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SUMMARY

Recent developments in mixed integer programming have highlighted the need for multi-
row cuts. To this day, the performance of such cuts has typically fallen short of the single-row
Gomory mixed integer cut. This disparity between the theoretical need and the practical
shortcomings of multi-row cuts motivates the study of both the mixed integer cut and multi-
row cuts. In this thesis, we build on the theoretical foundations of the mixed integer cut
and develop techniques to derive multi-row cuts.

The first chapter introduces the mixed integer programming problem. In this chapter,
we review the terminology and cover some basic results that find application throughout
this thesis. Furthermore, we describe the practical solution of mixed integer programs, and
in particular, we discuss the role of cutting planes and our contributions to this theory.

In Chapter 2, we investigate the Gomory mixed integer cut from the perspective of
group polyhedra. In this setting, the mixed integer cut appears as a facet of the master
cyclic group polyhedron. Our chief contribution is a characterization of the adjacent facets
and the extreme points of the mixed integer cut. This provides insight into the families
of cuts that may work well in conjunction with the mixed integer cut. We further provide
extensions of these results under mappings between group polyhedra.

For the remainder of this thesis we explore a framework for deriving multi-row cuts. For
this purpose, we favor the method of superadditive lifting. This technique is largely driven
by our ability to construct superadditive under-approximations of a special value function
known as the lifting function. We devote our effort to precisely this task.

Chapter 3 reviews the theory behind superadditive lifting and returns to the classical
problem of lifted flow cover inequalities. For this specific example, the lifting function
we wish to approximate is quite complicated. We overcome this difficulty by adopting an

indirect method for proving the validity of a superadditive approximation. Finally, we adapt

X



the idea to high-dimensional lifting problems, where evaluating the exact lifting function
often poses an immense challenge. Thus we open entirely unexplored problems to the
powerful technique of lifting.

Next, in Chapter 4, we consider the computational aspects of constructing strong su-
peradditive approximations. Our primary contribution is a finite algorithm that constructs
non-dominated superadditive approximations. This can be used to build superadditive
approximations on-the-fly to strengthen cuts derived during computation. Alternately, it
can be used offline to guide the search for strong superadditive approximations through
numerical examples.

We follow up in Chapter 5 by applying the ideas of Chapters 3 and 4 to high-dimensional
lifting problems. By working out explicit examples, we are able to identify non-dominated
superadditive approximations for high-dimensional lifting functions. These approximations
strengthen existing families of cuts obtained from single-row relaxations. Lastly, we show
via the stable set problem how the derivation of the lifting function and its superadditive
approximation can be entirely embedded in the computation of cuts.

Finally, we conclude by identifying future avenues of research that arise as natural

extensions of the work in this thesis.



CHAPTER 1

INTRODUCTION

This thesis primarily concerns methods that can be applied to mixed integer program-
ming. In this chapter, we give a brief overview of mixed integer programming, including
both applications and techniques used in the practical solution of these challenging prob-
lems.

Our discussion is by no means exhaustive, but provides a sufficient background for the
reader less familiar with mixed integer programming. The reader more familiar with mixed
integer programming and cutting plane theory may wish to skip ahead to the final section

where we describe our contributions and outline the remainder of the thesis.
1.1 Mixzed Integer Programming
The mized integer programming problem is defined by

ZMIp = max cx + hy
st. A+ Gy <b (1)
(z,y) e R x Z4.

The vectors z and y are typically referred to as the decision vectors. The data (A, G,b)
define a collection of constraints that the decision vectors must satisfy. Throughout we shall
assume that A € Q™*P, G € Q™4 and b € Q™. The vectors ¢ € QP, and h € Q? define
the objective function cx + hy that we wish to maximize. We say a point (z,y) € Rﬁ X Z‘i_
is feasible if it satisfies Ax + Gy < b. If no such point exists, we say that (1) is infeasible.
Despite its fairly simple structure, mixed integer linear programming enjoys a wide
variety of applications because of its ability to capture problem structure. Some of the
classical examples and now a staple of any text include the diet problem [71], the cutting
stock problem [31, 32], the traveling salesman problem [1,24], the matching problem [27],

the network flow problem [29,30], and the lot-sizing problem [66,74]. Of course, this barely



scratches the surface, and there are many more problems that fit into the framework of
mixed integer programming.

There are a number of variants of (1) commonly encountered. When g = 0, this problem
is the well-known linear programming problem; when p = 0, this problem is the integer
programming or pure integer programming problem; and when y € {0,1}7, this problem is
the mized binary integer programming problem.

Despite their apparent similarities, these problems differ vastly with respect to their

complexity. Consider for a moment the linear programming problem:
zp =max {cz : Az < b,z € R } (2)

Both infeasibility and optimality can be efficiently certified as demonstrated in the next two

theorems.

Theorem 1.1.1 (Farkas’ lemma). There exists some x > 0 such that Az < b if and only if

yb >0 for all y > 0 such that yA > 0.
Theorem 1.1.2 (LP duality). The linear program

zD:min{yb:yAZC,yERT} (3)
satisfies zp = zp whenever both systems are feasible.

The linear programs (2) and (3) are known respectively as the primal and the dual. To
certify the infeasibility of a linear program, one simply needs to produce some y > 0 such
that yA > 0 and yb < 0. Similarly to certify optimality, one simply needs to produce a dual
feasible solution y attaining the same objective value.

Notably, linear programming is amenable to a number of solution techniques. The first
of these techniques, and still widely used today, is the simplex method [23]. This algorithm
has become a cornerstone of linear programming theory and is a standard topic in most
texts [13,59,69]. Since then, polynomial time algorithms such as the ellipsoid method [47,48]
and interior point methods [45] have been developed for the linear programming problem.

In contrast, the dual of (1) resides in the space of superadditive functions, and is far

less accessible than the linear programming dual. It is still unknown whether there exists



any certificate of polynomial size for declaring the optimality of a feasible solution of a
mixed integer program. In fact, binary integer programming is among Karp’s famous 21
NP-Complete problems [46], which suggests that the mixed integer programming problem
in general may be quite different from linear programming.

Nevertheless, there are approaches to establishing feasibility and optimality that leverage
the theory of cutting planes in conjunction with other techniques. We describe the geometry
of polyhedra and cutting planes in the next section and then give a high level overview of

their role in solving mixed integer programs.
1.2 The Geometry of Polyhedra and Cutting Planes

To develop the idea of cutting planes, it will be useful to explore the geometry of

polyhedra. A polyhedron is a set
P={zeR":aqux<b;, i=1,...1}

for some finite . A more geometric perspective is to regard P as the intersection of the r
half-spaces defined by the inequalities a;x < b;.

The set P resides in some affine subspace (i.e. a translation of a linear subspace). The
dimension of P is the minimum dimension of an affine subspace containing P. Equivalently,
if P contains at most d + 1 affinely independent points, then P has dimension d. If d = n,
then P is said to be full-dimensional. By applying an appropriate affine transformation, we
may assume without loss of generality that P is full-dimensional; thus, we take P to have
dimension n.

Next, we briefly discuss valid inequalities. An inequality mx < 7 is said to be wvalid
for P if it is satisfied by all z € P. From a geometric perspective, this implies that P
is contained in the closed half-space defined by mx < mg. In this regard, one may either
consider inequalities from an algebraic perspective or a geometric perspective as the context
requires.

Some inequalities may be redundant in the sense that their exclusion does not change
P. The remaining inequalities in a minimal description of P are called facet-defining, and

are unique up to scaling. Given a facet-defining inequality a;x < b;, the corresponding facet



is the set

F=Pn{zxecR":qx=0b}.
A graphical representation of the distinction between valid inequalities and facet-defining
inequalities is given in Figure 1.

We sometimes use the term “facet” rather loosely to refer either to F' or the underlying
inequality a;z < b;. Given our assumptions, F' is itself a polyhedron of dimension n — 1.
Closely related are faces, which are obtained as the intersection of multiple facets, and of
particular importance are minimal faces (with respect to non-emptiness). For our purposes,

minimal faces typically have dimension 0 and are referred to as extreme points.

pr < po T < T

Figure 1: A valid inequality pux < ug and a facet-defining inequality 7o < mg for an
unbounded polyhedron P

Two important classes of polyhedra are polytopes and polyhedral cones. A polytope Q

is defined as the convex hull of finitely many points: i.e.
S
T = Z )\jacj
j=1

_ 1 s\ n . 5
Q—conv{x,...,x}— reR 'ZAjzl
7j=1

0§>\j§1, j:17...,8

\

Analogously, a polyhedral cone, C is defined as the conic hull of finitely many points. Thus
t .
y=> wy
j=1

y]ZOa j:]-)"'as

C:cone{yl,...,yt}: yeR":

If 47 is not in the conic hull of the remaining points, then 37 is called an extreme ray. As

it turns out, every polyhedron can be described precisely in terms of polytopes and cones.



Theorem 1.2.1 (Decomposition for polyhedra). A set P C R"™ is a polyhedron if and only

if P=Q + C for some polytope QQ and some polyhedral cone C.

Despite this nice geometric intuition, it is often more convenient to approach the fa-
cial structure of a polyhedron from an algebraic perspective. From this vantage, a valid
inequality a;z < b; is facet-defining if and only if there exist n affinely independent points
zl, ... 2" € P satisfying a;x = b;. Furthermore, two facets a;z < b; and ajr < bj are adja-

cent if and only if they share n — 1 affinely independent points. Extreme points therefore

can be described as the solution of a system of equations
zp ={x:ax=0b;, i€ B},

where the inequalities a;z < b; define mutually adjacent facets. Thus adjacency is a useful
property for identifying the extreme points of a polyhedron.

We now return to (1), and introduce the idea of cutting planes. The set
X ={(z,y) eRE xZ% : Az + Gy < b}

is referred to as the feasible region. By the assumption that all data are rational, the integer

hull, P; = conv(X), is itself a polyhedron. Conveniently,
zyrp = max {cx + hy : (x,y) € P}.

Despite its simplicity, this result is a key component in the cutting plane paradigm. By
optimizing over P, we have at our disposal all the machinery of linear programming.
Unfortunately, the set P; is defined fairly abstractly, and is often not explicitly known.

To this end, let Pp = {(z,y) € RE x RY : Az + Gy < b} . The maximization problem,
zrp = max {cz + hy : (z,y) € Pp}, (4)

is known as the linear programming relazation of (1).
Clearly Pi C Ppp, and typically this containment is strict. Thus, it is often the case
that zymp < zpp. Therefore, consider an extreme point solution (x*,y*) of (4). FEither

y* € Z9, in which case zyp = 21p, or y* ¢ Z%, in which case (z*,3*) ¢ Pi. In the latter



case, there exists an inequality 7z + py < mp that is valid for X (and hence P;) such that
™ + puy* > mo. Such an inequality is called a cutting plane or a cut. As seen in Figure 2,

cuts need not define facets of the integer hull.

Figure 2: The integer hull, P; and a cut 7, < mg

1.3 Cutting Planes in the Solution of Mixed Integer Programs

The terminology of cutting planes is well-suited to its application in mixed integer
programming. At a high level, the cutting plane scheme consists primarily of two steps.
First the LP relaxation is solved producing some extreme point solution (z*, y*). If y* € Z%,
then (z*,y*) is optimal. Otherwise, identify some cutting plane 7z + puy < m, and introduce
this constraint to the LP relaxation, cutting off the point (z*,y*). This process is repeated
until a feasible solution is identified.

The earliest example of this approach appeared in the solution of a 49-city traveling
salesman problem [24]. After employing some simple preprocessing reducing the problem
to 42 cities, the authors are able to identify a tour with the addition of just seven subtour
elimination constraints and two comb inequalities. Impressively, this feat was accomplished
using only hand calculations.

Of course, haphazardly adding cutting planes would quickly render this approach hope-
lessly ineffectual. Therefore, one must seek well-behaved cutting planes to guarantee finite
convergence.

Ideally, these cuts are facets of P;. In some cases, such as matching [27,28] and lot-
sizing [9], a complete description of P is known. However, this is more often the exception
than the rule. At best, we typically have a partial understanding of P} that is manifested in

the form of cut classes or cut families. These may either be derived from P; itself or from



some subsystem of Az + Gy < b. Some well-known families of cuts are the subtour and
comb inequalities for the traveling salesman problem [16, 24, 39]; the clique and odd-hole
inequalities for set packing [63]; the cover inequalities for the knapsack problem [5,8,40,58];
the ¢-S inequalities for lot-sizing [9]; and the flow cover inequalities for fixed-charge network
flow [41,64,72].

The sufficiency of an incomplete description of P to characterize optimal solutions
is highly dependent on the objective function; for example, Wagner-Whitin costs greatly
simplify the facets needed to describe the optimal solution in many lot-sizing problems [65].
Relying on this behavior is tenuous at best. Therefore, many solvers come equipped with
an arsenal of general-purpose cutting plane techniques that can be applied to any mixed
integer program.

The potential of cutting planes for solving general problems was first demonstrated by
Gomory in the setting of pure integer programming [34]. Here, he describes a procedure that
correctly identifies a sequence of cutting planes that is guaranteed to produce an integer
solution in finitely many iterations. Gomory later extended this result to mixed integer
programming [33]. The driving force behind these finitely-convergent algorithms are the
Gomory fractional cut and the mixed integer cut. Since then, a number of cutting planes
have been developed for mixed binary integer programs such as lift-and-project cuts [6]
and Lovész-Schrijver cuts [51] and for mixed integer programs such as the mixed integer
rounding cuts [60] and split cuts [21].

Classifying cutting planes is not strictly limited to either problem specific cuts or generic
cuts. One particularly successful avenue of research is aimed at characterizing “simple”
mixed integer sets that possess some non-trivial structure, but can be used to derive valid
inequalities for a wide array of problems. The mixing set and its variants have recently
enjoyed considerable attention [17-19,43,73]. The so-called mixing inequalities have been
used to expand existing families of cuts and have found further application in mixed integer
programs derived from probabilistic constraints [49,52].

Despite the broad selection of cuts at our disposal, pure cutting planes algorithms are

often subject to numerical instability. At the heart of this issue, adding cuts alters which



cuts can subsequently be derived. Gomory’s original cutting plane algorithm overcomes this
obstacle by precisely identifying which cuts to add, but in fact, utterly fails under different
cut selection criteria [78].

An alternate approach to solving mixed integer programs is branch-and-bound. In the
context of mixed integer programming, branch-and-bound operates by solving the LP re-
laxation to produce some optimal (z*,y*). If y* is integral, then (z*,y*) is optimal for
(1). Otherwise, there exists some Y; ¢ Z, and the problem can be split into two disjoint
subproblems: one with y; < |y%| and the other with y; > [yf]. Trivially, the maximum
of these two subproblems will be a maximum for the original problem. This process is
applied recursively until the resulting subproblem has an integral optimum, is infeasible,
or can be eliminated using global bound data (typically by comparing the objective value
of the LP relaxation with best known integral solution). This can be represented by a

branch-and-bound tree as in Figure 3.

O
NZNE
O O

:1:2:0/ \ zo =1 12:0/ \:1:2:1
O Q @, @,
/N /N /N /N

Figure 3: A typical branch-and-bound tree for a binary integer program

The theory behind a pure cutting plane approach tends to understate the computational
challenges that inevitably arise. Certainly, early work identified the potential of cutting
planes, but this was infrequently realized in practice. General purpose cuts were relegated
to theory, but once again found life in the landmark work of Crowder, Johnson, and Padberg
[22]. Their approach incorporated general cutting planes into a traditional branch-and-
bound framework—a method now known as branch-and-cut—to solve binary integer programs.

This idea was extended to mixed integer programming [7], and is now a major driver in the



practical solution of mixed integer programs.

Branching strategies are no less important than cutting planes, and can vastly improve
solution times. For example, branching can be made to accommodate column generation [10]
in the solution of high-dimensional integer programs. Another clever branching strategy can
break the symmetry that would otherwise hamstring a naive branch-and-cut implementation
[54,55,61,62]. Indeed, branching rules play just as integral in modern day solvers, and merit

continued research.
1.4 Thesis Outline

For this dissertation, we focus on the role of cutting planes in mixed integer program-
ming. Our goal is to improve the quality of cuts used in a branch-and-cut framework.
Within this context, we wish to obtain cuts that produce better bounds earlier in the so-
lution process. This in turn can greatly reduce the number of branching steps required to
solve a mixed integer program, improving solve times.

In Chapter 2, we further develop the structure of corner polyhedra. These polyhedra
provide a framework for understanding and deriving cuts for pure integer programs. Most
notably, the mixed integer cut is one of many cuts that arise in this setting. We give
a structural description of the mixed integer cut, specifically characterizing its adjacent
facets. It is not unreasonable that these adjacent facets may work well in conjunction with
the mixed integer cut.

We next explore the role of lifting in developing cuts in Chapter 3. In particular, we
expand on previous work in superadditive lifting to show how the technique can be used
to derive cuts without explicitly solving the lifting problem. We show this idea first in the
context of fixed-charge network flow, and then provide a more general template for how this
can be achieved to simplify the approximation of higher dimensional lifting functions. Using
this approach, it is possible to derive cuts that might otherwise be prohibitively expensive
to obtain.

In Chapter 4, we probe deeper into the structure of superadditive lifting functions. Our



primary contribution is an algorithm that can construct strong superadditive approxima-
tions of piecewise linear functions used in the derivation of cuts. Subsequently, we also
obtain a concise description of the “strongest” lifting functions. This work is the first of its
kind and provides a tool that can either be used offline to assist in the derivation of new
families of cuts, or can be used online to enable the application of superadditive lifting in a
more general setting.

In Chapter 5, we show how the ideas from Chapters 3 and 4 can be applied to several
classical problems in mixed integer programming. We first show how one can construct
superadditive approximations for a fixed-charge flow set that is additionally constrained by
a knapsack inequality. Next, we consider the intersection of multiple knapsacks, and show
how traditional cover inequalities can incorporate additional problem structure. Lastly, we
conclude by revisiting the odd-hole inequalities for the stable set polytope and demonstrate
how one might modify the problem to accommodate superadditive lifting.

Finally, in Chapter 6, we revisit our main contributions and discuss some future work.

10



CHAPTER I1

GOMORY’S GROUP PROBLEM REVISITED

The first topic we explore in cutting plane theory is Gomory’s group problem (also
known as the corner relaxation). The connection between integer programming and groups
is embodied in the periodicity of solutions. All other things remaining fixed, as the right
hand side of an integer program is increased, certain parts of the solution begin to repeat.
This is most easily observed in the context of knapsack problems, but is entirely general.

Many of the recurring themes in mixed integer programming find their roots in the group
problem. In many respects, the master cyclic group polyhedron is among the first simple
integer sets to be studied extensively. For example, the mixed integer cut enjoys a very
natural representation in this setting and can be extended using various group operations.
Perhaps the most noteworthy of these extensions arises by using homomorphisms between
groups. It is here that the idea of lifting, which we study extensively in subsequent chapters,
finds its origin.

