as to achieve certain goals, capitalize on opportunities, or solve
problems. The dominant characteristic is that the effort is pointed
toward specific problems, products, or processes with a view toward
developing approaches and solutions.
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assurance that the patterns of some present research project have any
relationship to patterns of previous or future projects.
Few sOdies have been published on manpower skill planning for
research organizations. However, several management scientists, e.g.,
[14,33,37], have laid the ground work for an optimization model which
could consider the uncertainties and requirements involved in research
skill planning. For purposes of presentation, previous studies have
been broken into five areas: sequential decision models, mathematical
programming models, network models, probabilistic planning and general
planning approaches. A summary is given of the literature pertaining
to resource planning in research organizations which has appeared in
these five areas.
1. Sequential Decision Models
This thesis is primarily an extension of a research planning
model developed by Dean and Hauser. Several publications [14,15,18]
have appeared in the literature describing their economic decision
model and its use in the problem of research resource allocation. The
Office of Naval Research and the Army Material Command supported the
research which was primarily concerned with specific decisions made in
organizations where there are uncertainties in systems, costs, and
likelihoods of success, a large number of alternatives, scarce
resources, and the need to investigate a ldrge number of organizational
objectives.
Future system concepts called QMDO's (Qualitative Material Development Objectives) which would need to be developed over the next five
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to ten years, are identified by knowledgeable people. Next, for each
0QMDO, different materiel concepts are specified, and alternative

technical apoaches are recognized for each materiel concept. In
addition, a probability of success and a cost for each technical alternative are estimated. Figure 2 illustrates this planning process. The
Dean and Hauser model is concerned with three sequential decision
problems:
(1) Model T - What technical approaches to select.
(2) Model M - What level to fund a material concept.
(3) Model S - How to allocate the budget across the QMD0's.
Briefly, the structure of each decision problem is:

Ultra-violet

Guidance
Lock-in
QMDO
Nuclear
Warhead

Biological

System
(Model S)

Materiel
Concept
(Model M)

Technical
Approach
(Model T)

Figure 2. Dean and Hauser's Planning Process for one QMDO.
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(1) TECHN2CAL4PPROACH SELECTION: The purpose of a technical
approach is to ac;deve a materiel concept, and it is assumed that any
one of the p4a1I
,21 approaches, if succe.,s:ul, will satisfy the require,
ments of the associated materiel concept. Given a forecast of the
chance of success and cost for each technical approach, the problem is
to select that set of technical approaches which maximizes the probability of achieving the materiel concept for a range of possible funding
levels.
(2) SYSTEM COMPONENT PLANNING: For a specified system and associated set of system components, the problem is to determine the optimal
funding levels for each system component so that the probability of
achieving the system is maximized. This problem is considered with a
range of available budgets.
(3) SYSTEM PLANNING: Assuming that a large number of systems
are to be funded where each has a value or priority, the problem is to
determine the optimal allocation of funds to the systems so as to maximize some stated organizational criteria of effectiveness.
Dean and Hauser utilized the following different sets of criteria in their study:
1. Minimum expected cost to achieve a technical approach.
2. Maximum probability of achieving a materiel concept for a
specified cost.
3. Maximum probability of achieving a system for a specified cost.
4. Maximum total expected value for a specified cost with no
priority on systems, priority on certain systems to be
funded at maximum effort, or all systems to be funded.
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5. Maximurr pro ability of achieving all systems with no
priorities on systems, or priority on certain systems to
b funded at maximum effort.
Dynamic programming is utilized to solve each problem. The problems
are sequential in that the results of each decision problem are used
as inputs in the subsequent problem. The solutions are parameterized
in that all . results are presented in cost-effectiveness form so that
the organizational decision-maker can select the minimal cost level to
achieve some objective or set of objectives.
Although Dean and Hauser's approach was intended for budget planning, with a few additional assumptions it might be used to do skill
planning. If the cost of a technical approach is in terms of the number
of man-hours, then models T, M, and S could be solved as before except
now the resource constraint is the number of man-hours available. However, such an approach has some rather serious drawbacks. First, no
consideration is given to the timing of projects (systems), materiel
concepts, and technical alternatives. Some projects need to be completed
earlier than others; therefore, it seems important to consider the problems of when to start a project, how long it will take to complete the
project, and how much manpower is available for each time period. Also,
no provision is made to consider the different skills of an organization, i.e., the cost of a technical alternative is estimated by the
number of man-hours, but no estimate is made regarding man-hour availabilities for each skill. In other words, the Dean and Hauser model would
assume all skills as being interchangeable. In some small organizations
this may be the case, but generally there are different skills required
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for a project, and no ne class of skilled personnel is equally proficient in all areas.
Anothti% shortcoming is that only one cost (or amount of support)
and one probability of success is estimated for each technical alternative. Such a procedure simplified calculations for Dean and Hauser;
however, it seems more realistic to consider the probability of success
increasing as the amount of support increases, i.e., several costs for
different support levels and the corresponding probabilities of
success could be utilized. The methodology developed in this thesis
attempts to investigate and consider the above shortcomings in the
skill planning model.
Hess [25] developed a dynamic programming approach to the problems of research budgeting and project selection. Given estimates of
the discounted value of future projects as of several points in time
and estimates of the probabilities of success, the model selected that
set of projects which maximizes the total expected value of all projects. Rosen and Souder [37] have extended Hess's model by considering
different optimization criteria for obtaining future expenditure patterns. The criteria utilized included expected profit, expected
research successes, and return on expenditure. Their model also
involved the use of dynamic programming with time periods as stages.
The model determines: (1) the maximum expected profit from all projects
over all future time periods; (2) the optimal budget allocated among
the projects for the current period; (3) the optimal future expenditures for each time period; (4) and the expected returns of each
project corresponding to the expenditures of (3).
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Rosen and :7- oudOs explicitly considered probability of success as
a function of the amount spent, the realistic situation where the value
of projectsi4aries over time, and the use of different objective criterion subject to the same constraints. Although the model does not
directly relate to manpower skill planning, it did stimulate the above
relevant ideas. Moreover, the model has been used in actual industrial
situations which indicates that subjective information such as the time
value of projects and probability of success can be generated in industrial environments.
2. Mathematical Programming Models
Freeman, in his Ph.D. dissertation at M.I.T., developed a stochastic model for determining research budgets. In a subsequent article
[23], he discussed some very pertinent information related to research
resource allocation. His investigation concerned an organization which
must annually select a set of research projects. Given the constraints
imposed by the organizations, the objective is to select the set of
projects which maximizes the total expected value of all projects. A
probability distribution for the success of a project, as a function of
the time and money expended, was also advocated. The relation between
the expected value of a project and the amount of money allocated to it
was discussed as a three stage process, i.e., see Figure 3. During
stage one, the amount of resources allocated to a project is not enough
to improve its probability of success, thus, the expected value is essentially zero. During stage two, the value increases monotonically as the
amount of allocation increases until a satiation point is reached. Stage
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Expected
Cost
/

Cost
Stage 1

Stage 2

Stage 3

Figure 3. Relationship Between Value of a Project and
the Amount of Money Allocated to it, as
Suggested by Freemann [23].
three begins here and represents no increase in the value as the cost
allocation increases.
A 0-1 integer programming model was presented to maximize the
value of a project subject to constraints of time, men, and facilities.
However, the model did not consider many of the relevant ideas which
he discussed in the paper, e.g., the time-variant properties of the
project and expected value.
Asher [5] used a linear programming model to allocate professional manpower to alternative research projects in a pharmaceutical
company. His approach was one of the first to present an optimization
model for skill allocation. Each future project involves the testing
of numerous compounds and the success of a project depends on at least

one compound passing the test. The assumption is made that within
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each project the probality of success for a compound passing the test
follows a Poisson distribution. The problem is then to maximize the
expected val4 of future projects by assigning research teams to test
the compounds for each project. Each team takes a different amount of
time to test the compounds for a given project. The solution to the
model specifies the number of compounds within each project to be
tested by a research team.
Since Asher's model was specifically designed for a pharmaceutical company, its applicability in other industries is unknown. In
many industries a project cannot be broken into a number of homogeneous
tasks such as testing compounds. While in a chemical industry it may
be possible to consider an existing set of research teams and then to
assign them to future projects, in other organizations, such as the
Army Materiel Command, it seems better to first consider the project
and then to assemble the best team for the job. For these reasons it
appears that the application of Asher's model may be restricted to certain industrial environments.
The integer constraints of Asher's model required that any noninteger solution be rounded off to the nearest integer. However, a
zero-one integer programming model has been formulated by Dov [21] to
solve an analogous problem. Given the assumptions that N future projects
on which the company plans to work can be classified into one of several scientific fields and that there exists n research teams composed
of scientists of similar backgrounds, Dov's problem is to find the most
efficient assignment of the N projects to the n teams subject to certain
restrictions. Dov's assumptions are quite similar to Asher's, but the
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0-1 model of Dov's seeps applicable to a wider range of organizations.
However, the model gives no consideration to the value of a project or
its probabiliiy of success.
One

or

the most complex models, and one which requires extensive

data, was reported by A. B. Nutt [33], and has been used by the Air
Force Flight Dynamics Laboratory. At the time of publication of Nutt's
article (1965), the model has been in operation for three years, and
apparently the Air Force was getting some useful results. The solution
techniques uses a zero-one integer program with the following formulation:
m n
maximize the value of

V..x.. ,
1=1 j=1

subject to:
in

n
J a..x.. < contract support (in dollars)

Y

i=1 j=1
b..x.. < engineers (contract)
J11
ij ij
i=1 j=1
m n
X c ii xii < engineers (in-house)

X

1=1 j=1
x.. < 1
ij

for each i = 1,2,...,n ,

where x.. = 0 if task i is not supported at level j
ij
1 if task i is supported at level j
V.. = measure of effectiveness of task i at j support level
a..
ij = dollar cost of task i at support level j
b 1 . = scientific and engineering cost for contract at j support
level
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c.. = scientifilrand engineering cost for in-house at j support
1J
level.
The above formulation will "select among independent alternatives those
task idpurce levels whose total measure of effectiveness if
maximum, but whose total resource consumption is within the
budget limitation. The problem of indivisibilities is solved in
the sense that the linear programming solution looks at all combinations of resource levels of tasks, not just one resource
level of one task at a time, to select that set whose total
measure of effectiveness is maximum." 5
The complexity of the model is demonstrated by the equation for
the measure of effectiveness, V..:
1J
A P
V .. -

M

si •

1J

P 1si.

• D

f(t) .b!c. +
j

t

A CL.
1
At

j=1

f(t) k g kh k

Cll..
k=1

The measure of value is comprised of two main parts. One is the effectiveness of task i in support of future Air Force vehicles. The second
is the effectiveness of the task in support of the technical goals of
the laboratory. Without giving specific details of each component, it
is sufficient to list the component parameters:
(1)

AP .
si
At

is the estimated change in probability of success

in task during time period t.
(2) P si is the current estimate for the probability of success
for task i.
(3)

the task applicability factor, relates the relative
t'
importance of each task (from 0.1 to 1.0) in terms of its

D

relative importance to the system on which it is used.

