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ON ME SENSITIVITY MINIMIZATION PROBLEM FOR LINEAR
TIME-VARYING PERIODIC SYSTEMS*
AVRAHAM FEANTUCW, PRAMOD KHARGONEKAR , wit, ,M.I.FN TANNFNBALAI
Abstract. An optimal control problem is formulated in the context of linear, discrete-iime, periodic
systems. The cost is the supremum over all exogenous inputs in a weighted hall of plant inputs. I he controller
is required to he causal, periodic of the fixed order of the system and to achie\.e internal stability. Existenc e
ofanptimlcresodanfmulrthei
,..:ost is derOcd.
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1. Introduction. Since the classic paper of Zames [18] (in which he formulated a
linear-quadratic optimal control problem where the exogeneous signals are not lixed
but belong to weighted balls in appropriate function spaces), there has been a great
deal of work on various problems of weighted sensitivity minimization.
At first the work was restricted to time-invariant systems (see [4] and [6] for a
complete bibliography). Most of the results are presented in a unified fashion in [6].
Feintuch and Francis then showed that these problems can he formulated and solved
for time-varying systems in a Hilbert resolution space framework and that in fact one
could recover the results of the time-invariant problems as special cases of the more
general time-varying problem [4]. In particular, it was shown that for time-invariant
systems there is no time-varying controller which is better than an optimal time-invariant
one. A special case of this result was also obtained independently by Khargonekar,
Poolla and Tannenbaum [I I].
While the class of linear time-varying controllers is quite large and unruly, there
are certain subclasses that are quite similar in their structure to time-invariant systems
and yet different enough so that for problems of robustness, they are superior to
time-invariant ones. One such class is that of periodic controllers.
The importance of such systems has been noted in the work of various authors
such as Davis [2], Jury and Mullin [10], and Meyer and Burrus [13].
Here we were influenced mainly by the paper of Khargonekar, Poolla and Tannenbaum [11], with one major difference. While the authors have formulated their theory
in terms of transfer functions in the frequency domain, we feel that it is often (though
not always) more useful to look at operator-representations of systems in the time
domain. This is consistent with the approach in [4].
In this paper we formulate and solve an optimal control problem of the Lames-type
for N-periodic discrete-time, time-varying systems. The existence of an optimal controller is shown and a formula is obtained for the optimal cost. Finally, it is shown that
no better result can be obtained by a time-varying nonperiodic controller. The formulae
we obtain of course reduce to the classical formulae obtained by Francis and Zames
[7], and Francis et al. in [8] when applied to time-invariant systems.
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This paper is similar both in format and spirit to [4], and in fact shows that the
methods used there seem to be especially appropriate for attacking problems of this sort.
Finally, it should be noted that the results of this paper again indicate the
fundamental importance of the system sensitivity function. Indeed in Khargonekar
and Tannenbaum [12], it was shown that in the linear finite-dimensional time-invariant
case that certain robust stabilization problems (for example, the gain margin problem,
see Tannenbaum [16]) are equivalent to the sensitivity minimization problem of Zames
[18]. From the results of Feintuch and Francis [4] and Khargonekar, Poolla and
Tannenbaum [11], it can already be seen that in time-varying cases the analogous
problem of robust design and sensitivity minimization become dichotomous. However
the results of the present paper together with [4] and [11] indicate that sensitivity is
a true system invariant in the sense that apparently sensitivity can always be minimized
within a given class of systems (for example, time-invariant, periodic), and hence
sensitivity must be regarded as a fundamental measure of system performance. This
is of course precisely the design philosophy of [18].
2. Preliminaries. The purpose of this section is to introduce notation and
definitions, and to collect some basic facts regarding linear operators and complex
functions.
For an integer n 1, C" denotes complex n-dimensional Hilbert space, the inner
product of two vectors x and y being x*y where * denotes complex conjugate transpose.
The norm on C" is denoted by II 12, that is,

