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The principal objective of the research performed under this grant was to
determine the conditions for the onset of convection in a growing layer of a partially molten silicate system that was heated from below. The purpose was to determine whether magmas produced by heating of a layer from below could be homogenized
within the source zone. In addition to achieving the primary objective, we also were
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a) In a growing layer of partial melt heated from below, the thickness of the layer
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deposits are likely to be the result of multiple hydrothermal events.
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Technical Description
The principal objective of the research performed under this grant
was to determine the conditions for the onset of convection in a growing
layer of a partially molten silicate system that was heated from below.
The theoretical study was to parallel experimental work on the partial
melting of the Na2S1205 - NaA1S104 system being concurrently performed
by Dr. Hatten S. Yoder at the Carnegie Institution of Washington. The
purpose of the theoretical study was to shed some light on whether
magmas produced by heating of a layer from below could be homogenized in
the source zone. We have achieved the principal objective of the
research and have tackled some other important problems as well. We
have examined the structure of double-diffusive porous boundary layers
in a magma chamber and have found that appreciable fractionation rates
take place only if the viscosity of the magma is low and the diffusivity
of the species is high. We have also developed a model for heat extraction from the roof of a magma chamber by hydrothermal circulation and
formulated a criterion for the generation of sulfide ore deposits.
Finally, we developed a descriptive model of how the inner core might
grow as a result of freezing at the core-mantle boundary and the subsequent precipitation of solid iron towards the center of the earth. The
results of the research are summarized more fully in the following subsections. Full manuscripts of the papers in press on double-diffusive
convection and on hydrothermal models for the generation of massive
sulfide ore deposits are attached to this report. Reprints will be sent
when they become available.

I. Double-Diffusive Convection in Partially Molten Silicate Systems:
Its Role During Magma Production and in Magma Chambers.
In this paper, two problems involving double-diffusive convection
in partially molten, silicate systems are investigated mathematically.
The first problem concerns the role of double-diffusive convection
during magma production. The systems Di-An and Di-An-Ab are used as
examples. The calculations show that, in a growing layer of partial
melt, heated from below, the thickness of the layer at which convection
initiates depends strongly upon the bulk composition. For example,
assuming reasonable values of the physical parameters, in a Di-rich
system, convection will occur when the layer is -u800 m thick, whereas
in an An-rich system convection, driven by the destabilizing compositional gradient, will begin in a layer only centimeters thick. A qualitative investigation of the Di-An-Ab system suggests similar results,
depending upon whether the bulk composition lies in the diopside or the
plagio-clase field, respectively. Moreover, if one considers a twocomponent, one-dimensional diapir of Di-An, an examination of the phase
diagram indicates that vigorous compositional convection will occur in
the partially molten diapir as it ascends, regardless of whether the
bulk composition is Di-rich or An-rich. These results suggest that
during magma production, convective processes will tend to homogenize
the melt before it segregates from the source zone; however, the vigor
of mixing is dependent upon the bulk composition of the source, among
several other factors. Models of melt segregation should be modified to
include double-diffusive processes.

The second problem concerns the structure of a porous boundary
layer that forms as a result of side-wall crystallization in a convecting magma chamber. An examination of the steady-state boundary
layer equations for flow through a porous medium shows that the boundary
layer structure may be of two types. If the residual melt fraction,
upon crystallization at the wall, has negative compositional buoyancy,
or if the negative thermal buoyancy at the cold wall exceeds the positive compositional buoyancy of the residual melt, the flow across the
entire boundary layer will be downward. If the residual melt fraction
has negative compositional buoyancy, the magma chamber will become
stratified as a result of accumulation of a layer of dense, cold liquid
on the floor; whereas if the melt fraction has positive compositional
buoyancy, the boundary layer fluid will tend to be remixed into the
interior of the magma chamber. If, however, the positive compositional
buoyancy exceeds the negative thermal buoyancy, counterflowing boundary
layers will occur; and the compositionally buoyant liquid will tend to
be fractionated towards the top of the magma chamber. An examination
of the Di-An and Di-An-Ab systems suggests that both types of boundary
layer structures may occur in magma chambers. An approximate calculation of the rate of fractionation suggests that, for a range of parameters that may be representative of basaltic ma as the flow in the
compositional boundary layer may transport 1, 10- - kmi/yr of low
density liquid to the top of the magma chamber.

2.

Hydrothermal Models for the Generation of Massive Sulfide Ore
Deposits.

The discovery of massive sulfide ore deposits at certain sites at
active seafloor spreading centers provides a basis for considering the
energetics of processes that have concentrated similar large ore deposits that have been preserved in volcanic rocks on land. In this paper
we construct transport models based on hydrothermal convection systems
in the oceanic crust. We investigate models in which the circulation is
driven by heat extracted from the permeable crustal rocks themselves as
well as by heat conducted through the roof of a replenished, vigorously
convecting crustal magma chamber. If the hydrothermal fluids carry 100
ppm dissolved iron as found in black smokers on the East Pacific Rise
and exit at 350 ° C or greater, calculations show that the heat content of
the oceanic crust is insufficient to account for ore deposits of 3MT or
greater. Heat extraction through the roof of a magma chamber, in conjunction with the formation of a thin (
km) layer of plated gabbro,
may account for ore bodies of the order of 3MT, provided the permeability of the oceanic crust in the magma-hydrothermal fluid contact
zone is 10-15 m 2 or less. If the conducting boundary layer were only
one meter thick locally, for 10 3 years, the permeability could be as
high as 10-13 mz. The permeability in the discharge zone could, conceivably, be two orders of magnitude greater than the permeability at
depth. More work is needed on the details of the effects of magma
chamber replenishment and off-axis dike injection and on the role of
magmatic fluids. Very large ore deposits (i.e., 1.100MT) are probably
formed in multi-stage events.

3. The

Growth of the Inner Core.

We considered the effects of freezing at the core-mantle boundary
(CMB) on the evolution of the earth's outer and inner cores. We assumed
the composition of the outer core to be a metal-rich, eutectic-like
system. We argued that if freezing takes place at the CMB, there will
exist thermo-chemical boundary layers of the top of the core and just
above the inner core - outer core boundary (OCB). We suggested that the
inner core could grow as a result of direct precipitation of iron
frozen out in the boundary layer near the CMB, provided it did not
remelt upon descent through the core. If the iron did remelt, the outer
core could become gravitationally unstable, and after gravitational
overturn, the iron could then refreeze out of the metal-rich solution
that would then lie towards the center of the earth. Freezing at the
CMB may occur in conjunction with the formation of convective plumes in
the deep mantle.
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ABSTRACT
In this paper, two problems involving double-diffusive convection
in partially molten, silicate systems

are investigated mathematically.

The first problem concerns the role of double-diffusive convection
during magma production. The systems Di-An and Di-An-Ab are used as
examples. The calculations show that, in a growing layer of partial
melt, heated from below, the thickness of the layer at which convection
initiates depends strongly upon the bulk composition. For example,
assuming reasonable values of the physical parameters, in a Di-rich
system, convection will occur when the layer is —800 m thick, whereas in
an An-rich system convection, driven by the destabilizing compositional
gradient, will begin in a layer only centimeters thick. A qualitative
investigation of the Di-An-Ab system suggests similar results, depending
upon whether the bulk composition lies in the diopside or the plagioclase field, respectively. Moreover, if one considers a two-component,
one-dimensional diapir of Di-An, an examination of the phase diagram
indicates that vigorous compositional convection will occur in the
partially molten diapir as it ascends, regardless of whether the bulk
composition is Di-rich or An-rich. These results suggest that during
magma production, convective processes will tend to homogenize the melt
before it segregates from the source zone; however, the vigor of mixing
is dependent upon the bulk composition of the source, among several
other factors. Models of melt segregation should be modified to include
double-diffusive processes.
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The second problem concerns the structure of a porous boundary
layer that forms as a result of side-wall crystallization in a convecting magma chamber. An examination of the steady-state boundary
layer equations for flow through a porous medium shows that the boundary
layer structure may be of two types. If the residual melt fraction,
upon crystallization at the wall, has negative compositional buoyancy,
or if the negative thermal buoyancy at the cold wall exceeds the positive compositional buoyancy of the residual melt, the flow across the
entire boundary layer will be downward. If the residual melt fraction
has negative compositional buoyancy, the magma chamber will become
stratified as a result of accumulation of a layer of dense, cold liquid

on the floor; whereas if the melt fraction has positive compositional
buoyancy, the boundary layer fluid will tend to be remixed into the
interior of the magma chamber. If, however, the positive compositional
buoyancy exceeds the negative thermal buoyancy, counterflowing boundary
layers will occur; and the compositionally buoyant liquid will tend to be
fractionated towards the top of the magma chamber. An examination of
the Di-An and Di-An-Ab systems suggests that both types of boundary
layer structures may occur in magma chambers. An approximate calculation of the rate of fractionation suggests that, for a range of parameters that may be representative of basaltic magmas, the flow in the
compositional boundary layer may transport —10 -3 km 3 /yr of low density
liquid to the top of the magma chamber.
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INTRODUCTION

Double-diffusive convection is a type of instability that may occur
when a compositional as well as a thermal gradient occurs in a fluid.
The instability results from the fact that the thermal diffusivity is
generally several times (perhaps even many orders of magnitude) greater
than the mass diffusivity. If, for example, the thermal gradient is
destabilizing and the compositional gradient is stabilizing, a parcel of
fluid displaced vertically upward from its equilibrium position will
lose heat faster than solute. The resulting bouyancy force will tend to
reverse the displacement of the parcel and an oscillating instability
ensues. Veronis (1965) gives a more thorough introductory discussion of
this process and shows that under certain circumstances a finite amplitude monotonic instability may set in under a less restrictive condition
than the oscillatory instability. Huppert and Turner (1981) provide an
up-to-date review of the subject.
Double-diffusive convection was first recognized as a potentially
important process in the ocean, where opposing temperature and salinity
gradients give rise to the instability (see Turner, 1973). In recent
years, however, the observation that compositional gradients are likely
to occur in magma chambers in the earth's crust has led to application
of the double-diffusive concepts in the investigation of the dynamics of
these systems as well. McBirney and Noyes (1979) have applied this
concept to explain the layering in the Skaergaard intrusion; and Irvine
(1980) points to the possible importance of the double-diffusion in the
crystallization of the Muskox complex. Hildreth (1981) argues that
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double-diffusive processes give rise to liquid state fractionation in
rhyolitic magmas; the stratification in the magma chamber is then preserved, in a somewhat inverted order, in the extensive rock sequences.
These field observations have provided the impetus for the continuing
series of laboratory investigations by Turner and his coworkers (e.g.,
Chen and Turner, 1980; Turner and Gustafson, 1981; Kerr and Turner,
1982; Huppert et al., 1983) and McBirney (1980), McBirney et al. (1984).
Despite the abundance of recent work on double-diffusive convection
in magma chambers, there has been a notable sparcity of discussion of
the effect of crystals on the dynamics of the convection systems. The
theoretical investigations to date have nearly all dealt with the
dynamics of crystal-free viscous fluids. It seems probable, however,
that when crystallization occurs near the boundaries of a multicomponent magma chamber, the crystals will not form an impermeable
crystal lattice that will act as a smooth wall. Rather the crystal
structure will tend to be somewhat open. Fluids occupying the interstitial spaces may react chemically with the crystal matrix. In the
event of external driving forces, e.g., thermal and/or compositional
bouyancy, the fluids may flow through the crystal matrix in a manner
analogous to Darcian flow through a porous medium. The permeability of
the crystalline matrix will vary spatially as will the viscosity of the
interstitial melt. The nature of the flow in a crystallizing, permeable
boundary layer in a multi-component magma chamber is of considerable
importance in determining the thermal and chemical evolution of the
magma.
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A porous medium flow model might also be a suitable approximation
for the dynamics of partial melts formed during magma genesis (Turcotte
and Ahern, 1978; Sleep, 1974; Yoder, 1978), since the melt products tend
to concentrate along interconnected grain boundaries, thereby providing
permeability (Arndt, 1977). A description of the behavior of the melt
during magma production in terms of a porous flow model may be complicated by factors such as (a) the possibility that a critical melt fraction must be attained before permeability is established (Waff, 1980),
and (b) the tendency for the melt fraction to segregate from the
crystalline matrix and form pools of liquid (Walker et al, 1978; Stolper
et al., 1981; McKenzie, 1984). Nevertheless, it is noteworthy that none
of the treatments to date of a partially molten magma source region has
considered the possible effects of temperature and compositional gradients that are likely to occur across the partially molten region.
Such gradients may have an important effect on the dynamics of the
source zone and the magma transport mechanism, and may also be a factor
in determining the chemical signature of melts that rise towards the
earth's surface.
In this paper two problems of double-diffusive convection in a
partially molten silicate system will be investigated. The first
problem will be concerned with double-diffusive effects that may arise
in a partially molten zone that occurs during magma generation. The
partially molten zone will be assumed to result from either the heating
of a horizontal layer of silicate rock from below or from the ascent of
a diapir into a pressure-temperature regime where partial melting takes
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place. The second problem will be concerned with the possible occurrence of counterbuoyant, porous-flow boundary layers in a magma chamber.
In order to remove some of the complexities that exist in real, multicomponent silicate systems, idealized systems will be considered. In
particular, the binary, eutectic-like, diopside-anorthite system, and
the ternary system, diopside-plagioclase, will be used. In the present
analysis the idealized situation, in which a sufficient melt fraction is
present to result in a permeable, crystalline matrix, will be
considered. Moreover, it will be assumed that, on the time scales
considered, the crystalline matrix does not deform and that melt
segregation can be neglected.