5Nutt, A. B., [33] as quoted from Weingartner, H. H., Mathematical
Programming and the Analysis of Capital Budgeting Problems, Englewood
Cliffs, N. J., Prentice-Hall, (1963).
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(4) f(t)

th 'timeliness function which adjusts the value of

task i according to the time the task becomes technically
asible.
(5) C. represents the contribution of the task to a system.
(6) CL i is the probability that task i can be used in a system
without advances in the state of the art.
(7) •A CL i At is the estimated change in CL i during time interval t.
(8) g k specifies the contribution of the task to a technical goal.
A possible shortcoming of Nutt's approach is that different skill

disciplines are not considered. In his model all skills are lumped
into one discipline. The equation for V.. is quite difficult to understand and appreciate; however, the article indicates that the model was
actually being used for budget planning. Nutt's approach does suggest
some very significant factors which need to be considered in developing
a skill optimization model: namely, the concepts of a timeliness func-

tion and alternative support levels.
Allen and Johnson [3] have formulated a linear programming model
which selects future research projects given constraints on resources,
on different levels of resource support, on interchange of research
skills, and on recruitment of new skills. The object is to maximize the
sum of the values of all projects where the value is a function of the
level of support. A similar technique is used in Chapter III of this
thesis where the probability of success for a project and, hence, the
expected value of a project depends on the support level.
Pritsker, Watters, and Wolfe [34] developed a general model to
solve the problem of multi-project scheduling with limited resources.
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The model can consder either of two objective functions:
1. Minimize total throughput time (time required to complete)
forfall projects, or
2. Minimize the total lateness or lateness penalty for all
projects.
In addition, equations are developed to ensure a schedule of assigning
tasks to skills meets the following restrictions:
1. limited supply of available skills
2. precedence relations between jobs
3. project due dates
4.

substitutability of resources

The formulated mathematical model is a zero-one programming problem.
Example problems were solved with a zero-one code developed by Geoffrion
[24]. The authors state that the model is more efficient that previously reported ones [8] in terms of the number of variables and the
number of constraints required to model a scheduling situation. This
scheduling model considers different disciplines of skills explicitly
and the penalties for completing a project late are much the same as
developed in Chapter IV.
3. Network Planning Models
McGee and Markarian [29] used a network analogue for planning
personnel requirement:, in a multi-project organization over a one year
time horizon. The network determines the minimum amount of manpower
required to meet the completion dates of the proposed projects and then
allocates the manpower by skill to the projects. Specifically the model
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starts by allocating minimum manpower by skill over the projects. It

or

then checks to determine if the resulting assignment exceeds the present skill cJTilbilities, and identifies each skill whose capacity has
been violated. Finally, if no feasible allocations meet the deadline
imposed on a project's completion, an adjustment is made in the existing pool of skills.
The model in Chapter III of this thesis makes similar checks to
determine if the amount of skilled manpower on hand is less than the
amount required. The thesis model also suggests adjustments in the
completion deadline, increases in the existing pool of skills, and/or
other remedial actions (see Chapter IV). McGee and Markarian's technique is one of few which considered the time to completion of a project
as a function of the effort; however, their technique is basically
short range and does not consider the value or probability of success
of a project.
4. Probabilistic Planning
Waddel and Bush [4] formulated a probabilistic manpower planning
model for assigning manpower to projects which would be undertaken in
the near future. Their work was extended in a research project conducted for the Manned Spacecraft Center at NASA by a group at Texas
A and M University headed by Dr. A. W. Wortham. The work performed on
this project Las appeared in several papers: [9,27,28,30,42]. The
goal of the group was to investigate and develop techniques to be
utilized in probabilistic long range planning as it applies to manpower
and other related elements. The project delineates four separate
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models in the area oflprobabilistic forecasting of manpower. Model I
considers proposed projects as having a probability of starting of
either 0 or A i.e., every future project ilas a probability of 0 ox 1
of being undertaken. In addition, a starting time, a completion time,
and a matrix of manpower requirements are specified. This model can
be used to define the total manpower required in each time period,
the amount of skill required per time period, and the total manpower
needed for each project. Such a model can be used to set maximum
requirements with a minimum of information. In fact, the authors [37]
state that model I is probably the most widely used in actual practice.
Model II differs from I in that the subjective probability of a
project being undertaken can take on values between 0 and 1. Given this
probability and the matrix of manpower requirements, a matrix of
expected manpower requirements is generated. Using this matrix of
means and another matrix of variances calculated by using the manpower
matrix, it is possible to use normal approximation to assess the likelihood of any level of manpower being required in a given time period.
Model III extends model II to include the conditional probability of a
project starting date, i.e., model II uses p i the probability of undertaking project i at any future time, while, model III also includes p ik ,
the probability project i will be started in time period k given that
it will be started in some time period. Model IV represents a further
extension of model III to consider the conditional probability as a
function of elapsed time from proposal submission. As with models I,
II, and III a matrix of expected values and a matrix of variances is
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calculated and used tossess the probability of any level of manpower
4f•
being required in a given time period. In addition, an acquisition
matrix and aOmination matrix can be gen e rated to guide the organization in meeting the desired schedule of assigning skills to projects
over time. This research points out the problems that can be created
by the uncertainty which surrounds future projects. Such difficulty is
treated in this thesis by allowing the optimization model to select
future projects on the basis of their expected value to the organization.
5. General Planning Approaches
Project PATTERN (Planning Assistance Through Technical Evaluation of Relevance Numbers) is the acronym given to a methodology used
to study the broad policy decisions which are made by the government.
PATTERN, as reported in [26] and [39], is a relevance tree which records
the subjective judgments of decision-makers in regard to further research
areas. This technique utilizes the relevance trees in determining what
projects are relevant to the organization's overall objectives. In
this way technological barriers are identified, and areas of technical
deficiency are discovered. An example of a relevance tree is pictured
in Figure 4. The relevance tree has contributed towards solving the
problem of assigning values to future research. In addition, the
attempt to identify future research needs indicates that some data
about the future can be generated. The existence of this type of data
is essential to the manpower skill model of Chapter III.
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Figure 4. Example of PATTERN's Relevance Tree.
Project TORQUE [40] is quite similar to PATTERN.

This method

first formulates a complete list of functions (projects) which must
be accomplished. For each function, critical sub-system are identified
which require research in order to accomplish. Technologies which are
required for each critical sub-system are diagnosed and then grouped
into "packages" which consist of similar technologies.

TORQUE also

considers the timing of a project's completion, i.e., for each project
an earliest date and latest date needed are estimated. From these two
dates a timeliness function is developed. A typical TORQUE timeliness
function is pictured in Figure 5. In this figure a project has a value
of 100% of its priority if it is completed in the time interval 1972 to

'Figure taken from page 11 [39].
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Time

Figure 5. TORQUE Timeliness Function.
1974. If completed earlier or later, the value of the system is
decreased at a linear rate, having a value of zero before 1970 or
after 1976. The concept of a timeliness function is used in the
assigning of skills to projects by the model of Chapter III.
Another general planning method which was developed for the
Department of the Defense is QUEST [10]. QUEST is much like TORQUE
and PATTERN in that the definition of future objectives is related to
future projects via a quantitative relevance number. In addition,
QUEST requires a forecast of timing and requisite resources for future
projects. Also, an estimate of the probability of success is needed.
The technique relates future projects to technical skills and also
investigates the effect of different funding levels on the probability
of success of a project. QUEST contributes to this author's assumption that future projects and skills can be related, and probability
of success estimates can be associated with levels of support.
6. Support

In summary, there are approaches in the literature which attempt
to consider manpower skills as a basis for project selection and
resource allocation. Each has contributed to the general knowledge
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of planning research erough quantitative techniques. The model which
is developed in Chapter III of this thesis uses many of the ideas which
have been p0sented heretofore in the literature survey; however, an
attempt has been made to combine the most advantageous concepts of
each into a mathematical model. The uniqueness of the thesis model is
that it utilizes features and criteria for research skill planning in
a way which.has never appeared before. Figure 6 gives an indication
of how the research skill planning model of Chapter III utilizes fea-
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An explanation of the various features which appear in the above figure
is given below:
1. Utility Miasure: Does the method consider a measure of utility or
value of "various projects? This measure may be profit, military
worth, etc.
2. Probability of Success: Does the model explicitly consider the
probability of a project being successful?
3. Manpower Resource: Does the model explicitly consider the assignment and/or availability of research manpower?
4. Classes of Skills: Does the technique consider different classes
of skills or disciplines, e.g., chemists, propulsion engineers,
etc.?
5. Timeliness Function: Does the model consider the time-variant
properties of the value of a project?
6. Alternative Technical Approaches: Does the method consider alternative ways to accomplish a project?
7. Scheduling of Projects: Does the model determine at what time the
project should be started?
8. Project Selection: Does the model specify which future projects
to undertake?
9. Budget Allocation: Does the model determine in what amounts
resources should be allocated to projects?
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CHAPTER III
FORMULATION OF MATHEMATICAL MODEL
The overall objective of the model is to generate the "best
manpower skill plan in light of the existing information uncertainty,
and restrictions on available skills. By "best" it is meant the plan
which gives the maximum expected value to the organization and meets
the constraints imposed by the research organization. Figure 1 is a
graphical display of the inputs and the output of the planning model.
The model uses input information regarding the present inventory of
skills, manpower transfers, and future projects, technical alternatives,
and and tasks to generate a manpower skill plan.
Model P

Model T
Selection of
skill support
Input 4, levels for
tasks

Selection
and
support of
technical
alternatives

Model V

Model M

Allocation
Selection
of skills
of support
to
projects
levels
4
over
for
time
projects

Output

Figure 7. Total Model of Thesis.
The total model consists of four multi-decision models as shown
in Figure 7. The decision at each model depends on the previous models
decision, i.e., the output of model T is the input for model P, etc.
For this reason the first model is solved for different inputs, thus
generating a cost-effectiveness output [141. Continuing with this
approach, each model generates a cost-effectiveness output, and the
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output from model M canJoe viewed as a group of plans representing the
best decision under varying constraints. Thus, the input parameters
which are m,)s,

critical in determining the optimal decision can be

identified.
At present, the first two models, T and P can be solved by
dynamic programming techniques. Model V can also be solved by dynamic
programming or by an alternative zero-one problem formulation. Dynamic
programming facilitates the solution of these models because of its
ability to handle non-linear problems by considering sequential decisions. Model M is the most difficult to solve optimally. A linear programming formulation is used, but this approach may yield an infeasible
solution, forcing a heuristic approach; however, a method is developed
which identifies the parameters which are causing the infeasibility and
highlights approaches for resolving the infeasibility.
1. Model. T: Selection of Skill Support Levels for Tasks
The objective of this model is to find the maximum probability of
success for each technical alternative subject to constraints on the
amount of money available to support the relevant tasks of the technical alternative, The decision variable is the amount of money (number
of man-hours) to allocate to each task. Thus, the input to model T is
the probability of success for a task as a function of the amount of
support. Sin:- e these probabilities may be subjective and often difficult to obtain, it is probable that only a few discrete values can be
estimated with any degree of confidence. This restriction actually
facilitates the solution by dynamic programming because as the number
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of discrete probabilities increase, the number of calculations required
accelerates rapidly.
Mathematally, model T can be expres,,ed as:
for each j = 1,2,...,J,
maximize

f. =

subject to:

P (C )
II
k k '
kc (TA) .

C < H
Ck
j
k=1
C k >0 for k = 1,2,...,n
—

where
= 1,2,...,J technical alternatives
C

k

= amount of support for task k

k

= 1,2,...,n tasks

H.

= total amount of support available to technical alternative j

(TA). = set of tasks relevant to technical alternative j
f.

= probability of success for technical alternative j

P k (Ck )= probability of success of task k given C k dollars of support
The underlying assumption of model T is that each relevant task of a
technical alternative must be undertaken. The dynamic programming formulation for this model is given below.

7

At stage 1, of technical alternative j, the recursive relation is:

Such an objective function with an additive constraint satisfies
the sufficient conditions for decomposition in dynamic programming.
See page 37 of [31].
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H. = P (C )
1 1
0

if C
if C

< H.
1 —
1

> H.

'

at stage 2:r
[P,(0 ).f (H. - C )1,
f. (H.) = Max
2
jl j
4 2
<H.
0<0
j2
and at stage n:
f. (H.) = Max
[P (C ).f.(n-1)(H-C )1,
j n
j
0<0 <H. n n
in J
n J
where
f. (H.) = maximum probability of success for technical alternative
jk j
j, choosing the optimal level of support for tasks
1,2„--„k with H. dollars available to allocate
across the tasks of technical alternative j.
In the above formulation each stage corresponds to a task, and the decision variables are
sayH max

varied over some range,

H. < H . by so me discrete increment, and model T is solved
j
min

for each H. in this range, the maximum probability of success for each
technical alternative and the levels of support for each task are known
for different amoJnts of dollar support.
Although the amount of money allocated to a technical alternative
or project is the decision variable in models T, P, and V, this dollar
amount actually represents man-hours of certain skills. The change
of variable is made to facilitate calculations.

T
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2. Model P: Selection and Support of Technical Alternatives

IF
In model P the maximum probability of success for a project is
sought with r-r,strictions on the amount of money available for support
4
of a project. Given R i dollars for the support of project i, the
problem is to allocate this amount among the relevant technical alternatives. Since model T investigates the probabilities of success for
technical alternatives at various budget levels, the output from
model T serves as the input for model P. Mathematically, model P can
be expressed as:
for each project

i = 1,2,...,m

maximize

g. = Probability of v T.

y

jES.

H. < R.
1
J

subject to:
jS

H. > 0

for all j ,

where
-kr

is the set operation, union

is the event technical alternative j is successful
T.
J
i = 1,2,...,m

S. = set of technical alternatives relevant to project i
i

R

i

= amount of support available to project i

g. = probability of accomplishing project i
The important assumption is that only one technical approach need be
successful for attainment of a project. Dean and Hauser's (14) model T
is quite similar to model P of this thesis. The basic difference is
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that model P above, considers alternative support levels as input
to a technical approach, whereas Dean and Hauser utilized only one
level of suppfrt as input to a technical approach. The dynamic programming formulation is given below. 8
For each project i = 1,2,...,m the recursive relation at
stage 1 is:

g il (R i ) = F 1

(H )
1

if H < R
I
i '

0

if H

I

R

i

at stage 2:
g.12 (R ) =
i

Max [f (H )
(R -H ) 2 2 +g.11i
2

(R.-H )]
2

and at stage J:
g ij (R i ) =

Max
[f i (1-1,) +g. (J-1 )(R i
1
0< H j<R i

-fj (Hj ).g i (J-1)(R i -H j )]

where
g..(R.)
= maximum probability of accomplishing project i, at
1J 1

stage

j, with R. dollars to allocate across technical alter).
natives 1,2,...,j,
f.(H.) = maximum probability of success for technical alternative
j given H. dollars of support.
Each stage corresponds to a technical alternative. As in model T, if
R. is varied

over some

range, say R

max

> R

i

> R

min

by some increment

andmodelPissolvedforeachiLin the range, then the max5mum
8 Ibid.
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probability of success for each project and the optimum levels of
support for all technical alternatives are known for varying amounts
of dollar supt-ort.
3. Model V:

Selection of Support Levels for Projects.

