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Metal–insulator–metal (MIM) structures have been the subject of great interest as nanoscale plasmonic
waveguides. The modeling and measurement of the loss in these waveguides is one of the critical issues in
realizing the plasmon-based nanocircuitry. Due to the subwavelength size of the structure, the light
injection and the measurement of the loss in MIM structures typically require tapered fibers or waveguides, as well as multiple waveguide structures with various length scales [8,9] or scanning near-field
optical microscopy. The transverse transmission/reflection (TTR) method is presented for determining
the loss of plasmonic modes in MIM waveguides. The approach is based on determining the width of
the reflection angular spectrum in the attenuated total reflection configuration. Owing to its transverse
character, the TTR method potentially provides a more straightforward and simpler way to determine
the loss of plasmonic modes in MIM structures. © 2010 Optical Society of America
OCIS codes:
230.7370, 240.6680.

1. Introduction

During the past few years, surface plasmon (SP)based waveguides have been the subject of intensive
research [1–6]. Due to the nanometer-scale confinement and the “slow-wave” nature of SP [3–7], SPbased waveguides have been considered as promising
candidates in realizing optical nanocircuitry. However, the loss in plasmonic waveguides is substantial
owing to the intrinsic loss of the metal and is further
magnified with enhanced transverse modal confinement [3–6], which is essential in integration of
SP-based nanocircuitry. Therefore, the design, simulation, and measurement of the loss in plasmonic
waveguides are critically important in the development of plasmonic waveguides.
The MIM structure is one of the most intensively
investigated of plasmonic waveguides. Despite its
larger loss compared with its complementary struc0003-6935/10/060936-09$15.00/0
© 2010 Optical Society of America
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ture, the insulator–metal–insulator (IMI) plasmonic
waveguide, the transverse modal size is significantly
smaller in the former because of the relatively shallow field penetration to the skin depth of the metal
cladding. Such small penetration also makes the
MIM structures less sensitive to interface/surface defects, index mismatch of cladding layers, and crosstalk. However, the modal profile of a typical MIM
structure is usually below the diffraction limit [3–5].
Therefore, the excitation and the loss measurement
of an MIM plasmonic mode typically requires endfiring of tapered fibers or waveguides, as well as multiple waveguides structures with various length
scales [8] or scanning near-field optical microscopy
(SNOM) [10–12].
The transverse transmission/reflection (TTR)
method [13] presented here may significantly simplify the loss measurement of the MIM plasmonic
modes. Instead of conceptually injecting light from
the end of the waveguides, e.g., finite-difference
time-domain (FDTD) simulation [5,14,15], the TTR
method excites a plasmonic mode in the transverse

direction. This can be realized by making one of the
metal cladding sufficiently thin (e.g., three to four
skin depths) for light coupling. A high-index layer
(e.g., prism) is then added adjacent to the thin metal
layer to enable coupling. By plotting the fraction of
power transmitted/reflected as a function of the normalized wave vector component of the incident wave,
the Lorentzian maxima/minima are located at the
real parts of the propagation constants, and the halfwidths at half-maxima/minima (HWHM) of these
resonances are equal to the imaginary parts of the
propagation constants of the allowed plasmonic
modes. Concisely stated, the TTR method provides
a straightforward and simple approach for determining the complex propagation constants by simulating
a coupled-waveguide structure. As a result, the TTR
method has a similar configuration to the prism coupler introduced by Ulrich and Tien [16,17] and to the
attenuated total reflection (ATR) configuration
[18–20]. However, to the best of the authors’ knowledge, this is the first time such configuration has been
applied to the plasmonic modes in a MIM structure.