8

BASIC EQUATIONS
The basic equations needed to describe the flow of an incompressible two-component fluid through a rigid, permeable matrix are the

conservation of fluid mass, fluid momentum, energy, and the individual
chemical components. These equations are, respectively:
-4V.u=0

(p l ix)au/at = - v P - (r/K) -J - p ig

->

pC
P

YT/at + p c u . VT = Kv 2 T
I /
2
C/D't + u-0. . vC = Dv C + J

The symbols are defined in the NOMENCLATURE. In addition to the conservation equations, one requires an equation of state and a phase diagram
for the system. The equation of state will be assumed to be of the form

p

X

= p

LO

(1-a(T-T) - 8(C - C))

(5)

where the barred quantities are reference values of the respective
variables. If one is considering processes that are occurring at pressures of tens of kilobars, or are taking place over a considerable range
of pressure, it may be important to include the effects of compressibility of the melt fraction (Stolper et al., 1981). The phase diagrams
for the systems discussed below are given in Figures 1 through 4.
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DOUBLE-DIFFUSIVE CONVECTION DURING MAGMA PRODUCTION

The process or processes by which magma is generated in the earth's
crust and mantle is not well understood. Yoder (1976) reviews several
possible mechanisms for the generation of basaltic magma. Some of the
proposed mechanisms may be applicable to the generation of more silicic
magmas as well. Among the mechanisms are heating of a layer of material
from below and diapiric ascent. These mechanisms, though somewhat
simplistic, are, nevertheless, instructive for the purpose of investigating the possible role of double-diffusive convection during magma
generation. Using the phase diagram for Fo-Di-Py (Davis and Shairer,
1965) as an example, Yoder (1978) showed that the heating of a layer of
garnet-peridotite from below would give rise to vertical gradients in
the temperature, the percent of partial melt, and the melt composition
in a partially molten layer that would grow with time. Similarly, he
showed that a garnet-peridotite diapir ascending adiabatically could
become partially molten and that the melt fraction and its chemical
composition would tend to vary as a function of depth within the partially molten region. For the system Yoder chose, the compositional
gradient in the partially molten diapir would tend to be opposite to
that for a partially molten layer heated from below. One of the points
of Yoder's discussion is that magmas generated in the presence of temperature and pressure gradients tend to exhibit some degree of chemical
heterogeneity and that, in order to explain the large volumes of relatively homogeneous magmas erupted at the earth's surface at particular
locations over a considerable period of time (e.g., the Columbia River
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basalts), the magmas must be homogenized either within the source zone
or within subsidiary, shallow magma chambers.

A. A Layer Heated From Below
To investigate the possibility of homogenization of initially

compositionally-layered melt within the source zone, consider first the
condition for which double-diffusive convection will occur in a growing,
partially molten layer, heated from below. As examples, materials with
bulk compositions labelled a, b, c, d in Figures 1 and 3, respectively,
will be considered. In particular, suppose a layer of material composed
of diopside and anorthite and having the diopside-rich, bulk composition
a, has somehow been heated so that the entire layer is at the eutectic
temperature T

e'

but that no melting has occurred. Then suppose that at

time t = 0, the base of the layer, z = 0, is raised to a temperature
T* > T e , as a result of the injection of a sill, for example. Then for
t > 0, as latent heat is absorbed, the partial melt front will move
upward through the material. At time t = t l , say, the front will be
z = h(t 1 ). The region 0 < z < h(t 1 ) is partially molten, and there will
be a temperature and a compositional gradient across the region. Figure
5 shows the configuration at time t.
To solve the mathematical problem governing the growth of the
partially molten layer and movement of this melting front is quite
difficult, because the slow rate of mass diffusion inhibits phase boundary motion and transient concentration gradients will develop as the
front advances. For purposes of mathematical simplicity, it will be
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assumed that the melt boundary motion is controlled by thermal diffusion
only (i.e., the classical Stefan problem) and that the chemical composition of the liquid at any point in the partially molten layer is given
as a function of temperature by the equilibrium phase diagram. With
this assumption, it is clear from the phase diagram in Figure 1 that the
melt will be enriched in diopside towards the base of the layer. The
Lever Rule, as applied to starting composition a, shows that the melt
fraction also increases towards the base. The melt fraction is identified with the porosity in the porous medium model. Since the physical
properties of the melt and crystal matrix are also dependent upon porosity (e.g., thermal conductivity, permeability, etc.), it is apparent
that one is still faced with a highly complex mathematical problem.
The mathematical problem of convection in a growing, partially
molten layer, heated from below, is analysed in two stages. The first
stage consists of a purely thermal problem, in which the effects of
latent heat and the motion of the phase boundary are included in the
convective stability analysis. The chemical composition of the melt is
assumed to be constant across the layer, as are the other physical
parameters. This problem is analogous to that of Sparrow et al. (1976),
who derived the condition for the onset of convection in a water layer
that formed beneath a layer of ice heated from below. This formulation
of the problem extends the rudimentary analysis of Lowell (1982).
Because of the effects of the latent heat and phase boundary motion on
the critical condition for the onset of convection turn out to be small,
the detailed mathematical analysis is relegated to the Appendix. The
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result derived there is that the Rayleigh number, R = agKATh/Av must
exceed a critical value, R. where

2 (1 _ Q2 /2 „.2 )
n
K c 3 4n

(6)

where Q is a dimensionless parameter, assumed to be less than unity.
The standard stability criterion is R

c

4w

2

(Lapwood, 1948). Q is less

than unity provided the Stefan number is less than 2.29. If the latent
heat required to melt 20% of the rock layer is taken to be 50 cal/gm,
and the specific heat of the partially molten layer is 0.2 cal/gm- ° C,
the result (6) is valid so long as the temperature difference across the
layer is less than 570 ° C. Thus the effect of latent heat and phase
boundary motion on convective instability is negligible over the range
of temperature differences that might normally be encountered in
magmatic systems. The second stage of the analysis involves a semiquantitative treatment of the effect of the compositional gradient on
the stability of the partially molten layer. The results of the first
stage of the analysis indicate that it is safe to neglect the dynamics
of the melt front and the effects of latent heat when evaluating doublediffusive effects.

1. Basic Criteria for the Onset of Double-Diffusive Convection
The stability problem for double-diffusive convection in a porous
medium has received comparatively little attention compared to the
analogous problem for a viscous fluid. The basic paper is that of Nield
(1968) who showed that, in a layer of thickness h on which the physical
properties are uniform and across which uniform thermal and
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concentration gradients were maintained, the stability was controlled by
two dimensionless parameters. They are the ordinary thermal Rayleigh
number given previously and a concentration Rayleigh number R* =
socKh/Dv. Nield showed that, for rigid boundaries, monotonic instability
to infinitesimal perturbations sets in when

R + R* > 4w

2

(7

)

and that an oscillatory instability sets in when

R(1 + Le -1 ) + R*(1 + Le) -1 > 4w 2

(8)

where Le = AID is the Lewis number. Since Le >> 1 for silicate liquids,
equation (8) reduces to

R + R*/Le > 4w

2

(9)

Recently, Rudaiah et al. (1982) and Lowell (unpublished calculations),
following Veronis (1965), showed that if the concentration gradient were
stabilizing, a finite amplitude, monotonic instability could occur if:

R

f

(2w(1-Le

-2 1/2
-1
+ Le (-R*) 1/2 ) 2
)

(1 0)

In the notation used here, a stabilizing concentration gradient implies
R* < 0. Thus if 112*I/Le 2 >> 4w 2 , and Le >> 1, then the finite
amplitude instability occurs when

R f > Le -2 1R*1

whereas the infinitesimal, oscillatory instability occurs when

(11)
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R > Le -1 1R*1

(12)

Equations (11) and (12) mean that a monotonic finite-amplitude instability can occur even if the overall density gradient is gravitationally
stable, but that the oscillatory instability will occur only if the
overall density gradient is gravitationally unstable. If
IR*I/Le
R

f

> 4w

2
2

2
<< 4w , the finite-amplitude instability will occur when

and this instability will still occur first. Equation (7)

shows that for monotonic, infinitesimal instability to occur, the
density gradient must be highly unstable. It is also important to
realize that if the compositional gradient is destabilizing, as can be
the case for some silicate liquids composition that may occur during
magma production. Then ordinary, Lapwood-type convection may occur in a
very thin layer of partial melt.

2. Application to Partially Molten Silicate Systems--Some Examples
The critical Rayleigh numbers given in the previous section for the
various modes of instability, corresponding to Nield's (1968) model, do
not exactly correspond to the model of a growing, partially molten
layer, heated from below. The principal difference is that in Nield's
model the compositional gradient was held constant, implying that a
source and sink of solute were maintained below and above the layer,
respectively. In the model envisioned in this paper, the upper and
lower boundaries are impervious to diffusion of chemical components.
This difference in boundary conditions will tend to lower the numerical
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value required of the critical parameters, perhaps by a factor of 4 or
so (see Table 1 of Nield (1968)), but will not change the main conclusions to be derived below. The assumptions made herein that the physical parameters are constant (e.g., permeability, melt fraction, viscosity, etc.) are also not thought to be critical to the present analysis.
Consider first the Di-An eutectic system with bulk composition a
(i.e., 95% Di). Let the temperature at the base of the layer be 1350 ° C
and at the top 1274 ° C, so that the melt fraction is everywhere small
enough so that crystal bridging is maintained and the porous medium
model holds. From the liquid densities in Figure 1, calculated on the
basis of Mo etal. (1982), it is observed that the compositional gra -

dient is stabilizing, but that the overall density gradient is destabilizing. The ratio of the thermal buoyancy to the compositional buoyancy
G =

aeT/laa

a 1.48. Oscillatory instability is possible, therefore, but

the finite amplitude instability may occur at a smaller value of R.
Since the compositional gradient is only slightly stabilizing and since
the

Lewis

number probably ranges from 10 3 to 10

7

(see Table 1 for

numerical values of parameters used in this paper), R*/Le 2 << 1. Thus
the finite amplitude, double-diffusive instability will occur when the
height of the partially molten layer is given by

h

The result (13)

2
4n Av
cLATKg

is formally identical to the result of Lowell

(1982), which was based on the assumption that the composition was

(1 3)
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constant across the layer. The nature of the instability is different
in the two cases, however. Letting K = x 2 b2 /721T (Ahern and Turcotte,
1979; Lowell, 1982), with x = 0.1, b = 10 -1/2 cm, the other parameters
—
-2
taken from Table 1, and with mAT = 1.12 x 10
from Figure 1, composition a, equation (13) gives h > 800 m, which is not an unreasonable
value. Such a layer could form by heating from below in approximately
10

4

years (see Appendix, equation (A6)), and melt segregation is

unlikely to be a problem (Stolper et al., 1981).
Consider next the composition b (90% An) in Figure 1. The striking
feature is that the melt at the base of the layer is enriched in the An
component relative to the top. The compositional gradient is destabilizing. Hence monotonic, Lapwood-type convection will occur, driven by
compositional rather than thermal buoyancy. The layer thickness at
which convection begins can be estimated from equation (7):

2
h >41T Dv
— eACKg

(14)

From the phase diagram, Figure 1, eAC 'af 7.6 x 10

-3

. Taking the same

values of parameters as in the previous calculation gives h in the range
from 10

-2

cm to 10

2

cm for D in the range 10

-9

to 10

-5

2
cm /s, respec-

tively. In the lower end of the range, the height of the convecting
layer is considerably less than the assumed grain size of the crystalline matrix. The porous medium model breaks down. Compositional convection at these length scales may, in fact, occur during crystal growth
(Coriell et al., 1980; see also Huppert and Sparks, 1984), but the
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dynamics are not governed by the laws of flow in a porous medium. In
any case, compositional convection will occur in a very thin layer,
provided both the compositional and thermal gradients are destabilizing.
Results similar to those for cases a and b can be obtained from
a consideration of the ternary system, Di-An-Ab, shown in Figure 3.
Consider first the diopside-rich field depicted, for example, by bulk
composition c. Melt compositions that form by equilibrium melting in
a destabilizing temperature gradient have a density that increases with
increasing temperature. The density distribution is gravitationally
stable. Finite amplitude, double-diffusive convection will occur at
layer height similar to that given by equation (13). In this case,
because the compositional gradient is relatively more stabilizing, the
critical height may be a little greater than in the diopside-rich binary
system considered previously. A somewhat more interesting situation is
presented by consideration of a bulk composition in the plagioclase
field, e.g., d. In this case, the first liquids formed by equilibrium
melting in a destabilizing temperature gradient lie on the cotectic, and
hence the density distribution is stable as in c. If the temperature
at the base of the heated layer is high enough, however, the melt
composition near the base will be more plagioclase-rich, and of lower
density, than the overlying melt. The density distribution in the melt
fraction will undergo a density inversion and mixing will take place.
Because the compositional gradient is not destabilizing across the
entire layer, the dynamics in this case will be somewhat different than
in case b. The details of the convective instability in a situation
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like that presented by case d have yet to be worked out. Naturally
occurring partially molten silicate systems are, of course, considerably
more complex than the idealized systems considered here; and because the
density variations in the melt layer may depend upon the bulk composition and the degree of partial melting, among other factors, exact
nature of the convective instabilty (whether double-diffusion or compositional) will be difficult to predict a priori. It does appear that
either process might occur in a relatively thin layer of partial melt,
thereby giving rise to the possibility that the melt may be homogenized
before it leaves the source zone.