Similarly, recent work studying the relation between lattice-free convex sets and valid
inequalities build off of ideas originating from the corner relaxation (see for example [11,12,
15]). Whereas the group problem we consider in this chapter is finite, the work in lattice-free
convex sets is more closely connected to the infinite group problem [36,37,44]. This work
establishes theoretical foundations for multi-row cuts that cannot be obtained by simple
constraint aggregation.

In this chapter, we characterize the mixed integer cut as a facet of the master cyclic
group polyhedron. This is a significant step in understanding one of the most widely used
cuts in the practical solution of mixed integer programs, and it may shed light on possible
cuts that tend to work well in conjunction with the mixed integer cut. We primarily build
off of the work of Ardoz et al [3] and show that their tilted knapsack facets are the only

non-trivial facets adjacent to the mixed integer cut. Lastly, we extend earlier results on
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various group mappings to provide extensions of our characterization under homomorphic

lifting.
2.1 Algebraic Prerequisites

Before going into depth about the group problem, we take a moment to review some
standard definitions and useful theorems from algebra in order to provide a clearer and
more complete exposition for the reader less familiar with the subject. We will further
provide numerical examples that we develop throughout our discussion to highlight our
results. Although the main ideas presented here are common throughout any algebra text,

we borrow much of our notation from [26].

Definition 2.1.1. Let the pair (G, x) denote a set G, and a binary operation x : G x G — G.

We say that (G, ) is a group if it satisfies the following axioms:
(i) (axb)*c=ax(bxc) for all a,b,c € G (i.e. x is associative),

(ii) there exists an element e € G called the identity of G, such that axe = exa = a for

alla € G,

(iii) for each a € G there is an element a~! € G called the inverse of a such that axa™! =

ail*a:e.

Further if a x b = b+ a, then the group (G, x) is called abelian.

For brevity, we will typically refer to the group by its underlying set G and we will sup-
press * entirely when the underlying operation is understood from context. When speaking
of abelian groups we often replace x with + and e with 0.

The groups that we study in this chapter will all be finite and abelian, so we restrict

our examples accordingly.
Example 2.1.1. The following two examples most closely reflect the groups we study:

1. Let Z,, denote the set {0, ...,m—1} under addition modulo m where m is some finite

integer. It is easy to verify that Z,, is a group with e = 0 and a=! = m — a for a # 0.
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2. Let A = {Az: 2z € Z"}. Then A is a group under addition with e = 0 and for a = Az,
a~l=—a=A(-2).

Let g € G, and define ¢° = e. For k > 0, let g* = ¢* 1. gand g% =g~k .g71 In
the context of abelian groups, ¢* is typically denoted kg.

The group Z,, in the above example represents a special kind of group called a cyclic
group that will be the primary focus of our study of the group problem. A group G is called
cyclic if there exists some element g € G such that G = {gk 1k e Z}.

When we get into the details of the group problem, we will need to use some elementary

results from algebra. The following theorem will be explicitly used later:
Theorem 2.1.1. If |G| = n is finite, then g" = e for all g € G.

Beyond the groups themselves, we will also refer explicitly to well-behaved mappings

between groups.

Definition 2.1.2. Let G and H be groups, and let ¢ : G — H. We say that ¢ is a
homomorphism if p(zy) = p(z)p(y). If H = G and ¢ is bijective, then ¢ is more specifically

called an automorphism.

We will assume that ¢ is surjective by restricting H to the image of G. If ¢ is also
injective, then the sets G and H are said to be isomorphic, denoted by G = H, and ¢ is
called an isomorphism. As we will see in the next definition, homomorphisms naturally

induce a partition of G:

Definition 2.1.3. Let ¢ be a homomorphism from G onto H, and K = {g € G : p(g) = ey }.
K is referred to as the kernel of p. For any g € G the set g = {gk: k € K} is called a

coset of G and g is referred to as its coset representative.

Observe that all elements in g map to the same value under ¢. Furthermore, if

©(g1) = ©(g2) then go € g1K. As g € gK the cosets partition G.

Definition 2.1.4. The set G/K = {gK : g € G} with (1K)(92K) = (g192)K is called the

quotient group of G. Moreover, G/KC = H (the isomorphism being ¥(gK) = ¢(g)).
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There is one key result about the cosets and the quotient group induced by a homomor-

phism that is explicitly used in this chapter.

Theorem 2.1.2. Suppose that G is finite, and let ¢ : G — H be a homomorphism with
kernel IC. Then |gK| = |K| for all g € G and |H||K| = |G|.

Example 2.1.2. The homomorphisms and automorphisms we consider later in this chapter

closely resemble the following examples:

1. Let G = Z and H = Z,, under addition (taken modulo m in the latter set). Let
p:Z — Zy,, map z to its residue modulo m. Then ¢ is a homomorphism, with kernel
K =mZ = {mz: z € Z}. Further the cosets h + K = {z € Z : 2 = h + km} partition
Z.

2. Let G = Z7 and let ¢ : Z7 — Z7 be defined by
©(z) =3z (mod 7).

Then ¢ is an automorphism; for if ¢(z1) = p(22) then 3(z; — 22) = Tz3. Therefore

z1 = z2 and hence ¢ is bijective.

Observe that in this first example mZ is a one-dimensional lattice. More generally
consider the lattice A of Example 2.1.1 when A is restricted to be non-singular and integer

valued. In this context, it is reasonable to define congruence modulo A:
Definition 2.1.5. For 21,20 € Z",

21 =2 (mod A) & (21 — 22) = Az
for some z € Z".

Analogous to the one-dimensional case, let G = {z + A : z € Z"}. Every element of Z"
naturally maps to its coset which is a translate of the lattice generated by A. The set G is
finite and forms a group where addition is defined by adding the coset representatives. It

is this group that will be most relevant in our discussion of the group problem.
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2.2 Master Group Polyhedra

Now that we have highlighted the algebra underlying the group problem, we can intro-

duce the group relaxation and master group polyhedra. Consider the integer program
2lp = min{cx :Ax =b,x € Zi},

where all data are assumed to be rational and A is m x n and b is m x 1. Given a solution
to the LP relaxation, we can partition A into basic and non-basic columns, hence we can

rewrite zp as
ZIp = min {cB:J:B +ceyen :Brp=b— Nay,vp € Z', xn € Zﬁ_m} .

Now observe that xp € Z™ if and only if b— Nxy belongs to the lattice A = {Bz : z € Z™}.

However, this condition on its own is insufficient to guarantee the non-negativity of zp.
As B is invertible, this implies that g = B~'(b — Nay). Therefore, if we relax the

non-negativity of xp, we can eliminate these variables entirely from the problem, yielding

the group relaxation:
zGRZZLp+min{ENxN :Nzy=b (mod B), zy € Z;L*m} (5)

where z1,p = cg B~ b denotes the objective of the LP relaxation and éy = (eny — cBB_lN)
denotes the reduced cost vector. The corresponding set in the original space of variables is

often called the corner polyhedron and is depicted in Figure 4.

Figure 4: The corner polyhedron P* obtained from the group relaxation for x*

Gomory explores the properties of this relaxation and shows sufficient, although by no
means necessary, conditions that guarantee the non-negativity of x5 and hence tightness of
the group relaxation. However, these conditions are generally too restrictive to be of any

practical use.
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Instead, the utility of the group relaxation derives from its polyhedral structure. With

this in mind we explore the underlying set, i.e.
X={2e€Z™:Nx=b (modB)}.

Now let A={Bz:2z€Z™}and G = {z+ A:z € Z™}. Then every column of N naturally

maps to an element of G: namely its coset which is a translate of A. Define
N={geG|Fj:Nj+A=g}.

In plain terms N denotes the collection of cosets represented by the columns of N. Let
d = |N]|. As not all ¢ € N may be uniquely represented by a column of N, it is quite

possible that d < n —m. Let gg = b+ A and let

j:Nj+A=g

At this point the algebraic structure of the set emerges:

X(G:N,go) =4t €ZL:) g-tlg) =go (6)
geN

where equality is now taken with respect to the group operation. We will refer to the set
P(G,N,go) = conv{X(G,N,go)} as the group polyhedron.

Valid inequalities for P(G, N, go) map to valid inequalities of X by replacing t(g) with
an appropriate sum. The study of P(G,N,go) is not itself transparent; hence it is more

natural to consider the master group polyhedron:

+
P(G,g0) =conviteZ{ S gt(9) =g ¢, (7)
gegt

where GT = G\ {0}. If G is a cyclic group, we refer to the above system as the master cyclic
group polyhedron. Throughout, we shall assume that gy # 0 as this case has considerably
less practical appeal.

We now give a concrete example with a one-row system to show an explicit derivation

of this system.
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Example 2.2.1. Let X be the integral system defined by the constraint
Tx1+ 1329 + 3x3 — x4 + b5 + 11lag = 24.

Taking B = 7, the group relaxation is obtained by replacing equality with equivalence

modulo 7. Thus we have
13x9 + 3x3 — x4 + b5 + 1lag = 24 (mod 7)

Each column can be replaced with its residue modulo 7 which is an equivalent coset repre-

sentative. Therefore, the above system is identical to
6x9 + 33 + 624 + 55 + 46 =3 (mod 7),
and the corresponding group polyhedron is defined by the constraint
3ts + 4ty + 5ty + 6t =3 (mod 7).
Therefore, the master cyclic group polyhedron for this system is
P(C7,3) = conv {t € Z8 : t1 + 2ty + 3t + 4ty + 5t5 + 6tg =3 (mod 7)}.

We shall return to this example later as we explore in more detail the polyhedral structure

of the set.

As suggested earlier, master group polyhedra provide a mechanism to obtain valid in-
equalities for specific instances of group polyhedra. The specific group polyhedron occurs

as a face of its corresponding master group polyhedron:

P(G,N,g0) = P(G,g0) N{t:t(g) = 0,9 ¢ N'}.

Thus, for any valid inequality nt > my of the master polyhedron, a valid inequality of the
group polyhedron can be obtained by including only the columns corresponding to .

Before getting into too much depth about valid inequalities, we take a moment to in-
troduce a shorthand notation to describe an inequality. Namely,

(m,m0) == > _ m(g)t(g) > mo. (8)

gegt
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In the subsequent discussion, the dimension of 7w and 7y are understood from context.
Returning to P(G, go), we are specifically interested in the inequalities (, 7y) that define
facets of this set. In his seminal work on corner polyhedra [35], Gomory fully characterizes

the polar. This description has since been revisited and refined in the works of [70].

Theorem 2.2.1. (7w, m), mo > 0, is a non-trivial facet of P(G,go), go # 0 if and only if it

1s a basic feasible solution to the system of equations and inequalities:

m(g0) = o

m(g) + (90 —9) =70, g€G,9# g
m(g) +n(g) > 7(g+d), 9,9 €G"
m(g) = 0, gegr.

Although the number of facets of P(G,go) typically grows exponentially with |G|, its
polar can still be expressed succinctly. This fact was exploited in [38] to investigate the
strength of facets via shooting experiments. At a high level, a non-negative vector is ran-
domly generated, and a linear program based on (9) is solved to identify the first facet hit
along this direction. Despite the large number of facets of the polyhedra tested, a surpris-
ingly small number of facets received the majority of hits, indicating their importance in
characterizing P(G, go).

Typically these facets could be classified either as the mixed integer cut or some mapping
of a mixed integer cut. It is precisely these facets and mappings that we study; hence, we will

conclude this section by introducing the relevant theorems and returning to our example.

Theorem 2.2.2. Let n be integral and v € C;F. The inequality (p, 1) with

% <7
i = (10)
A>T

is facet-defining for P(Cy,1).

The inequality (u, 1) is called the mized integer cut and has played a central role through-

out pure and mixed integer programming. Even though this inequality hardly resembles
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the mixed integer cut that most are familiar with, we show as an illustrative example that

they are in fact the same.

Example 2.2.2. Consider the one row integer program where all data are rational and
b¢Z:

X = erﬁ:Zaj:rj:b ,
jedJ
and let P = conv(X). Let f; = aj — |a;]| and fo = b — [b]. The mixed integer cut for this
set is the inequality
DRI o A
T g, 3)%j =

J€J:fi<fo J€J:fi>fo
Let N be chosen such that Na; € Z for all j € J and Nb € Z. Therefore, we can scale by

N so that all coefficients are integral,

X=qweZi:) (laj]+f;) Naj= (b + fo) - N
jeJ

Now consider the group relaxation obtained by replacing the equality with equivalence
modulo N. It follows that a; maps to f;- N for each j € J and b maps to fo-N. The mixed
integer cut for P(Cy, foIN) is given by
iy i< fo-N
Hi =
Therefore, to recover a valid inequality, we simply read off coefficients. If f; < a; then z;

fi. i

. . . . . 1— . e
receives coeflicient o otherwise x; receives coefficient — o So the two inequalities indeed

coincide.

Using automorphisms and homomorphisms, it is possible to produce facets for P(G, go)

from related polyhedra. Let ¢ : G — G be a non-trivial automorphism (i.e. there exist some

g such that ¢(g) # g).

Theorem 2.2.3. If (7, m) is a facet of P(G,go), with components, w(g), then (7', my) with

components 7'(g) = w(p~(g)) is a facet of P(G,v(go)).
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Similarly, consider some homomorphism 1 : G — H such that 1(gg) = ho # 0.

Theorem 2.2.4. Let (7, my) be a non-trivial facet of P(H,hy). Then (7', 7) is a facet of

P(G, go) where 7'(g) = w(¢(g)) for all g € G\ K, and 7' (k) =0 for all k € K.

As described before, a homomorphism ¢ induces a partition of G into cosets. In homo-
morphic lifting each element of a coset receives the same coefficient.

We conclude by giving a concrete example.

Example 2.2.3. Recall that
P(C7,3) = t1 + 2t + 3t3 + 4ty + 5t5 + 6t = 3.

The mixed integer cut for P(C7,3) is given by

1t+2t—|—3t+3t+2t+lt>1
g gz grls Tyt gl e =2 L

Now consider the automorphism of ¢ of C;7 that sends g to 4g. This gives

9‘0123456

go(g)‘0415263

Therefore, applying Theorem 2.2.3 to the mixed integer cut for P(C7,3) we obtain the
inequality
2

t+3t+1t—|—1t—|—3t+2t>1
g ity ettt gtat oty t gt 2 L

as a facet of P(C7,5). Next we consider a homomorphism v : C14 — C; such that ¥(g) = ¢

(mod 7). By applying Theorem 2.2.4 to the mixed integer cut for P(C;,3), we have that

L2 8,8
3 3 3 4 4 4
—l—l‘tg—i-g'tg—i-%'t10+§~t11+g‘t12+1‘t13>1.
3 3 3 4 4 4 -

is a facet of P(C14,10) and P(C14, 3).
The corresponding mixed integer cut and its related facets obtained through automor-

phisms and homomorphisms are depicted in Figures 5 and 6.
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Figure 5: The mixed integer cut coefficients

1 - 1 -

Figure 6: The mixed integer cut coefficients under automorphic mapping (left) and homo-
morphic lifting (right)

2.3 Master Knapsack Polyhedra and the Mixed Integer Cut

Our primary result in this section is a characterization of the extreme points and adjacent
facets of the mixed integer cut. Along these lines, it will be easier to regard the mixed integer
cut as the polytope:

Pyic(n,r) = P(Cp,r) N {t: ut =1}. (11)
In this setting, a facet (w,m) of P(Cy,r) is adjacent to (u, 1) if (7, my) defines a facet of

Pyic(n,r).

For our characterization, we will also need the master knapsack polyhedron:

P(Km):{xEZT:ii-mi:m}. (12)
i=1

As we will show, this set is intrinsically related to Pyiic(n, 7). Like the group problem, facets

of the master knapsack problem can be described by a small system of inequalities [2]:
Theorem 2.3.1. The facets (p, pm) of P(Ky,) are extreme rays of the cone defined by

. m
Pitpm—i=pm 1<i< L;J
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Using this characterization, the authors in [3] are able to derive a new class of non-trivial
facets of P(Cy,r) from non-trivial facets of P(K).
The next theorem describes a class of facets of P(C,,r) called tilted knapsack facets

introduced in [3].

Theorem 2.3.2. Let (p, pr) be a non-trivial facet of P(K,) such that p > 0, p; =0 for at

least one t, and p, = 1. Let

_ n—r—1 1
p= pla'-'vprzla sy .
n—r n—r

Then there exists some a € R such that (7, m) = (p+ ap, 1+ «) is a facet of P(Cp, 7).

Details for computing the tilting coefficient, cv, are contained in [3]. Although not stated

explicitly in the original work, these facets can also be obtained from P(K,_,).

Corollary 2.3.3. Let (p, pn—r) be a non-trivial facet of P(K,_,) such that p > 0, p; =0

for at least one i, and pp—r = 1. Let

B 1 r—1
pP=1\1— 71:Pn—r7pn—r—17---7p1 .

r r
Then there exists some a € R such that (w,m9) = (p + ap, 1 + «) is a facet of P(Cp,7).
Proof. Observe that the mapping ¢ : C,, — C,, defined by ¢(i) =n—iforie {1,...,n—1}

is an automorphism of C,,. By Theorem 2.2.3 with ¢ and Theorem 2.3.2 applied to P(K,,_)

the result follows. O

The conditions placed on (p, p,) are without loss of generality. For completeness we

describe how any facet of P(K,) can be made to conform to these conditions.

Proposition 2.3.4. Let (p, pg) be a non-trivial facet of P(K,,). Without loss of generality
we may assume that (p, po) > 0, po = pm = 1. Moreover, we may assume there exists some

i # m such that p; = 0.

Proof. We may add the knapsack equation to (p, po) so that (p, pp) > 0. Since x = e, is a

feasible solution, py < pp,. If po < pm, then z,, = 0 for all x satisfying (p, po) at equality,
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contradicting that the facet is non-trivial. Furthermore, if pg = 0 the inequality is implied
by non-negativity constraints; thus pg > 0, and we may assume by scaling that pp = 1.
Now if for all i, p; > %, we may subtract the knapsack equation scaled by % to yield an
inequality implied by the non-negativity constraints (since the right hand side is 0 and the
left hand side is non-negative). Therefore, there must exist some p; < %, so by subtracting
the appropriately scaled knapsack equation, and rescaling, we may further assume that

there exists some ¢ # m such that p; = 0. O

Hence, every non-trivial facet of P(K,) maps to a corresponding facet of P(C,,r). We
will show these tilted knapsack facets are in fact facets of Pyc(n,r). Before doing so, we

describe an operation we call extending a knapsack solution.

Proposition 2.3.5. If x € P(K,), z = (z1,...,2), then t = (x1,...,2,,0,...,0) €
Pyic(n,r). If © € P(Kp—y), * = (21,...,%n—y), then t = (0,...,0,2p—p,...,x1) €
Pyic(n,r).

Proof. For x € P(K,), the result is trivial. So take x € P(K,,_,). Since P(K,_,) is convex
and integral, we may assume that z is integral. Rewriting i =n — (n —i) fori =1,...,r

and applying the assumption that x is an integer knapsack solution

n—1 n—1 n—1
Z ity = Z NEp—i — Z(n —1)xp—; =1 (mod n),
i=r i=r i=r
and the proposition follows. O

Note that P(Cy,r) is full-dimensional since its recession cone is the non-negative orthant.