Fig. 1. Geometry of a multilayer structure.

components of the electric and magnetic fields at
every interface, the field coefficient at the cover
and the substrate can be related via the matrix
equation


2. Formulation
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A. TTR Method Formulation

The transfer matrix provides the basis for a systematic approach for analyzing multilayer structures,
such as that shown in Fig. 1. For a transverse magnetic (TM) wave traveling in the þz direction in
the ith layer (xi−1 ≤ x ≤ xi ), the magnetic field is
0



κ x;i





¼

m12
m22






Ac
;
Bc

ð2Þ

where the transfer matrix for the ith layer, M i , is
represented by

κ x;i

1



C
1B
B 1 þ f i κx;iþ1 expð−κx;i di Þ  1 − f i κx;iþ1  expðκ x;i di Þ C
Mi ¼ B 
C
κ x;i
2 @ 1 − f i κx;i expð−κ x;i di Þ
1 þ f i κx;iþ1
expðκx;i di Þ A
κ x;iþ1

~i ¼ ^
H
yH yi ðxÞ exp½jðωt − γzÞ, where ^y is the unit vector
in the þy direction and γ ¼ β − jα is the complex propagation constant with β and α being the phase and
attenuation propagation constants, respectively. The
effective index N eff is defined as N eff ≡ β=k0 , where
k0 ¼ 2π=λ0 and λ0 is the free space wavelength.
The total magnetic field in the ith layer is the summation of þx and −x propagating waves, which can be
expressed as

m11
m21

Ac
Bc

for i ¼ 0;    ; j − 1;

ð3Þ

where for TE waves f i ¼ 1, while for TM waves
f i ¼ εiþ1 =εi , and di is the thickness of the ith layer.
By Eq. (2), the complex amplitude transmission
and reflection coefficients are represented as

cover incidence ðBs ¼ 0Þ:

¼

m11
m21

m12
m22




1
;
rc

ts
0



ð4Þ

H yi ðxÞ ¼ Ai exp½−κx;i ðx − xi−1 Þ
þ Bi exp½þκ x;i ðx − xi−1 Þ;

ð1Þ

where Ai and Bi are the complex field amplitudes corresponding to the þx and −x propagating waves in
the ith layer, respectively, κ x;i ¼ ðγ 2 − k20 εi Þ1=2 is the
complex transverse wave vector in the ith layer,
and xi defines the boundary between the ith and
(i þ 1)th layers (Fig. 1). By matching the tangential


substrate incidence ðAc ¼ 0Þ:

¼

m11
m21

m12
m22




0
:
tc

rs
1



ð5Þ

By algebraic manipulation,
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m21
m
;
rs ¼ 12 ;
m22
m22
m11 m22 − m12 m21
ts ¼
:
m22
rc ¼ −

tc ¼

1
;
m22

ð6Þ

The fraction of the power reflected is
Rc ¼ jrc j2 ;

Rs ¼ jrs j2 :

ð7Þ

The fraction of the power transmitted is
T c ¼ T s ¼ jtc j2

κc εs
κ ε
¼ jts j2 s c :
κs εc
κ c εs

ð8Þ

By Eqs. (6) and (8) we can also obtain
m11 m22 − m12 m21 ¼

κ c εs
:
κ s εc

ð9Þ

The γ that makes the transmission and reflection
coefficient infinite corresponds to the propagation
constant of a guided or leaky mode of the waveguide
structure [21].
The essence of the TTR method is based on expressing the fraction of the power transmitted approximately as a rational function of the poles of the
complex propagation constants γ l for leaky modes
and lossy modes [13,22]. That is,



2
 1 2 κc εs



Q 1
 ;
T ¼ 
≃
UðβÞ



M
p
m22 κs εc
ðβ − γ l Þ

ð10Þ

l¼1

where UðβÞ is a slowly varying function of β and M p is
the number of poles. The γ l values that make the
transmission coefficients infinite correspond to the
propagation constant of a guided or leaky mode of
the waveguide structure. This is consistent with
guided modes and leaky modes being solutions of
m22 ¼ 0. Given that UðβÞ varies sufficiently slowly
with β, the TðβÞ has Lorentzian-type peaks located
at β ¼ Reðγ l Þ and has HWHM values equal to
α ¼ Imðγ l Þ. In the case that all the layers have zero
or negligible loss, i.e., jImðεÞj ≪ jReðεÞj, the fraction
of power reflected can be approximated as R ¼ 1 − T
[13]. Therefore the RðβÞ have Lorentzian-type minima at β ¼ Reðγ l Þ and have HWHM ¼ α ¼ Imðγ l Þ.
B. SP at a Single Metal/Dielectric Interface