In model V the sum of the expected values (value x probability of
success) for all projects is maximized subject to restrictions on the
total amount of support available. Again, the input for this model
comes directly from the previous model. Mathematically, model V can
be expressed as:

maximize

G =

Vi .g i (R i )
i=1

subject to:

R. < Y

R. > 0 for all i,
—
where
V.

= value of project i

G

= expected value of all projects

Y

= amount of support available for all projects

g i (R i ) = maximum probability of success for project i, given
R. dollars of support.
The assumptior is made in model V that eaci' project can be finished
before its due date, i,e., the timeliness function which might reduce
the value of a project because of a completion later than the due date
is not considered. As mentioned previously, model V may be solved by
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dynamic programming or as a zero-one programming problem. Both formulations are given below. The dynamic programming formulation is: 9
;i:

atsye
if R I < Y

G 1 (Y) = Vo l (R 1 )

if R 1 > Y

0
at stage 2:

G (Y) = Max [V 2 •g 2 (R 2) +G 1 (Y -R 2 )] ,
2
0<R 2<Y
and at stage m:
Gm (y) = Max [Vm -gm (Rm )-1-G in _ 1 (Y -R m _01
O<RmKY
where G.(Y) = maximum attainable expected value of project 1,2,...,i
with Y dollars to allocate across all projects
The zero-one problem formulation is:
m
Maximize

G =

Q
V. (

q. Z. q )
lq
q=1

i=1
Q

subject to:

X
q=1

Z

iq

< 1 for each i =

m Q

R.Z.< Y

lc!

-

1=1 q=1

where q = 1,2,...,Q, the levels of support for a project generated
by model P
9

Ibid.
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q.
iq = maximum probability of success for a project i supported
p
at the q level
R. = co't of q level of support for project i
iq
e*
Z. = 1 if project i is supported at level q
lq
0 if project i is not supported at level q.
For either formulation if Y is varied over some range, say
. , in discrete amounts then the optimum support for each
Ymax — Y > Ymin
project is known for different amounts of support available for all
projects. Since Y represents a quantity or inventory of skills converted into equivalent dollars, model V is specifying the mix of skills
required to maximize the expected value of future projects.
For some i, V i •q i (R i ) may be zero because there is no restriction
in model P which requires that all projects be supported. Such an outcome may cause problems if another project selection model is used to
select and allocate funds to projects. Therefore, it must be assumed
that only projects which receive skill support can be funded. This
assumption can be made operational by integrating the skill planning
model with any other resource allocation schemes which are used.
The decision-maker may wish to support certain or all projects.
Such additional constraints can be handled by slight modifications in
model V. To ensure that a certain project, i', is supported at some
minimum level, R. ,the constraint R i , > R i , can be added to equation
(1). In the dynamic programming formulation at stage i', it would be
assumed that R., is the minimum amount of support allowable for project
i. The zero-one problem would have the additional constraint equation:
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Q'
Z.„ = 14fhere q' = 1,2,...,0 1 are the levels of
q
support for project i' which
W =1
are above the minimum level.
If all projects must be supported above some minimum level, then similar constraints are added to the appropriate model.
Another objective for model V may be to maximize the probability
of achieving all projects. In this case no value or priority for a
project is required. The analogous formulation to (1) is:

maximize

G=

q i (R i )
i=1
R. < Y

subject to:
i=1

R. > 0 for all i.
1 —
These modifications demonstrate that various restrictions imposed
by organizational decision-makers can be taken into consideration. In
.these special cases the total expected value to the organization will
probably be somewhat less than that attainable without these restrictions. In any case by solving the model without these constraints, the
organization can have an additional dimension of information. Such
information will quantify the cost, in terms of loss of value, to the
organization of following a non-optimal plan.
For each Y, the optimal support for a project can be related to
model P which specifies the amount of support for each technical
alternative. Next, the technical alternative support can be related
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to tasks by using mode T. Finally, by converting the dollar support
for each task into man-hours and summing across each category of skill,
the total arp u t of man-hours required of each skill is known. The
chore which remains is to allocate these skill man-hours to time
periods in an optimum manner, which is precisely the purpose of model
M.

4. Model M: Allocation of Skills to Projects Over Time
The Unconstrained Availability Problem
The purpose of the unconstrained availability model is to determine the optimal assignment of manpower by skill to the projects so
that the requirements specified by the previous three models are met,
and the desired completion dates for the projects are attained. The
model does not consider the amount of available man-hours. Without
this restriction, a solution yields an unconstrained availability
optimum, i.e., the skill allocation schedule is one which maximizes the
expected value of all projects without regard to how much skill is
available to the organization. The constraints of the model ensure
that the solution assigns the amount of manpower,

specified by
'1
the previous models and simultaneously meets the project completion
dates. On the other hand, it is desirable to keep the amount of
required skills as constant as possible to avoid the costs of hiring,
training, laying off and terminating scientific personnel. The objective function used to accomplish this goal is one which minimizes the
variation in man-hours scheduled for a skill between time periods. Such
an objective function tends to keep the number of man-hours of a skill
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allocated as constant rom one time period to the next as the constraints allow. Therefore, the number of man-hours for all skills
assigned fro one time period to the next *ends to fluctuate as
little as possible. An objective function which minimizes the number
of man-hours of all skills scheduled between adjacent time periods is
not suitable because the skills are not interchangeable.
Mathematically the model is stated as:
for each skill 1 = 1,2,...,L
T-1
minimize

xilt
i
t=1 i=1

subject to:

x.
il(t+1)
i=1

B
xilt = il p.

for each i =1,2,...,m

x ilt = 0

for each i =1,2,...,m

t=1

t=p i +1

x ilt

0

for all ilt

where
t = 1,2,...,T time periods
1 = 1,2,...,L skills
p

i

= last time period in which project i has full value
(timeliness function not active)

xilt

(2)

= number of man-hours of skill 1 allocated to project i
in time period t

(3)
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Bilt

= number of man-hours of skill 1 required by the i

th

project in or before the time period t.
Equatig7) (3) ensures that the number of man-hours required of each
skill for each project be allocated in or before p i , which is last time
period before a late completion penalty is incurred. Equation (4)
prevents any skills from being assigned to a project after its due
date. As mentioned previously, this model assumes one can interchange
men of the same skill on a project with no loss of efficiency. It has
been implicitly assumed that the number of manhours of skill required
to complete a task is derived from expected levels of support, this
time is a probabilistic value. In reality this time may vary somewhat
from the actual. Also, it is assumed that the success of a project
depends on the success of its member tasks which in turn depends on the
number of man-hours expended. There is no restriction preventing all
available man-power from working on one project at a time or from
assigning a small number of man-hours for each time period to every
project. Realistically, if this were the case, the phasing in and out,
co-ordination and management of the projects could become cumbersome
and difficult. In Chapter IV, certain additional constraints are discussed which can alleviate this problem

The Constrained Problem
Additional constraints can be added to the unconstrained availability problem to ensure that the amount of available skill is not
exceeded. In order to formulate this problem, let
A t1 = number of man-hours of skill 1 available in the tth time period
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If equation (6) is added to equations (2), (3), and (4) the constrained problem is formulated. Equation (6) states that the number
of man-hours of skill 1 is assigned to time period 1,2,...,t be less
,t
than or equal the amount available.

x ilt K

Atl for each t = 1,2,...,T

(6

)

=1
If this constrained problem can be solved for each skill 1 2 1,2,...,L,
then an optimum plan has been generated. However, the constrained
problem may not have a feasible solution because of a conflict in
equations (3) and (6). In this case, for the skills which have no
feasible solution, corrective decisions must be made. These corrective decisions are discussed in the following chapter.
5. Summary
Utilizing the relevant variables and the assumptions discussed
in Chapter I, the mathematical models have been formulated to allocate
skilled manpower to projects over time. The four models utilized to
achieve this objective are sequential and probabilistic in nature.
They are general enough to be applied to a wide variety of organizations. Chapter IV considers the computational and operational aspects
of each of the four models.
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CHAPTER IV
OPERATIONAL AND COMPUTATIONAL ASPECTS OF THE MODEL
1. Model T
Model T considers in detail the tasks required for the successful completion of a technical alternative. This analysis forces the
research organization to perform in-depth thinking regarding what kinds
of people are needed to perform jobs which the organization will face
in the future. The information generated from model T identifies the
costs of attaining a specified probability of success. For a technical alternative these costs are related to the relevant elemental
skills.
Number of Possible Solutions
For model T the number of possible solutions for a technical
alternative is equal to the number of alternative support levels raised
to the power of the number of tasks. To see this let m = the number of
support levels and n = the number of tasks for some technical alternative, then for task 1, there are m choices which can be made concerning
the support level. Likewise, for tasks 2,3,...,n there are m.m

m

min-1

possible combinations, As previously mentioned the difficulty involved
in obtaining reliable estimates of the prob ,:bility of success as a function of the amount of support for a task should limit the number of levels
of support which can be realistically considered. Correspondingly,
this helps keep the size of the problem at a manageable level.
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BettuljELthfIfplitsef Model T
As discussedihnlapter3,11.(the maximum amount of support to
allocate acrpf,s alternative j) must be varied over some range:
Hmin H < H max , and the model should then be solved for values in
min — j
should present no problem. Obviously
this range. Choosing H min and H max
H . for a technical alternative should be the smallest input for which
min
the probability of success for the technical alternative is greater
than zero. Since the assumption is made that each task must be successful for success of the technical alternative, H min is equal to the sum
of the minimum support levels of each task with non-zero probabilities
of success. Alternatively, H min may be set by management. This would
set a lower bound on the amount the organization wishes to spend for a
technical alternative. H max can be set equal to the sum of the support
levels for each task which have the greatest probability of success.
Since H max represents the maximum allowable amount which can be allocated to a technical alternative management may wish to specify its
value. In such a case management is imposing an upper bound on the
amount of support for a technical alternative. In either case to deterfor which model T should be solved,
mine the values between H min and H max
the difference between the two can be divided by some positive integer,
+ 1 times. The size of X 1 depends
X i . Thus model T would be solved Ju l
on two factors:
(1) The sensitivity desired in responding to small changes in
the input, H..
(2) The amount of computations involved in solving the model.
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lues increases,
Thefirstfactor
the information increases about how sensitive the probability of success
for a technical alternative is to changes in the amount of support.
Output if all support
levels are evaluated
Technical Alternative j

Probability
of
Success
Output from Model T

min

max

Figure 8. Information Generated from Solution of Model T.

In Figure 8, the dotted line represents the output from model T if all
possible combinations of support levels for technical alternatives are
evaluated. The solid line represents the output from model T if only
certain values of H. are evaluated. As can be seen, if the range

- H mmn
. is divided into smaller intervals, the solutions of model T
H max
have a greater chance of detecting the points at which the probability
of success increases. The second factor may place a physical limitation on the size of the problem which can be solved in a realistic time
interval. For most problems, model T requires a computer, limits can
be set for the number of tasks and the number of inputs which can be
utilized.
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Since there areollikely to be only two or three alternative support
levels for each task, it is possible to estimate the maximum number of
pairwise, muitiplications, additions, and comparisons required by the
dynamic programming solution of model T. Such information is useful
in determining how much computer time would be required if an efficient
program existed. The number of inputs to a stage of the dynamic programming model increase exponentially with the number of stages; therefore, dynamic programming may not seem to offer great advantages over
complete enumeration when a small number of tasks are involved. However,- when the number of tasks is greater than five, dynamic programming
reduces the number of calculations required substantially. Table 1
shows the maximum number of arithmetic operations required to solve
various size problems. Present day computers can do approximately
3.24 x 10

7

and 2.28 x 10

7 additions and multiplications per minute, 10

respectively. Consequently any size problem considered in Table 1 could
be solved in a small amount of time. Of course, it should be remembered
that model T must be solved for every technical alternative in the
future objectives, so that the amount of time required to solve model T
for all technical alternatives is directly related to the number of
alternatives. As the numbex of H.

increase the num-

ber of calculations required and the amount of computer storage increases linearly. In addition, the sensitivity of the dynamic
pronounced. However the number of H j

10 Information

for Univac 1108 available at Rich Computer Center,
Georgia Institute of Technology, Atlanta, Georgia (March, 1970).
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Table 1. Mvimum Number of Arithmetic Operations
Required by Model T 9
Two Support Levels

*
Iy

Number of Tasks

Number of H.