B. A Rising Diapir and Solidifying Plutons
The problem of heat transfer associated with an ascending diapir is
quite complex and will not be treated here. Marsh and Kartha (1978),
Turcotte and Ahern (1978), and Ribe (1984) illustrate some aspects of
the problem. In the present context, the point to be made follows from
the suggestion of Yoder (1978) that the pressure-release partial melting
of an appropriate bulk composition in the system Fo-Di-Py will tend to
result in a vertical compositional gradient in the diapir. A similar
compositional gradient would also occur in the binary system Di-An. As
shown in Figure 2, the effect of increasing pressure is to shift the
eutectic towards An and to raise the eutectic temperature. If one
considers as a simple example, a one-dimensional diapir (i.e., no
lateral heat transfer), with the bulk composition on either the
diopside-rich or anorthite-rich side of the eutectic, and thermodynamic
equilibrium over the melting range, the composition of the melt within
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the diapir will be enriched in An towards the bottom. Vigorous compositional convection will occur within the diapir as it ascends.
Similarly, if one considers the ternary system shown in Figure 4,
whether double-diffusive or compositional convection will occur will
depend upon the composition of the first liquid formed on the cotectic
as a function of pressure. The effect of pressure on the melt density
has been neglected in both of these qualitative examples. BatiZa and
Vanko (1984) point out that there are significant petrological differences among seamount basalts and suggest that these differences stem
from different degrees of partial melting and varying amounts of
convective mixing during melt segregation.
Finally, it is worth pointing out that the discussion on convection
in a growing layer of partially molten rock can be turned around so as
to apply to the situation of a freezing layer of partially molten rock.
Crystals at the base of a cooling intrusion may form an interconnected
permeable matrix fluid with melt. As cooling, and crystallization,
continues, the density of the residual fluid may either decrease or
increase, depending upon the bulk composition, phase relationships, etc.
If the density of the residual fluid increases as the rock is cooled
from above, compositional convection may occur in parts of the intrusion
until it is virtually completely solidified. This may be the case for
the Skaergaard intrusion (McBirney and Noyes, 1979).
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DOUBLE DIFFUSIVE POROUS BOUNDARY LAYERS IN A MAGMA CHAMBER

It is generally accepted that magma chambers undergo vigorous
convection during some part of their lifetime. It is to be expected,
therefore, that near the boundaries much of the heat transfer takes
place through narrow boundary layers. The nature of the boundary layers
has received comparatively little theoretical analysis. Spera et al.
(1982) have considered the effects of large viscosity changes across the
boundary layer in a viscous fluid, but they neglect double-diffusion.
Nilson and Baer (1982) derive conditions for the occurrence of counterbuoyant, double-diffusive boundary layers in a viscous fluid, but they
do not apply their results directly to magma chambers. They neglect the
effects of latent heat and crystallization as well as the effect of
temperature dependent viscosity.

Nilson et al. (1984) and Spera et al.

(1984) have included the effect of varying viscosity and have attempted
to apply their results to magma chambers.
Chen and Turner (1980), Huppert et al. (1983), Turner and Gustafson
(1981), McBirney (1980), and McBirney et al. (1984) have performed
laboratory experiments that relate double-diffusion to processes in
magma chambers. In particular, McBirney (1980) and Turner and Gustafson
(1981) show the occurrence of streams of low density fluid that rise
from the crystals that grow along the walls of the container. Moreover,
the laboratory experiments of Chen and Turner (1980) and McBirney (1980)
show that a complex network of crystals forms at the margins of the
container. Apparently, the magma chamber "wall" is not flat and the
structure of the flow in the boundary layer may be quite complicated.

▪

▪
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The Nilson and Baer (1982) and Nilson et al. (1984) models of doublediffusive boundary layers along a flat vertical wall may be inappropriate. A better first approximation to the boundary layer structure
might come from treating the boundary layer region as a porous medium.
The principal purpose of this paper is to derive a condition for the
occurrence of counterbuoyant, double-diffusive boundary layers in a
porous medium.

A. The Boundary Layer Equations
In the boundary layer, the diffusion of heat and concentration
perpendicular to the boundary are much greater than parallel to it.

A

schematic of the assumed two-dimensional mdoel magma chamber is shown in
Figure 6. Following the analysis of Cheng and Minkcowycz (1977), the
steady-state boundary layer equations can be taken from equations (1)
through (5).

v. u = 0

(15)

-VP.- (n/K) u - rqg = 0

(16)

u . vT = A

2

T/3z

2

u . vC = D9 2 C/z 2

(18)

p"ft = -p o a(T-T. ) - p o a(C-C . )

(19)

where A = Kip C
and the subscript . refers to the values of
t t'
temperature and

(17)

concentration in the interior of the fluid.
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To obtain a similarity solution, a dimensionless similarity
variable u = C*(y/z 1/2 ) is introduced, where C* is a constant. Further,
let e = (T . -T)/(T m -T W ) be a dimensionless temperature and
4. = (C-C . )/C w-C., ) be a dimensionless concentration, where the subscript
w refers to values of T and C at the wall. Finally, the vertical
2
velocity w = 2v . C* fi(u), where v m is the reference kinematic viscosity
far from the wall of the magma chamber. From the continuity equation
(15), one obtains the horizontal velocity

v = v . C*z

-1/2

,
[uf (p) - f(u)]

(20)

and upon substituting for w and v into the other equations, one obtains

e" + Prfe' = 0

(21)

0" + Scf4' = 0

(22)

where Pr = v. /A and Sc = v . /D are the Prandtl and Schmidt numbers,
respectively. The vertical momentum equation, assuming that there is a
balance between viscous and buoyancy forces, is

K
2v . C* 2 f s (u) = -9(70. C(6,0(T
)[-a . -T w ) 8 + B(C w -C . )41

(23)

where the parameter c(6,0) represents the possible temperature and
compositional dependence of the ratio K/v, the permeability divided by
the kinematic viscosity. Upon substituting C*

2

= (K/2v 2 ) . g[a(T co -T W ) +

B(C w -C . )] into (23), that equation becomes

fi(u) =

( 13 ,(1)) [

G
li. G 0 +

Te) ]

(24)

23

where G = a(T.-Tw )/B(C w-C. ) and is positive. Equations (21), (22), and
(24) are the coupled, ordinary differential equations for dimensionless
temperature, concentration, and vertical velocity. The boundary
conditions are:

e(0) = s(0) = 1

(25)

e( co) = cf)( -) = 0

(26)

f(0) = f'(.) = 0

(27)

B. Boundary Layer Regimes
The principal aim of this paper is to investigate the existence of
counterflowing boundary layers. This can be done even without solving
the coupled set of boundary layer equations. For simplicity, let
60,#) = 1 (i.e., the viscosity and permeability are assumed constant)
in (24). The assumption of constant parameters would appear to be a
serious oversimplification of the real state of affairs in a magma
chamber. Nilson etal. (1984), however, show that the effects of
variable viscosity on the structure of the boundary layers in a viscous
fluid bounded by a flat vertical wall can be accounted for by using a
suitably chosen mean viscosity. The thermal boundary layer thickness
6

T

— t/R

1/2
b

'

and the compositional boundary thickness ó

c

— t/R*
b

1/2

'

where t is a scale height and R b and Rb are the thermal and compositional Rayleigh numbers based on t and on the temperature and compositional differences across the boundary layer, respectively. The ratio
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8 T /6 c

(Le/G)

1/2

. Therefore, (S T /6 c >> 1 unless G is considerably

larger than might be expected in magma chambers.
Following Nilson and Baer (1982), if it is assumed that the
compositional and thermal buoyancy forces act in opposite directions,

one can consider three flow regimes: inner dominated flow in which the
boundary layer motion is controlled by the inner, or compositional,
boundary layer; outer dominated flow in which the boundary layer motion
is controlled by the outer, or thermal, boundary layer; and counterflow
in which the compositional boundary layer flow is upward and the thermal
boundary layer flow is downward as depicted in Figure 6. It is
possible, of course, that in real magmas, depending upon the bulk
composition, phase relationships, etc., the compositional and thermal
buoyancy forces are both directed downward in the boundary layer. There
will then be fractionation of a dense liquid towards the bottom of the
magma chamber rather than fractionation of a light liquid towards the
top of the chamber.
Inner dominated flow can occur, in principle, when positive
compositional buoyancy is considerably greater than negative thermal
buoyancy. If G << 1 in (14):

f' se -GO +

If

Gel < (I)

(28)

for all y, f' > 0 everywhere and the flow is upward in both

the compositional and thermal boundary layers. Outer dominated flow can

occur when negative thermal buoyancy is considerably greater than
positive compositional buoyancy. Assuming G >> 1 in (24) gives:
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f,(p)

If e

>

+ (1/G)0

(29)

(1/G)(1) for all u, f' < 0 everywhere. In fact, one can see by

direct inspection of (24), the boundary conditions (25), (26), and the
fact that

T

/6

c

>> 1 for reasonable values of Le and G, that so long as

G > 1, the flow is outer dominated. At the wall (25) shows that

e = 0 = 1, but because of the relative thickness of the boundary layers,
4 decreases to zero faster than 0 .

Therefore, if G is greater than

unity the first term on the right-hand side of (24) is always greater
than the second term and P(11) < 0 everywhere. On the other hand, if G
is less than unity, (25) and (24) require that f'(u) > O. The flow is
upward at the wall. At a short distance, say 6 c , from the wall,
however, e — 1, 0 — 0 so that even if G is considerably less than unity,
there will be a region beyond 6 c for which P(u) < O. Thus counterflow
occurs. Since the upward buoyancy is confined to a narrower plume as G
decreases it would appear that inner dominated porous boundary layer
flow is unlikely to occur in a magma chamber. Since the parameter

(e,0) which represents the variations in permeability and kinematic
viscosity acts merely as a multiplicative factor in (24), the results
concerning the occurrence of counterflowing vs. outer dominated or inner
dominated boundary layers are independent of these variations. It is
important to note that the criteria for the different boundary layer
regimes in the porous medium are different from those in a viscous
fluid. The difference stems primarily from the simpler viscous stress
relationship in the porous medium case and because the vertical velocity
in the porous boundary layer is not required to vanish at the wall.
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C. Sample Calculations
The preceding results may be applied to binary silicate partial
melts in which the temperature in the boundary layer is below the
liquidus. For example, consider again the bulk compositions a and b

in the Di-An system (Figure 1).
If one considers case a, Di 95% mixture, the liquidus temperature
is —1375 ° C and the eutectic is 1274 ° C. Assuming thermodynamic
equilibrium, the anorthite component of the melt decreases with distance
from the wall of the magma chamber. The compositional
buoyancy is positive, but the thermal buoyancy is greater than the
compositional buoyancy. Since G is greater than unity the boundary
layer is outer dominated and the flow is directed downward all along the
wall. The anorthite-rich fluid, upon arriving at the bottom of the
magma chamber, should tend to remix with the bulk of the fluid in the
magma chamber.
Consider next case b, An 90%. In this case the anorthite
component in the melt increases with distance from the wall of the magma
chamber. Compositional as well as thermal buoyancy is negative.