Consider the structure shown in Fig. 2(a), which is a
typical Otto configuration [23]. The SP is excited at
the metal/dielectric interface by frustrated total internal reflection of the light incident upon the prism.
The dispersion relation of the SP at a single metal/
dielectric is given by


εm εd 1=2
βSP ¼ k0
;
ð11Þ
εm þ εd
1=2

which also implies that βSP > εd k0 and that such SP
mode exists only when jεm j > −εd , ignoring the typically small imaginary parts that lead to loss.
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Fig. 2. (a) Schematic diagram of a single metal/dielectric interface-SP structure (Otto configuration). (b) Schematic diagram of
a symmetric MIM structure. (c) Schematic diagram of a prismloaded MIM structure.

However, in the Otto configuration, the thickness
of the dielectric is not infinite, so part of the energy in
the SP mode at the metal/dielectric interface can be
coupled back into the prism. Therefore, the SP mode
supported by the Otto configuration is perturbed by
this leakage loss, which grows with decreasing gap
dielectric thickness dg . The propagation constant
γ SP of the perturbed SP mode can be obtained by
solving the transfer matrix. The transfer matrix of
this structure [Fig. 2(a)] is defined as

 0
m11 m012
M SP ¼
;
ð12Þ
m021 m022 SP
and the reflection coefficient is
rc;SP ¼ −

m021
:
m022

ð13Þ

The propagation constant γ SP is the solution of
m022 ¼ 0. As dg decreases, the loss of the SP mode
increases and the width of the fraction of power reflected Rc;SP ¼ jrc;SP j2 increases, and the center of the
Rc;SP resonance moves from βSP to higher β. Example
cases are illustrated in Section 3.
C.

SP in MIM Structures

Figure 2(b) shows a symmetric MIM structure. There
are two possible plasmonic modes in such a structure, one symmetric and one antisymmetric. The dispersion relations of the two modes are given by


κd
κ ε
symmetric: tanh i i ¼ − m i ;
ð14Þ
2
κ i εm


κ i di
κ ε
¼− i m;
antisymmetric: tanh
2
κm εi

ð15Þ

where di is the thickness of the insulator. The symmetric mode has no cutoff frequency. There is a symmetric mode for any frequency above zero frequency.
The antisymmetric mode has a cutoff frequency at
which the mode makes a transition between oscillatory (inside the metal) mode to a plasmonic mode
[24,25]. It should be noted that βs of the symmetric
mode (TM0 ) is always larger than βSP of the metal/
insulator interface, while βa of the antisymmetric
mode (TM1 ) is always smaller than βSP . In this study,
only the TM0 mode is of interest.
The propagation constants γ MIM of the TM0 modes
can also be obtained by solving the transfer matrix.
The transfer matrix of the MIM structure [Fig. 2(b)]
is defined as

M MIM ¼

m12
m22

m11
m21


;

ð16Þ

MIM

and the reflection coefficient is
rc;MIM ¼ −

m21
:
m22

ð17Þ

The propagation constants γ MIM are the solutions of
m22 ¼ 0. It should be noted that the plasmonic modes
cannot be directly excited from the metal cladding.
Therefore, rc;MIM does not have a physically achievable value (e.g., jrc;MIM j > 1) near the resonances corresponding to the plasmonic modes. In this study, one
side of the metal is made to be sufficiently thin for
light coupling. A high-index layer, such as prism,
is added adjacent to the thin metal layer to enable
light coupling with a higher longitudinal wave vector.
Detailed analysis on the prism-loaded MIM structure is provided in Subsection 2.D.
D. Prism-Loaded MIM Structure

Based on the transfer matrix formulation, the prismloaded MIM structure in Fig. 2(c) can be analyzed.
The transfer matrix for this structure can be represented as