Values

5

10

15

20

5

105

230

355

480

10

210

460

710

960

20

420

920

1420

1920

50

525

1150

1775

2400

10

15

20

Three Support Levels

Number of Tasks

Number of H.
Values

5

5

130

280

430

580

10

260

560

860

1160

20

520

1120

1720

2320

50

650

1400

2150

2900

9 See Appendix for formulas used in determining these values.
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can have a significaneffect on the number of calculations required
for model P as the next section demonstrates.
After wlving model T, the research organization has information about the minimum, maximum, and intermediate values of support
for a technical alternative and the corresponding probability of success.
Such information could be illustrated by the solid line in Figure 8.
2. Models P and V
Model P investigates the relevant technical approaches of each
future project. This analysis supplies information concerning which
levels of support for each alternative should be pursued in order to
maximize the successful completion of a project, given some available
amount of support. In this way attention can be focused on the technical alternatives which provide the greatest marginal probability of
success. Such action is desirable because it allows the research organization to identify the technical alternatives which offer the greatest
benefit at a specified cost. Hence, given an amount of money to allocate for supporting scientific personnel on some project, model P generates the "best" allocation of this money to the relevant approaches.
Model V considers the priority of each project in relation to all
others. This has the effect of giving the research organization the
greatest measure cf worth for a specified cost. Model V is essential
to the plann*ng model because without it a'l projects would be assumed
equally profitable, and therefore, an important realism would be ignored.
Since the values or measures of worth assigned to the future projects
are actually measures of utility and suffer from the problem created by
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uncertainty of the fore, it may be desirable to consider different
sets of values for projects. This will, in effect, measure the sensitivity of 4iutions to the project's measure of worth. However, if more
than one set of values is to be considered, model V must be solved for
each set.
Number of Possible Solutions
For both model P and V, the number of possible solutions for a
project is equal to the product of the number of distinct 12 support

1
I
I

levels for each technical alternative or project. For example, in
model P if a project has three relevant technical alternatives and each
alternative has five distinct levels of support, the number of possible
solutions is 5x5x5 = 125.
Determining Inputs
As mentioned previously the input to model P and V is varied over
some range and the appropriate model is solved for each value in the
range.Thesevaluesmaybeselectedlikethell.values are for model
i.e., the maximum - minimum value is divided by some integer to give
the length of the interval. The maximum and minimum values can be
selected as the sum of the maximum and minimum levels of support for
each technical alternatives, the number of calculations (multiplications,
additions, and comparisons) required for the solution by dynamic programming for a project can be calculated. Table 2 shows the maximum
number of arithmetic operations for various size problems. The table

12 By distinct it is meant only those support levels with unique
probabilities of success. For example, if the probability of success
for a technical alternative at support levels of ,12500 and $2000 is .90,
only the 52000 level would be considered because the $2500 level is not
distinct.
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indicates that most prlems are computationally feasible. Table 3
contains similar data for model V. Due to the computer's speed in
performing r4tine arithmetic operations, computation time should not
be a limiting factor when the number of projects becomes large. However, when the number of projects increase, the computer time and
storage requirements required to solve models T and P increases.
The solution to model P supplies information about the maximum,
minimum and intermediate values of support for a project and the corresponding probability of success. Likewise, the output from model is
in the form of a cost effectiveness analysis, i.e., the planner can
relate the cost support levels for the future projects to the expected
value. A pictorial representation of this analysis is illustrated in
Figure 9. Each x in Figure 9 represents a Y value minus any slack;
that is, the budgeted amount minus any support not allocated. Support
can remain as slack because in models T and P only discrete support
levels are considered. The cost effectiveness graphs is really a finite
sequence of steps; each x represents a solution set of skill support
for all projects, i.e., each x can be related to a specific number of

Expected
Value

Y .
min

Ymax

Figure 9. Information Generated From the Solution of Model V.
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Table 2. Mirimum Number of ArithMetic Operations
Required by Model P 12

.e;
20 Support Levels for each Technical Alternative
Number of
R. values
1

Number of technical alternatives
20
10
5

10

4,150

9,100

19,000

20

8,300

18,200

38,000

50

20,750

45,300

95,000

50 Support Levels for each Technical Alternative

Number of
R. values
1

12s

Number of technical alternatives
20
10
5

10

10,450

22,900

47,800

20

20,900

45,800

95,600

50

52,250

114,500

239,000

ee Appendix for formulas used in determining these values.
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Table 3. Miximum Number of All s thmetic Operations
Required by Model V I "'

20 Support Levels for a Project
Number of
Y values

10

Number of Projects
25

50

10

5,310

14,160

28,910

20

10,620

28,320

57,820

50

26,550

70,800

144,550

50 Support Levels for a Project

10

Number of Projects
25

50

10

13,410

35,760

74,500

20

26,820

71,520

149,000

50

67,050

178,800

372,500

Number of
Y values

13

See Appendix for formulas used in determining these values
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man-hours required by,gach skill by working back through models V, P,
and T.
As pr;Iviously formulated, model V may be solved by either a
dynamic programming approach or as a zero-one integer programming
problem. For an integer code, the number of constraints equals the
number of projects plus one support constraint. The number of variables depends on the output generated from model P for each project,
and is equal to the sum of all support levels for all projects including the level of zero. For example, if model P generated ten distinct levels of support for each of ten projects, then there are
10 x 10 = 100 variables. At present, one of the most efficient zeroone computer codes

16 can handle a maximum of ninety variables and

twenty constraints. Therefore, for problems which can meet such a
qualification, it may be advisable to use such a code.
3.

Model M

Model M may exist in several forms depending on what information
the organization desires. The solution to the unconstrained problem as
stated in Chapter III yields the optimum schedule of skill assignments
over time without regard to the organization's ability to provide the
support for this schedule. However, the unconstrained solution does
specify the ultimate goal of research skill planning, i.e., it denotes
the best mix and amounts of research ski117 to yield the highest return
to the organization. Such information is particularly beneficial for

16See Geoffrion, A. M., and Nelson, A. B., "User's Instructions
for 0-1 Integer Linear Programming Code R1P30C, Rand Corporation,
Technical Memorandum RM-5627-PR (May, 1968).
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an organization which has yet to hire its scientific personnel. In
this case the unconstrained solution could serve as a basis for recruitment and Mring policies. In addition, the unconstrained problem
always has a feasible solution, whereas the constrained problem
sometimes does not, and without a feasible solution, no measure of
worth can be assigned to a solution. The unconstrained problem is
always feasible because the constraints have equality signs, are independent of each other 17 and all coefficients of the constraint matrix
are non-negative.
Before solving the unconstrained availability problem, the
solution sets from model V should be converted into man-hours of each
skill, and each project's skill requirements should be related to its
due date. For example, project one should have its requirements from
the solution set of model V converted from dollar amounts into man-hours
for each skill. Then the B

values are the number of man-hours of
i
skill b required to be assigned on or before the due date, p..
ilp

Solving the Unconstrained Availability Problem
The unconstrained availability problem is a linear programming
problem for which very efficient' techniques of solution are available.

A modification must be made in the model as originally presented in
order to eliminate the absolute values which appear in the objective
function. The modified problem is:
for each skill 1,
2(T-1
Se

Minimize

(6)

e=1
17 Independent in the sense that each variable appears in only
one constraint.
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Subject to:
Pi
X.

= B

X

= 0

• ilt

for each i = 1,2,...,m

ilp.1

T
LJ

ilt

for each i = 1,2,...,m

t=pi +1

LJ

1

i=1

i=1

-

X
i=1

x il

xil

2

_,
i=1

2

s1

- S

= 0

2

(7)

+ S - S = 0

X.,
1/

m
X

3

m

X il(T-1) - Yi X ilT + S 2T-1 - S2T = 0
1=1
i'l
X ilt

for all ilt

°

Se > 0
The new objective function, Equation (6), is formed by summing the
slack variables, S e . Both positive and negative slack variables are
used in the additional constraint equations, (7), so that the difference between adjacent time periods
m

m

x
1 =1

x

-

iit

i=1

can be positive or regative. The usual linear programming algorithm,
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the simplex algorithmfrensures that at least one slack variable in each
equation will be zero [ii]. Thus, the simplex algorithm tends to minimize the slq4k or, in other words, reduce the difference in skill allocations between time periods. If a slack variable appears in the
optimal basis, it represents the absolute difference between time
periods. The modifications to the unconstrained problem causes 2(T-1)
additional constraints to be considered, where T is the number of time
periods in the planning horizon. For example a problem with twenty-five
projects 18 and sixty time periods would have 25 + 25 + 2(60-1) = 168
constraint equations and 60 x 25 + 2(60) = 1620 variables at the most.
This size problem can be solved by existing computer codes.
Of course this problem would have to be solved for each skill 1
and each solution set generated by model M. Therefore, the unconstrained
availability problem would have to be solved many times and may require
a significant amount of computer time. For these reasons it may be

desirable to solve model M using only one or two outputs from the
previous model. In this case the appropriate values are determined by
management, and they should represent the amount the organization is
18

A problem with twenty-five projects can be solved by the
methods described earlier in this chapter. Using Tables 1,2, and 3,
one can calculate the number of arithmetic operations required to solve
a problem. To illustrate, consider a problem with 25 projects. Let
each project have 10 technical alternatives, and each technical alternative has 20 tasks. Thus, there are 250 technical alternatives and
5000 tasks. The following assumptions are made to simplify this example:
(1) In model T, each task has three support levels, and 50 H.values
are used.
(2) In model P, each technical alternative has 50 support levels, and
50 R. values are used.
(3) In model V, each project has 50 support levels and, the number of
Y values is 50.
Such a problem requires approximately 6,9 x10 6 arithmetic operations.
This is less than one minute of computer time required to carry out the
computations,

V

willing to spend for ponpower support of the projects. On the other
hand, most computer codes

19 for linear programming can solve problems

with multip ✓ right hand sides. If such a code is utilized, then
severalBilt values (each corresponding to a different solution set
generated in model V) could be handled simultaneously. Thus, in either
situation the unconstrained availability problem could be solved.
The solution to the modified problem of equation (6) may generate some undesirable allocations such as committing large amounts of
technical support to only a few projects at a time. As mentioned in
Chapter III, this may hinder the co-ordination and management of the
projects. To alleviate these potential problems it may be desirable
to add additional restrictions. For example, to reduce the difficulty
an upper bound could be placed on each X ilt . Such bounding would
ensure that no more manpower of skill 1 than this amount could be
allocated to project i in time period t.
The Constrained Problem
a. Testing for a Feasible Solution. If the organization does
not intend to use its present staff to work on the projects considered
in models T, P, and V, then the output of the unconstrained availability
problem solution should serve as a guide for augmenting the present
staff. On the other hand, if the organization plans to use its
present staff, the unconstrained availability problem solution does
not provide sufficient information. The organization must assign its
present staff in the most efficient manner.

19 For example, Control Data's OPTIMA and OPHELIE and Univac's
1108 LP can handle multiple right hand sides.
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There are two, bpproaches to determine if the constrained problem
has a feasible solution. The first approach requires the organization
to convert4ts existing skill inventory into its corresponding dollar
amount. This is done using the same cost per man-hour values as in
model T. This dollar amount is the amount of skill available for one
time period. Let I v denote the sum of the dollar amounts available in
eachtiMeperiodoftheplanninghoi

Run

rom model V),

then there exists a possibility of meeting an optimum schedule generated
by the unconstrained problem solution of model M. If Y min < I , the
v
total amount of skill available is not enough to meet any schedule
generated by model M. The only remedies are to sub-contract tasks,
hire new skills, or forget about doing research. Assuming that
Iv> —Y min
. , the Y values for which model V was solved are compared to
I . From this comparison the values which are less than or equal to
v
I

v are noted. The maximum Y value which is less than or equal to I v
iselctd.Thunosraiedvlbtyproemislvdung

the output of model V for this Y value. The solution to the unconstrained
availability model is compared to the quantities of skill available for
each time period. If the organization's available supply can meet
this optimum schedule, then the skills should be assigned to tasks,
technical alternatives, and projects as models T, P, and V indicate.
Such an allocation yields a higher expected value to the organization
than any other plan at the same cost. On the other hand, if the organization cannot meet the schedule of the unconstrained problem solution,
the organization has in dollar amounts enough skilled personnel to
accomplish the unconstrained availability solution, but it does not

have the correct mix off skills. In such cases corrective actions are
required. Figure 10 and the next section are addressed to this issue.
The 4cond approach does not require; solutions to the unconstrained availability solution, but it does not have the correct mix
of skills. In such cases corrective actions are required. Figure 10
and the next section are addressed to this issue.
The second approach does not require solutions to the unconstrained
availability problem, but it utilizes certain tests to determine if the
constrained problem has a feasible solution. If no feasible solutions
exist, the tests indicate remedial actions to eliminate the infeasibilities. The test procedure for a given skill is: consider each time
period t

o

= 1,2,...,T and let
to
b

lt

=
o

m
A

t=1

tl

to

-

B

ilt

.

i=1 t=1

Thus, b it is the difference between the cumulative amount of skill
available and the cumulative amount required. If b it > 0 for each
o
time period, then a feasible solution exists. For all t o where

< 0, the constrained problem is not feasible in this time period.

bit
0

If the test is performed for all skills and time periods, then it will
be known which skills and time periods are causing an infeasible solution. The test allows for the testing of different A

tl

values easily.
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Strategy

Consequence
Dollar costs of recruiting,
hiring, training, etc.