4112 = x*x ) 1 ".
Let Cm" denote the set of all m x n complex matrices. Then the norm on C"'"",
111. , is taken to be that induced by the one on C", that is,
sup {11Ax11 2 :
The set of all sequences {x k : k 0} in C" is denoted by 4(C 4 ). In discussions
where the integer n is immaterial, O(C") will be shortened to J. The subset of 4(C")
of all square-summable sequences is denoted by h 2(C"), or simply by h 2 ; that is,
{4} E h2 if and only if
CC

2
Ikk 112 < °D*

v

Then h2 is a Hilbert space under the inner product

({xk}, {A})= E

XtYk•

The induced norm on h 2 is also denoted by II '16
Let F:d(C")—> gC") be a linear mapping. Then F has a natural matrix representation (F4i : i 0,j 0); F,,E C nxm , defined by the equation
F{0, • • • , 0, xj 0, • "} =

{FoiXi,

ix;, • • • }.

The operator F is termed causal, strictly causal or time-invariant if its matrix is lower
block triangular, strictly lower block triangular, or constant along block diagonals,
respectively.
The Banach space of bounded linear operators from h 2 (Cm) to h2(C") is denoted
by [112(C"'), h 2(C")] or simple A. The subspaces of A of causal operators and of
time-invariant operators are denoted by ' and g", respectively, and if m = n these are
in fact weakly closed subalgebras of A [5].
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For frequency domain theory, we need some notation and facts concerning
complex functions. The space of square-integrable functions defined on the unit circle
and taking values in C." is denoted by L,W") or simply by L,. The closed subspace

of L, of functions having analytic continuations into the unit disc is the Hardy space
H. Its orthogonal complement is denoted by H,. The inner product of 1 . and g in L,
is defined to be

pe' r g(e')

(2 1T)

do

and the corresponding norm is denoted (also) by !i • ;! 2 . It is a standard fact in the
theory of Fourier series that h, and H. are isomorphic Hilbert spaces.
The set of essentially hounded functions defined on the unit circle and taking
values in C." - " is denoted by L,(C"''") or L,. The norm on L., is one induced by
that on L,: For F in I. ,(c."' . "),
:----- sup l!F -g1{ 2 : g

1}

It can he proved that

^ F!I = esssup

e'")] :

,

[0, 27]1

the right-hand norm being the one on C"'"". We then set 1-1, to he the subset of L,
consisting of matrices having analytic continuations into the unit disc.
There is a clear connection between operators which act in the time domain anc
complex functions in the frequency domain. If F is a time-invariant hounded linear
operator on h,, the matrix of F has the Toeplitz form

F„
F,

F..,
F,
F,

F

Fr;
Detine the transfer function of F to be Fl e ' ) : =
It is a standard fact tha
F c L, and
F I . If F e '(11.1 then the above matrix of F is lower bloc
triangular and Fe H,. By slight abuse of notation, we will many times identify F an

F.

3. Periodic operators. Let .1 denote the right shift operator on JIC"1; if
j(C ), .1.)C

y where y o 0,

1,

DEFINITION 3.1. Tie "6 is N-periodic if TO =:1 N 'T.
The fundamental properties of these operators were presented in [11] followin
the approach in [15]. Here we rework these facts in the time domain. We will preset
these results for 2-periodic operators in order to simplify notation. All the results
through immediately for N-periodic operators for N> 2. The space of N-period

operators on h 2 will he denoted by and in particular the space of 2-period
operators by
is of the for
It is easily checked that the block matrix representation of T
"(

0

0
()
XII

.v,
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that is, T is determined by two sequences of "Fourier coefficients." As was shown in
[11 ], there is an isometric isomorphism W of h, onto h 2 0-)
IOC") which has the
property that if T = WTf4 = WTW*, then TA = A T where A is the right shift on
- /1 2 0 h,. The matrix representation of T on 11 2 (C 2 ") is simply the Toeplitz of
the form
To
T,
T,