M¼


m11
m21

m12
m22




MIM

expð−κ m dm Þ
0

0
expðκm dm Þ

In the case that ðm21 m012 Þ=ðm22 m022 Þ expð−2κ m dm Þ ≪
1, and using m22 ≃ C · ðβ − γ MIM Þ from Eq. (10), where
C is a constant and γ MIM ≡ βMIM − jαMIM is the complex propagation constant of the TM0 mode in the
MIM structure, Eq. (19) can be approximated as


m021
m21 m011 m022 − m012 m021
expð−2κ m dm Þ
rc ≃ − 0 1 þ
m22
m22
m022 m021


VðβÞ
;
ð20Þ
¼ rc;SP 1 þ
β − γ MIM
where the quantity VðβÞ ¼ m21 Cðκp εm =κm εp Þ=
ðm021 m022 expð−2κ m dm ÞÞ, using m011 m022 − m012 m021 ¼
κ p εm =κ m εp , is a slowly varying function of β. Based
on Eq. (20), the fraction of power reflected Rc ¼ jrc j2
can be expressed as



VðβÞ
Rc ≃ Rc;SP 1 þ 2 · Re
β − γ MIM

¼ Rc;SP 1 þ 2
·

ðβ − βMIM Þ · Re½VðβÞ þ αMIM · Im½VðβÞ
: ð21Þ
ðβ − βMIM Þ2 þ α2MIM

Equation (21) shows that Rc is similar to Rc;SP , which
has a resonance near the pole of m022, but Rc has one
or more extra resonances that correspond to the plasmonic modes of the MIM structure near the poles of
m22 . Equation (21) also implies that if the numerator
of the second component is a negative constant [i.e.,
VðβÞ ¼ V expð3π=2Þ, where V is a positive constant],
Rc =Rc;SP has a Lorentzian-type resonance centered at
N MIM ¼ βMIM =k0 and a HWHM ¼ αMIM =k0 . However,
because VðβÞ is not a constant and the phase of VðβÞ
is shifted due to the material loss in the metal, the
HWHM of Rc =Rc;SP is not precisely equal to αMIM =
k0 . Moreover, the approximation ðm21 m012 Þ=ðm22 m022 Þ
expð−2κm dm Þ ¼ 0 made in Eq. (20) also causes errors
since the metal thickness dm is finite. The detailed
error analysis of these errors is given in Appendix A,



m011
m021

m012
m022


SP


m12 m022 expðκ m dm Þ þ m11 m012 expð−κ m dm Þ
:
m22 m022 expðκ m dm Þ þ m21 m012 expð−κ m dm Þ

ð18Þ

m21 11 22
21 11

12 21
expð−2κ m dm Þ
m021 1 þ m22 m021 expð−2κ m dm Þ
m021
Mð2; 1Þ
m22
m022 m021
¼
−
:
1
þ
¼− 0
rc ¼ −
0
0
m m
m22 1 þ m21 m12
m022
Mð2; 2Þ
1 þ 21 12
0 expð−2κ m dm Þ
0 expð−2κ m dm Þ

ð19Þ

¼

m12 m021 expðκm dm Þ þ m11 m011 expð−κm dm Þ
m22 m021 expðκm dm Þ þ m21 m011 expð−κm dm Þ

Therefore, the reflection coefficient for the light
incident at the prism is
m m0

m22 m22

m0 m0 −m0 m0

m22 m22
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and a step-by-step procedure for correcting for the
errors is given in Appendix B.
3. Example Cases

In this section, the simulation performance and accuracy of the TTR method applied to various MIM
structures is examined. The TTR simulation results
are compared with rigorous results calculated by the
argument principle method (APM) [26]. The first example chosen is a silver–air–silver structure with a
200 nm core at λ ¼ 0:6328 μm. The second example is
a silver–oxide–silver structure with a 50 nm core at
λ ¼ 1:55 μm. This structure has a relatively smaller
core size and a higher βMIM ; therefore the gap between the prism and the MIM structure should be
filled with high-index material (e.g., fluid) to facilitate the light coupling. More details are discussed
in Subsection 3.B.