The

flow is directed downward across the entire boundary layer, and the
fluid in the boundary layer, because of its composition and density,

should be fractionated towards the base of the magma chamber.
Finally, consider cases c and d in the ternary system shown in
Figure 3. In case c, the compositional buoyancy is directed upwards
and exceeds the thermal buoyancy. Case c would, therefore, provide an
example of counterflowing boundary layers in a magma chamber. Case d
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is somewhat more complicated. So long as the melt composition is on the
cotectic the compositional buoyancy is directed upward as in case c.
If the melt composition moves from the cotectic into the plagioclase
field, however, compositional buoyancy changes direction. The effect
that this has on the boundary layer dynamics may depend on the steepness
of the thermal gradient between the wall and the interior. Further
analysis is unwarranted in this paper; however, the dynamics of boundary
layers in more complicated systems such as this might be a worthy topic
for laboratory investigation.

D. Fractionation Due to Counterflowing in a Porous Boundary Layer

The preceding semi quantitative analysis suggests that the dynamics
-

of the boundary layers in magma chambers are a strong function of the
bulk composition and phase relationships, among other factors. It is
quite conceivable that the motion in the boundary layer could change
with time as certain phases are removed by crystallization. It appears
to be likely, however, that in some cases, upward compositional buoyancy
may result in fractionation of a low density melt towards the top of the
magma chamber. A rough estimate of the rate of fractionation, M, is
obtained by multiplying the dimensionalized upward flow rate at the
wall, p = 0, by the boundary layer thickness (S c and by the circumference
of the magma chamber. Assuming a cylindrical magma chamber of volume V
and height R, one finds

AIf one assumes V = 10

3

2 / c(0) x(1-G) (R bV/LeGt) 1 / 2
3
-12
2
km , R = 1 km, x = 10
km /s, c(0) = 1, and

(30)
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G << 1, equation (30) reduces to

M —' 3.5 x 10

-3

(R /LeG)
b

1/2

3
km /yr

(31)

If the factor in parentheses in (31) is of the order of unity, then
M — 3.5 x 10

-3

3
km /yr, which is consistent with inferred rates of

fractionation (Smith, 1979; Spera and Crisp, 1981). The parameters
values in Table 1 give R b — 10. If G — 10 -2 and Le — 10 3 the desired
result is achieved. If R

b

<< 1, as would be likely in the case of a

high viscosity, silicic magma chamber, or if Le lies in the higher range
of possible values, then the rate of fractionation as a result of
counterflow in the porous boundary layer may not be sufficient to
produce the inferred stratification. This result is consistent with
that of Spera et al. (1984) for a viscous boundary layer. These results
are based on the assumption that the physical parameters are constant
across the layer. Further analysis of the structure of the flow in the
porous boundary layer, including the effects of variable viscosity and
permeabilty is currently underway.
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CONCLUSIONS
In this paper, two problems involving double-diffusive convection
in partially molten silicate systems have been considered. The first
problem concerned the role of double-diffusive convection during melt
production. The calculations showed that, in a growing layer of partial
melt, heated from below, in which the compositional gradient was stabilizing, a finite-amplitude instability would set in when the layer was
—800 m thick. If the compositional gradient were destabilizing, compositionally driven convection could occur in a layer only centimeters
thick. A qualitative analysis of compositional gradients that might
occur in partially molten diapirs suggests that, in some cases, vigorous
compositional convection could occur within the partially molten system.
The presence of chemical gradients within the partial melt will,
depending upon the bulk composition of the source zone, the degree of
partial melting, and other factors, tend to homogenize the melt within
the source zone. Models of melt-solid segregation such as those of
Ahern and Turcotte (1979), Stolper et al. (1981), and McKenzie (1984)
should be modified to include double-diffusive effects.
The second problem concerned the structure of a porous boundary
layer in a crystallizing magma chamber. If the residual melt fraction
had negative compositional buoyancy, or if the negative thermal buoyancy
exceeded the positive compositional buoyancy, the boundary layer flow is
everywhere directed downward. If, however, the positive compositional
buoyancy exceeded the thermal buoyancy, counterflow occurred and a low
density liquid would accumulate at the top of the magma chamber. For
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low viscosity liquids with relatively rapidly diffusing species, liquid
fractionation would occur at a rate of —10

-3

3
km /yr, which is consistent

with inferred rates based on field studies. The results of the calculations on the structure of porous boundary layer flow are generally in
agreement with those of Spera et al. (1984) for a viscous fluid.
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APPENDIX

Onset of Convection
in a Chemically Homogeneous, Growing, Partially Molten Layer

The standard way to investigate the onset of thermal convection is
to consider a rest-state in which the partial melt layer is in diffusive
equilibrium and pressure is hydrostatic. The solutions to the reststate problem serve as a zeroth order solution, and it is assumed that a
linear perturbation analysis gives rise to equations governing a
marginally stable steady convective system. The exchange of stabilities
occurs at a critical value of a dimensionless group of parameters called
the Rayleigh number (Lapwood, 1948). The value of the critical Rayleigh
number for a horizontal, fluid-saturated, homogeneous, porous slab
subject to a uniform temperature gradient, with temperature decreasing
upwards, is 4w

2

(Lapwood, 1948). Here the effects of the non-linear

temperature gradient across the layer and the effect of latent heat
absorbed at the moving phase boundary are included in the analysis.
Physical parameters such as the viscosity, thermal diffusivity,
permeability, etc. are assumed constant. The Boussinesq approximation
is employed.
The zeroth order problem is:

91-o At = a

a 2 T o /az 2

( Al)

where a is the thermal diffusivity K/pc p . The boundary conditions are:
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T

T

o

o

= T*

= T

at

at

e

z = 0

z = h(t)

(p x xL) dh(t)/dt = —K aTPZ lz = h(t)
The solid is at T

e

(A2)
(A 3)
(A4)

everywhere and for all time t > 0. The solution to

equations (A1)-(A4) is (Carslaw and Jaeger, 1959, Chapter XI):

T° = T* - AT erf (z/2Vif.)/(erfQ)

(A5)

where Q is determined from:

n2
V Q erfQ

= AT c /xL = St
(A6)

and
h(t) = 2Q(at) 1/2

By using a linearized perturbation analysis on equations (1)
through (3) and (5), assuming C is constant, and standard mathematical
manipulations, the steady-state convective stability equations are found
to be:

v

2

2
2
v w - (Kag/v) v T' = 0
h

(A7)

2
wDT ° /z = A v T'

(A8)

is the horizontal Laplacian. If one now employs a vertical length

scale h(t) and writes
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w = F(z 1 ) wt (x,y)
(A9)
T' = 0(z') T t (x,y)
t t
where z' = z/h(t) and T ,w are periodic functions with dimensionless
wavenumber k. Then substitution of (A9) into (A7) and (A8) gives

(D2

[(-2ATQ/ v erf

k2) F = -[(coKk 2 )/v]e

-

Q) e - Q2z '2 ] h(t)F/A = (10 2 - k 2 ) 0

where D = d/dz and the term in brackets on the left-hand side of (A11)
is dT° /dz'. It has now been assumed that x and a are equal.

One then scales the temperature as 0 = 0 1 AT2Qb/irerfQ and

the velocity

as F = F'x/h(t) to obtain:

(D

2

2
- k 2 )F' = -k R'0 1

(Al2)

_e _D2zi2

(D2 - k2 )e ,

F'

(A13)

where

R,

= agKtTh(t) ( 2
Q )
vx
14W erfQ

Equations (Al2) and (A13) are subject to boundary conditions

0' = 0

z' = 0,1

at

(Al4)
F' = D 2 F' = 0

at

z' = 0,1
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It should be noted that equations (Al2), (A13), and (A14) no longer
contain time explicitly.
In order to solve the eigenvalue problem represented by equations
(Al2)-(A14), one notes that for a reasonable range of values of the
Stefan number c AT/ L, Q < 1 (Carslaw and Jaeger, 1959, p. 287). There2 2
2 2
fore exp(-Q z ) -1-Q z , where, for simplicity, the primes have been
dropped. The non-constant nature of the conductive temperature gradient
makes a closed form solution difficult. Following Chandresekhar (1961)
and deriving an approximate solution, the functions
CD

F = E C sin nwz
n=1 n

(A15)

which satisfy the boundary conditions are substituted into (A13) and
One finds:

solved for 0.

-

Cn

E

2Q 2

1? z 2

„

n=1 (n'it'+k r- )

(n

2

7

2

8n 2 7 2 Q 2
2

+k )

2 2 2 2
(n w +k )

1

sin nwz

(A16)

4nlTQ2 z
(n

2

IT

2

2

47q2(-1)n
sinhxz
2 2 2
(n w +k )sinhA

cosnwz

+k )

Upon substituting (A15) and (A16) into (Al2), one obtains a set of
homogeneous equations for the expansion coefficients C n . The condition
that not all C

n

= 0 gives a condition on R' that

R' =

(w 2 +k 2 ) 2
2
2
2
k (1 Q [(1/3) (1/27 )])
-

-

(A17)
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Upon defining the Rayleigh number R as R' (i; erfQ/2Q), (A17) leads to
R _ agKeh(t) _
vX

(1 2 .0( 2 )

k

2

,2
(1

—
47

)

(A18)

21T

(A19)
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NOMENCLATURE
a

thermal diffusivity, K/pC

b

grain diameter

C

concentration of diffusing chemical component

C

reference concentration

C*

similarity constant

C

concentration at magma-country rock contact in porous
layer

w

C
c
c

P

boundary

reference concentration in magma chamber interior
P
t

D

fl(p)

specific heat of solid/melt mixture
specific heat of melt
mass of diffusivity of chemical component
dimensionless, vertical velocity function in porous boundary
layer

G

buoyancy ratio

g

acceleration due to gravity

h(t) thickness of growing, partially molten layer
J

source of chemical component in melt

K

permeability

k

dimensionless wavenumber

K

reference permeability in porous boundary layer

L

latent heat

Le

Lewis number, A/D

R

height of magma chamber, scale height

M

rate of liquid fractionation due to counterflowing in porous
boundary layer
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P

pressure

Pr

Prandtl number

Q

dimensionless parameter in Stefan problem

R

thermal Rayleigh number for layer heated from below

R*

compositional Rayleigh number for a layer heated from below

R

thermal Rayleigh number based on boundary layer parameters

b

R*

compositional Rayleigh number based on boundary layer parameters

R

critical thermal Rayleigh number for layer heated from below

c
f

R

critical thermal Rayleigh number for onset of finite-amplitude
instability in double-diffusive layer

Sc

Schmidt number

St

Stefan number

T

temperature

T'

perturbation temperature
reference temperature

T*

basal temperature of growing, partially molten layer

To

zeroth order temperature

T

eutectic temperature, starting temperature for solid layer melted
by heating from below

T

e

w

temperature at magma-country rock contact in porous boundary layer
reference temperature in magma chamber interior

t

time

u

Darcian velocity vector

V

volume of magma chamber

✓

horizontal velocity in porous boundary layer

w

vertical velocity in porous boundary layer

x,y,z

Cartesian coordinates, z vertically upward
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a

coefficient of thermal expansion

a

coefficient of compositional expansion

AT = T* - T
d
c
6
T

e

compositional boundary layer thickness
thermal boundary layer thickness
parameter describing variation in viscosity and permeability in
porous boundary layer

n

dynamic viscosity

0

dimensionless temperature

K

thermal conductivity of solid-melt mixture

A

thermal diffusivity, 1c/p LC it

u

similarity variable

✓

kinematic viscosity

✓

reference kinematic viscosity

P

density of solid-melt mixture

P

t

melt density

(1)

dimensionless concentration

x

melt fraction or porosity
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TABLE 1. Values of Parameters
Parameter

Value

g

10 3 cm/s 2

A

10

-2

2
cm /s

10 -5 -10 -9 cm 2 /s

Comments

typical igneous rock value
range of diffusivities in
silicate liquids

0.1
assumed values
b

10-1/2 cm
2
10 cm /s

typical "basaltic" melt
viscosity
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LIST OF FIGURES

Figure 1.

Phase diagram for Di-An after Bowen (1915). a and b refer
to assumed bulk compositions in model calculations. Liquid
densities are calculated following Mo et al. (1982).

Figure 2.

Phase diagram for Di-An at one atmosphere and at 10 kbar.
After Presnall et al. (1978).

Figure 3.