1.

Hire new skills

1.

2.

Sub-contract tasks

2. Dollar cost of such action.

3. Transfer skills

3.

Possible only when some skills
are not fully scheduled. Training costs and possible decrease
in efficiency.

4.

Delay project

4.

Reduction in value of project
because of a less time completion.

5.

Decrease level of support

5.

Reduction in probability of
success and corresponding reduction in expected value.

Figure 10. Alternative Strategies to Force Feasibility in Model M.
Eliminating Infeasibilities in the Constrained Problem
There appear to be five distinct strategies which can be utilized
to alleviate the problem of infeasibility in a constrained problem. A
summary of these strategies appear in Figure 10. In addition, any combination or mix of these strategies could be utilized. The organization
should pursue that strategy or mix of strategies which gives the desired
result at the minimum cost. In the following sections, a discussion of
each of these five strategies, their costs and consequences is given.
Putting these strategies together in a mathematical model ,which could
select the minimum cost plan is a formidable problem. Such a model is
discussed in Chapter VI under further research.
a. Hiring New Skills and Sub-contracting. Hiring new skills
and/or sub-contracting tasks can be utilized as a way to eliminate
infeasibilities. However, sometimes there are no qualified sub-
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contractors for tasks pand the market is often scarce of specified
technical skills. In any event, the costs of pursuing such strategies
may be quite4tigh so that the value of suc:-t action must be compared
with the costs of alternative actions such as transfering skills,
delaying the project, etc.
b. Transfering Skills. If there are man-hours of a skill not
assigned to any project in some time period in which another skill
is suffering from a deficit, there is the possibility of transfering
the skill with excess to the task which has a skill deficit. This
would, have the effect of alleviating an infeasibility in the desired
schedule. Of course, whether such action is technically possible must
be decided by the organization. It may be that some closely related
skills such as physicists and chemists could be interchanged if necessary. The consequences of such action should be carefully evaluated.
Such costs as training, reduction in efficiency, etc., must be considered in checking the transfer cost. Transfering skills could only
benefit the organization when there is a surplus of some available
skill available. To determine this the following test can be used:
for each time period, t o , in which the constrained problem is infeasible
(b

It

< 0), consider

o
) b

it

o

If this sum is less than zero, there is no possibility of generating a
feasible solution by transferring existing skills within the organization.
On the other hand, if the sum is greater than or equal to zero, some
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further comparisons ar required. For the t
b

1t

o under consideration each

which is greater than zero should have that skill, 1, compared
o

with each sk41 1, which has b it < 0. Such a comparison is really
comparing the skills which are in surplus for a time period with the
skills which are in deficit. Such a comparison should indicate whether
there exists the possibility of a transfer. This same procedure should
then be followed for every time period in which an infeasibility occurs.
These tests indicate what skills could be transferred; however, the
organization must decide whether such a transfer is desirable based on
the costs of retraining, decreased efficiency, etc.

c. Delaying Project(s). Delaying a project decreases the
expected value because its completion is less timely. To determine if
delaying a project would eliminate the infeasibility in a constrained
problem, a test could be performed by considering the absolute due date,

F..

The absolute due date is the last time period in which a project

has a non-zero value. Thus the test is: let
to
=

b it
0

Y
t=1

A

ti

m to
-XXB

ilt

where B .

= 0 if t <

F.

Or t >

F.

i=1 t=1
= number of hours of
skill 1 required by
project i if t = P i

If b it

o

< 0 for any skill 1 or time period t , then it is impossible
o

to get a feasible solution to the desired schedule by delaying the completion of some projects. In this case both the skills and time periods
which are causing the infeasibility are identified. If b it > 0 for all
1 and t 0 , then a feasible solution exists if some project(s) is delayed.

1F

-
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It is then desirable iro select the project which will reduce the
expected value the least amount when its completion is delayed. In
other words, — one wishes to minimize the penalty of finishing a project
late.
A mixed integer programming problem can be formulated to minimize the total penalty to the organization of finishing any projects
late. The problem is presented as:
pi

m
minimize

r

it'

X— ,
it

(8)

i=1-t=P i 4.1
pi
subject to:

X

ilt

= B.
B —

for each i = 1,2,...,m and (9)
1 = 1,2,...,L which is
causing an infeasible solution

Alt

for each t = 1,2,...,T and (10)
each 1 = 1,2,...,L

t=1

Xilt
i=1
L

m7

it'

t= 1

for each i ='1,2,...,m and
each t' =

x i lt .

R i(t'+1) > 0
X

ilt

X.

(11)

for each i = 1,2,
m and (12)
each t' = p i +1,...,P i -1

> 0 for all ilt
= 0 or 1

where M = some large number

rit

the increase in the penalty (reduction in the expected
value) incurred to project i if it not completed in
the t' time period
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5 it'

1 if any skill is assigned to project i in time period t'
= 0 if nolfskill is assigned to project i in time period t'

t'

= (p i +1), (p i +2),...,

Fi

The objective function, equation (8), is minimizing the reduction
in value of all projects which occurs when a project is completed after
its due date. For example, if the expected value of project 1 is 30,
and this value is constant until the due date is reached, but then
reduces lin6arly to zero over three time periods, then r i (_ .+1) = 10,
'
= 10, and r I( F 4.1) = 10.
■ 1 /
■
Figure 11 illustrates this simple case.
Equations (9) and (10) are the same as those appearing in the
constrained model except all skills which are causing an infeasible
solution are considered at once. The reason for this is because if the
penalty problem is solved independently for each skill, the solutions
do not necessarily represent the minimum penalty. An example can illustrate this: consider projects one and two with skills a and b. Each
project requires support from each skill, and the constrained model
is infeasible for both skills a and b; however, the feasibility test

30
10
Expected
Value

20
10

20
30

—L—

time
p

p.+1 P i

P i +l

Figure 11. Example of Penalty Function for Late
Completion of a Project.
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for the penalty problem indicates a feasible solution exists. If the
penalty problem is solved independently 20 for each skill, a solution
might be: Jcf skill a, delay project one

a cost of 10; for skill

b, delay project two at a cost of 10 units. Collectively, this policy
costs 20 units of value. On the other hand, the penalty problem solution considering skills a and b together indicates only project two
should be delayed at a cost of 10 units; however, in this solution,
skills a and b are both assigned to project two during the penalty
periods. Obviously, the latter solution is preferable and should be
followed for minimum penalty.
Equation (11) insures that if an assignment is made to a project
in a time period which incurs a penalty (after the due date and on or
before the absolute due date), then i it , is forced to be one. M is a
number greater than

for any i. and t'. Thus if

L
X.

0
i lt' >

,

t=1
i.e., project i is completed before the due date, then X it = O. Equation (12) insures that if a skill assignment is made in a penalty period,
then any preceding penalty periods also have assignments, e.g., if
20
Solving the penalty problem independently in this case means
to consider only one skill at a time. In such a case the penalty problem would be solved once for every skill.

6;

7i ( pi+2)
r,

1, then

must equal 1, and therefore r

i(P i.1)

and

. are both active.
Pr
At giebent, most mixed integer prob:.ems cannot be efficiently

solved. In this case, the only alternative may be to arbitrarily
allocate skills, keeping in mind the penalty for late completions.
Any solution found is an upper bound on the total penalty.
d. Decreasing the Level of Support.

The remaining strategy is

to reduce the support to projects in the skill disciplines which are
causing the constrained problem to be infeasible. Such action generally
creates a feasible schedule, but may drastically effect the expected
value of a project. In addition, the problem of deciding which tasks
should have their support reduced is a difficult one to solve optimally.
For example, suppose the amount of available. skill 1 is not enough to
satisfy the optimal schedule, then

b

lt
t =1 °
o
for all b t < 0 represents the number of man-hours of skill 1 which
l o
must be reduced. The problem becomes to identify task(s) to choose to
have their support reduced in the appropriate time period so that the
expected value of the projects is diminished the least. Note that the
research organization has selected Y, the total amount of support in
dollars to be allocated across all projects, and then the optimal schedule generated by model M could not be met with the existing inventory
of skills. Thus, some projects must have their support reduced in the
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deficit skill area. On the other hand, since the organization has
selected Y, it may be desirable to augment the support to some projects
by increasing the support in surplus ski117. Such action would keep Y
constant, but result in a non-optimal mix of skills. The effect of
any such action can only be evaluated by recalculation of the success
probabilities for tasks, technical alternatives, and projects. In
addition, such changes could effect the desirability of certain technical alternatives.
Developing a systematic and efficient method to make adjustments
in the support levels in an optimal manner may be an insurmountable
problem. One way to proceed is to use a trial and error procedure,
i.e., reduce the support of a skill to a level which can be provided
and note the change in the expected value of the projects. Utilizing
this procedure as long as practical and selecting the plan which gives
the minimum reduction in expected value will probably yield a good but
not necessarily optimal plan.

4. Summary
This chapter has discussed the relationships of the four models,
T, P, V, and M. The output from each model was shown to be an input
to the next model. The selection of inputs and the maximum number of
arithmetic operations required for solution was discussed for models T,
P, and V. It appears that if an efficient computer program is available
for these three models, then most problems are computationally feasible.
It was pointed out that model M can be used in different ways depending
on the information desired by the organization. The unconstrained
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availability problearsolution could serve as a guide for hiring
scientific personnel in a new organization or one which is increasing
its presentstaff. In addition, the unconstrained availability problem
solution specifies the assignment of skills to projects as dictated by
model V so that there is a minimum of fluctuation in the size of the
work force. The constrained problem solution provides a plan to relate
the present,work force to the requirements of the future projects. However, the constrained problem may be infeasible. Two methods of testing
for a feasible solution were given: one involves solving the unconstrained availability problem, and the other identifies skills and
time periods which are causing the infeasibility. Finally, the five
ways of removing infeasibilities in the constrained problem were discussed. In Chapter V, a small example problem is solved to demonstrate
how the models are actually used to provide a manpower skill plan.
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CHAPTER V
EXAMPLE PROBLEM
In this chapter the model formulated in Chapter III is used to
solve a small problem with characteristics much like the problems which
face large research organizations. In solving this example problem,
various techniques and rules, as discussed in Chapter IV, are utilized .
toilusraeh fulns.
The input data for the example is given in Figure 12. There
are two projects which the organization may undertake. Each of the two
projects has two alternative technical approaches, and each of the technical alternatives requires certain tasks to be performed. For example,
project one, technical alternative one requires skills one, two, three,
and four to perform tasks. Each task may be supported at one of two
levels, high or low. Table 4 gives the costs for the relevant tasks
at each support level. This cost represents a given number of man-hours
of work. For example, project one, technical alternative one, task one
has a cost of X1000 for its high support level. It is later assumed
that ,ft0 is equivalent to one man-hour of skill one. Thus, task one
requires 20 man-hours of skill one. Table 4 also gives the estimated
probability of success for each task at the high and low support levels.
For example, if task one of technical alternative one, project one is
supported at the high level, the probability of the task being successful is .95.
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Organizational
Objectives

Project 1

1
Technical

2
Alternatives

Illl
1

Project 2

2 3 4

[I -1
1 2 3

1
Technical

11
1

2
Alternatives

I

2

FT- 1

3

Tasks

1

2

3

Tasks

Figure 12. Example Problem - Input Data.
The following sections show the calculations required for the
solution of models T, P, V, and M using this example. Also, a general
procedure for the solution of any problem is included.