Fig. 4. Plane-wave reflection power spectrum of the structure in
Fig. 3 with dm ¼ 100 nm. The x axis is the effective index
N eff ≡ β=k0 ¼ np sin θ, and the y axis is the fraction of power reflected. The resonances corresponding to the air gap-metal plasmonic mode and the TM0 mode of the MIM structure are labeled.

The first example is a symmetric MIM structure with
a 200-nm void core and silver claddings. At the
operating frequency λ ¼ 0:6328 μm, the silver has
complex dielectric constant ~εAg ¼ −15:9 − j1:07, or
~ Ag ¼ 0:135 − j3:99
equivalently, refractive index n
[27]. The normalized propagation constant γ MIM =k0
of the TM0 mode calculated by APM is
1:13412 − j0:00505, which corresponds to a loss of
0:44 dB=μm or propagation length of 10 μm.
In order to apply the TTR method to this MIM
structure, one of the silver claddings has to be sufficiently thin for light coupling and a high-index layer
(e.g., prism) has to be placed adjacent to the thin silver cladding, as shown in Fig. 3. In this case, the skin
depth of silver δ ∼ 25 nm, so dm is chosen to be 75 nm
and 100 nm to allow the appropriate coupling
strength. The prism index np has to be sufficiently
larger than N MIM and is chosen to be 1.5.
The plane-wave reflection power spectra of the
structure in Fig. 3 with dm ¼ 100 nm and dm ¼
75 nm is plotted as functions of the effective index
N eff in Figs. 4 and 5, respectively, and summarized
in Table 1. The effective index N 0MIM of the TM0 mode
is located at the minimum of the Rc =Rc;SP resonance,
and the normalized attenuation coefficient α0MIM =k0

is equal to the HWHM, where the prime denotes results obtained by the TTR method, in contrast to the
rigorous results obtained by APM. Rc;SP can be obtained by qualitatively subtracting out the TM0 resonance from Rc for each da . It is shown in Table 1 that
the results obtained by the TTR method are in good
agreement with the rigorous result, especially in the
case of dm ¼ 100 nm. The error in α0MIM < 5% in the
case of dm ¼ 100 nm and ≲10% in the case of
dm ¼ 75 nm. Larger dm causes a smaller TM0 resonance intensity and smaller perturbation, in agreement with the analysis of Subsection 2.D.
As described in Appendix A, the error in α0MIM can
be estimated. In the case of dm ¼ 100 nm, the error
due to the finite thickness of the metal layer dm is
usually smaller than the half-resonance strength
of Rc =Rc;SP as da → 0, that is, ≲2%. Following the procedure described in Appendix B, the phase shift is
fitted as ΔϕV ∼ 15°, and the normalized attenuation
coefficient after correction is α00MIM =k0 ∼ 0:00515. Similarly, in the case of dm ¼ 75 nm, the error due to
finite dm is ≲8%. The fitted ΔϕV ∼ 15° and
α00MIM =k0 ∼ 0:0051. It is shown that in both cases,
the α00MIM values have less than 2% of error. It should
be noted that no explicit information about da or dm
is needed in the correction procedure.

Fig. 3. Schematic diagram of the prism-loaded MIM structure
with a 200 nm void core. The metal is silver with complex dielectric
~m ¼
constant ~εm ¼ −15:9 − j1:07, or equivalently refractive index n
0:135 − j3:99 [27]. The operating wavelength is 0:6328 μm.

Fig. 5. Plane-wave reflection power spectrum of the structure in
Fig. 3 with dm ¼ 75 nm.

A. Silver–Air–Silver Structure
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Table 1. Normalized Complex Propagation Constant
γ 0MIM =k 0 Calculated by the TTR Method, for the MIM
Structure Shown in Fig. 3a

da

dm

TTR Method

0
0:25λ
0:50λ
0
0:25λ
0:50λ

100 nm
”
”
75 nm
”
”

1:1348 − j0:0053
1:1350 − j0:0053
1:1348 − j0:0051
1:1348 − j0:0055
1:1354 − j0:0057
1:1354 − j0:0053

a

The rigorous complex propagation constant for the TM0 mode
of the MIM structure without the prism loaded (d m ¼ ∞)
is γ MIM =k 0 ¼ 1:13412 − j0:00505.