0

T4,
T,

•

•

•

where T, is the 2 x 2 block matrix given by
Y2i-11

T :=
[

12 1

where v , is understood to be zero. In particular, T, is lower triangular and it is easy
11 6 on h,(C") if and only
to see that for A c , 57n (6 on /1-,(C 2 "), A = T for some T
if A„ is lower triangular.
If we look at T from the frequency domain point of view, then To H, and the
matrix-valued functions in H,„ which correspond to 2-periodic operators are those
A E H. for which A(0) is lower triangular.
For the general N-periodic case, a similar computation to that given above (see
[11, (2.6)] for details) shows that with any m-input p-output, N-periodic linear
time-varying causal input/output map one can canonically associate a pN x mN
transfer function matrix T, such that T.(0) is lower triangular. Conversely, any pN x mN
transfer function matrix T1 such that T1 (0) is lower triangular, defines an m-input,
p-output, N-periodic linear time-varying causal input/output map We should emphasize the fact that it is the lower triangularity of T(0) that corresponds to the causality
of f
Finally we recall that since W is unitary, the correspondence between T and
is norm preserving, and is an isometric isomorphism between the weakly closed
subalgebra r,fl re of r6 and its image, the weakly closed subalgebra of H, consisting
of functions which are lower triangular matrices at the origin.
-

4. Factorizations. There are two kinds of factorizations that play a role in the
theory of minimum sensitivity, one being technical and the other fundamental to the
nature of the problem being solved. The first is the inner-outer factorization of functions
in H, and the second is the coprime factorization of systems used in the Youla
stabilization theory.
Since periodic operators have representations as H„ functions, we can obtain
both types of factorizations (under the appropriate assumptions [3], [6], [17]) in H.
However for such factorizations to be useful it must be shown that the factors
correspond to periodic systems; that is, that they are lower triangular at the origin.
THEOREM 4.1. Suppose Pc H„ and that P(0) is lower triangular. Then
(1) If P has a left (or right) coprime factorization in H r the factors can be chosen
so that they are lower triangular at the origin.
; (0) and P,,(0) are lower
(2) P has an inner-outer factorization P= PP, such that P
triangular.
Proof For (1) suppose P = AB - ' where .4, Be H,-. If B(0) is not lower triangular
there exists a constant invertible square matrix F (of appropriate dimension) such that
B(0)1- is lower triangular. Then P = (AF)( F B 0 ), and AF = PBF has the property
that I AF)(0) is lower triangular since P(0) and (BF)(0) are lower triangular.
,
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For (2) note that if PP„ is an inner outer factorization For P, there exists a cons(
unitary matrix II such that ( UP,I(0) is lower triangular. 'thus P = i P„II*1( -,'P„) is
inner-outer factorization with the required properties. Q.E.D.
5. Formulation of the control problem. Consider the discrete-time linear feedh

system below

rt

Again for the sake of notational simplicity, we will assume Pisa 2-periodic plant,
general N-periodic case being similar. IV, and W2 are stable 2-periodic operators w
stable inverses (it is clear that 1 ,V, are periodic when they are defined). We assu
that P is such that in its time domain matrix representation x„= y„ 0; that is,
strictly causal. This assumption is standard and completely technical. Finally again
slight abuse of notation we will identify a time-invariant, time-domain operator F
its transfer function F (as in § 2).
Our objective will he to design C to minimize the energy of v, for the worst u
unit energy, C being constrained to be causal, 2-periodic and to achieve inter
stability. Thus the cost is
cost sup ]

v

).