As (p,1) defines a facet of P(Cy,7), it must have dimension n — 2.
Observation 2.3.6. The dimension of Pyic(n,r) isn — 2.

Therefore to prove that an inequality (7, mo) defines a facet of Pyiic(n, ), we can proceed
by identifying n — 2 affinely independent points.

Moreover, P(K,,) must have dimension m — 1. Indeed, its dimension cannot exceed
m — 1 as it resides in a lower dimensional subspace. Hence by listing out the m affinely
independent points e; + (m —i)-e; for i = 2,...,m and m - e1, we conclude that this upper

bound is tight.
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Observation 2.3.7. The dimension of P(K,,) is m — 1.

By this observation, every facet of P(K,), (respectively, P(K,_,)) must contain r — 1

(respectively, n — r — 1) affinely independent points.
Proposition 2.3.8. The tilted knapsack facets are facets of Pyic(n,r).

Proof. We argue for facets tilted from P(K,); an analogous argument proves the result for
facets tilted from P(K,_,).

Let (m,mo) be tilted from (p,1), and let p be as described in Theorem 2.3.2 and «
be the corresponding tilting coefficient. Since (p, 1) is a facet of P(K,), there exist r — 1
affinely independent extreme points z!, ..., 2"~ ! satisfying (p, 1) at equality. As described in
Proposition 2.3.5, these points may be extended to points ¢!, ..., t"~! € Pyic(n,r). Clearly
this operation preserves affine independence. Moreover, for i = 1,...,r — 1, ut' = 1 and
pt' = px = 1, thus

=G +ap)t =pt' +a-pt' =1+ a=mn,.

Now consider n — r affinely independent extreme points y!,... " " of P(K,_,), and again

as in Proposition 2.3.5, extend them to points s!,...,s"" € Pyuc(n,r).
st =(p+ap)s' =ps'+a-pust =14+ a =m,.
It is easily seen that {t!,... "1} N{s!,...,s" "} = e,. Therefore we have produced n — 2

affinely independent points, proving the claim. ]

Consider a tilted knapsack facet (m,mp) arising from the facet (p,1) of P(K,) with
tilting coefficient «. Letting p’ denote the first 7 coefficients of p, the same facet of P(K)

is described by (v,0) = (p,1) — (¢/,1). In particular letting,

(:)/70):(717”'777‘:0707'”70)7

it follows that (m,m) = (3,0) + (1 4+ «)(p, 1). The same applies to tilted knapsack facets
arising from P(K,_,).
Therefore we will think of tilted knapsack facets as arising from facets of the form (p, 0),

and by subtracting off the mixed integer cut we think of tilted knapsack facets in the form

(P, 0)-
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We now prove our main result.

Theorem 2.3.9. The convez hull of Pyiic(n,r) is given by the tilted knapsack facets and

the non-negativity constraints.

Proof. For convenience, say that P(K,) has non-trivial facets (p',0),...,(p™,0) and that
P(K,_,) has non-trivial facets (y!,0),...,(7",0). Let (5',0) and (3%,0) denote the tilted
knapsack facets from (p?,0) and (¢, 0) respectively.

We shall show that the system

min c-t

st. pu-t =1
ot > 0 i=1,...M (13)
¥t > 0 i=1,...N
t > 0

Let

and

, 1 r—1 ” 1 n—r—1
/"[/: AR ] 7]‘ ) IJ/ - PR 7]' *
r r n—r n—r

Consider the systems

min ¢ -x
st. u-x =1
(14)
o > 0 i=1,...M
! > 0
and
min ¢’ -x"
st. u -2 =1
(15)
vy > 0 i=1,...N
$// 2 0
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representing P(K,) and P(K,_,) respectively. Since both systems are integral, the minima
are obtained at integer extreme points x* and z** respectively. Now let ¢* be obtained by
extending the solution achieving the smaller objective value to a feasible point of Pyiic(n, 7).
Indeed this t* is feasible and integral; it remains to show that it is optimal.

We now consider the duals. The dual of (14) is given by

max (A : A/ + ahpt oy pM < > 0), (16)

A1,/

and the dual of (15) is given by

1;13,55 (A2 : Ao + Byt -+ BN < > 0). (17)
2,

Lastly the dual of (13) is given by

Mt aip' 4 anp™ + Byt -+ BN < e
max [ A: . (18)

I\ @B z0
Let (A}, a*) and (A5, 8*) attain the maxima in (16) and (17) respectively. Setting
A* = min(A], A7),

it easily follows from the zero pattern of (13) and non-negativity of u that (\*,a*, %) is

feasible to (18). Moreover \* = ¢ - t*, proving optimality. O

Further observe that Pyic(n,r) is pointed, and so from this same proof we get the

following characterization of extreme points:

Corollary 2.3.10. A point t is an extreme point of Pyic(n,r) if and only if it can be

obtained by extending an extreme point of P(K,) or P(K,—_,).

Therefore, we have fully characterized the polyhedral structure of Pyc(n,r). However,
by applying a different proof technique, we can in fact generalize the previous corollary to

all integer points.

Theorem 2.3.11. t € Pyc(n,r) NZ" 1 if and only if t can be obtained by extending an

integer solution of P(K,) or P(K,—,).
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Proof. If t = e, the claim is obvious. So we suppose that t, = 0. We shall show that if
t € Pyic(n,r) NZ"1 ¢, = 0, then either (I) (t1,...,t,) > 0 or (IT) (¢+,...,t,—1) > 0 but
not both.

Since t € P(Cp, 1),
b+ +r—-—Dtpg+rt, +(r+Dtpp1+ -+ (n— 1Dt =r  (mod n).
Thus there exists some 8 € Z such that
iAo+ (=Dt 41t + (r 4+ D1+ -+ (n— Dty =+ fBn,
and since r > 0, we may rewrite this

r—1 r+1 n—1
tr71+tr+7tr+1+"'+

1 n
Shitet to1=1+06-—. (19)

r r
Now, ¢t € Pyic(n,r) therefore

1 r—1 n—r—1 1
it —tr gttt ——tpp  F o ——tp 1 =1
r r n—r n—r

or

1 r—1 n—r—1 1
-1+ —t 1+ t.=1-— [tr+1+-~—|—tn_1 . (20)
r r n-—r

Substituting (20) into (19), we obtain

1— ["*Htm 4o+ ﬁtn_l] + 5 g+, =148 2

n—r r
= (L me )t ot (2 = L )t =60 2
- Pkt R L =
= Lty =8
n—r—1 1
= [tr+1+"'+tn—1]_ 7tr+1+"'+mtn—l :5

(*) e

Because t was assumed to be integral (k) is necessarily integral. Suppose conversely
that both (I) and (II) hold; by the assumption that ¢, = 0 and because ¢ is necessarily

non-negative, the relation

-1
tr—1 + tr



implies that (x*) must be fractional. But this contradicts that § is integral. Therefore (I)

and (IT) cannot simultaneously hold. O

Example 2.3.1. In the following example, we use PORTA to explicitly determine the
convex hulls of Pyc(7,3) and P(K3) and P(K4) to demonstrate our results in action. We

have that

3 T+ 229 +3x3 =3
P(K3)={zeR3 :
33‘1—1‘220

and

P(KY) c R T+ 2x9 +3x3+4x4 =4
4) =Rz :
xl—a:g,ZO

The convex hull of Pyic(7,3) is given by

T2 b3 ts+ 2 t+ 3t tg=1
PM10(7,3): tGRGZ t1—1t >0

te—ts >0

For P(C7,3), the tilted knapsack facets given by the two inequalities are defined by
5x1 4+ 3xo + 8xg + 614 + 45 + 2206 > 8

2x1 4+ 4xo 4+ 623 + x4 + 35 + drg > 6,

which can easily be verified to arise by appropriately scaling and adding the mixed integer

cut to the knapsack inequalities.
2.4 Extreme Points and Adjacency under Group Mappings

As described in Theorems 2.2.3 and 2.2.4, automorphisms and homomorphisms of groups
can be used to generate facets for one master group polyhedron from facets of another. A
natural question arising from these theorems is how extreme points and adjacent facets
translate through such mappings. In this section, we depart from the setting of cyclic
groups, and once again consider P(G,gp) in full generality. We will always denote an

automorphism by ¢ : G — G and a homomorphism by ¢ : G — H.
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2.4.1 Automorphic Mappings

The case of automorphisms is handled very naturally. Indeed, if ¢ satisfies (7, m) at
equality, then s with components s(g) = (o~ 1(g)) satisfies (7', 7) at equality, and since

is an automorphism of G,

plg)=¢ | D g-tle) ]| =D ela)tg) =D g-s9)

gegt geGTt geGt
and thus s necessarily satisfies the group equation for P(G,¢(go)). As an obvious conse-
quence, a point ¢ lies on the facet (7, 7o) of P(G, go) if and only if the corresponding point
s lies on the facet (7, 1) of P(G,¢(g0)).

Hence we obtain the following;:

Proposition 2.4.1. If (m,m) and (v,70) are facets of P(G,qo), then (7, my) and (-y,70)

are adjacent if and only if (7', m9) and (v',70) are adjacent facets of P(G,¢(g0)), where

7'(9) = m(e~(9)) and ~'(g) = v(¢™'(9)).

Proof. Since (y,70) and (7, mg) define adjacent facets, there exist affinely independent points
t1, ..., t91-2) gatisfying both at equality. By the previous remarks, we may define points
s, ..., sU91=2) satisfying both (7', 7) and (v/,70) at equality. Since these are all defined
by applying a fixed permutation to the indices of ¢,...,¢(91=2) affine independence is

preserved. O

As an immediate application of this proposition we can extend our characterization of
Pyiic(n,r) to accommodate facets obtained from an automorphic mapping of the mixed
integer cut. Letting (1/,1) denote the permuted mixed integer cut, we have the following

theorems.

Theorem 2.4.2. The non-trivial facets of P(Cy,p(r)) adjacent to (1/,1) are exactly those

obtained by applying ¢ to tilted knapsack facets.

Likewise, we can describe the integer points (including the extreme points) that satisfy

(1, 1) at equality.
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Theorem 2.4.3. An integer point t € P(Cy,, p(r)) satisfies (1’ 1) at equality if and only if
t is obtained by extending a knapsack solution of P(K,) or P(K,_,) and applying ¢ to the

indices of t.
2.4.2 Homomorphic Lifting

The next task will be to describe how adjacency and integer points are preserved un-
der homomorphic lifting. Unfortunately, the extension of Theorem 2.2.4 is not nearly as
transparent as the extension of Theorem 2.2.3.

To begin, we prove the following proposition showing that the intersection of two non-

trivial facets is not contained on the face described by a non-negativity constraint.

Proposition 2.4.4. Let (7, m) and (7v,70) be adjacent non-trivial facets in P(H, ho), ho #

0. Then the affine subspace
T = P(H, ho) N {t e RVt = gyt = 70}
does not lie in the hyperplane H(h) = {t € RM*I=1 : t(h) = 0} for any h € H.
Proof. By Theorem 2.2.1 every non-trivial facet (7, mg) of P(H, hg) satisfies
7(h) + w(ho — h) = w(ho) = mo.

In particular for all h € H4 \ ho, the point ¢t = ep, + ep,—p, belongs to T', and has t(h) > 0.

Similarly, the point ¢ = e, belongs to T" and has t(hg) > 0. O

Despite its simplicity, this proposition provides a useful tool for producing affinely inde-
pendent points. We now show as an extension of Theorem 2.2.4 that homomorphic lifting

preserves the adjacency of facets.

Proposition 2.4.5. Let (w,7y) and (y,7v) be adjacent non-trivial facets of P(H, hy), and
let (7', m9) and (v',v) be facets of P(G,go) obtained by homomorphic lifting using the

homomorphism . Then (7', m) and (v',70) are adjacent.

Proof. Let I = ker(¢). Let 9 be a function selecting one element from each coset of G/K

distinct from K. Denote by ¥(H) the set of coset representatives chosen by 1.

30



Since (m,7mp) and (7v,70) are adjacent there exist |#| — 2 affinely independent points
th, ... M= in P(H, hg) satisfying (m,m) and (7,70) at equality. As (7, 7) and (v, 7o)
are obtained by homomorphic lifting, go ¢ K; thus 1(gg) = ho # 0 so by Proposition 2.4.4,
for all h € H, there exists an i € {1,...,|H| — 2} such that t*(h) > 0.

Using these points, we will construct |G| — 2 affinely independent points belonging to
P(G, go) that satisfy both (7', 7m) and (7/,70) at equality. Before going into specifics, we
give a high level description of how we will proceed. Given a point !, we will use ¥ to map
each element of H to an element of G; by construction, this assignment is unique. Observe

that

y (Z ﬂ(h)sl‘ww») — ho;

heH

therefore

> 9(h)s'(D(h)) = go+ k

heH

for some k € K, i.e. it is in the same coset as go. So by setting s(—k) = 1, the point is
made to satisfy the group equation. Next if s'(9(h)) > 0, then we can interchange 9(h)
with any element of g belonging to the same coset by modifying which element of the kernel
K we include in our solution. Finally, we generate affinely independent points from each
kernel element of K.

Taking this high level description, we now explicitly construct |G| —2 affinely independent

points:
(i) Set N'=HT

(ii) Fori={1,...,|H|— 2}
Set N'(i) = {h € H : t/(h) > 0} NN

Define s' as follows:

si(9(h)) = ti(h), YheH

s'(g9) =0, g€G\(KUI(H))

si(k) =1, k=90~ gegrcs'(9) g
s'(k) =0, k# 90— geghis(9) - g
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For each i/ € N (i), k' € KT, define the point sj 5 as follows:

s (9(')) + ') = (1)

(
sir o (V(R')) =0
sk (9) = 5'(9), geGT\K,g#I(h), g # (W) + K
siw (k) =1, k=090~ 24\ Sk (9) - g
si o (k) =0, k# 90— Y geg\x Sk (9) - 9

Set N = N\ N (i)
(iii) For each k € KT, define sj, by s, = s + |G|es,

By construction these points satisfy (7/,79) and (7',70) at equality. By the above
remarks, it is clear that the points constructed in (ii) are feasible to P(G, go). Furthermore,
from Theorem 2.1.1, |G|k = 0; hence the points constructed in (iii) still satisfy the group
equation. We first verify that the above procedure produces |G| — 2 points.

Note that we have the |H| — 2 points s!,...,s/" =2, By Proposition 2.4.4, we obtain
(|H| — 1)(JK] — 1) points sy p, for k € KT and h € HT, and lastly, we obtain |K| — 1 points,
sy for k € K*. Using the identity |G| = |K||H], it immediately follows that we have |G| — 2
points.

Lastly, we prove that these points are affinely independent. Suppose to the contrary

that these points are affinely dependent, then there exist coefficients «, 8, and ¢ such that

|2

doals't DY Bugsnet > Gk =0,

i=1 heHT ket keK (21)
]2
Dot X Bkt Y Ge=1
=1 hEHT ket keK

Now observe that sy, is the only element with s((h) 4+ k) > 0. Therefore 3} 5 = 0 for all

k € Kt h € HT. Suppose there exists some « and ( satisfying (21). Then

o+ > G| sTW(R) + D als'(W(h) =0,

keK+ 1>2
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for all h € H. But this implies that

|H|—2
al+ DGt D) it =0,
keK+ 1=2
contradicting that ¢, ..., ¢%=2 are affinely independent. O

Next we show the converse of this proposition, proving that adjacency of lifted facets

occurs only if the original facets were adjacent.

Theorem 2.4.6. Let (m,79) and (v,7v0) be non-trivial facets of P(H,hg), and let (7', 7o)
and (7',v0) be facets of P(G, go) obtained by homomorphic lifting using the homomorphism

. Then (7', my) and (v',v0) are adjacent if and only if (7, m) and (v,70) are adjacent.

Proof. We already have the forward implication by Proposition 2.4.5, so it remains to show
that if (7', m) and (7/,70) are adjacent, then (m,7) and (v,7o) are adjacent.

Consider the affine space,
T = P(H, ho) N {t e RM-1: ot = gt = 70} ,

and suppose that T' contains at most |H| — r affinely independent points. Following the
construction of affinely independent points in Proposition 2.4.5 and by noting Proposition
2.4.4, we can construct at least |G| — r affinely independent points satisfying both lifted
inequalities.

Now we take a closer look at combinations of certain columns. First note that for any

ke KT,

IGler = st — s*.

Because the sum of the coefficients is 0, we may add and subtract out elements of X at our
leisure when considering affine combinations. With this in mind, we may freely disregard
elements of the kernel for the remaining points. Similarly, for any g € J(h)+ K, there exists
some % such that

seh— s = 5" (9(h)) [eany+k — eom)] »

so we can distribute weight among the elements of a given coset as we choose.
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Thus take some point s that satisfies (7, m) and (7/,70) at equality. From this point,

construct a point ¢ by setting

thy= Y sy

9€G:¢(g)=h

Trivially ¢ satisfies both (7, ) and (v,70) at equality, so it can be expressed as an affine

combination:
|H|—r

D ot =t

i=1
Therefore by applying weights o’ to the lifted points s* and using the previous observation,
it follows that s can be expressed as an affine combinations of the points we constructed.
Thus there can be no more than |G| — r affinely independent points satisfying the lifted

inequalities at equality. O

Now consider G = C,/, go = r’, a homomorphism v : C,y — Cp, ¥(r') = r # 0, and
let (¢/,1) be obtained by applying homomorphic lifting to (u,1). Similarly by applying
Theorem 2.4.6, we know that the only facets lifted under ¢ that are adjacent to (u',1)

come from tilted knapsack facets. Stated precisely:

Theorem 2.4.7. Let (n/,7y) be obtained by homomorphic lifting using ¢ applied to (7, 7).

Then (7', 7o) is adjacent to (¢, 1) if and only if (7, 7o) is a tilted knapsack facet.
Moreover, for the integer points we obtain the following:

Theorem 2.4.8. If an integer point s € P(Cpr, ") satisfies (u',1) at equality. Then the

point t defined by the mapping

Jub(g)=i

is an integer point of P(Cn,r) and satisfies (u,1) at equality. In particular it is obtained

from extending a knapsack solution of P(K,) or P(K,_,).

Although we are able to produce a nice characterization of which lifted facets are adja-
cent to the lifted mixed integer cut, it is not in general true that all adjacent facets come
from homomorphic lifting. We conclude this section with an example that suggests that

the problem of identifying the remaining adjacent facets is still open.
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Example 2.4.1. Consider P(Cy4,10). Let ¢ : C14 — C7 be defined by 9 (g) = g (mod 7).

Recall from Example 2.2.3 that the lifted mixed integer cut is given by

LT R SURE S SR
3 g gy Tty e
1

+t+2t+3t+3t+2t—|—1t>l

g tstgrlotgrtiot potutphiat gtz =L
By using Theorem 2.4.8 it is easy to list out the extreme points of the lifted mixed integer cut
to use in PORTA. Solving for the convex hull yields 12 non-trivial facets. Noting Example
2.3.1, Puvic(7,3) only has 2 non-trivial facets. Therefore, most of these facets cannot be

described by homomorphic lifting.