Fig. 7. Plane-wave reflection power spectrum of the structure in
Fig. 6 with dm ¼ 80 nm.

B. Silver–Oxide–Silver Structure

The second example is a symmetric MIM structure
with a 50 nm SiO2 core and silver claddings. At
the operating frequency λ ¼ 1:55 μm, the silver has
complex dielectric constant ~εAg ¼ −86:6 − j8:74, or
~ Ag ¼ 0:469 − j9:32
equivalently, refractive index n
[27]. The normalized propagation constant γ MIM =
k0 of the TM0 mode calculated by APM is
2:11140 − j0:02967, which corresponds to a loss of
1:04 dB=μm or propagation length of 4:2 μm. The
higher N MIM in this case is the result of the higher
index and smaller size of the core insulator.
In order to apply the TTR method to this structure,
one of the silver claddings is made thinner and a
prism is placed adjacent to the MIM structure. In
this case, the skin depth of silver is δ ∼ 26 nm, so
dm is chosen to be 80 nm to allow the appropriate
coupling strength. The prism index np is chosen to
be 2.5.
The plane-wave reflection power spectrum of the
structure in Fig. 6 is shown in Fig. 7 and summarized
in Table 2. The N 0MIM and α0MIM are obtained in the
same manner as in the previous example. It is shown
in Table 2 that the results of the TTR method are in
good agreement with the rigorous result. The error in
α0MIM < 5% for df ¼ 100 and 200 nm and <10% for
df ¼ 0 and 50 nm.
Following Appendix A, the error of the HWHM can
be estimated. The error due to finite dm in this case is
≲6%. The fitted phase shift ΔϕV ∼ 20°, and the

normalized attenuation coefficient after correction
is α00MIM =k0 ∼ 0:0297. The detailed fitting procedure
for this case is given in Appendix B.
4.

Summary and Discussion

In this paper, a coupling simulation method, the
transverse transmission/reflection (TTR) method,
is presented for the characterization of the plasmonic
modes in MIM structures. The TTR method is noteworthy for its simplicity and capability of characterizing plasmonic modes with a linkage to the physical
attenuated total reflection (ATR) configuration. By
simulating such a structure, both the real part and
the imaginary part of the propagation constant of
a plasmonic mode can be characterized by the angle
and width of the Lorentzian-type reflection resonance. It is shown in the example cases that appropriate coupling strength can be obtained when the
thickness of the metal is about three to four skin
depths. The resulting errors in the attenuation coefficient are typically smaller than 10% and can be
minimized using the analysis based on multiple
reflection power spectra at various gap dielectric
thickness.
To summarize, the TTR method presented here is a
potentially powerful approach for characterizing
plasmonic modes. Due to its transverse nature, a loss
measurement based on the TTR method may obviate
the need of tapered end-couplers and the need of
multiple waveguide samples or scanning near-field
optical microscopy (SNOM). A paper describing corresponding experimental results by the authors has
recently been submitted for publication.
Table 2. Normalized Complex Propagation Constant
γ 0MIM =k 0 Calculated by the TTR Method, for the MIM
Structure Shown in Fig. 6a

Fig. 6. Schematic diagram of the prism-loaded MIM structure
with a 50 nm SiO2 core. The metal is silver with complex dielectric
~m ¼
constant ~εm ¼ −86:6 − j8:74, or equivalently, refractive index n
0:469 − j9:32 [27]. The operating wavelength is 1:55 μm.

df

dm

TTR Method

0
50 nm
100 nm
200 nm

80 nm
”
”
”

2:1179 − j0:0326
2:1191 − j0:0329
2:1178 − j0:0305
2:1167 − j0:0296

a

The rigorous complex propagation constant for the TM0 mode
of the MIM structure without the prism loaded (d m ¼ ∞)
is γ MIM =k 0 ¼ 2:11140−j0:02967.
20 February 2010 / Vol. 49, No. 6 / APPLIED OPTICS
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βhm ¼ βMIM þ αMIM