1. Model T
To simplify hand calculations for model T, some modifications
are made. Since each task pertaining to a technical alternative must
be supported at a level which yields a non-zero probability of success,

the minimum support for technical alternative one of project on:;,. is
H

min

= 500 4. 600

800 4- 1000 = 2900. Then, f

14

(H

min

= 2900)

(.85) (.65) (.73) (.85) = 351. For any H 1 less than 2900,
,1 4(H1 )= 0;
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Table 4. Cost and Success Probability Data

Project 1 - Cost Matrix

Technical Alternatives
Tasks

Level of
Support
H

1

2

1

2

3

4

1

2

3

1000

1200

1600

2000

1500

1750

2000

500

600

800 1000

750

875

1000

Project 2 - Cost

Matrix

Technical Alternatives
Tasks

Level of
Support

1

1
2

4

1

2
2

3

H

1000

1750

2000

1000

1750

1600

L

500

875

1000

500

875

800

Project 1 - Probability Matrix Technical Alternatives
Tasks
Level of

1

Support

2

2

3

4

1

2

3

.95

.70

.88

.95

.95

.86

.98

.85

.65

.75

.85

.80

.68

.96

l

Project 2 - Probability Matrix Technical Alternatives
Tasks

Support

1

1
2

4

H

.88

.86

.98

.84

.82

.86

Level of

2
2

4

.94

.86

.88

.88

.82

.82

1
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therefore this problim reduces to whether to support a task at its
high level. Let C

kl be the cost of low support level for task k and

C

kh be the cost of high support level for task k. Define C k = Ckh -Ckl
and let H' = H - H
1
min . The dynamic programming formulation is now
given by:

at stage 1,

f

(H ) =
jl

P (C ).F (H
1 1
14 min
P
)
1 lt
4(Hmin)

if C < H'
1
if C

1

H'

and in general at stage k,

fjk

(H') = Max

P (C ).f
k k
j(k-1 1(1-11-C k )
P (C
k k

= f i( k-1 )

i(k-1)(C)

(w )

if C

k

<H'

if C >H ,
k

To determine the H. values for which model T should be solved,
the suggestions of Chapter IV are followed. For example, technical
alternative one of project one has:
H

ma X

= 1000 + 1200 + 1600 + 2000 = 5800

H=
Min500 + 600 + 800 + 1000 = 2900
To choose the intervals of this range, some number must be
divided into the range. As mentioned in Chapter III, the size of
the number depends on the sensitivity desired in detecting changes in
the solution for the model and the amount of calculations permissible.
For purposes of example, 14 is chosen. Such a value divides the range
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of H

MaX H man into Vtervals of approximately 207. This interval is

realistic from the computational standpoint, and considering the numerical values

e

g used, should give suitbte sensitivity for the detec-

tion of changes in the optimum solution. However, in practice computational experience is needed before any judgements can be made. These
values are given in column one of Table 5.
The dynamic pxogramming calculations can be presented in the form
of Table 5. The first column contains H

I values. The second column

represents H' = H I d H min ; this column facilitates hand calculations.
The next two columns represent an analysis of task one. It should be
noted that if C 1 = 0, task one should be supported at its low level,
$500. On the other hand, if C 1 = $500, then task one should be supported at its high level of 1000. In cases where H' < 500, task one
must be supported at its low level. Such a case yields a return of
f

11 (C) = .351. However, when H' > 500, task one may be supported at

its high level, and thus:

f

11

(W)

p (c ).f (H
1 1
14 min )
P (C
1 1 ,F,

if H' > 500

For example, at H' --, 621
(.95) 351
f 11 (621) =
= .393
85
Next consider task two. In the event H' < 600, the optimal policy is
given by f 11 (H'). if H'> 600, then the following expression must be
evaluated:

L
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Table 5. Dy4amic Programming Calculations: Project 1
TerEhnical Alternative 1

Task 2

Task 1
H1

H'=H -H
1 min

Cl

f ll ( "

C2

f 12 (H')

Task 4

Task 3
C3

f 13 (H')

04

f14(1-1')

2900

0

0

.351

0

.351

0

.351

0

.351

3107

207

0

.351

C

.351

0

.351

0

.351

3314

414

0

.351

0

.351

0

.351

0

.351

3521

621

500

.393

0

.393

0

.393

0

.393.

3728

828

500

.393

0

.393

800

.412

0

.412

3935

1035

500

.393

0

.393

800

.412

0

.412

4142

1242

500

.393

600

.422

800

.412

0

.412

4349

)449

500

.393

600

.422

800

.460

0

.460

4556

1656

500

.393

600

.422

800

.460

0

.460

4763

1863

500

.393

600

.422

800

.460

1000

.461

4970

2070

500

.393

600

.422

800

.495

0

:495

5177

2277

500

.393

600

.422

800

.495

0

.495

5384

2484

500

.393

600

.422

800

.495

1000

.514

5591

2691

500

.393

600

.422

800

.495

1000

.514

5798

2898

500

.393

600

.422

800

.495

1000

.514

5800

2900

500

.393

600

.422

800

.495

1000

.566
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1

12

(HI)

a Max

F (C ).f (H' -C)
2 2
11
2
, f (H . )
P (C )
11
2T,
2

At H' = 621'4
f

12

Since f

(621) = Max

11

(70(351)
- .377, .393
.65

= .393

(621) yields the maximum, task two should not be supported

at its high level, but instead the policy of f 11 (621) should be followed. A similar analysis for other H' values yields the following:

f

12

(1242) = Max

P (600).f (642)
2
11
132T2i)

= Max .422, .393

'

f

11

(1242)

= .422

The corresponding columns for tasks three and four are completed in the
same way. It should be noted that each column of Table 5 utilizes the
calculations of the previous column. For example:

f

14

(2484) = Max

P 4 (1000).f

13

(1484)

P4(C4,0

'

f

13

(2484)

= Max (.514, .495) = .514
This calculation shows that if H' = 2484, task four should be supported
at its high level, ,,-nd the policy dictated by f 13 (1484) should be followed for the preceding tasks.
Analysis similar to the one above has been performed and is summarizedinTable6.Givenanamountofsupport,H.,to be allocated to
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a technical alternativqk this table gives the maximum probability of
success for the alternative. For example, in project two, technical
alternative o6e if the support, H 1 , to the alternative is greater than
or equal to 2375 but less than 2875 the maximum probability of success
is .592.
Before the general procedure for finding an optimum solution to
model T is given, the procedure for project one, technical alternative
one is given in Table 5. Let H 1 = 4763. From the first and second column, it is known H' = H 1 - Hmin = 4763 - 2900 = 1863. At this value
f 14 (1863) = .461, which is the maximum probability of success for this
technical alternative given H 1 = 4763. This return requires C 4 = 1000
which is the high support level for task four. The amount which remains
to be assigned to tasks one, two, and three is H' - C4 = 1863 - 1000 =863.
Task three is now analyzed. Since the H' column does not have a 863
value, the maximum value which is less than 863 is selected. The reason
for this is because the possible inputs to model T are divided into discrete intervals, and the costs of different combinations of support
levels may not fall at an endpoint of the interval. Thus, for H' = 828,
(828) = .412 and C 3 = 800, which is the high level for task three.
13
Now 1863 - 1000 - 800 = 63 remains to be allocated to tasks one and two.
f

If a similar procedure is followed for these tasks the following solution
is found:

f 1 = .461

task
2
3
4

support level
low
low
high
high
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A general procedre for finding an optimal solution to mode] T,
given an input, H. is not given by means of a table like 5. It should
be recognizedylthat for any size problem, the format of such a table can
be utilized. The procedure begins by finding the entry in the right
hand column for the highest numbered task, n, which corresponds to the
desired input, H., given in the left hand column. For the desired H.
the right hand column gives the C n value (amount of support above the
lowest level yielding a non-zero success probability to be allocated to
task n) and the f j11 0-1') value which is the maximum probability of success
for the technical alternative assuming all tasks are supported at the
opthilmlevel.Nert/thearriountoffi.J remaining of after C n is allo= H 1 - H min - C n . This is really the amount
cated, is given by H'
above the minimum required for the technical. alternative to have a positive probability of success, which remains to be allocated among the
n - 1 tasks. Looking at the column of the n - 1 task for an input in
the H` column of H' - C n , the support level for C 11.4 is found. Also,
the return function f i(11-1) (H' -C n ) is given. This value should be
interpreted as the technical alternative's probability of success given
H. -C- C
H. -C amount of support. Now H' -C n-1 -C=Hn-1
n
1
n
n
j
is computed and the next task, n - 2, is investigated at the above
input. The analysis and procedure for the remaining tasks can be perth task of a techThus, working from the n
formed in the same manner.
,
nical alternative backward until all tasks have been analyzed, the
optimal support levels for all technical alternatives can be generated.

2. Model P
The inputs to model P are the outputs from model T. Table 6
summarizes tlIP outputs from the solution of model T for each technical alternative. It should be noted the return function f.(H.) is
J
a step function, and thus, the value of f.(H.) is the same over a
J J
range of fi j values.
TodetermineRmaxforprojectone,thelargestli.values for
each technical alternative are added. Therefore, R max = 5800 + 5250 =
11,050. R min is the lowest cost for a technical alternative having a
non-zero probability, thus R min = 2625. As before, the size of
intervals is selected somewhat arbitrarily, by dividing R max

R min

by some number, say 16 in this case. The result is 525, which serves
as the interval for R 1 values. These values are given in column one
of Table 7. The dynamic programming calculations can be presented using
the table also. The second and third columns represent an analysis of
technical alternative one. For example, at R = 2625, the probability
of success for the alternative is 0. If R = 3150, technical alternative one can be pursued at the 2900 level with a probability of
succeeding of .351. Thus,9 11 (3150) = f 1 (2900) = .351. A similar
analysis holds for the remaining R I values. Next, consider technical
alternative two. For R i = 2625, alternative two can be followed with
success probability of .522:
9 12 (2625) = Max

[f 2 (H 2) +g i (2625 -H 2 ) - f 2 (H 2 ).g 11 (2625 -H 2 )]

0 < H 2 < 2625
= Max [.522, 0] = .522
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Table

Summary of Output of Model T

Project 1
Technical Alternative 1

H1

Technical Alternative 2

<

f (H )
1 1

<

2900

0

0

2625

2900

3400

.351

2625

3500

.522

3400

3700

.393

3500

4250

.660

3700

4200

.412

4250

5250

.784

4200

4700

.460

5250

4700

4800

.461

4800

5200

.495

5200

5800

.514

0

5800

H

f (H )
2 2

2

0

.800

.566

Project 2
Technical Alternative 2

Technical Alternative 1

0

2375

0

0

2175

0

2375

2875

.592

2175

2975

.590

2875

3375

.620

2975

3475

.635

3375

3875

.673

3475

4350

.677

3875

4750

.706

4350

4750

.740

.710

Table 7. Dynamic Programming Calculations:
Project 1 - Model P

Input

R

1

Technical Alternative 1
H

1

2625

0

3150

2900

3675

g

11

(R )
1

0

Technical Alternative 2

H

2

g

12

(R )
1

2625

.522

.351

26 25

.522

3400

.393

3500

.660

4200

4200

.460

3500

.660

4725

4700

.461

4 250

.784

5250

5200

.514

5250

.800

5775

5200

.514

5250

.800

6300

5800

.566

5250

.800

6825

5800

.566

5250

.800

7350

5800

.566

4 250

.860

7875

5800

.566

4250

.869

8400

5800

.566

4250

.873

8925

5800

.566

4250

.884

9450

5800

.566

4 250

.896

9975

5800

.566

4250

.896

10,500

5800

.566

4250

.906

11J50

5800

.566

5250

.913

Similar analysis holoOt for the other R
R

1

I

values. For example, if

= 5775:
g

12

(5775) = Max [f (H ) +
2 2

11

(5775 -H ) -f (H ).g (5775 -H )1
2
2 2
11
2

0 < H 2 < 5775

= Max

f (5250) + g (525) = .800
2
11
f 2 (5250)g 11 (525)
f (4250) + g1 1 (1525) - f (4250)g (1525) =.784
2
11
2
f (3500) + g (2275) - f2 (3500)g 11 (2275) =.660
2
11
f (2625) + g 11 (3150) - f 2 (2625)g 11 (3150) = .690
2

= .800
The policy which yields this return is to allocate $5250 to technical
alternative two, and $525 to alternative one. However, since alternative one must have a minimum of -2900 to succeed, no support would
be given to it, and the $525 would become slack. The calculations for
the remaining R

1

values can be completed in similar fashion.

A procedure for finding an optimal solution to model P given
an input, P i , can be given by the use of a table like 7. For any problem size, the format of such a table could be utilized. The procedure
follows the one described previously for model T. Essentially, the
procedure begins at the right hand column, technical alternative J,
and works bac—ward allocating portions of P. designated by the value
of H. in the row of the technical alternative corresponding to the
amount of R. remaining to be allocated. As with model T, only discrete
inputsarecon5ideredsothattheamountofP.remaining after an
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allocation to a tech4cal alternative may not correspond to a value
in the first column. In such a case the next smaller value is chosen.
To il4ustrate this procedure, consider Table 7, the dynamic programming calculations for model P, project one. For 14 1 = 8925, H 2 =4250
and 9 12 (8925) = .884. Thus, the maximum probability of success for
project one, given 16925 of support is .884. Next, R 1 - H 2 = 8925 -4250 =
4675. Thus, the corresponding H 1 value is found for an input of 4675.
However, it is noted that there does not appear an input of 4675 in
column one. Therefore, the input immediately preceding 4675 must be
selected. This is 4200, and the H
R

1

1

value is also 4200. Therefore, for

= 8925 the probability of success for project one is .884, and the

allocation schedule is H 1 = 4250 and H o = 4200. Also, H 1

H 2 = 8450,

so that there is a slack of 475. This is due to the fact that the
input to model P is in the form of discrete values.
3. Model V

Table 8 summarizes the output from model P which now serves as
input to model V. This table shows the expected value, g i (ROVi , for
each support level. This calculation facilitates the solution of model
V. The Y values for model V are calculated as suggested by dividing
Ymax

Yrwin by some number, say 24 in this case. Thus 20,150 -2,175 ;

750. The Y values which are utilized appear in column one of Table 9.
As with mode's T and P, the dynamic programming calculations are displayed via a table like 9. The two columns below project one in the
table represent the analysis for project one. For example, at Y i = 2925:
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Table 8.. Summary of Output from Model P

Project 1 (V 1 = 1110)
Probability of Success

ForTf l
and

0

gi ( R1 )
0
.522
.660
.784
.800
.860
.869
.873
.884
.896
.906
.913

2,625
3,500
4,250
5,250
7,150
7,650
7,950
8,450
9,450
10,050
11,050

2,625
3,500
4,250
5,250
7,150
7,650
7,950
8,450
9,450
10,050
11,050

Project 2

I
f

and

0
2,175
2,375
2,875
3,375
3,875
4,550
5,050
5,550
5,850
6,350
6,750
7,250
9,100

<

2,175
2,375
2,875
3,375
3,875
4,550
5,050
5,550
5,850
6,350
6,750
7,250
9,100

g (R )0/
1
1
1
0
574
725
860
880
945
955
960
972
985
995
1004

(V 2 = 1000)

Probability of Success

For R,

Expected Value

g (R )
2 2
0
.590
.592
.620
.673
.706
.833
.844
.866
.869
.880
.894
.905
.925

Expected Value
g2(R2).V2

0
590
592
620
673
706
833
844
866
869
880
894
905
925
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y namic Programming Calculations:
V

Table 9.