It is quite easy to see, for example, that the facet
8xo 4+ 1213 + x4 + 625 + 316 + 48 + 819 + 12219 + 9211 + 6212 + 3213 < 12,

cannot arise by applying homomorphic lifting to either of the tilted knapsack inequalities

as the coeflicients do not exhibit the proper periodic structure.
2.5 Closing Remarks

Several questions remain for both the group polyhedron and knapsack polytope. One
worthy avenue of research is to expand the existing library of knapsack facets, which in turn
will provide even more information about the mixed integer cut. This cut has been one of
the most successful tools in the solution of mixed integer programs, and it is reasonable
that a greater understanding of its polyhedral structure will yield similarly effective cuts.
To this end, the mixed integer cut can also be represented in the infinite group setting. It
may be possible to generalize the notion of adjacency to this setting and develop a family
of valid inequalities that work well in conjunction with the mixed integer cut.

Another interesting problem is to obtain non-trivial necessary and sufficient conditions
to describe the extreme points of the master knapsack polytope and the master group poly-
hedron. A natural idea was considered for the group polyhedron in terms of irreducibility.
This condition is necessary for all vertices, but insufficient. One might hope that this
condition becomes sufficient for the master knapsack polytope; however, it again fails.

Lastly, a closer inspection will reveal that in homomorphic lifting we gain no information

about the kernel of our homomorphism. If we consider the lifted mixed integer cut as a
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polyhedron, it is no longer sufficient to characterize its extreme points in terms of two
related knapsacks. As the last example demonstrated, lifted tilted knapsack facets are not
the only adjacent non-trivial facets of the lifted mixed integer cut. One might address
whether there exists a family of facets that when added to the lifted tilted knapsack facets

completely characterizes the adjacent facets of the lifted mixed integer cut.
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CHAPTER III

TECHNIQUES FOR SUPERADDITIVE LIFTING

In conjunction with branching methods, cutting planes have played a crucial role in
the practical solution of mixed integer programs. In this chapter, we will explore a pow-
erful technique called lifting that has produced some of the most effective cutting planes
implemented in modern-day mixed integer program solvers.

At a high level, the lifting problem takes a valid inequality for a lower-dimensional set
and lifts it to a valid inequality for a higher-dimensional set. We have already seen this
idea in the previous chapter, and indeed, lifting traces its roots to homomorphic lifting
introduced by Gomory in the context of corner polyhedra [35]. The idea reappears in
Padberg’s treatment of the set packing polytope [63] and was subsequently generalized in
the works of Wolsey [75], Zemel [79], and Balas and Zemel [8].

Lifting is usually carried out by fixing variables and sequentially reintroducing them
to the problem. Performing exact lifting can unfortunately be quite cumbersome because
it depends on this sequence; however, this difficulty may be remedied through the use of
superadditivity. The connection between lifting and superadditivity was first recognized
by Wolsey [76] in the context of binary integer programs. Wolsey shows that if the lifting
function is superadditive, then lifting does not depend on the sequence that variables are
reintroduced. This result was further extended by Gu et al. [40,42] to mixed binary integer
programs and by Atamtiirk [4] to general mixed integer programs.

In the study of cutting planes, lifting is one of the more frequently used tools to derive
and strengthen cuts. Padberg uses lifting to strengthen odd-hole inequalities for the set
packing polytope. Similarly, Balas and Zemel lift minimal cover inequalities for the knapsack
polytope. Crowder et al. [22] use lifting as a key ingredient to strengthen the general purpose
cuts they used in their landmark work on branch-and-cut. Gu, Nemhauser, and Savelsbergh

[41] apply superadditive lifting to derive lifted flow cover inequalities for the fixed-charge
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network flow problem. In each of these works, the application of lifting quite often produces
all-around better cuts that dominate their unlifted counterparts both theoretically and
empirically.

Lifting has also found applications to more general problem structures. One fairly
demonstrative example of the power of lifting is highlighted by the work of de Farias et
al. [25]. The authors derive cuts for a continuous knapsack set subject to a cardinality
constraint; however, by using lifting, they are able to obtain these cuts without explicitly
introducing auxiliary variables. Superadditive lifting is also used to obtain facets of the
knapsack with a single continuous variable [53] and the related dynamic knapsack set [50].
Many mixed binary integer programs can be mapped to these sets to obtain other well-
known classes of cuts. Lastly, Richard et al. study the lifting problem, specifically with
respect to the continuous variables, of a mixed knapsack polytope [67,68]. This model can
be applied to rows of a simplex tableau as an alternative to the standard Gomory mixed
integer cut [56].

The standard application of superadditive lifting typically requires that an exact lifting
function be computed and then approximated with a superadditive approximation. For
certain well-behaved problems, this is often possible, but for more complicated problems it
may not be reasonable to compute the exact lifting function. This is particularly true of
higher-dimensional lifting functions.

In this chapter, we develop techniques to accommodate superadditive lifting that do not
explicitly require the exact lifting function. Our approach is primarily aimed at simplifying
the approximation of higher-dimensional lifting functions, but the idea is by no means
exclusive to higher-dimensional problems. The framework we provide is guaranteed to
produce approximations that are at least as good as and can easily dominate those obtained
from the one-row relaxations. Our techniques help expand the applications of lifting, and
open previously inaccessible problems to this powerful approach.

We begin this section by defining the lifting problem and review several important results
for superadditive lifting. Next, we explore a variant of lifted flow cover inequalities and show

how a superadditive approximation can be obtained even though an exact lifting function
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is quite difficult to characterize. Finally, we show a more general approach, essentially
surrogate constraints for lifting functions, that can be used to simplify the approximation

of higher-dimensional lifting functions.
3.1 Lifting and Superadditivity

Intuitively, the sets involved in the lifting procedure must be related. Rather than speak
in generalities, we begin by introducing the main concepts in an example for the knapsack
polytope and then proceed to make these ideas more general.

The results and proofs in this section essentially come from [40] and borrow from [4] to

extend to the setting of general mixed integer programs.

Example 3.1.1. Consider the binary knapsack problem defined by
X = {y € {0.1}" : 5ys + 5ya + dys + 291 + 295 < 10}
= {y € (0.1} 5y1 + 5y + 4ys < 10— 29y — 25}
The set C' = {1,2,3} is a cover in the sense that 5+ 5+ 4 > 10. Moreover, C' is minimal
with this property; in particular, no subset of elements of C' exceeds the knapsack capacity.

Consider a restriction of the problem obtained by setting y4 = 0 and ys = 0. This

restricted system is defined by
X' ={y e {0,115y + bys + 4y < 10}

Observe that since C'is a cover, no solution can have y; = yo = y3 = 1. Therefore we obtain
the valid inequality

y1+y2+ys <2 (22)

It is easy to see that this inequality is facet-defining for conv(X"). Indeed, the three affinely

independent points

y'=(1,1,0), »*=(1,0,1), 3*>=(0,1,1)

all belong to X" and satisfy (22) at equality. Our goal will be to reintroduce y4 and ys to

obtain a valid (and hopefully facet-defining) inequality for conv(X). First reintroducing ya,
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we seek a coeflicient a4 such that

y1+y2+ys+ouys <2
is valid for the system
X" = {y € {0, 1} : 5y + Bys + dys+ < 10 — 2y4} .
We can rewrite this as a small integer programming problem:

S5y1 + dy2 + 4ys < 10 — 2y4,

agys <min [ 2 —[y1 +y2 +y3]
y € {0,1}*

The expression on the right is an example of a lifting function. We will visit this in more
detail later.

When y4 = 0, we get the inequality 0 < 0, yielding no additional information about ay.
On the other hand, if y4 = 1, then we obtain the inequality ay < 1. Thus we take ay = 1
to obtain the inequality

Y1 +y2+y3+ys < 2.

It is easily verified that this inequality is facet-defining for conv(X"”). Proceeding as before

we solve the integer program

Sy1 + 5y2 + 4ys + 2y4 < 10 — 2ys,

asys <min | 2 — [y +y2 +y3 + y4] :
ye€{0,1}°.

When y5 = 1 we get the inequality as < 0; thus we set a5 = 0. The final inequality we
obtain is given by

y1+y2+ys+uys <2

This can further be verified to be facet-defining for conv(X).

Observe that in this example we could have chosen to reintroduce ys before y4. The

process would proceed identically; however it would yield the facet-defining inequality

y1+y2+ys+ys <2
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This highlights an obstacle that is inherent to the lifting procedure: namely, that it is
sequential and requires the solution of multiple integer programs. However, through the
use of superadditivity, we can often overcome this challenge.
We first describe the lifting procedure in greater detail. Consider the mixed integer set
Z ajr; <d,
X=(zecR]: jeN )
x; €4, jeJ
where a;, d € Q™. Let the sets N; for i = 0,...,r partition N and have cardinality n;.
Further, let J; = N;NJ. Our goal is to derive valid inequalities for X by considering simpler
subsystems obtained by fixing variables in N; for i =1,...,7.
For ¢ > 0, fix x; = b; for all j € N;. This produces a sequence of restrictions:

Z Z ;5 S di — Z a;jTj,

. vk, 0<k<ij€EN, JEN;
Xi={gre R:l_o"r +n; . k , (23)

z €, je |J
0<k<i

where d' = d — 37, >y, a;bj. Noting that
d=d=) > abj+ Y Y abj=d"+ > > ajbj,
k>0 jEN 1<k<i jeNk 1<k<i jeNg

we can rewrite (23).

Z a;T; + Z Z aj(CUj —bj) < d’ — Z aj(xj _bj)a

XZ' . rc Rn0+...+ni . JENo 1<k<i jEN JEN;
= 0 :
v €z, je | J
0<k<i

Beginning with a valid inequality for X°, we simultaneously reintroduce variables in N;
to construct a valid inequality for X*. Next, we reintroduce the variables in N, and so forth
until we recover a valid inequality for X.

Suppose that we start with a valid inequality for X©,

Z QT4 S Q. (24)

JE€No

In the first iteration, we must appropriately choose coefficients «; for j € Ny such that

Z ozj(acj — bj) < ap — Z Q. (25)

JEN, JEN
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We can condition both sides of (25) on >y, aj(z; — bj) = z. To this end, we define
two functions that will enable us to choose valid coefficients «;. For the left hand side, we

introduce the function

hi(z) = max Z aj(xz; —bj)

JEN;
s.t. Z aj(z; —bj) =2
jEN; (26)
M IS Z, jeJ
zeRY
If this maximization is infeasible for a given choice of z, then h;(z) = —oo.

The second function we introduce deserves special emphasis as it will receive considerable

attention throughout this chapter.
Definition 3.1.1. The lifting function f is defined by

f(2) = fi(z) =min ap— Y aja;

JENo

s.t. Z a;r; < d° — z
jENo (27)

T € Z, jeJy
r € R,
If the system is infeasible for a certain choice of z then f(z) = +ooc.
As a matter of notation, we will typically let D denote the domain of the lifting function.

By construction, we have the following proposition:
Proposition 3.1.1. The inequality (25) is valid for X' for any choice of «;j such that
hi(z) < f(2).

Fixing x; = b; for some b; > 0 is generally risky as valid lifting coefficients are not

guaranteed to exist. We show a small example on an integer knapsack problem where we

encounter this difficulty:

Example 3.1.2. Let X = {x € Z%r 1 3x1 + a0 < 6}. Fix x5 = 1, and consider the cover

inequality for the resulting system: i.e. 1 < 1. The function h is defined by

h(z) = max{ag(xe — 1) 1 z0 — 1 = z}.
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Thus h(—1) = —ag and h(1) = ag. Next define the lifting function
f)=min{l —z1:321 <5—2z,21 € Z,}.

Observe that f(—1) = —1 and f(1) = 0. However, this implies —ay < —1 and ay < 0, but

this is impossible. Therefore there cannot exist any valid lifting coefficients.

Despite this hazard, we introduce the general theory of superadditive lifting fixing the
variables at arbitrary values, and we presuppose the existence of valid lifting coefficients.
This is a big assumption, and warrants some discussion about when valid lifting coefficients

are guaranteed to exist.

Proposition 3.1.2. Ifb; = 0 for all j € N1, then there exist some choice of lifting coeffi-

cients satisfying Proposition 8.1.1.

Proof. If X1 = (), then any choice of «; is trivially valid. Therefore assume that X! is non-
empty and let P! = conv {X}. By the decomposition theorem for polyhedra, P! = Q'+ C*

for some polytope Q' and finitely generated cone C'. Let
Q' = conv{:z:l,...,:z;p} )

C' = cone {yl,...,yr}.

Therefore, for any x € P!, we can express z as follows:

P T
=Y N+ iy
=1 =1

with >°%  A; =1 and \; € [0,1] for all 4, and p; > 0 for all 4.

Suppose that « satisfies the following the following inequalities:

E ajxjgao—g a;T;, t=1,...,p

JEN1 JE€No (28)
Zajyég—Zajyé, 1=1,...,7
JEN1 J€No

Then it clearly follows that az < ag defines a valid inequality of P!. Observe a; is fixed

for j € Ny; therefore, the right hand side of (28) consists of scalars. Now if IE; =0 for all
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j € Nj, then it follows by validity that ag — Zje No ozjxé > 0. Likewise if y; = 0 for all
j € Ny, then — > JENG ajy§ > 0. In particular, these constraints are redundant, so we shall
assume that (28) does not contain any such rows.

We now claim that a valid choice of a; for j € Ny is guaranteed to exist. Indeed, we
can rewrite (28) as Ga < h. By the Farkas lemma, this system has a solution if and only
if sh > 0 for all s > 0 such that sG = 0. As G > 0 with no zero rows, the only s > 0
satisfying sG = 0 is s = 0. Trivially, this must satisfy sh > 0, therefore a valid choice of «

exists. O

Another important theorem provides conditions under which a lifted inequality is facet-
defining. For a vector x € R™ let t = x — b, i.e. t; = x; — b;. A valid lifting is called

mazimal if there exist exist ny linearly vectors t1,...#"t such that hi(z) = f(2).

Theorem 3.1.3. If conv(X") and conv(X1') are full dimensional, (24) is facet-defining for

conv(X?), and ag # 0, then (25) defines a facet of X' if and only if the lifting is mazimal.

As we reintroduce variables, we determine valid choices of the coefficients a;. Accord-
ingly, we update the lifting function:

fl(z) = min ap — Z Q5 — Z Z Oéj(l'j - bj)

JENy 0<k<ijENg

s.t. Z a;T; + Z Z aj(a:j —bj) < A’ — 2

JENo 0<k<i JEN, (29)

v €, je |J T
0<k<i

= R10+"'+ni71 )

Although, this computation is usually prohibitively expensive, by repeated application of

Proposition 3.1.1, we can eventually construct a valid inequality of X:

Z Q;xj + Z Z aj(a;j — bj) <d. (30)

JEND 1<k<r jeNg

As a natural consequence of (29), we obtain the following proposition:

Proposition 3.1.4. f1 > fo > --- > f,.
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Although X© and the valid inequality (24) may permit us to efficiently compute f, this
structure is quickly lost upon the reintroduction of variables, and it becomes harder and
harder to compute f;. Therefore we seek tools to overcome this difficulty, and fortunately

we find refuge in superadditivity.

Definition 3.1.2. A function g : D — R is superadditive if

g(u) +g(v) < g(u+v)
for all w, v, u +v € D.

Gu et al. [40,42], show under moderate restrictions that if f is superadditive, then f; = f
for all f. This idea is further generalized by Atamtiirk [4] to accommodate an even greater
variety of problems. In general, f will not be superadditive. Gu proposed to remedy this

by the introduction of superadditive valid lifting functions

Definition 3.1.3. A superadditive function g < f is called a superadditive valid lifting

function for f.

If for some choice of «;j, hi(z) < g(z) for all i, and g is a superadditive valid lifting
function, then (30) is valid for X. Therefore, by sacrificing some accuracy, we are able to
avoid the computational effort needed to recompute f.

Intuitively, some approximations may be better than others. Hence Gu proposes two

reasonable indicators of the quality of g.

Definition 3.1.4. A superadditive valid lifting function g is non-dominated if there does

not exist any superadditive valid lifting function ¢’ > g such that ¢'(z) > ¢/(z) for some z.
Definition 3.1.5. Define the set

E={zeD: fi(z) = f(z),for all 4, N; and lifting orders} .
A superadditive valid lifting function g is mazimal if g(z) = f(z) for all z € E.

This definition of maximality is difficult to work with, so we must develop a much more

concrete characterization of this property. Therefore, we adapt a proof of Gu’s that relied
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on more stringent assumptions. In doing so, we incorporate the ideas from Atamtiirk, but
are less restrictive in our choice of IV;. To condense our notation we let t; = x; for j € Ny
and t; = x; — bj for j € N\ Ny. Therefore the i-th lifting problem becomes

fi(z) =min «ap — Z Z ajtj

0<k<ijEN,

s.t. Z ajtj + Z Z ajtj < do -z

JE€No 0<k<i jEN}

ticz, je |J J
0<k<i

tj+bjER+, Jje U Ng.
0<k<i

Proposition 3.1.5. f;(z) > miny, .+uep {fe(z +w) — fe(u)}, for £ <.

Proof. For brevity, we will omit bound and integrality constraints from the descriptions

of the lifting functions. Let t* be an optimum solution to (31) for some z € D. Let

U= ki 2jen, Wit

fz(z) = min ap — Z Z Ozjtj

0<k<i jENg
0
s.t. Z ajt; + Z Z ajt; < d’ — z.
J€No 0<k<i jEN,

Splitting the sums,

fl(z) = min o) — Z Z Oéjtj — Z Z Oéjtj;

0<k<f jEN, 0<k<i jEN,
s.t Za-t—l— ait; <d® —z—u
-L. 3l E : E : VAT IS .
JENo 0<k<ljEN),

Note, that by fixing ¢; for j € U£§k<i N;, we do not change the optimum. From the
definition of f;, we thus have
fz(z) = fy (Z + u*) — Z Z Ozjt;.
£<k<i jEN}

By assumption,

Z Zajtj+ Z ZajthOtm

0<k<ljEN, 0<k<ijEN
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is valid for (31). In particular, from Proposition 3.1.1

Z Z ajt; < fo(u®).

I<k<ijENg

Putting this all together, f;(z) > fr (z + u*) — fo(v*) > min, .4 yep {fe(z +u) — fo(w)}. O
This proposition allows us to clearly characterize maximality.
Proposition 3.1.6. For fired u € D, u € E if and only if f(u) < f(u+v) — f(v).

Proof. Suppose that f(u) < f(u+ v) — f(v) for all u+ v,v € D. By Proposition 3.1.4
F(u) > fi(w). By Proposition 3.15, fi(uw) > f(u+v) — f(v) > f(u). Thus fi(u) = f(u),
proving that u € FE.