Phase diagram for Di-An-Ab. The temperature contours are
plotted according to Weill et al. (1980). Liquid densities
are calculated following Mo et al. (1982). c and d refer to
assumed bulk compositions as discussed in text.

Figure 4.

Phase diagram for Di-An-Ab comparing cotectic traces at 10
kbar and 20 kbar compared to one atmosphere following Morse
(1980).

Figure 5.

Schematic of growing, partially molten layer, heated from
below. The upper region is solid at temperature T . The
lower region is partially molten. A constant tempgrature
T*>T is maintained at the base z=0. When the layer h(t)
reaches a critical height double-diffusive or compositional
convection will occur.

Figure 6.

Schematic of counterflow in a porous boundary layer in a
magma chamber. The temperature at the wall T vi is less than
the temperature T in the interior.
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ABSTRACT

The discovery of massive sulfide ore deposits at certain sites at
active seafloor spreading centers provides a basis for considering the
energetics of processes that have concentrated similar large ore deposits that have been preserved in volcanic rocks on land. In this paper
we construct transport models based on hydrothermal convection systems
in the oceanic crust. We investigate models in which the circulation is
driven by heat extracted from the permeable crustal rocks themselves as
well as by heat conducted through the roof of a replenished, vigorously
convecting crustal magma chamber. If the hydrothermal fluids carry 100
ppm dissolved iron as found in black smokers on the East Pacific Rise and
o
exit at 350 C or greater, calculations show that the heat content of the
oceanic crust is insufficient to account for ore deposits of 3MT or
greater. Heat extraction through the roof of a magma chamber, in conjunction with the formation of a thin (-1 km) layer of plated gabbro,
may account for ore bodies of the order of 3MT, provided the permeability of the oceanic crust in the magma-hydrothermal fluid contact
zone is 10

-15

m

2

or less. If the conducting boundary layer were only

one meter thick, locally, for 10 3 years, the permeability could be as
high as 10

-13

2
m . The permeability in the discharge zone could, con-

ceivably, be two orders of magnitude greater than the permeability at
depth. More work is needed on the details of the effects of magma
chamber replenishment and off-axis dike injection and on the role of
magmatic fluids. Very large ore deposits (i.e., —100MT) are probably
formed in multi-stage events.

1

INTRODUCTION
The discovery of massive copper-iron-zinc sulfide deposits at sites
at seafloor spreading centers in the Red Sea (Miller et al., 1966; Hunt
et al., 1967; Degens and Ross, 1969; Backer and Schoell, 1972), on the
East Pacific Rise (CYAMEX Scientific team, 1979; RISE Project Group,
1980; Hekinian et al., 1983), the Galapagos Spreading Center (Malahoff

et al., 1983), and the Juan de Fuca Ridge (Koski et al., 1984; Koski et
al, in press; Tivey and Delaney, in press), provides a basis to consider
the energetics of processes that have concentrated large, ancient massive sulfide deposits preserved in volcanic rocks on land. In this
paper we construct transport models based on subseafloor hydrothermal
convection systems employing reasonable assumptions of heat supply,
solution chemistry, and time duration derived from investigations of
actual high-temperature hydrothermal systems at seafloor spreading centers. Our calculations show that ore deposits in the 3 million ton
range can be formed as a result of hydrothermal circulation that
extracts heat across the thin conductive boundary layer at the top of a
vigorously convecting, replenished magma chamber. The results of the
calculations also indicate that much larger massive sulfide deposits are
the composite product of multiple episodes of hydrothermal activity, and
that some of our assumptions, based on field observations, may require
significant changes to explain the largest deposits.

2

SIZE OF VOLCANIC-HOSTED MASSIVE SULFIDE DEPOSITS
At this early stage when less than one percent of the global length
of seafloor spreading centers has been systematically explored, it is

unlikely that the largest massive sulfide deposits in ocean basins are
yet known (Rona, 1983, 1984). The largest hydrothermal deposit so far
discovered at a seafloor spreading center is the Atlantis II Deep deposit of the Red Sea containing 32.5MT (1MT = 10 6 metric tons = 10 9 kg) of
metals as sulfides and other mineral phases (estimated bulk brine-free
tonnage 83MT) in metalliferous sediments (Table 1; Bischoff and Manheim,
1969; Backer, 1979; Schott, 1980; Saudi-Sudanese Red Sea Joint
Commission, 1982; Nawab, 1984). The Atlantis II Deep deposits represent
the optimum efficiency in concentration of a hydrothermal deposit at a
spreading center by precipitation and entrapment of particulate hydrothermal mineral phases in a hypersaline density-stratified brine contained within a basin (Bischoff, 1969). Another hydrothermal deposit at
a seafloor spreading center that may be large is a deposit apparently
consisting of coalesced solid massive sulfide mounds and chimneys at the
Galapagos Spreading Center with bulk tonnage of 10MT tentatively estimated from surface sampling only (Malahoff et al., 1983). Precipitation
of massive sulfides from high-temperature solutions venting through
chimneys as "black smokers" at oceanic ridges under conditions of
unrestricted oceanic circulation is considered to be relatively inefficient as a process for concentrating large massive sulfide deposits
because a significant fraction of the metals are dispersed as suspended
particulate matter by mid-depth oceanic circulation (Rona, 1984;

3

Hekinian et al., 1983a,b). Small deposits consisting of massive sulfide
mounds each with bulk tonnage up to several thousand metric tons have
been found at sites on the East Pacific Rise (CYAMEX, 1979; RISE Project
Group, 1980; Hekinian et al., 1983a,b).
In comparison with recent massive sulfide deposits at seafloor
spreading centers, the tonnage of ore in large ancient massive sulfide
deposits hosted in the basaltic portion of ophiolitic crustal sections
inferred to have been generated by seafloor spreading in ocean basin or
arc-related geologic settings ranges up to about 30MT (Figure 1; Mosier
et al., 1983).

This tonnage is of the same order of magnitude as the

largest deposits known from present seafloor spreading centers (Table

2). Ore tonnage in ancient massive sulfide deposits hosted in andesitic
and rhyolitic volcanic rocks representing continental or island arc
geologic settings ranges up to about 250MT, an order of magnitude
greater than the largest such deposits known in basaltic rocks. The
tonnages cited (Figure 1; Tables 1 and 2) represent the total massive
sulfide deposit, which is generally constructed of multiple individual
lenses or pods each related to discrete depositional events or episodes.

4

BASIC REQUIREMENTS FOR MASSIVE SULFIDE ORE FORMATION
The problem of the formation of massive sulfide ore deposits has
been the subject of several recent studies (e.g., Solomon, 1976;
Spooner, 1977; Parmentier and Spooner, 1978; Strens and Cann, 1982;
Cathles, 1983). Elder (1977) provides of

a

discussion of the genesis of

hydrothermal ore deposits in general, and some of his results are applicable to the present study. Rather than review the ore genesis problem
in detail, we will focus on the fundamental requirements for and constraints on the generation of "volcanogenic" massive sulfide ores,
particularly as may pertain to ores formed in conjunction with hydrothermal processes now known to exist at oceanic spreading centers (see,
for example, Rona and Lowell, 1980; Cathles, 1981; Fyfe and Lonsdale,
1981; MacDonald et al., 1980).
The formation of a massive ore deposit on the ocean floor indicates
that there are anomalous, localized circumstances that occur within the
general setting of the hydrothermal system. Such circumstances may be
the existence of favorable channels for the venting of high temperature
ore fluids (Solomon, 1976), as well as an ambient oceanic enviornment
suitable for the deposition of the ore from the venting fluids (Solomon
and Walshe, 1978; Cathles, 1983; Rona, 1984). Though these factors are
of considerable importance, we will assume the existence of suitable
channels and a favorable depositional enviornment. All of the metal in
solution will be assumed to go into the formation of a massive FeS 2 ore
deposit (i.e., none of the ore solution will be dispersed into the
ambient ocean and none will be disseminated as stockwork deposits
beneath the sea floor). We will also not examine the process by which
5

the metals are extracted from the source rocks, but rather will simply
assume that the fluid carries 100 ppm Fe, as found in black smokers on
the East Pacific Rise (Edmond, 1981). (The iron concentration in the
lower brine of the Atlantis II deep in the Red Sea, where the temperature is 56°C and the salinity is 319 ° /00, ranges from 90 to 107 ppm (Brooks
et al., 1969). The metal concentration in the high temperature fluids
at depth are, therefore, probably greater in the Red Sea hydrothermal
system than in the East Pacific Rise system.) We will further assume
that for deposition of massive sulfide ore that the venting fluid must
be at 350°C or greater (see Parmentier and Spooner, 1978; Strens and
Cann, 1982).
In this paper we will center our analysis on the energetics of a
hydrothermal system: the magnitude and nature of the heat source, the
rate of extraction of heat by the circulating fluid, and the time of
operation of the system. In this sense, the energetics of ore formation
is synonymous with the energetics of the hydrothermal system itself.
Studies of the energetics of high temperature hydrothermal systems on
land will therefore provide useful insight into the energetics of ore
forming processes.
It appears to be universally accepted that the heat source for both
continental and submarine high temperature hydrothermal systems is
essentially of magmatic origin. In some cases, the magmatic character
of the heat source is not directly important. Deep seated magma bodies
may merely act to heat the overlying crustal rocks. There may be an
impermeable zone between the magma chamber and the permeable, heated
crustal layer. The hydrothermal circulation may then extract heat from
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the crustal rocks without tapping the heat of the underlying magma
chamber. Most calculations on hydrothermal ore forming processes either
implicitly or explicity assume the circulation system is able to extract
the heat of the magma (Solomon, 1976; Parmentier and Spooner, 1978;
Elder, 1977; Cathles, 1983). Strens and Cann (1982) have shown that the

heat content of the upper 1 kilometer of the oceanic crust is insufficient to drive a hydrothermal system that can account for ore deposits
such as those listed in Tables 1 and 2. They invoke a magmatic heat
source to explain the deposits (see also Cann and Strens,

1982).

Another factor to be considered is the volume from which heat is

extracted. Individual massive sulfide ore bodies rarely exceed 500m in
horizontal extent. The question arises as to whether the venting fluid
has extracted heat only from rocks nearby and subjacent to the ore body,
or whether the venting fluid has collected heat from a volume that has
lateral dimensions several times the lateral dimensions of the ore body.
Elder (1977) and Solomon (1976), for example, consider heat extraction
from magma bodies that have surface areas of 10

2

km

2

or more and are

several kilometers thick. Strens and Cann (1982), on the other hand,
favor a fault-controlled circulation system that extracts heat from an
area of rather small horizontal extent.
A third factor to be considered is the nature of permeability in
the oceanic crust and the best hydrothermal circulation model. Even
though field data from both continental and marine hydrothermal systens
suggest that the fluid flow is significantly modified, if not controlled, by discrete fault and fracture zones

(e.g., Grindley, 1965; Hose

and Taylor, 1974; Bailey et al., 1976; Swanberg, 1975; RISE, 1980; Green
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et al., 1981; Bodvarsson, 1982; Rona et al., 1984), the approximation of
Darcian flow through a porous medium has often been used to model the
hydrothermal flow (e.g., Ribando et al., 1976; Fehn and Cathles, 1979;
Goyal and Kassey, 1980; Fehn et al., 1983). With regard to the formation of massive sulfide ore deposits, Solomon (1976), Parmentier and
Spooner (1978), and Cathles (1983) use porous medium models, whereas
Strens and Cann (1982) use a discrete fracture model.
The final concern is the time of operation of the hydrothermal
system. Spooner (1977) suggests that an individual massive sulfide
deposit in Cyprus formed in a time of 10 5 years. This time is roughly
in agreement with the estimate of Solomon (1976), who also gives a time

of 10

6

years to form the very large Rio Tinto deposit (230MT of ore,

Mosier et al., 1983). Cathles (1983), however, calculates that the
individual sulfide lenses of the Kuroko deposits formed in less than
5000 years and perhaps in as little as 100 years. Observations on the
rate of heat transfer in sulfide-laden black smokers venting at the East
Pacific Rise indicate vent lifetimes of 1 to 10 years (Macdonald et al.,
1980). The lifetimes of isolated geothermal systems in New Zealand
(Elder, 1977) and Iceland (Bodvarsson, 1982) are thought to be of the
order of 10

4

years. These estimates are based in part on the rate at

which hydrothermal circulation cools an intrusive magma body (Elder,
1977).
Although it is generally accepted that hydrothermal'deposits form
during the evolution of a transient hydrothermal episode (e.g.,
Parmentier and Spooner, 1978), there has been relatively little work
done on explicitly time-dependent hydrothermal systems. Lowell (1975,
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1976) and Strens and Cann (1982) have examined time-dependent heat
transfer in circulation through a large-scale fracture system. These
investigators have considered heat extraction from the hot country rocks
adjacent to a fracture, but neither model has considered the process of

heat transfer from a subjacent magma chamber. Cathles (1981, 1983) has
developed models of hydrothermal convection of an unreplenished cooling
magmatic pluton. In his models, the pluton was considered to be solid
(T=700°C) and to cool by conduction and hydrothermal circulation through
the regions that were permeable. His models have not considered the
cooling of a fluid, convecting, replenished magma chamber. The heat
transfer by conduction across an impermeable boundary layer between the
magma chamber and the overlying hydrothermal system has not been
investigated thoroughly.
In this paper, we will develop time-dependent hydrothermal circulation models that will yield further insight into the physics of heat
extraction from the permeable rocks of the oceanic crust and from a
subjacent magma chamber. The models will be highly idealized, but they
will have the advantage of being amenable to a mathematical formulation
that permits analytical solutions. The relationships between the heat
source volume, the thickness and areal extent of the conducting boundary
layer, crustal permeability, temperature and rate of fluid flow, and
time are elucidated. To limit the number of possible variables, the
calculations will be based on the following assumptions:
[1j A model ore deposit will be assumed to contain 3 x 10 9 kg
(i.e., 3MT) FeS 2 , corresponding to 10 9 kg of Fe.