Model

Project 2

Project 1
Y

R

2,175
2,925
3,675
4,425
5,175
5,925
6,675
7,425
8,175
8,925
9,675
10,425
11,175
11,925
12,675
13,425
14,175
14,925
15,675
16,425
17,175
17,925
18,675
19,425
20,150

0
2,625
3,500
4,250
4,250
5,250
5,250
7,150
7,950
8,450
9,450
10,050
11,050
11,050
11,050
11,050
11,050
11,050
11,050
11,050
11,030
11,050
11,050
11,050
11,050

1

G (Y)
1
0
574
725
860
860
880
880
945
960
972
985
995
1,004
1,004
1,004
1,004
1,004
1,004
1,004
1,004
1,004
. 1,004
1,004
1,004
1,004

2

G (Y)
2

2,175
2,875
0
0
2,375
2,375
2,375
2,875
3,875
4,550
5,050
5,850
6,750
4,550
5,050
5,850
6,750
7,250
7,250
7,250
9,100
7,250
9,100
9,100
9,100

590
620
725
860
1,166
1,317
1,452
1,480
1,566
1,693
1,704
1,729
1,754
1,778
1,789
1,814
1,839
1,860
1,865
1,877
1,885
1,900
1,910
1,920
1,929

R

G i (Y1 ) = 9 1 (R 1 ) if R i < Y l
G (2925) =
1

1

(2625) = 574

A similar analysis can be made for the remaining Y values. Now, consider project two for Y = 2175:
G (2175) = Max
[9 2 (2175)+G 1(0)] = 590
2
OKR 2<2175

This calculation indicates that project two should be supported at $2175.
At Y = 2925:
[g 2 (R 2 ) + G 1 (2925 -R 2]
Max
G (Y ) =
2 2
0<R 2< 2925

Max

[

9,(2175)+Gi(750) = 590,
9
+0 (2925)=574
(0)
1
2

590

4

Thus, at this input the maximum expected value is 590, and the optimal
policy is to support only project two at $2175. The remaining calculations appear in the table.
The procedure for finding an optimum to model V from Table 9 is
exactly the same as the procedure in models T and P. Table 10 gives the
output from model V for the example problem. Figure )3 illustrates
graphically the output from model V. Each x on the graph represents
an output from model V, and each output represents a set of scientific
skills.
Now given an amount of money to spend for scientific personnel,
the research organization knows how many man-hours of each of the four
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Tabrle 10. Summary of Model V Output

Input

2,175
2,875
3,500
4,250
5,000
5,875
6,625
7,125
8,125
8,800
9,350
10,050
10,950
11,700
12,200
13,000
13,900
15,200
15,500
16,200
17,050
17,800
18,550
19,150
20,150

Expected Return

590
620
725
860
1,166
1,317
1,452
1,480
1,566
1,693
1,704
1,729
1,754
1,778
1,789
1,814
1,839
1,860
1,865
1,877
1,885
1,900
1,910
1,920
1,929
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skills are required. Suppose that in view of the output from model V,
the research organization has decided to spend

13,000 for technical

support of tli6 future projects. This 813,G00 should be allocated to
projects, technical alternatives, and tasks in the manner dictated by
the three models. According to model V, 87,150 should be allocated to
project one and 85,850 is given to project two. Working backwards
through model P and T, the following allocation plan is generated.
Project 2

Project 1
7150

5850

Alternative 2
Alternative 1
4250
2900
Skills

Alternative 2
Alternative 1
3475
2375
Skills

1
2
3
4

-

500
600
800
1000

1 - 500
2 - 875
4 - '1000

1 - 1000
2 - 1750
3 - 1500

1 - 1000
2 - 875
3 - 1600

If this allocation plan is followed, the expected return to the organization is 1814. The next step is to translate these dollar amounts into
man-hours. This is done using the following dollar per hour values:
Skill
Skill
Skill
Skill

1
2
3
4

4.

$50 per man hour
825 per man hour
820 per man hour
rloo per man hour

Model

M

It is now assumed that the desired completion dates for the
projects are:
Project 1 - 3 time periods from present
Project 2 - 5 time periods from present.

190
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Figure 13. Graphical Display of Model V Output.
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Certain values required for solution of model M can *now be determined:
t = 1,2,3,4,5 time periods where T = 5, the last time
period of the planning horizon
= 1,2,3,4 skills
p

i

= last time period in which project i has full value

p2 = 5
P1 = 3'
Bilt = number of man-hours of skill t required by project
ii .in or before time period t.
B 113

= 30 *

8123

B 215

= 30,

B 225

= 94,

B 133 = 115,

= 70,

B 235

= 80,

B 143 = 10
B 245

= 10

Solution of the Unconstrained Availability Problem

To demonstrate the formulation of the unconstrained availability
problem, the model is given for skill one. The problem statement is:
8
minimize

(1) 1

se

=
e=1

subject to:

X

111

+ X

112

+ X

113

= 30

+ X 212 + X 213 + X 214 + X 215 = 30
S = 0
+ S
- X
-I- X
- X
X
2
1
212
211
112
111
+ S 3 - S4 = 0
- X
+ X
- X
X
213
212
113
112
- X 214 + S5 - S 66 = 0
X
213
X

r4

211

X 214 - X 215 + S 7 - S 8 = 0
The optimal solution for the above problem and the problems for skills
2,3,4 is given below:

Skill 1
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1

=0

Xill = 12

X 213 = 6

X 112

X 214 = 12

12

X 113 = 6
Skill 2

X

215

= 12

cp=
0
2

X

121 = 32.8

X 223

X

122 = 32.8

X 224 = 32.8

X

123 = 28.4

X

Skill 3

4.4

225 = 32.8

cP3 = 0

X131 = 41

X

X

X 234 = 41

132

= 41

X 133 = 33

233

= 8

X

235 = 41

141 = 4

X

243 = 2

= 4

X

244 = 4

X 143 = 2

X

Skill 4
X

X

142

245

= 4

The solution for skill one calls for twelve hours of skill one to be
utilized in each'time period, 1,2,...,5. Twelve hours in both time
periods one and two are assigned to project one. In time period three
six hours are assigned to both projects one and two, and periods four
and five allocate twelve hours each to project two.
Solution of the Constrained Problem
For purposes of this example it is assumed that the organization
has the following amounts of skill available for each time period:
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Skill

Man-hours Available per time period

1

10

2

33

3

40

4

4

Both approaches to testing for a feasible solution as discussed in
Chapter IV are given. For the first one, the existing skill inventory
is

converted into its equivalent dollar amount. For skill one, there

are ten man-hours per time period x 5 time periods x $50 per man-hour
equals $2500. Likewise, for skills two, three, and four, the sums are
$4125, $4000, and , 2000. If the number of dollars for each skill
requirement are added up, the result is I v = S12,650. This is the
dollar amount of skill which is available for five time periods. This
total can be compared with the Y inputs to model M given in Table 10.
According to the table, the input to model M which is the maximum of
all those inputs less than or equal to 12,625 is Y = 12,200. The corresponding expected value is 1789 value units. Thus, it is now known
that the best possible return to the organization using only the present
work force to research the future projects is 1789. It is possible the
organization does not have the proper mix of skills to achieve this
optimum. To check this, a solution of the unconstrained availability
problem for 12,200 is required. It is found that this solution requires
the following number of man-hours for each time period:
skill
skill
skill
skill

1
2
3
4

-

14
32.5
26
4
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This solution cannot ip achieved by the present work force because for
skill one there are only ten man-hours available in each time period.
Also, there .is a surplus of .6 man-hours per period in skill two and a
surplus of 14 hours per time period in skill three.
Before possible remedial actions are investigated the second
approach is given. This approach requires that for each time period
= 1,2,...,5 that bit be computed. For this test suppose the organio
o
zation desires to spend 413,000 for support of future projects. It

t

should be noted that the skill available has an equivalent value of
$12,625, so that it is known that the organization is $375 deficient
in some skill or skills. Since there are ten man-hours of skill one
available in each time period, then A lt = 10 for t = 1,2,...,5. Likewise, A 2t = 33, A 3t = 40, and A 4t = 4 for t = 1,2,...,5. The calculations required for this feasibility test are now given:
to

b lt o =

m

t

o

B

A tl t=1

ilt '

i=1 t=1

for t o = 1, b 11 = 10, b 21 = 33, b 31 = 40, b 41 = 4
for t o = 2, b 21 = 20, b 22 = 66, b 23 = 80, b 24 = 8
for t o = 3, b 31 = 0, b 32 = 5, b 33 = 5, b 34 = 2
for t o = 4, b41 = 10,

b42 = 38,

b 43 = 45, b44 = 6

for t o = 5, b 51 = -10, b 52 = 1, b 53 = 5, b 54 = 0
Since b it

is not greater than or equal to zero for every t o an 1, it

is known that no feasible solution exists. Since b 15 = -10, it is
known that there is a shortage of 10 man-hours of skill 1 in time
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period 5. Also, there is a surplus of man-hours in skills 2, and 3 in
time period 5. Thus, this test points out the time periods and skills
which are caving problems.
Since the organization desires to spend 513,000, and the present inventory of skill is equivalent to $12,625, the company can use
the difference $375 to hire personnel of skill 1. However, a deficit
of ten man-hours is equivalent to 5500. Thus, if the organization
spends only 5375 for skill 1, there is still no feasible solution.
Eliminating Infeasibilities in the Solution

of Example

The strategies for eliminating infeasible solutions in the
constrained problem are now given. For simplicity, it is assumed
that the organization is in need of ten man-hours of skill 1. These
ten hours may be allocated in any way among the five time periods.
Each of the strategies is discussed independently, i.e., no attempt
is made to mix the strategies.
a. Hiring. For this example since only ten man-hours over a
five time period are required, it is assumed that it is impossible to
hire someone for such a small amount of time. In a real problem, the
decision-maker is concerned with hundreds or thousands of man-hours
of certain skills, so that a deficit of only a few hours in a certain
skill would not warrant corrective action.
b. Sub-contract. Suppose it is possible to sub-contract for
ten man-hours of skill 1 at a cost of $80/man-hour. Therefore, if this
strategy is followed, the resulting cost is $ 300.
c. Transfer skills. Suppose there is a surplus of 20 man-hours
of skill 3 over the five time periods. There now exists the possibility

97

of using skill 3 pers4rnel to perform skill 1 tasks. Suppose management
believes that such a transfer is possible, but it requires two man-hours
of skill 3 tG
get one man-hour of skill one's work done because of
ei
inefficiency. Thus, the cost of this strategy is 20 man-hours x $20/manhour = $400.
d. Delay projects. Suppose each of the two future projects
has a timeliness function which decreases linearly to a value of zero
over a two time period. Thus, project 1 has a value of 555 if completed in time period 4. Likewise, project 2 has a value of 500 if
completed in time period 6.
The mixed integer programming problem which minimizes the total
penalty of late completions can now be formulated. Since

one is

causing an infeasible solution, it is the only skill variable appearing in the model. The r it , values must be calculated. It is recalled
that these values represent the penalty (reduction in expected value)
incurred to project i if it is not completed by time period t'. Since
it is assumed that the organization wishes to spend Y = $i3,000 for
support of the future projects, model M specifies that such an input
yields 1814
and

value units. Project 1 contributes 945 expected value units,

project 2 gives 869 expected value units. Since the timeliness

function reduces the expected value linearly to zero over two time
periods, r 14 = 472.5,

r

15 = 945, r26 = 434.5 and r 27 = 869. The formu-

lation is:
minimize

e=

472.5 >714

945

15

434.5

T26

+ 869 X

27

•
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30
- X=
subject to:X-1-X+X+X-1
115
113
X 114
112
111
213

212

X211
211
X 111 + X

215

216

211 < 10

X 112 + X 212 5-- 10
X 113

X 213 5-- 10

X 114

X 214 5- 10

X 115

X 116

10

X216 < 10
X217
217 — 10
M)714
m7

-

0

114
X114
X 115

15

m7 26

-

0

X216
216

0

X 217

> 0

14 27 -

X 15

0

7 - X 27
27
26

0

5(14

The solution to this problem, derived by inspection is:
9 =434.5
X 111 = 10

X 214 = lo

X 112 = 10

X

X 113 = 10

X

215
216

= 10
= 10

726 = 1

217

30
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Thus the optimum solution to the problem is to delay the completion
of project two until the sixth time period. Such a strategy reduces
the expected value to the organization from 1814 to 1814 -434.5 = 1379.5
value units.
e. Decrease level of support. For purposes of the example
problem it is assumed that management does not wish to pursue this
strategy. As mentioned in Chapter IV the method used to decrease the
level of support is trial and error. A reduction may reduce the
expected value drastically so that for large problems where many projects and skills are involved the complexity required to determine
which task support levels to change may not be worth the effort.
f. Selection of strategy. The costs of achieving a feasible
solution to the constrained example are given below:
Strategy
1.
2.
3.
4.
5.