Conversely suppose that there exist some v such that f(u) > f(u 4+ v) — f(v). Then
suppose that hi(v) = f(v). Let t* be an optimal solution to f(u + v). Setting t; = ¢} for
J € No, and choosing t; € Ny such that

Z ajt; = f(v), Z ajtj =v,

JEN, JENT

the objective value is at most f(u+v)— f(v) < f(u). Therefore fo(u) < f(u),sou ¢ E. O

It is a simple corollary that if f is superadditive then f; = f since this implies £ = D.

We use this proposition to redefine maximality in a much more tractable form:

Proposition 3.1.7. A superadditive valid approximate lifting function is mazximal if and

only if g(u) = f(u) for all u such that f(u) + f(v) < f(u+v) for all v,u+v € D.

We conclude by showing that under mild assumptions there always exists a maximal
superadditive valid approximate lifting function. Let D satisfy the property that for all
u,v,w € D such that u +v+w € D, u4+v,u +w,v+w € D. Gu imposed a similar

restriction by considering D = R or D = [0,d]. Let

Y(w) = inf {f(ut+v)—f(v)}. (32)

v,ut+veD
This function was introduced in Wolsey in the context of binary integer programs [76], but
has since been revisited by Gu for binary mixed integer programs [40]. In general, we cannot

replace the infimum with a minimum when D is not finite and f has discontinuities.
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Proposition 3.1.8. If D satisfies the property that for all u,v,w € D such thatu+v+w €
D, u+v,u+w,v+w € D, then v is a mazrimal superadditive valid approximate lifting

function.

Proof. Observe that by the validity of (24), f(0) > 0. Therefore v(u) < f(u)— f(0) < f(u).
Hence v < f.
To show that + is superadditive consider y(u+v). For any w € D such that u+v+w € D,

observe that
V(w) < flu+w) = f(w),
V(W) < flu+v+w) = fu+w).
Therefore,
V() +(v) < flutv+w) - fw).

As v(u) + y(v) is a lower bound for this quantity,

) +9(0) < il {f (ko) = fw)} = (u+)

So v is superadditive as desired.
Lastly, we show that 7 is maximal. If f(0) > 0, then £ = 0 as f(u) + f(0) > f(u) for
all u. Otherwise, if u € E, then f(u) + f(v) < f(u+ v) for all v,u + v € D. Therefore

flu) < flu+wv) — f(v), so f(u) < y(u). Hence equality holds by the validity of . O
While v is maximal, it is typically dominated as we show in this small example.

Example 3.1.3. Let f be defined by

Such a lifting function might arise from a knapsack cover inequality. Clearly f is not
superadditive as f(2) + f(2) =2 > f(4).
For all w € [0,1], f(u+v) > f(v) = f(u) + f(v), so y(u) = 0. If u € (1,3), then

f(4—wu) =1. Since f(4) = 1, this gives y(u) = f(4) — f(4 —u) = 0. Finally if u € [3,4],
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then v € [0,1], so f(u+v) — f(v) = 1. Thus y(u) = 1. Hence

0 0<z<3
v(z) =
1 3<z<4.

However, this is clearly dominated by the function g defined by

which is easily verified to be a superadditive valid approximate lifting function.

In the next section, we will show by example that it is possible to construct superadditive
valid approximate lifting functions even without a closed form solution of the lifting function.
We follow this with a more general framework that permits us to construct approximate

lifting functions for higher-dimensional lifting functions.
3.2 A New Family of Lifted Flow Cover Inequalities

In this section we demonstrate that it is possible to construct non-trivial superadditive
valid approximate lifting functions even without a closed form description of the original
lifting function. We build on the work of Gu et al. [41] to derive a new family of lifted flow
cover inequalities.

The single node fixed-charge network flow problem is defined by the system

D wi— ) a<h
jENT JEN—
X = R" x Z" : 33
y; €{0,1}, VjeN
Vs

This set has been extensively studied [64,72,77], and its facets have proved quite useful in
the practical solution of mixed integer programs.

The sets N~ and N1 represent the collection of capacitated inflow and outflow arcs,
each carrying some fixed cost, and the constant b is some exogenous flow. The constraint

ZjeN+ xj — Z]EN, x; < b is often called the flow balance constraint and restricts the
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outgoing flow to be less than the incoming flow. This can be depicted graphically as in

Figure 7.

Figure 7: Single node flow set

The key structure of the facets that we study is known as a flow cover.

Definition 3.2.1. A set CtUC~ C NTUN" is a flow cover if

Zuj—Zuj:b—i-)\, (34)

ject jeC—

with A > 0.

For a given flow cover, fix (z;,y;) = (0,0) for j € N*\ C*; fix (xj,y;) = (u;,1) for

j € C7; and fix (zj,y;) = (0,0) for j € N~ \ C™. Letting b’ =b+>_ .- uj, the restricted

system is the set
> @<V
ject

X0 — RICHI  ZIC*I .
($,y) < % 0 S CL‘j S ijj, VJ € C+

yj €{0,1}, VjeC"

\

Let P° = conv(X"). The flow cover inequality for P° is

dowmt D (=N -y <V, (36)
jec+ jec++
where C** = {j € C* :u; > \}. For notational convenience, let C** = {1,...,r} with

up > - > U, and define U; = Uj_1 +u; for j = 1,...,r with Uy = 0. The following result

is well known:

Proposition 3.2.1. The flow cover inequality is facet-defining for P° whenever CT+ # ().
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The lifting function associated with the flow cover inequality is given by

Z z; < [
ject
_ )y _ DAY
f(z)=40b Z $J+'Z (uj —A) (1 —y;) C0<az; <wy;, VjeCor (37)
jec+t ject+
ij{O,l}, \V/jECJ'_

This has a compact closed form description given in the next theorem due to Gu [41].

Theorem 3.2.2.

- z < =)\
z -A<z<0
f(2) =1 kA Up<2<Upsi1—A, (k=0,...,r—1) (38)

2=Up+kX Ug—A<2<U, (k=1,....,7—1)

z=U.+r\ U, —X<z<V.

It is easy to verify that f is superadditive when z is restricted to be either negative or
positive; however, the function f is not itself superadditive over R. One can construct a
superadditive valid lifting function

kA kup <z<(k+1Du; — A, kE=0,£1,£2,...
9(z) =
z—kur+ kX kuy —A<z<ku;, k=0,%£1,%£2,...
This function is maximal and non-dominated, but tends to produce computationally less

effective cuts than the lifted simple generalized flow cover inequalities

f(z)
ot
)\AV
A Ui—A  Us—\ Us— A
AN

Figure 8: Flow cover lifting function
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As its name suggests, these cuts are obtained by lifting the simple generalized flow cover

inequality:
2wt D (= NA-w) = 3 A= ) s,
ject ject+ jeEL— jeL——
where L= ={j e N\ C~ :u; > A} and L™~ = {j € N~ \ C™ : u; < A}. This inequality

arises from (36) by reintroducing the variables in N~ \ C~. Thus, the lifted simple general-
ized flow cover inequalities are obtained by first performing exact lifting on a well-behaved
set of variables and then performing approximate lifting on the remaining variables.

Given the success of these inequalities, a promising avenue is to develop cuts obtained
by reversing the lifting order: first introducing variables in Nt \ C* and C~ using exact
lifting, and then approximately lifting in variables in N~ \ C'~. For the remainder of this
section, we will develop the theoretical foundations needed to obtain a new family of cuts

by doing precisely this.
3.2.1 Computing an Alternate Lifting Function

After reintroducing the variables in (N1 \ C*) U C~, we obtain the set

(
D wi— ) a<h
jeENT jeCc—
X! = RY x Z9 : 39
(z,y) € X 0 <z; < wuyyj, Vj€N+UC_ (39)
y; € {0,1}, Vie NtuC~

\

where ¢ = [N*| + |C~|. Under mild assumptions on the arc capacities u; (see for exam-
ple [64]), conv(X?) and conv(X?!) are full dimensional; therefore, we assume that these
conditions are satisfied.
Reintroducing the variables in N™\C* and C'~ via exact lifting, we obtain the inequality
Dowt D (=N (1 -y)
jec+ jec+t

+ Z (ajaj — Bjy;) <V — quj (=),

JEN+H\CF jec

(40)

where (aj, ;) = (0,0) if Uy < uj < Uggq — A for some k and (aj, ;) = (1,U, — k) if
Uk — X < uj < Uy, for some k. If U, — A < uj, then (o, 85) = (1,U, —7)).
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One can verify that if we reintroduce these variables into the original flow cover in-
equality with these coefficients, there exist two linearly independent points satisfying the
hi(z) = f(z) at equality. For j € N*\ C*, if (aj,8;) = (1,Ux — kX), these points are
precisely (z;,y;) = (uj,1) and (z;,y;) = (u; —€,1) for € > 0 sufficiently small. Otherwise,
for j € C~, these points are (x;,y;) = (u; —€,1) and (z;,y;) = (0,0). In particular, by
Theorem 3.1.3, (40) must be facet-defining for conv(X1!).

Our goal is to lift in the variables in N~ \ C~. In doing so, we calculate the lifting

function:

g (2) =min b — Z:L"j+ Z (uj — ) (1 — ;)

jeCt ject+

+ > (agry =By + Y Flug)(1—yy)

JEN+H\C+ jec

s.t. Z xj+ Z(uj—xj)gb'—z

JEN+ jec

(41)

0<uzj <wujy;, jEe NTUC™
y; €{0,1}, je NTUC™
To prevent the negative signs from becoming too cumbersome, we will let g(z) = ¢'(—2),
so that the domain is non-negative. Desirable properties of the lifting function, namely
superadditivity, are not affected by this change.
The exact lifting function is complicated, and may not be superadditive as we show in

the following example.

Example 3.2.1. Let u1 = us = ug = 4 and let ¥ = 10. Suppose that we reintroduce one

variable in C~ with uy = 9. Therefore, (40) takes on the form:
1+ za+xs+2(1—y1) +2(1 —y2) +2(1 —y3) <10 —4(1 — ya).

A solution to (41) either has (x4,y4) = (9,1) or (24,y4) = (0,0). Thus, the lifting function

can be expressed as the minimum of two functions, and is given in Table 1.
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Table 1: Explicit calculation of the lifting function g

9(2) z 9(2) z
—z 0<2<2 —4 7T<z<9
—2 2<z<5h 5—z 9<2<11
3—=z 5 <2< —6 z>11

Now observe that g(5) = —2, therefore g(5) + g(5) = —4 > ¢(10) = —5, so g is not

superadditive.

As there are more elements in (N \ C*)UC™, the lifting function becomes even more
complicated. For convenience, let (NT\ Ct)UC™ = {ji,...,jp} with uj;;, > -+ > uy,.
We now establish some simple observations that help characterize the structure of optimal

solutions to the lifting function:

Observation 3.2.3. In any optimal solution, if y; = 1 for j € C~, then without loss of
generality xj; = u;.

Proof. If y; = 1 and z; < u; for j € C, then increasing x; neither changes the objective

nor makes the resulting solution infeasible. O

Observation 3.2.4. If (a;,8;) = (0,0) for some j € (NT\ CT), then without loss of
generality (z;,y;) = (0,0). Similarly if f(u;) = 0 for j € C~, without loss of generality
(5,y5) = (uj,1) in all solutions.

Proof. Tf this condition does not hold for some j € N\ CT, then we can obtain an
equivalent solution setting (z;,y;) = (0,0). Similarly if f(u;) = 0 for some j € C~ then we

can set (z;,y;) = (u;,1) to produce a solution with the same objective. O

Therefore, for the purposes of lifting, we can assume that all variable pairs in Nt \ C*

receive non-zero coefficients and that f(u;) > 0 for all j € C~.

Observation 3.2.5. Without loss of generality any optimal solution has at most one x;

with 0 < xj < ujy;.
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Proof. If not then there exist ¢ and j such that 0 < z; < u; and 0 < z; < u;. This implies
that 4,5 € NT, so we can increase x; and decrease x; by 6 = min(u; — x;, ;) to preserve

feasibility and optimality. O

Observation 3.2.6. In any optimal solution to the lifting function, if x; > 0 for some

Jj € CtT, then x; > uj — \. Otherwise, (xj,y;) = (0,0).

Proof. Clearly, if 0 < z; < u; — A in some solution, the solution obtained by setting

(x5,y;) = (0,0) is feasible and dominates the current solution. O

Observation 3.2.7. In any optimal solution to the lifting function, if x; > 0 for some

i € CT, then there exists an optimal solution with x; > 0 for all j >, j € CT.

Proof. Suppose that z; > 0 and (x;,y;) = (0,0) for some j > i. By setting (x;,y;) = (0,0),
and (zj,y;) = (min(uj,x;),1), the change in the objective function is [z; + (u; — )] —

[min(z;, uj) + (u; — A)] < 0. O

Proposition 3.2.8. Without loss of generality, if y; = 1 for some j € (NT\ CT), then

mj ZUj.

Proof. Consider some solution to the lifting function such that y;+ = 1 and zj« < u; for
some j* € NT\ Ct. We can obtain an equivalent solution by moving flow from z; to z
for j € C*. In this solution, either z;« = u;» or z; = 0 for all j € C*.

Suppose now that z;+ < u;+ and z; = 0 for all j € C. Since this solution is feasible,
b+ z —xj+ > 0; hence b/ + z > xj+«. Setting (x+,y;+) = (0,0), the new capacity is at least
xj«. Let xj+ = U + 0 for 0 < § < upqi. We assume k < r (the other case being handled
similarly). Setting (z;,y;) = (uj,1) for j =1,...,k and x41 = 6, yp+1 = 1. The change in

the objective value is at most
Uks1 — (K +1)A] — Bj=.
Since zj« > Uy, Bj= > Upy1 — (k+ 1), so the objective value decreases. O

In effect, this proposition implies that arcs belonging to N* \ C* and C~ behave the

same with respect to optimizing (41). In particular, when introducing any element from
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NT\C*, ajzj — Bjy; = f(uj). Therefore, we will say that an element j € (NT\CT)uC~
is active if (xj,y;) = (u;,1) for j € NT\ CT or (xj,y;) = (0,0) for j € C~, and we need
not distinguish which set the element comes from.

The next proposition asserts that in any optimal solution, whenever the set of active

elements is non-empty, it is minimal with respect to covering z.

Proposition 3.2.9. Suppose that j is active for all j € S C (NT\CT)UC~. Then without

loss of generality there does not exist some ) C S" C S such that Zjes, u; > 2.

Proof. Suppose that in an optimal solution some such set S” exists. Let j* € S\ S’. Since

the solution is feasible

b/+z—Zuj > 0.
jES

Since u; > 0 and S" C S,

b +2z— Zuj > Ujs.
jes’

For convenience, let uj+ = U, + 6 for 0 < 6 < up41. By the assumption that Zjes, u; > 2,
the current solution must have (z;,y;) = (0,0) for j = 1,...,k + 1. Assume that k < r
(again, we can argue similarly for k& > r).

Setting (zj+,y;+) = (0,0) if 7* € NT\CT or (z;+,y;+) = (uj+,1) if j* € C~, we increase
capacity by uj+ and decrease the objective function by f(uj<). If 0 < § < upp; — A, we
set (zj,y5) = (uj,1) for j = 1,...,k, k41 = 0,yx+1 = 0, increasing the objective by
EX = f(uj+). Otherwise, if up41 — A < 0 < ugq1, we set (zj,y;) = (uj,1) for j =1,...,k,

(Zk+1, Yk+1) = (9, 1), increasing the objective by kX 4+ 0 — (ug1 — A) = f(u;+). O

Using this proposition, we can characterize g in terms of several related lifting functions.

This will in turn provide a starting point for deriving a superadditive approximation of g.
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Define the functions g; for i =1,...,p by
gi(z) =min b — Z T+ Z (uj — ) (1 —yj)

+ Y (o= By + Y Flu)(1—y)

JENT\C+ jEC—
s.t. Z x; + Z (uj —xj) <b —z
JEN+ jec— (42)

0 < z; < uyyj, jeNTUC™
y; €{0,1}, je NtUC~
(25, y5.) = (w5, 1), ji € NT\CY
(@, 95.) = (0,0), ji € C~
corresponding to when we force j; to be active. We are interested in this function restricted

to z € [0,u;,], and so by Proposition 3.2.9 this reduces to

9i(2) = —f(uj,) +min b’ — Z zi+ Y (uj =N (1—y))

jec+ jec++
s.t j§+xj<b’—u] +2 (43)
Oijgujyj,jECJr
yj €{0,1}, jeC™.
In particular we have g;(2) = —f(u;j;) + f(uj;, — z). We will also define a function g,11(2) =

f(—=2) with z restricted to be non-negative.

Proposition 3.2.10. Suppose that ji,,...,Jk, are active in a solution to the lifting func-
tion, with ji, > -+ > jr,. If 2 < 3714w, , then
q—1 q—1
9(2) = =>_ flug,) + gk, (z -~ Zugk> :
i=1 i=1

Otherwise,

9(z) = — Zf(u]kl) + gpt+1 (2 - Zujk,> :
=1

=1
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Proof. The proof follows easily by writing the restricted problem:
g(z) =min ¥ — Z T + Z (uj —A) (1 —yj)

+ Y (g = Biyy) + Y Fug) (1 —yy)

JEN+H\C+ jec-
s.t. ZLL“J-I-Z —1:] <b’+z
jENT jeCc—

Of§$jf§Uﬂﬁ,jEEAﬂ_U(j_

yj €{0,1}, je NTUC

(25, y5) = (uj;, 1), Ji € {ys - Jr, yONTNCT
(@5, 95) = (0,0), ji € {Jky,-- -G,y NC™.

Again, simplifying yields

q
g(z):—Zf(ujki)—i-min b — Zx]+ Z i — AL —y;)
i=1 jec+ ]€c++
o Y b
ject
0 <z <ujy;, jeCt
. : +
H;E ﬂl1}¢] eC
Substituting in gy, or gp+1 as necessary, the statement of the proposition follows. O

This proposition plays a key role in the special case that we consider next as it will allow

us to completely describe the lifting function.
3.2.2 A Special Case

Now assume that uj, = Uy, for j; € (N*\CT)UC~. Observe that f(uj,) = f(Usp)) =
¢(i)A. Despite the slight modification, we show that this special case is considerably more

tractable than the general case.

Proposition 3.2.11. If uj, = Uy, then g; is superadditive.
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Proof. Applying the definitions of f and g;, (38) and (43) respectively, we can easily evaluate

g;. Explicitly, this is given by

;

. Usiy = Up(iy—j < 2 < Uiy = Ugi)—j + A,
[Ustiy = Us(iy—j — JA] — =
(j=0,...,0() — 1)
gi(z) =
. Uiy = Ugi)—j + A < 2 < Usp(i) = Ug(i)—(j+1)
-G+ 1A
(j=0,...,0() - 1)
when ¢ < p. Further
—2 0<z<)\
9p+1(2) =
A z> A

That g; is non-increasing is clear. It is represented graphically in Figure 9.

Uus u3 + us Uz + U + Uy
Il Il
f f

72/\,,
9i(2)
,3/\,,

Figure 9: Plot of g;

We now show that g; is superadditive for 1 <1 < p. Consider g(u + v) — [g(u) + g(v)].