9

[2] The concentration of Fe in solution is 10

-4

, as measured in

certain black smokers.
[3] The temperature, Tw , of the exiting solution must be greater
than 350 ° C.
[4] All of the metal in solution goes into forming the massive
sulfide deposit.
From the above assumptions, several system constraints can be
immediately derived. Assumptions [1] and [2], for example, imply that
for the model ore deposit, the mass m of hot water to be vented at the
sea floor is m = 10

13

kg. This result, together with assumption [3],

gives the total heat, H F , that must be transferred by the exiting fluid.

Given that the specific heat of water s is 8 x 10 3 j/kg °C (Straus and
.

Schubert, 1977), then
H

F

= m s T

w = 2.8 x 10

19

j

(1)

A complete list of symbols used in this paper is given in the Appendix.
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HYDROTHERMAL MODELS
We will consider two hydrothermal models. In the first model, we
will consider only a crustal heat supply. We carry out these calculations in spite of the result of Strens and Cann (1982) mainly because
their flow model consists of a single longitudinal fracture that is
extremely inefficient at extracting heat. By considering sets of fractures (i.e., the fluid descends in one fracture set and ascends in
another) a more efficient heat extracting system is set up because there
is greater contact area between the circulating fluids and the country
rock. Secondly, some important features of the hydrothermal systems are
elucidated. Our calculations do strongly confirm the conclusion of
Strens and Cann as to the inadequacy of a crustal heat source. In the
second model we consider a hydrothermal system which extracts heat from
the underlying magma chamber by conduction across a thin boundary layer.
Our calculations will show that such a system may produce the model ore
deposit in a physically reasonable fashion provided the conducting
boundary layer is less than —1 km thick and the permeability of the
crustal rocks in the contact zone near the top of the magma chamber is
10

-15

m

2

or less. If the conductive boundary layer is kept exception-

ally thin (-1 m), perhaps as a result of magma chamber replenishment,
greater permeabilities are permissible.
A.

Crustal Heat Supply
To investigate the rate of heat extraction from the oceanic crustal

rocks, we consider a simple model based on forced convective circulation
through a set of discrete, vertical fractures that are placed parallel
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to the strike of the ocean ridge axis. The model has been used effectively to study heat extraction from a hot, dry, rock continental geothermal reservoir (Gringarten et al., 1975; Lowell, 1976). The model is
somewhat unrealistic, geologically and physically, but because fracture
length and spacing are treated as adjustable parameters, one is able to
design an optimum situation for massive sulfide deposition as a result
of heat extraction from the crustal rocks. Since we are able to show
that the crustal heat source, is highly unlikely to be sufficient, even
in an optimum situation, our results confirm the conclusion given by
Strens and Cann (1982).
In the model, cold water is assumed to circulate downward to a

depth h and to enter a discrete fracture or a system of parallel,
discrete, vertical fractures through which the water ascends. At time
t = 0, the water enters the fracture or fractures at temperature T wo and
ascends at constant mass flow rate q per unit fracture length. The
crustal rocks in which the fracture or fractures are embedded are initially at a uniform high temperature T Ro . As the water ascends up the
fracture or fractures, heat is conducted from the rock to the water and
the temperature of the water increases. The first water exits the
fracture system at the sea floor at a temperature T w (h,t) = TR0 , but as
heat is mined from the rock, the temperature of the exiting fluid
declines. When the exit temperature drops below 350 °C, massive sulfide
deposition will be assumed to cease.
Given a Cartesian coordinate system at the base of the fracture
with x directed perpendicular to the plane of the fracture and z directed positively upward, the basic equations for heat transfer by conduc-
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tion from impermeable rock to water flowing in a flat, thin fracture are
(Bodvarsson, 1969; Lowell, 1976):

2

where TR, T

w

TR /ax

2

= (1/a)aTR /9t

(2)

sqaTw /az = 2x(aT R /ax)l x. 0

(3 )

T R (x,z,0) = TRo

(4)

Tw (x,0,t) = T wo

(5)

T R (z,t) = Tw (z,t)

(6)

are the rock and water temperatures, respectively, a is the

thermal diffusivity of the rock and x its thermal conductivity, and s is
the specific heat of water. Equation (2) represents the diffusion of
heat in the impermeable rock and it has been assumed that heat conduction perpendicular to the fracture is much greater than heat conduction
in the direction of fluid flow. Equation (3) states that the rate of
heat transfer by advection in the fracture equals the rate at which heat
is conducted through both sides of the rock-fracture interface. Since
the fracture is thin, the temperature is assumed to be constant across
the width of the fracture. Equations (4) and (5) give the initial rock
temperature and the water temperature at the base of the fracture,
respectively. Equation (6) states that there is thermal equilibrium
between the water flowing in the fracture and the rock temperature at
the rock-fracture interfaces. The solution to equations (2)-(6) can be
found in a rather straightforward manner (Bodvarsson, 1969). The temperature of the exiting fluid T (h,t) is
w
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Tw(h,t) = Two

(TRo

Two ) erf [xh/sq(at) 1/2 ]

(7)

where erf represents the error function. Since for small argument
(i.e., large values of t) erf x
temperature decays at

t-1/2

x, equation (7) shows that the exit

for large t. Given values of the pertinent

parameters in (7), one is able to determine the flow rate q which will
yield an exit temperature greater than some specified value for a time
t. Equation (7) shows that the lower the flow rate, the longer the
system can operate above a specified exit temperature. Moreover, equation (7) can also be shown to yield the important result that, the lower
the rate flow, the greater the total yield of hot water above a

specified temperature.
We rewrite (7) by multiplying and dividing the arguments of the
error function by an assumed fracture length t. Then qt=Q, the mass
discharge in kg/s and ht=A, the water-rock contact area for the discharging system. By taking reasonable values for the physical parameters, we calculate the water-rock contact area needed to yield the
10

13

kg of water required to generate a 3MT sulfide ore deposit as a

function of time. Table 3 gives the results. By assuming an average
depth of 2 km for the hydrothermal system in the crust, the required
fracture length is A/2. Thus a 3MT ore deposit forming in 10

3

years

would require more than 30 km of discharging fracture length, whereas
the same deposit forming in 10 5 years would require only 3 km. It is
clear, however, that individual sulfide lenses or pods are formed by
local discharges. Individual deposits have a typical planform area of
1 km

2

or so (Franklin et al., 1981), so that if 30 km of fracture length
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is required, then we might envision a discharge system of 30 fractures
each 1 km long and spaced roughly 30 meters apart. The exit temperature
calculation was based on thermally isolated fractures, yet if the

spacing D = 30 m and t = 10 3 years, the Fourier number, N F = at/D 2 , is
30. Thus there would be severe thermal interference between fractures
and the exit temperature could not be maintained.
If one allowed the deposit to form by a slow discharge from a
single 3 km long fracture over a long time interval of 10

5

years, the

assumption of thermal isolation would require that the recharge system
be more than 10 km away from the discharging fracture. Such a fortuitous arrangement seems highly unlikely. Block faulting occurs on a
finer scale (Macdonald, 1982, 1983a, b), and there is little data to
support the idea that sulfide ore deposits are generated by a low level
discharge over a long time (i.e., black smokers discharge at —10

2

kg/sec

for considerably shorter times (Converse et al., 1984)).
A final argument that can be made against the crustal heat source
stems from the assumption of a forced convective circulation. By controlling the circulation rate one is able to maximize the heat extracted
from a given volume of rock. In the natural situation, the circulation
is controlled by thermal buoyancy forces. In the free-convective model,
both the flow rate and the exit temperature decrease with time (Lowell,
1975). Since the total mass yield of hot water as a function of time
decreases with increasing flow rate, the high mass flow rate that occurs
early in the life of a free-convective system, when the buoyancy forces
are large, severely limits the mass of hot water that can exit the
hydrothermal system above the prescribed temperature. The limits on
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high-temperature mass transport by a free-convection system driven by
time-dependent thermal conduction through impermeable rocks will be
treated in more detail in section B on magmatic heat supply.
The principal result of this section has been to show that even
given the most ideal circumstances it is not possible to account for the
generation of massive sulfide ores of significant magnitude by
hydrothermal heat extraction from rocks of the oceanic crust.
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B. Magmatic Heat Supply
In this section we examine a hydrothermal system driven by heat
transferred from a subjacent magma by conduction through a thin, impermeable boundary layer. This model is considerably different from other
models involving the cooling of a pluton by hydrothermal circulation
(Cathles, 1981, 1983) because in Cathles' models the pluton is considered to be an unreplenished magma chamber that cools by conduction
only. In our model, the magma chamber is considered to be vigorously
convecting and subject to replenishment from below. Our model is consistent with the idea that as differential magma chambers solidify,
crystals accumulate on the floor. The magma chamber mainly crystallizes
from the floor upwards rather than from the roof downwards (Pallister
and Hopson, 1981).
The nature of the boundary layer between a magma chamber and an
overlying hydrothermal system defies a simple physical/mathematical
description. The boundary layer is undoubtedly highly non-uniform in
space and time. Bjornsson et al. (1982) suggest that water penetration
to within a few meters, or possibly even less than one meter, of a magma
body is responsible for the high thermal output of the GrimsvOtn geothermal area in Iceland.
Pallister and Hopson (1981), however, interpret the high-level
gabbros of the Samail ophiolite to have formed by plating on the roof of
the magma chamber. These plated gabbros range in thickness up to 800
meters, and Lister (1983) has argued that they act as an impermeable
conductive boundary layer between the magma chamber and the hydrothermal
systems operating in the overlying crustal rocks. According to
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Pallister and Hopson (1981), the Samail ophiolite magma chamber was
repeatedly replenished at the ridge axis and had a lifetime of the order
of 10

5

years; the plated gabbros thicken away from the ridge axis and in

some places the gabbros are cut by dikes, which must have been emplaced
after the formation of the plated layer. The occurrence of "upper
border zone" rocks that were apparently formed by freezing downward from
the roof of layered intrusions such as the Skaergaard (Wager and Brown,
1968) and the Stillwater complex (Todd et al., 1982) also suggests that
the boundary layer may grow to be hundreds of meters thick.
Because the boundary layer is too complex for us to model its
effect on hydrothermal circulation in detail, we will construct a fairly

simple model that elucidates the basic physics of the problem and permits an order of magnitude estimate as to the efficacy of the system for
the generation of massive sulfide ore deposits. In this analysis, we
will neglect heat extraction from the crust and assume that at t = 0 a
fracture system suddenly opens to the top of the convecting magma chamber. Cold water descends, is heated by thermal conduction across the
thin boundary layer separating the magma chamber and the fractured
crust, ascends and exits at the sea floor, carrying metals leached from
the fractured crustal rocks. For simplicity, we neglect heat losses in
the ascending fluid. We treat the dynamics of the hydrothermal system
as Darcy flow in a porous medium, but circulation in a discrete largescale fracture system can be accommodated with relatively minor
modification.
the vertical mass flow rate per unit area of the porous medium, q z ,
results from a balance between viscous and buoyant forces. Following
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Bodvarsson and Lowell (1972) and Cathles (1981) we write:

q z = p f a g K Tw/v

(8)

where pf is the density of water, a is the thermal expansion coefficient

of water, g the acceleration due to gravity, K the permeability of rock,
v the kinematic viscosity of water, and T w , as.before, is the temperature of the ascending fluid. It is assumed that the descending fluid is
at 00C. To express conservation of energy, we simply assume that all
the heat conducted through the roof of the magma chamber is advected
away by the ascending hydrothermal fluid. Thus,
s q z Tw = H

(9)

where H is the rate of heat conduction through the boundary layer separating the magma chamber and the hydrothermal system. In order to
consider hydrothermal circulation through widely spaced, narrow, dis3
crete, vertical fractures, one substitutes d /24 for K in (8) and multiplies the right-hand side of (9) by L*, where d is the fracture width
and t is the horizontal distance between the recharging and discharging
fractures (see Bodvarsson and Lowell, 1972). In equations thus modified, qz becomes the mass flow per unit length of the fracture. We now
consider two models for the rate of heat loss by conduction through the
top of the magma chamber.