−2 sinðΔϕV Þ  f2½1 þ cosðΔϕV Þ þ sin2 ðΔϕV Þg1=2
;
1 þ cosðΔϕV Þ

Appendix A: Detailed Error Analysis

α0MIM

The attenuation coefficient
obtained from the
TTR method is specified by the HWHM of Rc =Rc;SP,
which equals α0MIM =k0. Following Subsection 2.D, the
quantity α0MIM differs from the rigorously calculated
attenuation coefficient αMIM . The error in α0MIM has
three sources: (1) the finite metal thickness dm ,
(2) the phase shift of VðβÞ due to loss in the metal,
and (3) the background variation in VðβÞ. A stepby-step procedure for obtaining the value of the attenuation coefficient α00MIM corrected for these errors
is given in Appendix B.
The first error is caused by the approximation A ≡
ðm21 m012 Þ=ðm22 m022 Þ expð−2κ m dm Þ ¼ 0 in Eq. (20). Because of the m22 in the denominator, jAj has a peak
near where m22 has a pole, which is also near where
Rc =Rc;SP has a minimum. In the worst case, the resonance strength of Rc =Rc;SP is decreased by
100jAjmax %, and its HWHM is broadened by similar
percentage. jAjmax can be estimated by comparing
with the value of ðm21 =m22 Þ½ðm011 m022 − m012 m021 Þ=
ðm022 m021 Þ expð−2κm dm Þ ¼ VðβÞ=ðβ − γ MIM Þ, which is
the resonance strength of Rc =Rc;SP. The transfer matrix M SP when the gap dielectric thickness dg → 0
may be expressed as
1
M SP ðdg → 0Þ ¼
2



1 þ m0SP
1 − m0SP


1 − m0SP
;
1 þ m0SP

ðA1Þ

where m0SP ¼ ðn2m κp Þ=ðn2p κm Þ, which is imaginary for a
lossless metal. For a low-loss metal, jðm011 m022 −
m012 m021 Þ=ðm022 m021 Þj ¼ j4m0SP =ð1 − m02
SP Þj has values
between 1 and 2 for N eff ¼ 0 to ½n2m n2p ðn2m þ n2p Þ
=ðn4m þ n4p Þ1 =2 ∼ np . Therefore, based on Eq. (21),
the value of jðm21 =m22 Þ expð−2κ m dm Þj is between
1=4 and 1=2 times the resonance strength of
Rc =Rc;SP when dg → 0. Since the value of jm012 =m022 j
is between 1 and 2 for any dg, jAjmax at any dg ≲
1=2 times the resonance strength of Rc =Rc;SP when
dg → 0. It should be noted that α0MIM obtained without the approximation A ¼ 0 [Eq. (19)] is always
larger than that with the approximation [Eq. (20)].
The second source of error is caused by the material loss in the metal. In the case of a lossless metal,
ϕV ¼ 3π=2. However, ϕV is shifted when the metal is
lossy. Based on Eq. (21) and assuming VðβÞ ¼
V exp½ð3π=2Þ þ ΔϕV , where V is a positive constant,
βmin at the minimum of the phase-shifted Lorentzian
Rc =Rc;SP can be represented as
βmin ¼ βMIM þ αMIM

cosðΔϕV Þ − 1
;
sinðΔϕV Þ

ðA2Þ

and βhm values at the half-minimum points are
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ðA3Þ

where the positive and negative signs correspond to
the right and left half-minimum points, respectively.
Figures 8(a) shows the variation of βmin and βhm
values, and Fig. 8(b) shows the broadening effect
of α0MIM as a function of ΔϕV .
The third source of error is caused by background
variation of VðβÞ, and the effect is dependent on ΔϕV .
Assuming the phase-shifted Lorentzian is multiplied
by a linearly varying function VðβÞ, Fig. 9 shows
the variation of α0MIM as a function of the percentage background variation, jVðβMIM þ αMIM Þ=
VðβMIM − αMIM Þj − 1, at various ΔϕV values.
Appendix B: Method of Determining α00MIM