If the slope of g to the right of w is 0, then for some small € > 0,
glutv+e) —[glu+e)+g(v)] < g(utv) —[g(u) +g(v)],

g(u+v) = [g(u+€) + g(v —€)] < g(u+v) —[g(u) + g(v)],
as g(u+v+¢€) < g(u+v) and g(v —€) > g(v). On the other hand, if the slope of g to the
left of w is —1, then

glu+v—€) — [g(u— &)+ g(o)] < glu+v) — [g(w) + g(v)),

gu+v) —[g(u—e)+g(v+e)] < glutv)—[g(u) +g(v)],
since g(u+v—¢€) < g(u+wv)+e€ and g(v+€) > g(v) — e. Therefore, we may assume that u
and v are breakpoints of g where the slope changes from 0 to —1. Or u is such a breakpoint,

and v = d — u.
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For ease of notation let ¢(i) = ¢. Let 2, = Uy — Uy—y, for k = 1,2. By the ordering

imposed on CF, up > gy, for all m > 0. Thus
Ur = Up_(t,4t) = (we+ -+ up—ty41) + (Uo—p, + -+ Uty —ty41)
> Uy —Up—yy) + (Up — Up—y,)

= 21 + 29.

Therefore, g(z1 +22) > g(Us — Up_(1,44,)) = —(t1 +t2)A = (=t1A) + (—t2A) = g(21) + g(22).
Lastly we test when 21 = Uy — Uy_y and z0 = Up — 21 = Uy_;. It follows that U,y >

Us— U, 50 g(22) < —(£ — )2, and g(z1) + gl22) < —0A = g(Uy). O

Proposition 3.2.12. If uj, = Uy for i =1,...,p, then gi, (2) < gi,(2) if i1 <2 and g;,

and g;, are both defined at z.

Proof. We show the result for ¢ and 7 + 1, and the more general claim follows trivially by
induction. If 0 < z < ), then the assertion is clear, so assume that A\ < z. For ¢ > k,

U —Up—j=up+up_q1+-+up_jp1 > u +up—1+ - +up—jp1 = Uy — Up_j. Now write
2= A+ (Ugtirn) = Up(irn)— +9) 5
with 0 <0 < ug(ip1)—j- If 0 <6 < ugpn—j — A, then gip1(2) = —(j + 1)A. In this case set
Z =2+ (Ustiy = Ustiy—) -

Thus g;(2') = —(j + 1)A. Since Uy > Ug(it1), it follows that 2/ < 2, and since g; and
gi+1 are both non-increasing, necessarily g;(z) < gi+1(2). Otherwise, if ug(11)—; — A < d <

U¢(i+1),j, lete=46— [U¢(i+1),j - )\} Settlng
= A+ (Ustiy = U(iy—) + (g(iy—j = A+ ).
Again g;(2') = gi+1(2) and 2’ < z, thus showing g;(2) < gi+1(2). O

The next two theorems are central to identifying the new class of lifted flow cover in-
equalities. We will first evaluate g(z) and then show that it is superadditive. For convenience
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Theorem 3.2.13. Suppose that uj, = Uy fori=1,...,p. Then

(S 6@] A+ SV —2) Vi <2<V (h=1..p)

g(2) = (44)

— [ o] A+ f (V= 2) o<z
Proof. Consider a solution to the lifting problem, and suppose that jy, < --- < ji, are
active in this solution. Applying Proposition 3.2.10, it follows that

q—1 q—1
9(2) = =Y fluj,) + gk, (2 - Z%) :
i=1

i=1

We claim that ji, = j; for i = 1,...,¢. Suppose not and let ¢ denote the smallest ¢ such
that ji, > je. Necessarily j; < jg,. Now consider the solution with jk,,...,jk,_, and jy
active. Applying the same argument as Proposition 3.2.10, the objective function is

q—1 q—1
S £

i=1 i=1

However, by Proposition 3.2.12,

q—1 q—1
i=1 i=1
so there exists a solution at least as good as the current solution that has ji, = J;.

Since gp4+1 > g; for all 7 it follows that we only use g,+1 once z > V. Applying the

definitions of g;, we obtain the function described above. O
pus e Wi Y 2
I
g0
BN
ol 9(2)

Figure 10: Plot of g when uj;, = Uy

Figure 10 gives an example of g. In the next theorem we show that g is superadditive.

For a moment, consider the superadditivity condition:
g(z1 +22) — [g(21) + g(22)] > 0
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for all z1, 29,21 + 220 € D. We further know that g is decreasing and D = R;. Rather
than work directly with this condition, we begin with two points z; and z2 and compute

g(z1) + g(z2). We then identify a point z* satisfying

9(2") = g(z1) + g(22), (45)

and show that z* > 21 + 2z2. As g is decreasing, this implies that

9(21) +9(22) < g(27) < g(21 + 22),

thereby showing superadditivity. As we shall see, this allows us to greatly simplify and even

avoid much of the case analysis that tends to accompany superadditivity proofs.
Theorem 3.2.14. Suppose that uj, = Uy fori=1,...,p. Then g(z) is superadditive.

Proof. As in the proof of Proposition 3.2.11, we only need to test breakpoints at which the
slope of g changes from 0 to —1. We partition D into intervals of the form D; = [V;_1, Vj]
fori=1,...,p and D,q; = [V, +00). For 1 < i < p, each interval further partitions into

¢(i) subintervals,
Df = ‘/i—l + [Ud)(l) - Ud)(i)*kJrla U¢(l) - Ud)(l)*k]? k - 1, ey ¢(Z)

The subinterval D¥ has length Ug(i)—k+1- Moreover, let D}, 11 = [Vp, +00).

Observe that the right endpoints of these subintervals correspond precisely with the
previously described breakpoints. If z is one of these special breakpoints, then g(z) =
—N(2) - A, where N(z) denotes the total number of subintervals D¥ = [¢¥ u¥] such that
uf < z. Now let 21 = Vi, + Ug(s,+1) — Up(s+1)—t; and 22 = Vi, + Up(sp41) — Up(sps1)—to-

We claim that we may assume that t; = 0. Suppose that t1,fto > 0. Without loss of
generality,

[Dii| =2 DG

thus, we set #{ =t; + 1 and t;, = to + 1. Updating z; and 23, we have

! t1+1 t1
z =21+ ‘D51+1‘ >+ ‘D31+1

% =2- Dl =2 Dl
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In particular 2} + 2z, > 21 + 22 and g(2]) = g(z1) and g(z}) = g(z2). By the sorting on the
intervals, it follows that we can repeatedly perform this update until either t; = ¢(s1 + 1)
or to = 0. By appropriately incrementing s; or interchanging the roles of s; and so, the
claim follows.

If there are no more than N(z2) subintervals following V;,, then
9(z1 + 22) 2 = (N(21) + N(22)) A = g(21) + g(22)-

Therefore we shall assume that there are at least N(z2) subintervals after Vs,. To prove
superadditivity, we show that the total length of the N(z2) subintervals after Vj, is greater
than the total length of the first N(z2) subintervals.

First note that Vs, + Vs, > Vs, 4s,, and thus the intervals Dy, 4+1,...,Dg, 45, are entirely

@(s1+i)—j+1 and D<z><> —j+1

covered. Consider specifically the subintervals D _"/;

. By construction

Dfl(ilzﬂ) y+1‘ ‘Df(i)—jﬂ’ '

B(s1+i)—j+1 with D¢(Z) J+1

Sofori=1,...,spand j =1,...,¢(s1 + i), we pair D",

Thus, we must show that the remaining ¢ unpaired subintervals in [0, z2] are shorter
than the first ¢ unpaired subintervals in [Vj, 4+s,,00). This demonstrates the existence of a
suitable z* as in (45) with g(z*) = g(z1) + g(22) and 2* > 21 + 29.

Now some of the subintervals in Dy, ..., Dy, may be unpaired. However, any unpaired
interval Dg must satisfy

D] <D}, 4i] < DLyl
In particular, these unpaired subintervals in [0, Vs,] are all shorter than any unpaired subin-
terval in [Vg, 4+s,,00).

If t = 0, then we are done, so assume t3 > 0. Now we consider the intervals D, +; and
Ds, 1s,+1. Let t' denote the number of the remaining ¢ subintervals in Dy, g, 4+1. If ¢/ < 9,

then t' = ¢(s1 + s2 + 1). Thus

t $(s2+1) @(s1+s2+1)
‘D 2+1‘ < ‘D82+1 ’ - ‘D51+52+1
Thus we pair D;_ﬂf“l with Dfl(j_l;gf;rl)_jH for j = 1,...,¢(s1 + s2 + 1). It similarly

follows that the remaining ¢t — ¢’ unpaired subintervals in [0, z2] are shorter than the first
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t — t' unpaired subintervals in [V, 4s,41,00). If ' > t9, then

)

J J
’DS2+1’ < ‘DS1+82+1

J

R .
and we pair Dy, with Dy (o .

This concludes our pairing argument.
Thus we have shown that the maximum z* such that g(z*) = — (N(z1) + N(22)) A is at

least z; + z2. Since g is decreasing, this implies that g(z1) + g(22) < g(z1 + 22). O

It is also possible to extend these results to when wuj, > U,.. The proofs follow almost
identically with the addition of an interval DY = [V;, V; + u; — U,] whenever u; > U,. The
same sort of pairing argument suffices for the intervals Dg for j > 0, and by noting that DY

always at least as long as D? 1
3.2.3 Obtaining a Superadditive Approximation

The case when uj = Uy, is unlikely to hold. However, we can still use this special case
to construct a valid superadditive approximate lifting function even without a closed form
description of the exact lifting function. To show this we, will reformulate our problem and
relax certain constraints.

Define the following sets:

Ly ={j € N*\CT | 3k(j) : Upj) — A <y < Uy,
L;:{j€N+\C+‘UT<Uj}a

Cr ={j € C7 | 3k(j) : Ury) < uj < Ukjy+1 — AL

—_

Cy ={j€C™ | 3k() : Uy — A <uj < Upjy},

Cy ={jeC | U <uj}.

We now describe a reformulation obtained in essence by splitting certain variables and

increasing variable upper bounds. For j € Lf, we relax the variable upper bound:

0<wz; <wujy; — 0=z < Uy
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For each j € C, we split z; by adding the set of constraints:

T = acjl + x?,
1 1
(z5,v5), 0 < z; < Uiy,

0<zj<wy;, = 0<ai< (45— Usp)y;,
yj €{0,1} i =
yjl,y]2 € {0,1}.
Lastly, for j € C5 , we split z; as follows:

_ 1 2

(@5, 95); (Uk) —u5) 5 < x5 < Ugggyyj
0<wj<ujy;, =  (Ung —uy)y; <ai < (Ung) —uj) 5,

yj € {0,1} yj =y,

The remaining variables in L3 and Cj remain unchanged. Therefore, we can rewrite (33)
in terms of these new variables. We omit this intermediate step, and proceed to the system
obtained by eliminating the constraints yjl = yj2 and replacing the variable lower bounds
with 0 for j € C, . As the variable lower bounds are positive, this produces the following

relaxation of X:
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Z@-%—Z:ﬂ? — Z :UJ+Z($}+$§)+Z$]1 <b

JENT jecy EN—\C] UCy jecy jecy
szle-—kx? VjeCy
xj:le-fx? VjieCy
0 <z <ujy; VjGL;UCg
0 <z < Uy, jeLy (46)
0 < zj < Uy JjeCy
0 <a? < (uj — Uy))y Jjecy
0 < 2; < Uy jely
0 < af < (Uyg) — )y jeCy
y; € {0,1} Vj € N.

We now must define a flow cover, STUS™. To avoid ambiguity we will identify elements

in the flow cover by their continuous variables. Hence we define

S+:{xj:j60+}u{mj2-:jecg}
S ={aj:jecrucCytu{al:jeCy}u{a;:jeCy}
Let b/ = b—i—zjec, uj. Fixing variables as we did before, we obtain the flow cover inequality
dowit Y =Ny + Y af <V + Yy (Ung) — )
jec+ jeC++ JjECS jeCy
We have used here that Uy —u; < A for all j € C5. For compactness let b=V +
>jecy Uk —u5) -
Next we lift in variables in N*\ ST U S~ as in (40). For z; € Ly U Cj, the lifting
coefficients are unchanged; for j € Lf, the lifting coefficients likewise remain the same; for
jeCy, fluj) =f (Uk(j)) and uj — Upy < up — A, so f (uj — Uk(j)) = 0; and lastly for

j € Cy, f(Unyy) = flug) + [Urgy) — ]
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Recovering the variables in N\ ST U S~ we arrive at the inequality

Z SU] + Z 33 + Z —)\ 1 —yj) + Z [SU]' — (Uk(j) — k(])A) yj]

ject jECy ject+ JjENHT\Ct

<V — Y flu)(—y)) = DI (Usgy) (1= y)).

jecyucy jecy
Using the lifting function (44) from Theorem 3.2.13, we can perform sequence independent
lifting to obtain a new valid inequality:

Sai+ D dai+ D (=N —y)+ Y. [z — (Ung) — kG)IA) 5]

ject jecy ject+ JENT\C+

<V = Y flu)—y) = D f(Ukg) A=y + D0 s+ gy

JjeCcucy jeCy JEN—\C—
where 7; and p; represent valid lifting coefficients for (z;,y;). Noting that 3:32 = (Urg) —

uj)yj2 for j € C5 and identifying y]1 and yJ2 as necessary, we obtain the inequality

i+ D> w=NA—y)+ D [z — (Ukgy — kG)A) vy]

ject ject+ jeNH\Ct
<V = flu)A—y)+ D [mws+py)
jec— JEN—\C—

In particular, none of the coefficients on the variables in C~ and Nt \ Ct have changed.

Thus we have demonstrated a superadditive valid approximate lifting function.

Theorem 3.2.15. Let §(z) be the approzimation of g obtained by replacing u; with Uy
for all j € (Nt \CY)YUC~. Then § is a superadditive valid approzimate lifting function

for g.

This theorem is significant in two regards. First and most immediately, it establishes
the existence of a new family of lifted flow covers obtained through superadditive lifting.
Beyond this, it suggests the potential of superadditive lifting even in the absence of an exact
description of the lifting function.

It is unlikely that g is non-dominated. Letting v = lim,_, 1, g(2), we will typically have

that lim,, . g(2z) < v. As g is negative and superadditive and v is negative, the function
9(z) = max (3(z),v)
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is superadditive, valid, and dominates §. However, the initial approximation ¢ is itself non-
trivial, and uses much of the structure of g without explicitly computing g. In the next
section, we provide a more general framework for constructing superadditive valid approxi-
mate lifting functions in the absence of a closed form description of the lifting function. We

close out this section, by revisiting Example 3.2.1.

Example 3.2.2. In Example 3.2.1 we encountered a small fixed-charge flow problem with
u] = up = uz = 4 and b’ = 10. We reintroduced a single variable z4 from C~ with uy = 9.
Because uy # Uj, the resulting lifting function was not superadditive.
Applying the previous reformulation, we replace x4 and its corresponding variable upper
bound constraints with
T4 = x}l + xi,
0 < xj < 8yj,
0 < af < 1y,
vi = Yi,
viyi € {0,1}.
Next we relax the constraint yi = 3.
The new flow cover is given by C* = {21, z2,23} and C~ = {z},27}. Noting that

b" = b = 10, the lifted flow cover inequality is given by:
1tz +a3+2(1 —y1) +2(1 —y2) +2(1 —y3) <10 —4(1 —yi).

As yi = y4, this corresponds precisely with the original flow cover inequality. On the other

hand, because u}l = 8, the corresponding lifting function is as follows in Table 2:

Table 2: Approximation § of the lifting function g

i(2) : i(2) :

—z 0<2z2L2 —4 6<2z<8
-2 2<2z2<4 4—z 8<2z2<10
2—z 4<z<6 —6 z>10
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This approximation can easily be verified to be superadditive and is compared against

g in Figure 11.

I8

24 \
44 9(2)

Figure 11: Comparison of g and ¢

3.3 Approxrimating High-Dimensional Lifting Functions

We now shift our focus to lifting functions in higher dimensions. As a motivating
example, we show that even for simple integer programs, it can be advantageous to perform

lifting in higher dimensions:

Example 3.3.1. Consider the two-dimensional knapsack problem defined by the following

constraints:

Az + Axy + Az + 224 < 10,
3x1 4+ 2x9 4 33 + 1024 < 12,
zj € {0,1}.
The set {1,2,3} defines a minimal cover of the first knapsack, but not the second. The

associated minimal cover inequality is
T1+ T2 + 23 < 2.

We fix 4 = 0. If we ignore the second knapsack, the lifting problem is
4x1 +4xo + 43 < 10 — 2,
min ¢ 2 — [z + 22 + x3]

T € {0, 1}

Therefore, when we reintroduce x4, z = 2, and there exists an optimal solution with ay = 0.
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On the other hand, if we consider the second knapsack, then the lifting problem is given by

4x1 4 4ao 4+ 4 < 10 — 24,
min ¢ 2 — [x1 + 22 + 23] : 321 + 229 + 33 < 12 — 29,
xzj € {0,1}
So when we reintroduce x4, we have (z1, z2) = (2,10). This implies that 1 = 23 = 0 in an

optimal solution. Therefore, a4y = 1, and we obtain the inequality
T1+ T2+ 23+ 24 < 2,

which dominates the inequality obtained from the first knapsack alone. Furthermore, it is

easy to see that this inequality is not valid for either of the individual knapsacks.

Lifting has proved an incredibly effective tool in developing inequalities that incorporate
multiple constraints. However, the challenge of performing lifting in higher dimensions has
limited its practical application. In this section, we describe a simple tool that facilitates
the application of superadditive lifting even without full knowledge of the lifting function.

Consider the system

A%z <10
X=XzelS:
Alg <V, i=1,... .k

The set S captures integrality, variable bounds, and other such information not contained
in the constraint matrix. Let P = conv(X), and let ax < ag be a valid inequality for P.

Consider the lifting function

f(zo,zl,...,zk) =min oy —ax
st. A%z <p? - 20
(47)
Alg <b -2 i=1,...k
x € S.
Assume that (20, 2%,...,2%) € D% x D! x --- x D¥, and let 'z < u} be some inequality.
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Define the function

P! (z’) = min ,ué — plx
st. Az <b — 7t (48)

reS.

Using this function we are able to construct a surrogate constraint for the lifting function.

We describe this in two simple propositions:

Proposition 3.3.1. Let ¢' < ®'. Then for all z* € D', the inequality
1s valid for the set conv {x €S:Alx<b — zi} for all 2 € D',
Proof. By construction, ®(z%) < pé — piz for all z € conv {x €S:Alx <b — zi}. As
#'(2") < ®i(2"), the proposition immediately follows. O
Proposition 3.3.2. If ¢'(2) < ®(2%) fori=1,...,k, then the function
g (zo,zl,...,zk) =min ay— ax
s.t. Az <0 - 20
(49)
pa <py—¢'(2'), i=1,....k
xeS.

is a valid approximate lifting function.