1. Conductive Cooling of a Uniform Temperature Sol;'

If it is assumed that the magma body is initially at a uniform
temperature T s , and heat is lost by conduction through a plane interface
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maintained at temperature T w , the heat flux H is (Carslaw and Jaeger,
1959, p. 60):

(10)

H = A(T s - Tw ) / at
Since T

w

is a function of time, (10) is not a rigorously correct expres-

sion. Equation (10) does give the correct time dependence, and the
numerical error that is introduced by the approximation is certainly
less than the uncertainty in other physical parameters of the system
(e.g., the permeability may vary over several orders of magnitude).
Upon substituting (8) and (10) into (9), we obtain:
(11)

Sp f a g K Tw 2 /v = A(T s - Tw ) / at

The solution to the quadratic equation for Tw (11) is
,
Tw = {-x/iTat-F(A/Vsat)C1+4TsViaf-pfsagK/xv j/2 }/ [2Sp agKiv]
f

(12)

A binomial expression for small values of the time shows
T

w

Ts

-

e(t)

(13)

where e(t) is a small term proportional to t. For large values of time,
however, (12) yields:

(ATsv/sKapfg) 1/2

(rat) -1/4

(14)

For the equation (14) to hold, we require that:
[4T p sagK/Av] (wat) 1 / 2 >> 1
s f
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(15)

Letting T

s

= 10

3o

C, P

.

3
3
= 500 kg/m , s = 8 x 10 j/kg- °C,

a = 1.6 x 10 -4 / °C, g = 10 m/sec 2 , x = 2.5 w/m- 0C, v = 10 -7 m2 /sec,
a = 10

-6

2
m /sec, we obtain:
t > 3 x 10

-23

/K 2 sec

(16)

2
where K has units of m .
The permeability of the upper few kilometers of the oceanic crust
is quite uncertain. Estimates range from high values in the range K =
10 -8 to 10 -10 m 2 based on Lister's (1974) thermal contraction theory and
estimates of crack width and spacing in basalts (Johnson, 1980) to -2 x
10

-15

m

2

measured at a depth of -200 m in pillow basalts near the Costa

Rica Rift (Anderson and Zoback, 1982). Even if the permeability is as
low as 10

-15

2
m , equation (14) would govern the rate of decay of the

exit temperature after -1 year of circulation.
For most of the life of the convection system, the exit temperature
falls off as the one-fourth power of time, and (8) shows that the flow
rate has the same time dependence. These results are consistent with
the numerical calculations of Lowell (1975), which show that the flow
rate and temperature in a fracture-loop hydrothermal system, driven by
thermal convection across a fracture interface, decay with time in the
same manner.
We then use (14) to estimate the time, T , at which the exit temperature falls below 350 0C, and we can then integrate (8) over the time
interval from 0 to

T

to determine the total mass flow of hydrothermal

fluid at temperature greater than 350 °C. Upon substituting the same
values as were used previously, we obtain:
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T 2

3.2 x 10

Q =

-20

/K

2

(17)

sec

dt g 1.2 x 10

-4

/K kg/km 2

(18)

0 qz

For K in the range 10 -10 - 10 -15 m 2 , T = 3.2
Q = 1.2 x 10

6

- 1.2 x 10

11

-

3.2 x 10 10 sec, and

2
13
kg/km . To obtain the output of 10
kg

required for a 3MT ore deposit, the thermal plume must extract heat
through the upper surface of a magma chamber that is 10 7 km 2 if the
permeability is 10

-10

2
-15 2
2
2
m , 10 km
m . If the permeability is only 10

of surface area is required. A typical massive sulfide lens occupies —1
km2 , and the actual discharge zone may be even smaller. Therefore,
these calculations, because they show heat extraction from a very large
surface area is required, indicate that massive sulfide ore deposits
cannot be generated by hydrothermal circulation that is driven by conductive heat transport across a thickening boundary layer at the top of
a cooling magma body.

2. Formation of the Plated Gabbro Layer and Heat Transfer
Due to Convection in the Magma Chamber
In the preceding calculation, we neglected the effect of latent
heat of freezing in the formation of the boundary layer; and we ignored
the fact that the magma body is transporting heat upward by convection.
Lister (1983) has argued that the boundary condition at the top of an
ocean ridge magma chamber such as the Samail ophiolite is one of constant heat flux. As heat is transported upward by the convecting magma
it is carried away by the overlying hydrothermal system. Lister calculated that the plated gabbro layer of —0.5 km is approximately the
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correct thickness so that the equilibrium is maintained. Presumably,
the plated gabbro layer formed by a transient process, whereby the
hydrothermal system initially extracted more heat than was supplied by
the convecting magma. The extra heat extraction came from the latent
heat of freezing the plated layer. An appropriate model for the heat
and mass transport by the hydrothermal system during the formation of
the plated gabbros involves an analysis of the heat transport across a
boundary layer that thickens in time due to the freezing of material.
The rate of growth of the plated gabbro can be approximated by the
classical Stefan-Neumann solution (Carslaw and Jaeger, 1959, p. 285;
Irvine, 1970).
We assume that the magma chamber is at its melting temperature T L
andthebouryaz=0istT
w . Since T w is a function of time, the
Stefan problem cannot be solved in closed form. With the same impropriety as in equation (10), however, we find that the heat flux H 1 into
the hydrothermal system, due to the formation of plated gabbros, is
approximately:

H 1 ; A(T L - Tw ) / erfy at

(19)

where y is a parameter determined from

yerfy e

y2

= c(T

L

- T ) / l; L
w

(20)

The specific heat of the magma is c, and L is the latent heat of fusion
of the plated gabbro. The location of the freezing front Z(t) is

Z(t) = 2y Vif
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(21)

If we assume c = 103 j/kg

-°

C, L = 4 x 10 5 j/kg, T L = 1200 °C, then so

long as (T L - Tw ) > 100°C, 0.3 < Y < 0.9. In this range of Y, erfY

—y

so

the heat flux given by (19) is at most a factor of 3 times the value
given by (10), in which latent heat was neglected.
We now also take into account the heat transferred by thermal
convection within the magma chamber, H o . For a vigorously convecting
magma chamber, the additional heat transfer due to convection is expressed by the Nusselt number, N
number and R

(R/R c )

1/3

, where R is the Rayleigh

C is the critical value for the onset of thermal convection.

If we neglect complicating factors such as double-diffusive effects

(e.g., Huppert and Sparks, 1984), R C

—

10 3 . The Rayleigh number for a

convecting magma chamber has been estimated to be quite large, e.g.,
10 14 (Elder, 1977), 10 15 (Lister, 1983). Lister's value gives N

10 4 ,

and if we assume a superadiabatic temperature gradient of 0.5 ° C/km,
within the magma chamber, then with A = 2.5 watts/m- 0C,
H

o

z (2.5)(5 x 10

-4

4
)(10 ) = 12.5 watts/m 2

(22)

Tht total heat flux, H, that is transported by the hydrothermal
system is
H = H

o

+ H

1

(23)

Upon substituting (23) into (9) and employing (8), we again obtain an
expression for the exit temperature of the hydrothermal fluid. The
"large time" approximation still holds in the same manner as discussed
previously. We obtain, therefore,
Tw -- (v/pf sagK) 1/2 [(ATL /erfy at) + H o ] 1/2
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(24)

From (24), we again obtain the time T during which Tw > 350 °C. By
assuming that erfy = 0.5, and T L = 1200 °C and that the other parameters
have the same values as used previously, we obtain
T = 1.15 x 10

where K has units of m

2

3

a nd H

/ [1.57 x 10

o

16

K - H ]
o

2

(25)

sec

2
has units of watts/m . Equation (25) has

the property that for fortuitous values of K and H

o'

Tim.

This simply

means that for these particular values, the exit temperature will
asymptotically approach T w = 350 °C. A negative value of T simply
implies that Tw will always be above 350 °C for the given values of K and
H o . The value of the exit temperature will then be given by (24) as
T

co.

For the value H

o

= 12.5 watts/m 2 given by (22), the value of the

permeability that gives T = m is K = 8 x 10-

16 m2.

This value is

somewhat less than permeability usually given for the oceanic crust, but
it is not a totally unrealistic value. On the other hand, the value of
H

o

given by (22) is possibly a little high for a steady-state value due

to convection within the magma chamber. Lister's (1983) own estimate is
2
about 7.5 watts/m , and Sleep and Wolery (1978) estimate that only
1 watt/m2 is advected through crust less than 10 6 years old. It is
difficult to imagine that H

o

2
is more than 25 watts/m , and yet K may be

several orders of magnitude greater than values of the order of 10
that yield values to

-15

m

2

approaching infinity. For.most of the range of

permeability values that are estimated for the oceanic crust, equation
(25) provides a reasonable approximation to the time of operation of the
high temperature hydrothermal system.
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We assume H

o

= 12.5 watts/m

2

and calculate the total mass flux per

unit area Q that exits the hydrothermal system at the required temperature by substituting (24) into (8) and integrating q z over the interval
from 0 to

T.

The results, for different values of the permeability, are

shown in Figure 2. Figure 2 shows the rapid rate of decline in the
production of high temperature hydrothermal fluid as the permeability
increases. If the permeability is 10

-13

2
9
m , for example, Q = 2.4 x 10

3
2
2
kg/km . Nearly 5 x 10 km of contact area would be required in order
-15 2
m , however, Q
kg of water at T w > 350 °C. If K = 10
2
= 6.6 x 10 12 kg/km 2 and less than 2 km of contact area are required to

to produce 10

13

give the desired result. For K =

10 -15 m 2 ,

the time of operation of the

hydrothermal system, from equation (25), is approximately 4 x 10 4 years.
In this time interval, the plated gabbro layer would become -1 km thick.
These numbers are all quite reasonable. Therefore, the model indicates
that, if the permeability of the oceanic crust is 10 -15 m 2 or less, a
hydrothermal system, driven by a combination of heat transfer from a
vigorously convecting magma chamber and heat transfer from freezing a
thickening layer of gabbro plated to the roof of the magma, is able to
transport enough high temperature water to generate a massive sulfide
ore deposit of 3MT. The model further shows, however, that, if the
permeability is -10

-14

m

2

or greater, the temperature and mass flow rate

of the hydrothermal system decay too rapidly to generate an ore body of
appreciable size.
We point out that these values for the permeability refer to the
permeability in the region near the top of the magma chamber where heat
extraction is taking place. After the fluid has been heated by contact
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with a sufficient surface area at the top of the magma chamber and
ascends, the flow may be focused into a somewhat narrower discharge zone
by entering a region of higher permeability. One can envision a
focusing factor of 100, for example, so that a fluid extracting heat

from 2 km

2

at the top of a magma chamber may discharge through zone 200

m x 100 m. In order to maintain conservation of fluid mass, the permeability in the discharge zone would be two orders of magnitude greater
than in the zone of heat extraction from the magma chamber.
The question still remains as to whether the formation of an ore
deposit is evidence for rather low permeability of the oceanic crust in
the neighborhood of the magma chamber, or whether a more efficient
mechanism of heat transfer is possible so that high temperature discharge is maintained even if the permeability at depth is much greater
than 10

-15

2
m . One must also question how very large deposits (-100MT)

are generated.
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DISCUSSION
To address in detail the question of whether massive sulfide ore
deposits can occur in regions where the oceanic crust is highly permeable at depth would lead beyond the scope of this paper; however, some
qualitative discussion is in order. It is interesting to note that
other models for the generation of massive sulfide ore deposits, though
based on somewhat different physical assumptions than ours, suggest
rather low permeabilities (Parmentier and Spooner, 1978; Cathles, 1983).
In these models, low permeability was "built into" the calculations,
whereas in our model, the permeability was a free parameter that could

be varied over a considerable range. Only if the permeability in the
neighborhood of the subsurface magma chamber were in the low end of the
acceptable range did our calculations yield a reasonable sized ore body.
Because our model is so oversimplified, however, it is useful to examine
some factors which may argue towards the possibility of higher
permeability systems.
We first of all point out that replenishment of the magma chamber
is insufficient, of itself, to give rise to greater heat transport to
the hydrothermal system. In fact, replenishment of the magma chamber is
implicit in the value H

o

= 12.5 watts/m

chamber had a volume of 500 km

3

2

in equation (22). If the magma

and an upper surface area of 100 km

2

(roughly in accord with the Swell ophiolite (Pallister and Hopson,
1981)), the latent heat content would be approximately 6 x 10 20 joules,
assuming a latent heat of 4 x 10

5

j/kg and a density of 3 x 10

3

3
kg/m .