In terms of the transfer matrix from r to v,, we have
-I- PC)

cost = 1

the induced operator norm in 11,.
Let ,u denote the infimum of the cost taken over all causal 2-periodic C's achiev
internal stability.
Since the family of 2-periodic operators on h, is a ring the parameterization
Youla et a]. [6] is applicable whenever P has the appropriate right and left copri
factorizations. For example, if it is assumed that Pc R11,
the subspace of re
rational functions in 1-1,-) such factorizations exist and are computable [16], [17].
assume P has such factorization, and note that by Theorem 4.1 and the isomet
isomorphism between .4', n • and the above-mentioned subalgebra of H, , this gig
rise to comprime factorizations in :?,1-1 E. So assume P — 13 1 A —AR I , such that
+ A = /„V.1 + 1- 43 /.
with .4, 13, A, fi„V, Y, Y Y c
Z d',1
Then C
parameterizes all controllers in rP, iIT 1. : achieving internal stability. With C so express
the sensitivity matrix is alline in the parameter Z
,

(

I 4- PC

- AZ
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Thus the cost is
cost = II 1472(C' —
Using the isometric isomorphism defined earlier, we rewrite this as
cost =

W2(

A2)fi

To simplify this further, bring in the appropriate inner-outer factorization of W-,A
(with periodic factors) and (under appropriate assumptions on P, [6]) an outer-inner
factorization of BW . Defining (under the assumption that (WA) ; is invertible)
=

a/2

Vii2A):
2 ( 123 /i/1)0

and using the properties of inner matrices and the assumptions on P, W,, W-,, we
obtain that
cost =
Note that V E Hx and corresponds to a periodic system V E '35 2 fl
T is of course not
However TE L' and its periodicity property is preserved in the following way:
If we apply the unitary mapping W to obtain T = W*TW, then T has the block matrix
representation
in

Thus we can write p, as

= inf {11T — VII: V E

3)2

n cel

which in topological terms is just the distance from the given noncausal 2-periodic
operator T to the weakly closed subalgebra
W The existence of a V E g'2 1-1
for which p. is attained is now (as in [4] only easier) a consequence of the compactness
of the unit-ball in the weak operator topology.
In the next section we obtain a formula for p, in terms of the entries of T.
6. The main results. In this section we derive a formula for u in terms of the
parameters given in T. The idea is the same as that in [4]. We make use of the following
proposition due to Parrot [14] and, independently, Davis et al. [1]. Let X, Y,, (i = 1, 2)
be Hilbert spaces and let

G 11 G121

L G21 G22

: X,C)X 2 --->

Yi 0 Y2

be a bounded linear operator.
PROPOSITION 6.1.
int. {

G 11

G12]

L G21 X G22

= ma x 111[ G. , Gi 2:111,

[G12]

where the infimum is over all bounded operators X from X, to Y,.
Our main result can be stated.

G22

102
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m

the .lOrm

6.2. Suppose T is an operator on h.

y
X

./.. 1)

T=

y
x;

11 11, the distan e from T

Then d( 1-,

X 4

max /

X

1

in the norm topology on ..131

P,n

.V
X 4

V 4
.V 4

X

.V

y

5-

X

y

3

X4

A

;

•

We begin the proof of Theorem 6.2 with the following lemma.
LENIMA 6.3. Set

X 4

Y5

X (3

X3

J.

-V

X

A 2 :--

4

/

.V

3

V

)'4

XC

I'

6

A

V

X 4

y s

x

v ,

x_,

y

4

.1 s

1'

3

X 4

Y

ry

Then

Y

inf

X

y

i

y ,

Xt)
I

xI

2

Fe u

X4

F

X. 1

y

x

y

= max {10,1

A, }.

3

x

b,,

ProQf. The idea is the same as that given in Parrot's proof of Nehari's t
[14, p. 317]. By Parrot's theorem, Proposition 6.1

x

V 4

inf
_vo — ao

X

;

y

X -4

1'

y

X_ 3

Y

y

X_.2

Choose a„ to attain this infimum.

= max UA,
_3

1 1 A2
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In the same way one can choose 60 so that

inf
hr.