Proof. Let x* minimize (47), then z* satisfies A’z* < b’ —2%. By applying Proposition 3.3.1,
it follows that pla* < pd — ¢'(2%). O
This framework still allows for the elimination of constraints by replacing them with the
trivial inequality 0z < 0. Let E* D {¢'(2") : 2* € D'}. Define the function
J (zo,vl,...,vk> =min oy — ax
st. A%z <y — 20
,uixguf)—vi, i=1,...,k

€S,
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where v* € Ef. Trivially g (zo, 2L .. zk) =g (20, pL(zh),. .., gi)k(zk)). The function § may
be much easier to deal with than g. For example if D? is continuous but E’ is finite, we
may have a much easier time evaluating §.

Under certain conditions we are able to use § to construct a superadditive valid approx-

imate lifting function for f without explicitly calculating f.

Theorem 3.3.3. Let h be a superadditive valid approzimate lifting function for g. If h is

non-decreasing and ¢* < ®° is superadditive for i = 1,...,k, then the function h defined by
h (zo,zl, . ,zk) =h (zo,¢1(z1), ey qbk(zk))
is a superadditive valid approximate lifting function for f.

Proof. Let u,v,u-+v € D. Note that u’, v, u’ +v* € D?, so that ¢*(u?), ¢ (v?), ¢'(u’ +v?) €

E’. By definition

h (uo,ul, . ,uk) =h (uo,(bl(ul), .. ,qbk(uk)) ,
and

h (vo,vl, e ,vk) =h <vo, Hr(vh),. .., gbk(vk)) .
As ¢ is superadditive ¢(u’) + ¢'(v') < ¢'(u’ + v'). Therefore, because h is increasing and
superadditive,

h (uo + 00 ot (ut +ot), ..., o (P + Uk)>

w0 + 00, ¢ (ul) + @b, ..., oF (uF) +¢k(vk)>
W, @M ), @ (h)) (0,61 (01), 6 ("))
Therefore h(u®,ut, ..., u*) +h(0°, v, ..., 0%) < h(u® + 00wl +ol,. .. uF 4+ oF). Validity is

an immediate consequence of Proposition 3.3.2. O

The assumption that h is non-decreasing is not restrictive as the lifting function § is
guaranteed to be non-decreasing. Likewise, ®' is non-decreasing, and we will assume hence-
forth that ¢ is also non-decreasing. Observe that ®° is itself a lifting function. In particular,
this suggests that we can recursively use this approach to construct a superadditive approx-

imation ¢’ of ®°.
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The choice of y’ has been left open. In Chapter 5, we show how a properly chosen s
and pgo can facilitate the derivation of superadditive lifting functions for several different
problems. In the meantime, we apply this idea to the knapsack intersection in Example

3.3.1.

Example 3.3.2. In Example 3.3.1, recall we examined the intersection of knapsacks
41 + 4ao + 43 + 224 < 10,
3x1 + 2x2 + 3x3 + 1024 < 12,
xzj € {0,1}.
By lifting we were able to obtain the facet-defining inequality x1 + z9 + x3 + x4 < 2. If we

replace the second knapsack in the lifting problem with a cardinality constraint, we obtain

the system
4x1 4+ 4xo 4+ 4y < 10 — 24,

r1+ 22 + 23 <3 — P(22),
T € {O, 1} .
The function @ is given by the integer program

3x1 4+ 2x0 4+ 33 < 12 — 29,
®(z9) =min¢ 3 —x1 + 9 + 23 : ,
xr1,T9,T3 € {0, 1}
and evaluates explicitly to
0 0 S zZ9 § 4

1 4<2<7

2 T<%x»<10

3 10 <z <12.

As ®(10) = 2, it follows that this relaxation still gives ayq = 1.
3.4 Closing Remarks

In this chapter, we demonstrated that superadditive lifting can be applied without
explicitly computing the lifting function. This deviates from the typical framework of first

deriving an exact lifting function and then identifying a valid superadditive approximation.

73



For the lifted flow cover inequality, an exact description of the second lifting function
is quite cumbersome. Nevertheless, we are able to avoid this obstacle by considering a
special case of this problem and reformulating the original problem to conform to this
case. The original cut coefficients remain the same, but we gain access to the machinery
of superadditive lifting. We are able to build on this idea and provide a general framework
for constructing valid superadditive approximations by relaxing constraints in the lifting
function.

Our approach to deriving approximate lifting functions indirectly resolves the question
of validity through the use of relaxation and reformulation. This idea has not yet been
extensively studied and seems like a promising avenue to overcoming the challenges posed
by dimension in the lifting problem.

There are still many questions to consider: perhaps most importantly, identifying condi-
tions that guarantee the non-dominance of an approximation derived using Theorem 3.3.3.
The non-dominance of h is a clearly necessary condition for the non-dominance of h, but
it is not sufficient. Of course, it may still be difficult to construct a non-dominated h. We
begin to address this question in the next chapter and show how it is possible to construct
non-dominated approximations of some simple (although still quite non-trivial) lifting func-

tions.
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CHAPTER IV

SUPERADDITIVE APPROXIMATIONS OF LIFTING FUNCTIONS

In the previous chapter we discussed some general techniques that can be used to facili-
tate the application of superadditive lifting to higher-dimensional lifting functions. Despite
the collection of work utilizing superadditive lifting, there has been very little done to
address how appropriate superadditive approximations can be obtained. Past work has
typically followed the framework of first deriving a closed form of the lifting function in
question, and then proving that some approximation possesses desirable properties.

We seek a more constructive approach to producing superadditive approximations. This
idea has received some treatment in the context of knapsack problems with disjoint car-
dinality constraints [80,81], but is still problem specific. Rather than begin with a closed
form description of f, we assume that we obtain f in a fairly generic form. For example,
we may obtain f as the output of a dynamic program.

In this chapter, we first describe the structural properties of the lifting function and
restrict our analysis to a class of functions fitting these properties. We then show that
under these conditions we can test superadditivity and non-dominance in polynomial time.
Next, we describe a slight modification of the superadditive approximation vy (see (32) from
Chapter 2) and explore its properties. We then show that it is always possible to construct
a superadditive approximation of f in polynomial time. Finally, we give an algorithm that

produces a non-dominated superadditive approximation in finite time.
4.1 Structure of the Lifting Function

The problem of even testing superadditivity is completely hopeless on general functions.
Consider a function f on [0, 1] and suppose that the function is represented by an oracle.
Any algorithm to test superadditivity sends some value z to the oracle, and the oracle
returns f(z). Now let f be superadditive, and suppose that an algorithm queries the oracle

finitely many times and correctly declares f superadditive. Then there exists a finite k£ such
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that the algorithm sends z1, ..., z; to the oracle and the oracle returns f(z1),..., f(zx). Let

the function f(z) be constructing by setting f(2*) = +oo for z* € (0,1) \ {21, ..., 2} and

f(2) = f(z) otherwise. The algorithm behaves no differently and will incorrectly declare f
superadditive. If the algorithm is restricted to be finite but can additionally use randomness,
then it will still declare f superadditive with probability 1.

Fortunately, our choice of f is not completely general. Specifically it arises as the

solution of a mixed integer program:

Az + Gy =d
min < cx + gy :
(z,y) e RE x Z%

More generally, we can define the value function.

Definition 4.1.1. The value function of a mixed integer program is

Az + Gy =z
O(z) =ming cx + gy : (51)
(z,y) € RE x Z%

The properties of © were established by Blair and Jeroslow [14]:
Theorem 4.1.1. The value function, ©(z), is piecewise linear and lower semicontinuous.
By a simple transformation, we can apply this result to characterize the lifting function:

Corollary 4.1.2. The lifting function f(z) is non-decreasing, piecewise linear, and lower

semicontinuous.

Proof. Rewrite the lifting function
f(z) =min wot — 7wz
st. td'— Az —Is ==z
t=1
zeRE xZ4
(s,t) € R x Ry.
It is a simple exercise to show that this coincides with the original lifting function. By

Theorem 4.1.1, f is therefore piecewise linear and lower semicontinuous. On the other
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hand, if (z*,s*,1) is an optimal solution to f(z), then for 2z’ > z, (z*,s* + (2/ — 2),1) is

feasible to f(2’). Therefore f is non-decreasing. O

Hence, we can always assume that f is non-decreasing, piecewise linear, and lower
semicontinuous. Additionally, we shall assume that D takes on a specific form: D =

DO X Dl, with Do = [O,do] and either D1 = {0} or
D1 :{0,...,d1} X oo X {0,,dm}

with d; > 0 for i+ = 1,...,m. Note that these restrictions on D allow us to consider one
dimensional lifting functions and lifting functions over a discrete domain. In the first case
D; = {0} and in the latter case Dy = {0}.

For each y € Dy, we consider the function f, defined on Dy by f,(z) = f(z,y). By
Corollary 4.1.2, this function is itself piecewise linear and lower semicontinuous. We assume
that f, has finitely many breakpoints for all y € D;. We relax the restriction that f is

non-decreasing, and assume instead that f, is non-decreasing for each y € Dj.
4.2 Efficiently Testable Conditions

In this section we show that validity, superadditivity, and non-dominance can be effi-
ciently tested. As an important corollary we show that non-dominance implies maximal-
ity. Let f and g be two piecewise linear and lower semicontinuous functions defined over
D = Dy x D;. Assume that for all y € Dy, f, and g, are both non-decreasing. Further, we

assume throughout that ¢g(0) = 0.

Definition 4.2.1. We say that a point z € Dy is a breakpoint of f, if z =0 or z = do, fy

is discontinuous at z, or f, changes slope at z.

The main result in this section is the classification of test points in Theorem 4.2.3.
Theorem 4.2.7 is also significant in that it defines necessary and sufficient conditions for
non-dominance (given our assumptions) that can be tested efficiently using these test points.
These results subsequently play an integral role in the algorithmic construction of non-

dominated approximations.
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Let W, and V,, denote the breakpoints of f, and g, respectively. Define

w= U @),

yeD weWy,

v={ U Wy.

yeD1 veEVy

Hence, W and V represent the collection of breakpoints of f and g. By efficiently testable,
we mean that it takes polynomially many steps with respect to |[W| and |V] to certify some
property of g.

Define the function fy by

fy(z) = lim f,(2'), (52)

2z
and let fy(do) = f,(do). Because f, is non-decreasing and lower semicontinuous, f, > f,.
If w € Wy, is a discontinuity then f,(w) > f,(w) otherwise the two functions coincide. We
define the function f by f(z,y) = f,(z) and analogously define g and g,,.

Suppose that Wy, = {wq,...,w;} with 0 = w; < --- < w; = dp. We can write f,

I
o

fy(o) z
fy(z) = (53)

fy(wj)+)\j(z—wj) wj <z < Wiy, (j=1,...,t—1)

where
A — fy(wj—l-l) - fy(wj).
’ Wi+1 — Wy

We can similarly express g,. Therefore, we assume that f and g are encoded precisely by

their breakpoints and at most two values at these breakpoints.
Proposition 4.2.1. f,(2) and f,(2) can be computed in time O(log(|W,])).

Proof. We assume that the breakpoints of f,(z) are stored as a sorted list. Then using
binary search, we can identify whether z € W,. Otherwise, we identify w1, ws € W, such
that wq < z < wo, and there does not exist a w € Wy such that w; < w < wy. By
interpolating f,, between these two points, we can evaluate f,(z).

As f and f only differ at breakpoints, the same result immediately applies to f. O

Throughout we will ignore this log factor in our analysis, and instead focus on the

number of steps our algorithms require.
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4.2.1 Testing Validity

Validity is the easiest property of g to test. We say that g is valid if g < f. The validity

of g can be efficiently verified by considering the breakpoints f and g.
Theorem 4.2.2. g is valid if and only if g(u) < f(u) and g(u) < f(u) for allu € WUV.

Proof. Necessity is trivial; hence we prove sufficiency. Fix y and consider T, = W, UV, =
{t1, ... ty} with t; < -+ < t,.

Now consider some arbitrary ¢t € Dg. If ¢t € T}, then by assumption g,(t) < f,(t) and
Gy(t) < fy(t). Otherwise, t is not a breakpoint of g, or f,, so g, (t) = g,(t) and f,(t) = f,(2).

Let t; <t < t;41. Then by piecewise linearity and lower semicontinuity;,

to —t - t—1
t) = fy(t) £ ——= - fy (¢
fy( ) ty — 11 fy( 1) + ty — 1y fy( 2)
to —t  _ — 1
> . t t
s Gy( 1)+t2—t gy(t2)
= g(t).
Iterating over all y, sufficiency follows. O

Therefore, we only need to test |W| + |V| points of f and g to certify the validity of
g- As we proceed to describing superadditivity and non-dominance, we will always assume

that g is valid.
4.2.2 Testing Superadditivity

We now show that we can efficiently test superadditivity by considering only a small

number of points. In particular, we are interested in which points minimize the quantity

flutv) = [f(u) + f(v)]. (54)

By definition, f is superadditive if f(u) + f(v) < f(u + v) for all u,v,u +v € D. Hence

flu+v) = [f(u)+ f(v)] >0, for all u,v,u+v e D: ie.

inf _{f(u+v) = [f(u) + f(v)]} = 0. (55)

u,v,u+veD
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Therefore we seek a succinct description of this infimum. We consider a slight generalization
of (55) replacing f(u) and f(v) with g(u) and g(v). First fix y; and ys, so instead we consider

the problem of determining

Cyrye = inf {furtu (21 + 22) = [gy, (21) + gy (22)]} - (56)

21,22,21+22€D0

We can obtain the overall infimum by taking the minimum of (56) over all y; and y2 such
that y1 +y2 € Dy

For this task, we will define four different but closely related quantities:

G1= vlevgl,ivI;GVyQ {fy1+y2 (1)1 + UQ) - [gyl (Ul) + Gy, (UQ)]}

v1+v2<dg

CQ = wEWylr.P@g,lmEVyl {fy1+y2 (w) - [gyl (’1)1) + Gy, <w - 1)1)]}

w—v1>0 (57)

G = wEWyffylzI}szVyQ {fy1+y2 (w) — [gyl (w —wv2) + Gy: (v2)]}

w—v9>0
G = fy1+y2 (0) - [gy1 (0) + Gys (0)]

The minimum is appropriate here as we are considering only a finite number of points. As

it turns out, the infimum of (56) is one of these values.
Theorem 4.2.3. (,, ,, = min{(1, (2,(3,Ca}

Proof. Let (' = min{(1,(2,(3,¢4}. We will first show that (' < (, 4., and then we will
demonstrate that ¢’ is in fact an infimum.

For some arbitrary z1, zo, 21 + 22 € Dy consider

C(21,22) = fyrtus (21 + 22) = [gy (21) + gyo (22)] - (58)

If 21 = 29 = 21 4+ 29 = 0 then this quantity is precisely equal to (4. So assume that at least
one of z; and zo is strictly positive.

The remainder of the proof is driven by a simple idea depicted in Figure 12. If any two
of the points u, v, or u 4+ v are not breakpoints, then fixing the third, there is always a

direction that decreases the gap (.
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¢ decreases - ( increases ¢ decreases : ( increases

u u

Figure 12: f(u+v) and g(u) + g(v) with v fixed (left), and g(w — u) and f(w) — g(u) with
w fixed (right)

First suppose that neither z; nor zo are breakpoints. Let A1 and Ao denote the slopes

of gy, at z1 and gy, at z2. Without loss of generality, we may assume that A\; < Aa. Let
v =max{v €V, 1v <z},

ve =min{v € Vj, : v > 2} .

Then 23 = v1 + €1 and 23 = v9 — €3 for some €1,e2 > 0. Let € = min{e, e2}. For small

0<e<é,
Gy (21 = €) + gy (22 + €) = gy, (21) + Gyy (22) + (A2 — M1)€

2 G (Zl) + Gys (22)‘

There are two possibilities to consider: either €1 = €2, or €1 # €3.

First, suppose that €; = e5. By taking the limit as we increase € to €, we conclude that

C(21,22) 2 fyrtys (V1 +v2) — [y, (V1) + Gys (v2)] -

If vi +va € Wy, 4y,, then this implies that ((z1,22) > (2. Otherwise, vi + vz is not a
breakpoint of fy,4y,, and therefore fy, 4y, (v1 + v2) = fy 4y (v1 + v2). Furthermore, this
assumption implies that v; + vo < dp. Thus,
fyﬁ-yz (v1 4+ v2) = [Gy, (V1) + Gy, (v1)]
=l fy, 4y, (v1 +v2 +€) =[Gy, (V1) + gy, (v1 + €)]
< fyrtu (V1 +v2) =[Gy (V1) + gy, (v1)] -

Note that the last inequality follows from the continuity of fy,, 4,, at 21 + 22 and lower

semicontinuity of g,,. Therefore, we conclude in this case that ((z1,22) > (1.
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It remains to consider when €; # e2. We only consider €; < e2; the other case follows
similarly. Let 2, = 2o + €. By assumption 2} is not a breakpoint. If v; + 2} is a breakpoint
of fy 4y, then we again have that ((z1,22) > (2. So we shall assume that neither z) nor
v1 + z} are breakpoints.

Let p1 and po denote the slopes of fy, 1y, at v1 + 25 and gy, at z5. Either 1 > po or
w1 < po. For brevity, we shall only consider the former possibility, noting that the latter

case can be handled using the same techniques. Let
w = min {w’ € Wyypy, 10’ <1+ zé} )
UQZmin{veVy2 :v<zé}.
Thus, v1 + 25 = w + €1 and 2z, = vg + € for some € > 0. Again define ¢ = min {e;, e2}. For
0<e<é,
Pt (V1 + 25 = €) =[Gy (V1) + gy (25 — €)]
= fyrrye (V1 +25) = [y (V1) + gyo (22)] — (11 — p2)e
< Fyntye (V1 + 22) =[Gy (V1) + 945 (23)] < C(21, 22)

We consider two possibilities: either €; > €9 or €1 < €. If €1 > €9, then by taking the limit

as we increase € to €/, we have

C(21,22) 2 fy1+y2 (v1 +v2) — [gyl (v1) + Gyo (v2)] > Gr.

So assume that €1 < €3. Again taking the limit, we conclude

(21, 22) = fyrays (V1 + v2) =[Gy, (V1) 4 Gyo (W — v1)] > Co.

The remaining cases are handled analogously to conclude that ¢ < y, 4.

Now we must show that ¢’ is an infimum. By scaling f and g appropriately, we may
assume that all slopes are bounded by 0 and 1. Now let (" = ¢’ + € for € > 0. We must
show that there exists some 2, and z3 such that (21, 22) < ¢”. If (/! = (4, then this is clear,
so we consider when ¢’ = (; and ¢’ = {3 ({3 being handled identically).

If ¢’ = (1, then let v; and vo satisfy
¢ = Fyrtye (01 +02) =[Gy (V1) + Gy, (v2)] -
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Then by our assumption about the slopes of f and g,
Funrn (V1 + v2 + 2€) = [gy, (01 + €) + gy (v2 + €)]
> Fyrtys (01 +v2) =[Gy, (01) + Gyo (v2)] + 2€
= (' +2€.
Thus taking € < €/2, we have shown that ¢ cannot be a lower bound.