If that energy is lost only by conduction through the roof at a rate of
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11
2
12.5 watts/m , then the magma chamber would be solidified in 5 x 10
sec. Since we assumed that the rate of heat transport was maintained
for nearly that same time as a result of vigorous convection ( Nusselt

number = 10 4 ),

the magma chamber must have been kept mostly liquid

during that time interval. Thus to have the heat flux assumed in equation (22) implicitly assumes that heat is continually supplied from
below by replenishment of the magma chamber. We point out further,
though, that we have assumed an average heat flux in equation (22). The
heat flux at the axis may have been higher than in the off axis regions.
Such a lateral variation int he heat flux would be consistent with the
observation that the plated gabbro layer thickens towards the margins of
the Samail ophiolote (Pallister and Hopson, 1981). The conduction
boundary layer may therefore be thinner near the axis. This may be
important because it is the thickening of the boundary layer with time,
thus reducing the rate of heat flux to the hydrothermal system, that
and Tw . If, for example, we apply equations

causes the decline in

(8) and (9) to a case in which the boundary layer is held at constant
thickness

,

and the magma at constant temperature T L , then
T

w

= (T v/p sagO)
L
f

1/2

qz = (ATLPfagK /sv6)

(26)

1/2

(27)

Equation (26) yields
6= 7.6 x 10 -4 / K

using the same values as before. If K = 10

-13

m
2
m ,

(28)
6 = 0.76 m, which is

still slightly more than that estimated by Bjornsson et al. (1982) for
29

water penetration near the boundary of the Grimsvotn magma chamber. If
the mass flux from such a system was maintained for 10
mass flux would be 1.7 x 10

13

3

years, the total

2
2
kg/km , so that less than 1 km of contact

area would be needed to generate a 3MT ore deposit. The effect of high
heat flux into the axial zone of an ocean ridge magma chamber must be
examined more rigorously. Another observation that may be important is
that dikes have apparently cut the plated gabbro layer. Such dike
injection may serve to rejuvenate a dying hydrothermal system by providing additional heat and by furnishing pathways for penetration of
hydrothermal fluids to the top of the magma chamber. Finally, we reemphasize that these calculations have been based on the assumption that
the concentration of metals is 100 ppm. If the metal concentration were
greater, as appears to be the case for the Red Sea brines, for example,
the crustal permeability could be increased in the model calculations.
The hydrothermal systems that we have considered have dealt with
heat transfer from a liquid, convecting magma chamber. After the magma
chamber has solidified, there is still a significant amount of heat
stored within it. As our calculations have shown, equations (10)
through (18), this heat cannot be tapped by conduction through a
thickening conductive boundary layer. If the solidified magma chamber
is penetrated and cooled by hydrothermal circulation (e.g., by downward
propagation of fractures (Lister, 1974; Bodvarsson, 1982) or as suggested by Cathles (1983)), then a greater source of heat is available.
Hydrothermal cooling of the solidified magma chamber suggests the idea
that ore deposits form in two, or perhaps multiple, stage events. The
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early stage occurs during initial circulation within the crustal rocks
and the extraction of heat from the still active, replenished magma
chamber. The early stage may have multiple events if replenishment does
not exactly keep pace with hydrothermal heat withdrawal. The late stage
may occur when hydrothermal fluids penetrate the solidified magma chamber. Upon considering that our calculations are based on a 3MT model
deposit, one might readily consider that large deposits are multi-stage
products.
That a single deposit may be formed by multiple events does not
seem unreasonable, even in a seafloor spreading environment. At a
spreading rate of —1 cm/yr, crustal material generated at the ridge axis
is still within the median valley after 10

6 years. If high temperature

hydrothermal activity has a periodicity of —10

4

years (Rona et al.,

1984), the material within the median valley may be subject to as many
as 100 cycles of hydrothermal activity. Even at a fast-spreading ridge,
material within 10 km of the ridge axis may undergo as many as 10
cycles, if the periodicity is the same as suggested for slow-spreading
ridges.
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CONCLUSIONS
We have developed models of hydrothermal massive sulfide ore
deposits that may be formed in basaltic volcanic rocks at an oceanic
spreading center environment. Our models treated both heat extraction
from permeable rocks of the oceanic crust and heat extraction across the
conductive boundary layer at the roof of a replenished, vigorously
convecting, mostly liquid magma chamber. We find that the crustal heat
source is not sufficient to drive a hydrothermal system that generates
ore deposits of 3MT or greater. Heat extraction from the convecting
magma chamber, in conjunction with the formation of a thin (

-

1 km) layer

of plated gabbro at the roof of the chamber, may account for ore bodies
of the order of 3MT provided the permeability of the oceanic crust where
heat is extracted from the top of the magma chamber by the hydrothermal
circulation is 10

-15

m

2

or less.

Large massive sulfide deposits with bulk tonnages in the range of
10 to 80MT hosted in basaltic oceanic crust are probably composites of
sulfide lenses or pods formed by multiple events and multi-stage episodes of hydrothermal activity. Two general stages of high temperature
hydrothermal activity may occur--one during the active, vigorously convecting stage of a magma chamber, the second one during hydrothermal
cooling of the solidified pluton. More work is needed on the details of
both of these stages. Very large massive sulfide deposits with bulk
tonnages up to 250MT hosted in andesitic and rhyolitic volcanic rocks
involve additional processes. The effects of magma replenishment, dike
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injection, and the contribution of metals transported by magmatic fluids
need to be analyzed more fully. If it is possible for the conductive
boundary layer to be as thin as one meter, locally, for a time of 10 3
-13

m

2

or less. The permeability
years,thnpmeabiltynd10

in the discharge zone could conceivably be two orders of magnitude
greater than the permeability at depth.
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APPENDIX
LIST OF SYMBOLS
a

= thermal diffusivity of the oceanic crust

A

=

c

= specific heat of magma

d

= fracture width

D

= fracture spacing in the discharge zone

g

= acceleration due to gravity

h

= depth of fracture system in the oceanic crust

H

= rate of heat conduction across the impermeable boundary layer

ht = contact area at water-rock interface

•separating the magma chamber from the hydrothermal system
H
H

F

= total heat transfer by exiting hydrothermal fluid

o

= heat transferred to hydrothermal system as result of convection
in magma chamber

H

1

= heat transferred to hydrothermal system as a result of freezing
at top of magma chamber

K

= permeability of the oceanic crust
fracture length

t*

= distance between discharge and recharge zones in fracture-loop
system

L

= latent heat of fusion of plated gabbro

m

= total mass of hot water needed for a 3MT ore deposit

N

= Nusselt number

N

q

F

= Fourier number, at/D

2

= mass flow rate of hydrothermal fluid per unit fracture length
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qz

= vertical mass flow rate of hydrothermal fluid per unit area of
heat extraction at top of magma chamber
= total mass discharge of hydrothermal system per unit area of

Q

heat extraction from magma chamber

R

= Rayleigh number

R

c

= critical Rayleigh number

s

= specific heat of hdyrothermal fluid

t

= time

TL

= temperature of liquid, convecting magma chamber

T

= temperature of the oceanic crust

R

T

Ro

T
T

s
w

= initial temperature of oceanic crust
= temperature of magma chamber that is cooling by conduction
= temperature of hydrothermal fluid

Two = initial temperature of hydrothermal fluid
Z

= location of freezing front

a

=

Y

= parameter governing rate of advance of freezing front near top

thermal expansion coefficient of water (hydrothermal fluid)

of magma chamber
8

= assumed boundary layer thickness in vigorously convecting magma
chamber

x

= thermal conductivity of the oceanic crust

v

= kinematic viscosity of water (hydrothermal fluid)

of

= density of water (hydrothermal fluid)

T

=

time at which exiting hydrothermal fluid falls below 350°C
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FIGURE CAPTIONS

Figure 1. Plot of size of 508 massive sulphide ore deposits on land
versus type of volcanic host rock immediately underlying each
deposit based on a data compilation by Mosier et al. (1983).
The size of known massive sulphide deposits hosted in basalt
including basalt generated at seafloor spreading centers
(Table 1) ranges up to 30 x 10 6 metric tons. The size of
known massive sulphide deposits hosted in andesite and
rhyolite ranges up to 242 x 10

6

metric tons. The number in

parentheses above each column of points is the number of
massive sulphide deposits plotted.
Figure 2. Plot of total mass discharge per km

2

of magma contact area, at

a temperature greater than or equal to 350°C, as a function of
permeability,

K, in the contact zone where the hydrothermal

fluid is heated.

48

1,000.0

(284)
(I3)

TONNAGE O F O RE(ME TRIC TONS x 10 6)

(14)
100.0
(94)
(86)

(9)
(3 )

r

L
10 . 0

;
1

H

•$1
(5)

J
I.0

••

0.I

BASALT

ANDESITE RHYOLITE ARGILLITE SCHIST
INCL.
INCL.
TUFF
TUFF

SHALE OTHER
CHERT
SEDIMENTS JASPER

VOLCANIC ASSOCIATED SEDIMENTS
HOST ROCK TYPE
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Position
Au
0.000005

0.000002

Age

Location Latitude Longitude

Comments

Reference

Recent Red Sea

21°23'N

38°03'E

Reliable assessment
based on threedimensional sampling

Bicker, 1979; Schott
1980; Saudi-SudanesE
Red Sea Joint Commis
sion, 1982; Nawab,
1984

Recent Pacific
Ocean

20°50'N

109°05'W

Tentative assessment
based on surface
sampling

Hekinian et al.,
1980; RISE- 1980;
Rona, 1984

Recent Pacific
Ocean

0°45'N

85°50'W

Tentative assessment
hased on surface
sampling

Malahoff et al., 19

Recent Pacific
Ocean

44°40'N

130°20'W

Tentative assessment
based on surface
sampling

Koski et al., 1984;
Koski et aT., in
press

Recent Pacific
Ocean

47°56.7'N 129°05.8'W Tentative assessment
based on surface
sampling

Tivey and Delaney,
in press

salt-Hosted Copper-Zinc-Lead Massive Sulfide Deposits
Position
Comment

Reference

Au

Age

Location

Latitude

Longitude

0001

Cretaceous

Turkey

38°22'N

39°40'E

Possible ophiolite

Griffitts et al., 1972
Mining Magazine, 1979a
Mosier et al., 1983

Silurian

Spain

42°53'N

08°33'W

Possible ophiolite

Badham and Williams,
1981; Mosier et al.,
1983

Jurassic

Canada

55°26'N

129°49'W

Uncertain origin

Nelson, 1948; Mosier
et al., 1983

Cretaceous

Oman

24°00'N

55°00'E

Semail ophiolite

Alabaster et al., 1980:
Mining Magazine, 1979b1
Mosier et al., 1983

.00003

Ordovician

Norway

63°08'N

09°45'E

Ophiolite

Bugge, 1978; Franklin
et al., 1981; Frietsch
et IV., 1979; Grenne
et "0-., 1980; Vokes,
IWTHWaltham, 1968;
Mosier et al., 1983

0.003

Cretaceous

Cyprus

35°05'N

32°50'W

Troodos ophiolite

Hutchinson, 1965;
Searle, 1972; Mosier
et al., 1983

0

Cretaceous

Turkey

38°00'N

42°00'E

Possible ophiolite

Mosier et al., 1983

.00008

Ordovician

Canada

49°52'N

55°38'W

Newfoundland
ophiolite

Donoghue et al., 1959;
1940;
Douglas et
Upadhyay anWStrong,
1973; Mosier et al.,
1983

0

00002

0

dr:,

5

TABLE 3. Water-Rock Contact Area as a Function of Time of Formation.

BASED ON: Tw (h,t) = 350°C

,

T

wo

= 100°C, TR() = 700 °C,

A= 2.5 w/m- °C, a= 10 -6 m2 /sec, s= 8 x 10 3 j/kg- ° C

t (years)
10

2

10 3
10
10

4
5

m = Qt (kg)
10
10
10
10

Q = qt (kg/sec)

13

3 x 10

13

3 x 10

13

30

13

3

53

2
A = ht (km )

3

200

2

63
20
6.3
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