Based on the discussion in Appendix A, the corrected
α00MIM can be obtained by using multiple Rc values at
various dg values, utilizing the fact that the variation
of α0MIM is proportional to the percentage background
variation and that the slopes depend on the phase
shift ΔϕV (Fig. 9). From the α0MIM values obtained
from the VðβÞ variations, the quantity ΔϕV and
the corrected α00MIM can be estimated by the slope of
the α0MIM versus the percentage background variation. By definition, the variation of jVðβÞj is determined by the variation of jðm011 m022 − m012 m021 Þ=
ðm022 m021 Þj and jðm21 =m22 Þ expð−2κ m dm Þj; the former
is related to the prism–dielectric–metal structure,
and the latter is related to the MIM structure. Therefore, the variation of jVðβÞj can be controlled by varying the gap dielectric thickness dg , while the
variation of jðm21 =m22 Þ expð−2κm dm Þj stays constant
and does not affect the slope of Fig. 9. The variation
of jðm011 m022 − m012 m021 Þ=ðm022 m021 Þj can be obtained by
using

Fig. 8. (a) Variation of βmin and βhm values as a function of the
phase shift ΔϕV caused by the material loss of the metal. The
upper βhm corresponds to the right half-minimum point, and the
lower one to the left half-minimum point. (b) Broadening of
α0MIM as a function of ΔϕV .

Rc;SP ðβ0MIM − α0MIM Þ − 1, for each df . The background
variation is proportional to jVðβ0MIM þ α0MIM Þ=
Vðβ0MIM − α0MIM Þj − 1 according to Eq. (B1). In this
case, the background variation is ∼4%, −3%, −27%,
and −30% for df ¼ 0, 50 nm, 100 nm, and 200 nm,
respectively.
6. From the plot of α0MIM versus the background
variation (Fig. 10), estimate ΔϕV by comparing with
Fig. 9. In this case, ΔϕV ∼ 20°.
7. Calculate the corrected attenuation α00MIM from

Fig. 9. Variation of α0MIM as a function of the linear background
variation at various phase shift ΔϕV .

 0
 

m11 m022 − m012 m021  ts;SP tc;SP 

¼ 
≃T c;SP ∝ 1 − Rc;SP ;

  r

m0 m0
22

21

c;SP

ðB1Þ
where Rc;SP can be obtained by qualitatively subtracting out the TM0 resonance. It should be noted
that no explicit information about df or dm is needed,
which means the correction procedure can be implemented by simply using multiple Rc values at various dg values.
The correction procedure of α0MIM is given by the
following steps. For illustration purpose, the procedure is applied to the example case in Subsection 3.B.
1. Calculate/plot Rc versus N eff at various df .
2. Produce Rc;SP versus N eff by qualitatively subtracting out TM0 resonance from Rc for each df .
3. From Rc =Rc;SP versus N eff , estimate the error
due to the finite dm , which is the half-resonance
strength as df → 0. The error is ∼6% in this case.
4. From Rc =Rc;SP versus N eff , calculate β0MIM from
the location of the minimum and α0MIM from the
HWHM for each df . The quantity α0MIM should be subtracted by the broadening error due to the finite dm
obtained in step 3.
5. From Rc;SP versus N eff in step 2, calculate the
background variation, ½1 − Rc;SP ðβ0MIM þ α0MIM Þ=½1−

Fig. 10. Variation of α0MIM as a function of the linear background
variation for the example case in Subsection 3.B. β0MIM and α0MIM
are obtained by using Table 2, while the latter is subtracted by
the estimated broadening error due to finite dm , which is ∼6%
in this case.

α00MIM ¼

α0MIM ðFig: 10Þ
:
0
ðαMIM =αMIM ÞðFig: 9Þ

ðB2Þ

In this case, α00MIM =k0 ∼ 0:0297.
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