Hire
Sub-contract
Transfer
Delay
Decrease support level

Cost
Impossible
8800
1400
434.5 value units
Impossible

The organizational decision-maker could be presented with such information. He could then select the strategy which he feels would benefit
the organization the greatest. One problem with picking between the
above alternatives is that the strategy of delaying a project is given

in value units while the ethers are in units. There is no apparent way
to convert value units into such as dollar. The best alternative is
to investigate the relation between the Y inputs to model M and the
resulting expected return. For instance, in the example, if the delay
strategy is used, the total expected value to the organization is
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1379.5 units. From Table 10 such an output is equivalent to a Y input
of $5875. Thus, it takes $13,000 - $5,875 = $7,125 to get an increase
in the expected value of 1814 - 1379.5 = 434.5 value units. Therefore,
one could equate a loss of 434.5 value units with $7125.
5. Summary
The objective of this chapter was to present a small example
problem which exhibits most of the characteristics of a real problem.
The models and techniques which were presented in Chapters III and IV
were then utilized to solve the example. The example has shown how
actual input data is utilized by the mathematical models, so that a
manpower plan is generated. The example has attempted to show the general approaches that an organization could utilize to relate its present staff to the manpower plan for future projects.
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CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS

This study has investigated the problem of selecting and supporting research projects with emphasis on manpower skill planning. The

future objectives of the organization are related to manpower skills so
that plans can be made for keeping the pool of skills within the organization commensurate with its needs. Probabilistic and time variant
properties, two very important aspects of research planning, were
incorporated in the study. Probabilistic properties are important
because research is often an uncertain venture. Time variant properties are material because the timing of projects is often a critical
factor.
The assumptions which have been made in the study are:
1. Input information regarding future projects, technical
alternatives, tasks, and the probability of success as
a function of skill support is available.
Quantitative
values for the projects exist.
2.
Only
parallel
approaches for a project are allowed.
3.
4. Each task is independent and can be performed by only
one type of skill.
Only
research tasks which are given skill support can be
5.
funded.
6. Within a skill category all persons are equally proficient ,
in working on a relevant task.
7. Only tasks which require expertise skill in a technical
area are considered.
Given these assumptions, the following are the main results of this
thesis:
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I. Given altervtive skill support levels for tasks of a technical alternative and given the costs and probabilities of success for
each level, m40e1 T selects the support level of each task for a given
input of skill support to the technical alternative which maximizes the
probability of the alternative succeeding. This model requires information about what kinds of people are needed to perform the technical
alternatives of future projects.
2. Given the output of model T, which relates the amount of
support to the probability of success for a technical alternative,
model P selects the amount of support for each technical alternative
of a future project for given inputs of support to the project. This
model selects the amount of support for each technical alternative which
maximizes the probability of success for a project. The selection is
made on the basis of which skills provide the greatest marginal return
to the organization.
3. Given the output of model P, which relates the amount of
support to the probability of success for a project, model V selects
the support levels for each project which maximize the total expected
value (probability of success x value) to the organization for specified inputs of total skill support.
Models T, P, and V are sequential because the results of each
decision problem are used in the subsequent decision problem. The
solutions to each model are parameterized in that all results are
presented in a cost effectiveness format. Hence, the organizational
decision-maker can select the minimal support cost level necessary to
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achieve a specified reylt. In summary, under the stated assumptions
and given the required input data, models T, P, and V can be utilized
to determine the optimum allocation of siclIls to projects.
4.

Given the outputs of the previous three models, which

specify the optimum skill support allocations for tasks, model M allocates the support to future time periods so that project completion
dates are met. There are two forms of model M. One is the unconstrained
availability problem which allocates skills to tasks over time without
consideration of the availability of these skills. The solution to
such a problem gives the mix of skills over time which minimizes the
variation in man-hours scheduled for a skill between time periods.
The other form, the constrained problem, allocates skills to tasks
over time by considering the availability of skills within the organization. The solution to this problem, if one exists, relates the existing skills of the organization to the requirements specified by models
T, P, and V. The constrained problem does not have a feasible solution
if there is an insufficient amount of skill support available or if the
mix of existing skills is not correct. To remedy this situation five
alternative strategies are given. Each strategy is discussed independently of the others, and the possible consequences of each were given.
For an organization to implement and make effective use of
these manpower planning models, data and information of parameter values
must be available as input. The future objectives of the organization
must be put in the proper format, i.e., the objectives must be represented by projects; the projects must be broken down into alternative
technical approaches; and the technical approaches must be broken down
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into tasks where each task relates to only one skill. To do this
requires considerable time and effort. However, in addition to the
benefits of the manpower skill plan, there are benefits to be gained
by performing the analysis required to relate the future objectives
to scientific skills. This analysis requires the organization to
perform in-depth thinking about which direction or research strategy
it wishes to pursue. To get numerical values for probability of
success estimates, support costs, and project values the organization is forced to make specific plans for the future. Of course,
the future plans and the numerical values are subjective estimates
and they may be quite uncertain, but this should not prevent them
from being used in a quantitative model.
The manpower planning model developed in the thesis can provide significant benefits to the research and development organization
which can supply the requisite data and can meet the underlying assumptions of the model. The model is capable of handling more than twentyfive projects and 250 technical alternatives. It allows the organization to /elate its future needs to manpower skill requirements, so
that the organization can plan and control the size of its research
and development skill inventory. The model permits the decision-maker
to analyze the impact of technical, economic, and social changes on the
pool of skills in order for him to effectively utilize the research
staff. The model can serve as a guide for more detailed studies such
as when and how to obtain new or augmented skills. In conclusion, the
manpower model allows the organization to analyze the future skill
requirements so that it can develop viable and timely policies which
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will help ensure its existence.
During the course of the study several problem areas which might
improve and augment the effectiveness of the model were uncovered.
The following is a brief outline of recommendations fof further
research on quantitative research and development manpower skill planning.
Sequencing of Projects, Tasks, and Technical

Alternatives

Throughout this study it was assumed that all tasks, technical
alternatives, and projects are independent of each other. However, in
many research organizations there are certain task sequences which must
be followed. There may be several tasks which cannot be worked on
simultaneously. For example, the task of designing the power supply
(solar cells, or batteries, etc.) for a manned rocket must be performed
before the actual rocket can be designed because the rocket design
depends on the size, power, etc. of the power supply.

A related problem concerns the strategies of parallel and series
approaches. It is recalled that model P selects the support levels for
the relevant technical approaches of a project. The model assumes
that each technical approach is independent and that the success of
the project depends on the success of only one technical alternative.
If all supported approaches are unsuccessful, the decision must then be
made whether to pursue other technical approaches. Such a decision can
effect the amount of support required and its timing. Such a problem
has been discussed in the literature by Abernathy and Rosenbloom (1),
and Dean and Hauser (16). Neither of the above problems can be handled
by the manpower planning model as formulated. Further study and
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modification is necessary in order to handle these realistic problems.
Since the sequencing of tasks, technical alternatives, and projects
are temporal n'oblems, they must be considered in model M. One possible method is to add constraints to the linear programming unconstrained model which reflect the sequencing requirements. For example,
to handle sequencing of tasks the decision variables of the model, the
values (number of man-hours of skill 1, assigned to project i, in
ilt
time period t), must be broken down into man-hours of skill 1 assigned

X

to a task in time period t. Using these new decision variables an
unconstrained model for skill 1, is formulated as in Chapter IV, with
the addition of certain constraints which prevent working on given
tasks until preceding ones are completed.
To handle the problem arising when all supported technical
approaches fail, two suggestions are given. The manpower planning
model of this thesis could be used as formulated and then, if all supported technical alternatives fail, the model could be resolved with
the unsuccessful alternatives not considered. The weakness of this
approach is that it decreases the ability to plan for the future, i.e.,
if the organization waits until all supported technical alternatives
fail, there may be insufficient time left to accomplish the project.
Another method is to consider a probabilistic model. Since
the probabilities of success for each technical alternative are known,
the probability that all supported alternatives fail can be determined.
If one could determine what action would be taken if all supported
approaches fail and attach a cost to this action, one could get an
expected cost for the action by multiplying the failure probability x the
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cost of action when all alternatives fail. Such an expected cost could
be utilized in model M to allocate support for the action required when

all technical ,t1ternatives fail. This approach is similar to that of
Wortham (42) in that expected levels of support are utilized. More
study is required to assess the feasibility and desirability of incorporating such an approach in the thesis model.
Optimization Model to Solve the

Constrained Problem of Model M

As mentioned in Chapter IV the constrained problem of model M
may not have a feasible solution. This research has discussed five
strategies to eliminate the infeasibilities if they occur. Although
each strategy was discussed independently, there is no reason to
believe that the "best" way to eliminate the infeasibilities of the
constrained problem is a pure strategy of the five remedial strategies. An optimization model is required to select the strategy or

mix of strategies which will eliminate the infeasibility at the lowest
cost. Some problems involved in formulating such a model are:
(1) The consequences of all strategies are not measured in the same
units. For example, the penalty incurred for delaying a project
is measured by the decrease in the expected value of the project,
but the cost of hiring new skills is measured in dollars.
(2) The strategy of decreasing the level of support to tasks effects
the probability of success for a project, and thus it can effect
the solutions specified by models T, P, and V. Therefore, this
strategy may involve resolving these models. Further research is
required to solve these problems.
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Computer Programs
In order to solve the research skill planning model for a research
organization,-' xtensive computer programming is necessary. This programming should incorporate models T, P, V, and M. It would then be
possible to specify the number of projects, technical alternatives,
tasks and skills and to read the necessary input data into the computer. The computer could perform all the routine calculations and
print out the solutions to each of the sub-models. This computer
program could also facilitate studies to test the sensitivity of the
model to changes in support costs, probability estimates, and values.
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APPENDIX
CALCULATIONS FOR MAXIMUM NUMBER OF ARITHMETIC
OPERATIONS FOR MODELS T, P, AND V

Notation
Let N = the number of stages
J = the number of decision variables at stage n
n

K=thenumbrofdientpusohmdel
1. Model T *
Additions
At each stage 2,3,...,N and for each of K inputs, there is one
additionforeachdecisionva r i ableinordettodetermineli.-C n
N

additions required.

.
Therfo,t aeolfK(N-1)J

Comparisons
At each staae 1,2,3,...,N and for each of K inputs, there is a
decimaximum of J n - 1 comparisons required to pick the maximum of J n
sion returns. Therefore, there are a total of N (J N - 1) K comparisons
required.
Multiplications
At each stage 2,3,...,N and for each input, there are two pairwise multiplications required for each J n in order to compute
P k (C k ).f j ( k _ 1 ) ( Hi

nK
Ck ). Therefore, there are a total of (N-1) J

multiplications required.
* The assumption is made that the number of decision variables
at each stage is equal to JN.
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2. Model P
Additions
At each stage 2,3,...,N and for each input of K, there is one
additionforeVhdecisionvariableinor der to deten

n
aditon,frstage2,3. Nthera twopairseditonsrequid

to determine the union of the probabilities of success for each decision variable. Therefore, there are a total of (N-1)KJ N +2(N-1)KJ N =
3(N-1)KJ N additions required.
Comparisons
At each stage 1 2,3,...,N and for each of K inputs there is a
maximum of J n - 1 comparisons required to pick the maximum of J n decision returns. Therefore, there are a total of N(J N -1) K comparisons
required.
Multiplications
At each stage 2,3,...,N and for each of K inputs, there is one
pairwise multiplication required for each J n in order to compute the
union of probabilities for projects. Therefore, there are a total
of (N-I) K J o multiplications required.
3. Model V
Additions
For each stage 2,3,...,N and for each input there is one addition for each decision variable in order to get the expected value at
a stage. In addition, at each stage 2,3,...,N and for each of K inputs
there is one addition required in order to determine Y - R n for each
decision variable. Therefore, a total of 2(N-1) J o K additions are
required.
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Comparisons

At each stage I,2,...,N and for each of K inputs, there are a
maximum of J - 1 pairwise comparisons required to select the maximum
n,;
of Jn decision returns. Therefore, there are a total of N O N - I) K
comparisons required.
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