Y-3

X -4

Y-5

Y-2

X-3

Y-4

Y-1
y0 —b0

Y-3

X

= max {1 1 A111, 1 1 A21}.
•

Y -2

I

Choose a, so that
Y-5

X_6

x_ 5

X_2

Y-4
Y-3

X_ I

Y-2

X_3

X_3

inf

a0
x, — a,
X0

Y-1
y o — b0 x_,
x- 3

-= max

1

.

=max

xa — ao

Y-4
y- 3

x-s

Y-3

X-4

Y-5

X_ 4

Y-2

X-3

Y-4

Y-2

X-3

Y-1

X-2

Y-1

y_,

X_ 2

y0 —b0

x-1

y-'2

1A 2 11}.

This completes the proof. Q.E.D.
Proof of Theorem 6.2.
xa — a0
x, —
d(T,

n) = inf

x2 — a2
X3

= inf
ao,al,b0

inf

ao ,a,,b0

y_,
bo
Yo

a3

inf

fa,:i—
, 21

inf

Y2

7 b2

'- X0

X— I

X-2

Xi

X0

X-1

X2

Xl

XO

X0 X

X-10 X

X2

Xi

X_ 1
0X

where
X, :=

[x2 — a,
x,— a 3

yi
y2

—

b1
13 2

X0 '= [ x(' a°
x, — a,

Y-1
yo

b0]

etc. The infimum inside the bracket is over Toeplitz matrices and therefore by Nehari's
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theorem [14] it is ittst the noun of the

It:

X,

-

\4
X
Thus

d( T,

inf
,V

By the Lemma 6.3, this is simply max A, h, 1.,4H} and the proo' is complete. Q.L.I
We now ask the question: Can we obtain a lower sensitivity it We allow time-varvin
controllers? Clearly, since ,-P, F1
T:P,11
d( T, I.
However by [4]

(1(T,

sup

,

P„Ti I --

This is again easily computed as in [4, Thin. 4] and we obtain the same number as i
Theorem 6.2. Thus d( T, I) and a nonperiodic controller will ru
improve the minimal sensitivity.
7. The N-periodic case. All the results given above relate to the N-periodic cas
for N > 2 (finite). In this case we simply stat ,• the result. Recall that .N-periodic system
will he determined by N sequences {.s . }, • • , In this case T will he of the forr
.V I ,ts.

x',

N t

Then
01

( T, HP, 1) f == max 1A,], • • - VA N

where

We note that, of course, if N 1 our formulas simply reduce to the norm of th
Hankel operator determined by the single sequence {x x ,, • • • which is of cours
the classical result.
8. Conclusions. T he utility of periodic systems in control design has been diseusse

by a number of authors [2], [II], [13]. In this note, we applied the design philosopf .
ofsenitvymza(Zes[18)topridclan.Ashetm-ivr
case, we showed that apparently one can always minimize sensitivity within a give
class of systems, this time for periodic plants.
Moreover, the powerful time-domain input. output techniques of [41 were ag,ai
shown to be appropriate for the successful solution of sensitivity minimization prof
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!ems. We should note that the authors were not successful in pushing through their
results using transfer-function techniques and in particular an appropriate version or
the commutant lifting theorem (as for the time-invariant case). However given the
importance of such techniques in robust system design [11], it seems that this should
be a topic of future research.
The reader will notice that even though only the sensitivity minimization problem
for a set-up of the kind discussed in § 5 was treated here, the results go through
immediately for the more general situation considered in [4]. Moreover in the finitedimensional case, one can explicitly compute the norms of the Hankel matrices involved
in the solution of the sensitivity minimization problem for periodic plants. In the
present work however, we have only considered the issue of existence.
Finally, the problem of sensitivity minimization for other interesting classes of
time-varying systems should make an interesting subject for future investigation.
Acknowledgment. We would like to thank P. Fuhrmann for some interesting
discussions on the problems considered in this paper.
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