Otherwise, if ¢/ = (s, then let w and v satisfy

¢'= Syitye (W) =[Gy, (v) + Gyo (w — )] .
Similarly, we can apply our assumption about the slopes to conclude
Jyrtye(w0) — [9y1 (v+€)+ Gyp (W0 — v — 6/)]
2 fytye (W) = [y, (v) + gyo (w — v)] + ¢
= + €.
So restricting € < €, we again have shown that ¢” is not a valid lower bound. Therefore, (’/

is an infimum. O

This theorem has an immediate consequence of allowing us to test in polynomial time

the superadditivity of a function.
Corollary 4.2.4. Superadditivity for f can be tested in O(|W|?) time.

Proof. The functions f and g in Theorem 4.2.3 were arbitrary. Therefore we can replace g

with f. To verify (55), we simply compute

(= min Cyr,y2-
Y1,Y2,¥1+y2€D1 vy

f is superadditive if and only if ( > 0. As we only need to test pairs of points, to verify

superadditivity, we test at most O(|W|?) points. O

4.2.3 Testing Non-Dominance

The task of certifying non-dominance seems a greater challenge. We will show, however,
that for our class of functions, it is just as tractable as testing superadditivity. Through-
out this section, we assume that the validity and superadditivity of g have already been

established.
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We first show a sufficient condition for non-dominance and provide a simple extension
of Theorem 4.2.3. Finally we describe a procedure for testing non-dominance in polynomial

time.

Proposition 4.2.5. Suppose that g < f is superadditive. If for every u € D there exists

some v € D such that g(u) + g (v) = f (u+v), then g is non-dominated.

Proof. Suppose to the contrary that there exists some superadditive ¢’ < f such that ¢’ > g¢

and ¢'(u) > g(u) for some u. Let v € D satisfy g(u) + g(v) = f(u+ v). Then
g'(u)+9'(v) > g(u) +g(v) = flu+tv) = g'(u+tv),
but this contradicts that ¢’ is superadditive. O

The sufficiency of this condition is general. It does not depend on any other properties
of f, g or D. We will show that under our restrictions, this condition is also necessary.
However, before proceeding we dispel the notion that necessity holds in more general set-

tings:

Example 4.2.1. Consider the function f : D — R where D = {-3, -2, -1,0,+1,+2, +3}

and an associated approximation g given in Table 3:

Table 3: Non-dominated approximation with A(u) >0

v |[+3 +2 +1 0 -1 -2 =3

fw)|+4 +4 44 0 -2 —6 —6

glu) [+4 +4 0 0 —4 —6 -8

Validity of ¢ is evident and superadditivity is a simple exercise. Now we examine g in
more detail at w = —1 and v = —3. Note that the remaining u either satisfy g(u) = f(u)
or there exists some v such that g(u) + g(v) = f(u + v); therefore we cannot increase g at
those points. Clearly

9(+2) +g(-1) = +4 -4 =0 = g(+1).
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So we cannot increase g(—1) without decreasing g(+42). Similarly,
g(+2)+g(—3) =+4—-8=—-4=g(-1).

However, we showed that we cannot increase g(—1), so we cannot increase g(—3) without
decreasing g(+2). In particular, g must be non-dominated.

On the other hand, as the Table 4 demonstrates, there does not exist any w such that

g(u) +g(=1) = f(u—1):

Table 4: Failure of A(u) to capture non-dominance

U +3 +2 +1 0 -1 =2

flu—1) |[+4 44 +4 0 -2 —6

gw)+g(-1)| 0 0 -4 —4 -8 —10

Therefore, the non-dominance condition is not necessary in general. [

Returning to our setting, for all u € D, we can define the function

Aw) = inf {f(u-+v) = [g(w) + g(w)]}. (59)

As before, we can greatly simplify the computation of A(u). Letting

Ar(w) = min _ f(w) = [g(u) + g(w - u)]
_ (60)
Ap(u) = _min _f(u+v) = [g(u) +5(v)],
u1+v1<do

we can characterize A(u):
Proposition 4.2.6. A(u) = min {A;(u), Ag(u)}.

Proof. Consider f(u+v)—[g(u) + g(v)], and suppose that neither u+v € W nor v € V. Let
u = (z1,y1) and v = (22,y2). Then let A; and A2 denote the slope of fy, 4y, at z1 + 22 and
Gy, at zo. Further, let w’ < z1 + 22 < w” and v/ < 29 <", for breakpoints w’, w” € Wy, 44,

and v',v" € V,.

85



If A1 > Xg, then for sufficiently small € > 0,

fyrtya (21 + 22 — €)= [gy, (21) + gy (22 — €)]
= fyrtua (21 + 22) = [y (21) + gya (22)] = (A1 — Aa)e
> fy1+y2 (Zl + ZZ) - [gyl (Zl) + Gy (22)] .

Letting ¢ = min(z1 + 292 — w’, 29 — v'), we consider the limit

lglg} Jui+ue (21 +22—€) — [gyl(zl) + 9y2(z2 —e)].

By construction if € = z9 — ¢/, then f(u+ v) — [g(u) + g(v)] > Ag(u), and if € < 29 —
then f(u+v) — [g(w) + g(v)] > As (u).

On the other hand, if Ay < Ao, then we instead increase zo. Again we stop when we hit
a breakpoint and similarly show that f(u + v) — [g(u) + g(v)] > A(w). In particular, we
have shown that A(u) > min(Aj(u), Az(u)). The proof that this value is in fact equal to

the infimum follows similarly to the proof of Theorem 4.2.3, and is omitted for brevity. [

Define u; = inf {u' € Do : A(u,y) =0, Vu € Dg,u > u'}. We can therefore recast our
non-dominance condition as follows: u;, = 0 and A(0,y) = 0 for all y € D;. Indeed, as A(u)
is an infimum, the condition that A(u) = 0 implies that we cannot increase g(u) without
there existing some v such that g(u) + g(v) > f(u +v).

For now we simply state the theorem, and defer its proof until Section 4.5 where it will

follow immediately from the algorithm to construct a non-dominated approximation.

Theorem 4.2.7. Suppose f, and g, are non-decreasing, piecewise linear, and lower semi-
continuous. If g < f is superadditive, then g is non-dominated if and only if A(u) =0 for

allu e D.

This theorem yields an immediate corollary that shows non-dominance implies maxi-

mality whenever f, g, and D fit our specified conditions:

Corollary 4.2.8. If g < f is a non-dominated superadditive approximation, then g is

mazximal.
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Proof. As g is non-dominated, for every u € D, A(u) = 0. Moreover, for any u € E,

flu+v)=[f(u)+ f(v)] >0 for all v,u+v € D. If g(u) < f(u), then

flutv) =lg(uw) +9()] = f(u+0) = [f(w) + f(0)] + [f(w) = g(u)] > 0.
Thus A(u) > 0 contradicting that g is non-dominated. O

Now to prove a function is non-dominated, it suffices to compute u;, for all y € D;. If
uy > 0 for any y, then the function cannot be non-dominated. If u; = 0 for all y, then
we also test whether A(0,y) = 0. As a trivial consequence of Proposition 4.2.6 we can

efficiently compute A(0,y), so we must show that we can compute uy efficiently.

Theorem 4.2.9. In polynomial time, we can identify uy. In particular, we can test non-

dominance in polynomial time.

Proof. We will prove this theorem by describing an algorithm that computes wu;; efficiently.
Initialize the algorithm by setting u = (dy, y). We successively update @ to compute Uy
For notational convenience let & = (2, y), and assume inductively that uy < z. Moreover,

we may assume that z > 0; otherwise uy, = 0. Set Apin = f(1) — g(u). Define sets

Wu)={weW:w—ueD},
V(u)={veV:u+veD}.

Constructing these sets for u = @ takes at most O(|W|+|V|) steps, but it can be considerably
accelerated if they have been computed in a previous iteration.

For each w € W (a),

A w) = f(w) = [g(u) + g(w —u)].

Update Apin = min {Apin, A(@ : w)}. Similarly for each v € V(a), let v = (2,g). If

Z 4 zZ < dy, then compute

A :v) = fu+v) = [g(a) + g(v)].

Update Apin = min {Apin, Al :v)}. As [W(a)| + |V(a)| < |W/|+ |V], this step takes a

linear number of iterations.
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If Apin > 0, then we have shown that A(a) > 0, and therefore by our inductive hypoth-

fol—

b=z Otherwise, if Anin = 0, then we must test whether we can update u. Let A

esis, u
denote the slope of g, to the left of z, and let 2’ < z denote the breakpoint of g, preceding

z. Therefore, for all z € (2, 2),

Now we must identify a new « if appropriate.

Let vy = 0. For each w = (2,9) € W(a), compute
Afu:w) = f(w) — [g(a) + g(w — u)].

If A(@: w) =0, then let 2" € Vj—y denote the smallest breakpoint of g5, strictly greater

than Z — z. Letting p,, denote the slope of g;_, to the right of 2,

gﬁ—y(z) = g@—y('é —Z) 4 pw (2 = (2 = 2)),

for all z € (2 — z,2"]. If py,, = A, then set vy = max {vy, 2" — (£ — 2)}.

For v = (2,9) € V(u), compute
Afu:v) = fi+v) = [g(a) + g(v)].

If A(u : v) = 0, then let 2" € W45 denote the largest breakpoint of f,. that is strictly

smaller than z + Z. Again letting p, denote the slope of f,15 to the left of Z 4 Z,

fy+£/(z) = fyﬂ](z +2) = (2 + 2 — 2),

for all z € (2”,z + z]. If u, = A, then set vy = max(vg,z + z — 2”).

We set v = min {vg, Z — 2’} . If v = 0, then we claim that u;, = 2; otherwise, we claim
that we can set © = (2 — v, y) (shown in Figure 13).

First suppose that v = 0. As before, observe that for small € > 0, then @ = (Z — €, y),

satisfies W(u) = W(u) and V(a) = V(u). For w € W(a),
flw) = lg(a) + g(w —a)] = f(w) = [g(a) + g(w — w)] + (A = pw)e.

Again we consider f(w) — [g(a) + g(w — @)]. If this quantity is equal to 0, then A > p,

by the validity of g. Otherwise, it exceeds some small positive value A’. We may assume
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Figure 13: Possible updates for « with (a) v fixed or (b) w fixed.

by scaling that all slopes are between 0 and 1; hence we choose € < A’. In particular, this
implies that A(a@ : w) > 0. A similar argument applies to v € V().

Next suppose that v > 0. Then there exists either some w € W (@) or some v € V(i)
such that A(@ : w) = 0 and py,, = A or A(% : v) = 0 and g, = \. Assume that for some
such w = (2,9) € W, 2" — (2 — z) > v with 2" defined as before. By construction, for all

0<e<v,

f(w) = g(@) + g(w —a)] = f(w) = [g(@) + g(w — w)] + (A = pw)e,

where @ = (z — €,y). Therefore, A(a) = 0. We proceed analogously for v € V().

We have shown that our update is valid in the sense that z — v is a valid upper bound
for u;. Further we have shown that we can perform the update in O(|W|+ |V]) steps. Now
observe that the updated u will either belong to V), or is equal to w — v for some w € W

and v € V. Thus we must perform at most O(|W||V| + |V]) iterations. O

4.3 A Modified Superadditive Approximation

There are many different superadditive approximations that we can construct. For
example, let 7 = min,cp f(2), then setting ¢g(z) = min(n,0) is a valid, albeit fairly trivial
superadditive approximation of f. Of course, such an approximation would be entirely
ill-suited for the purposes of superadditive lifting.

We shall instead revisit the function v studied in [40, 76]:

Y(w) = inf {f(ut+v)—f(v)}. (61)

v, ut+veD

For our particular choice of D,  is valid, superadditive, and maximal. Unfortunately, the
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function -y is not guaranteed to be lower semicontinuous even when f is lower semicontinuous
(as in Example 3.1.3). Therefore we impose a slight modification on 7, and instead operate

with the function a defined by

afu)= inf {flu+v)—f(v)}. (62)

v,u+veED
We will begin by establishing the properties of . We will then show how a can be computed

incrementally to produce a strengthened approximation. Finally, we will show that o can

be constructed in polynomial time.
4.3.1 Properties of «

Here we show that « is computationally easier to handle than v and still possesses many
nice properties. First we will show that the infimum of (62) is in fact attained by some v

such that either v € W or u+ v € W. As before, for each y € D we can define a function

ay by ay(z) = a(z,y).

Proposition 4.3.1. The infimum of (62) is attained by some v such that either v € W or

ut+veWw.

Proof. Let u = (z1,y1) and let v = (z2,y2). Suppose that neither v nor u+v is a breakpoint
of f. Then let A denote the slope of f,, +,, at 21 + 22 and let u denote the slope of f,, at
z2.

If X > p, then we decrease z2. Let 2’ € Wy, denote the largest breakpoint strictly less
than 2o, and let 2" € W, 4y, be the largest breakpoint strictly less than z; + z2. Choose

€ =min(z9 — 2/, 21 + 290 — 2”). Taking the limit,
Juitus (21 + 22) — Jys (22) 2 lelTreI’l Jui+us (21 +22 —€) — Jus (22 =€)
= fy1+yz(zl + Zé) - fyz(zé)
> fy1+y2(zl + Zé) - fyz (Zé),

where 2z}, = z9 — ¢/. We proceed similarly if A < u. Noting the last inequality, it follows by

construction that the infimum is actually attained. O
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Now that we know the infimum in « is attained, we can easily prove that « is indeed

superadditive.
Proposition 4.3.2. « is superadditive.

Proof. Consider u,v,u 4 v € D. Then by construction
alu+v) = flu+v+w)— f(w)
> flutv+w) = flo+w)+ flo+w) - f(w)
> a(u) + a(v).

The first inequality follows from the relation f(z) > f(z), and the latter follows by the

definition of a. ]
Next we show that the function « is well-behaved with respect to our conditions.

Proposition 4.3.3. For all y € Dy, «y is non-decreasing, piecewise linear, and lower

semicontinuous.

Proof. We first show that «, is non-decreasing. Let v = (z1,y) and v = (z2,y) be chosen

such that z1 < z9. Let
ay(22) = fyry (22 + ') — fy’(zl)~
Then fy-i—y’(zl +2') < fy+y’(22 + 2'); thus O‘y(Zl) < fy+y’(z2 +2') — Ty (7)) = O‘y(ZQ)‘
Next we show that «, is piecewise linear. Let w = (2/,y') € W. Define the function

Yy, w
fy’(Z,) - fy’—y(zl - Z) 0<z< 2

ay(2) = { +oo 7 <2 <dy

| o0 Yy —y ¢ D1

"
y7w

Likewise, define the function «
nyry/(z + z/) - fy’(zl) 0<z<do— 2

ag,w(z) =\ +o0 do— 2 < z<dp

+00 y+y ¢ Dy
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By Proposition 4.3.1, oy(z) can be computed by taking the minimum of these functions.
Therefore, o, is the minimum of finitely many piecewise linear functions, and is thus piece-
wise linear.

Lastly we show that oy, is lower semicontinuous. Fix some zZ € Dy, and consider the

limit of Z — € as € decreases to 0. Now let
Wy(z)={weW:w—(z,9) eD}y={weW:w>(zy)},

Wy (2) ={weW:w+(z,y) € D} = {(,¢y/) e W: 2 + 2 <do,y +y € D1}.

For € > 0 sufficiently small W) (Z — ¢) = W, (z) and W/ (Z — ¢) = W/ (2).
Now assume by scaling that no slope of f is greater than 1. Thus for all (2/,y') € Wy(2)

and € > (0 small,
fy’(zl) - fy’—y(zl —zZ+ 6) > fy’(zl) - fy’—y(zl - 2) —€
> ay(Z) —e.

Similarly for (2',y") € W//(2),

fy’-&—y(z'f‘ 2 - €) — fy’(Z/) > fy’-i—y(i + Z,) - fy’(z/) —¢€

> ay(Z) —e.

In particular, by taking the minimum over all such terms, we conclude that oy (Z —€) >
ay(Z) — € for small € > 0. Therefore, lim¢|g oy (Z — €) = ay (%), proving lower semicontinuity.

O]

Next we consider the slopes that the function «, can attain. In particular, these slopes

must coincide with f.

Proposition 4.3.4. If oy, has slope X at z, then there exists some (2',y') € D such that f,

has slope X\ at 2.

Proof. Recall the definitions of O/y7w and a?’iw from the previous proof and for convenience,
let w = (2',y'). The slope of o), at z is A if and only if the slope of f,/_, is A at (2’ — 2).

Likewise the slope of oy, at 2 is A if and only if the slope of f,/,, at z + 2" is \.
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If the slope of o, at some z is A, then there exists some wq,wy € W (possibly the same)

/ " : : / 7
yawy OF @y, to the right of 2 is A and the slope of oy, ,,, or oy ,,, to

such that the slope of «
the left of z is . I

The function « possesses the desirable properties that we exploited in the previous
section to characterize non-dominance. Moreover, it behaves nicely at discontinuities and
is much easier to deal with computationally than «. Therefore, we instead operate with «
at a very slight expense. One slight nuance is that « may not be maximal anymore as we

show in the following example.

Example 4.3.1. We revisit the example from the previous chapter. Let f be defined by

0 0<z<1
f(z) =
1 1<z<4.
Omitting the details « is given by
0 0<2<3
a(z) =
1 3<2<4

Note that f(3)+ f(z) =1= f(3+2) for 0 < z < 1. However as «(3) < f(3), it follows that

« is not maximal.

Recall that E={u e D : f(u) + f(v) < f(u+v), Yv,u+v € D}. A superadditive ap-

proximation g < f is maximal if g(u) = f(u) for all u € E. Let

E ={ueD: f(u)+ f(v) < flu+v), Yo,u+veD}.
Clearly E' C E. We show how a behaves over E' and where E’ and E differ.
Proposition 4.3.5. a(u) = f(u) if and only if u € E'.

Proof. If uw € E', then clearly a(u) = f(u). Otherwise, there exists some v such that

f(w)+ f(v) > f(u+v), hence a(u) < f(u+v) = f(v) < f(u). O

Proposition 4.3.6. If u € E\ E', then u = w1 — wy for some wy,wy € W.
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Proof. Suppose that u # wy — wy for some wy,ws € W. By applying Proposition 4.2.6 with

g = f, it follows that f(u+ v) — f(v) is always at least

flu+w) = f(w),
for w € W. However, this implies that u +w ¢ W, and therefore f(u + w) = f(u + w).
Likewise, f(u +v) — f(v) is at least

fw) = flw =),

for some w € W. Necessarily w —u ¢ W, thus f(w —u) = f(w — u). This implies that a
and v can differ only when u = wy — wq for wy,wy € W. In particular, if w € E\ E/, then

a(u) < y(u) so u = w; — ws. O

Therefore, we see that o and 7 can only differ in at most O(|]W|?) points. As a slight
modification, we now say that a superadditive approximation g < f is maximal if g(u) =
f(u) for all u € E' with the understanding that only a small number of points need to be

tested and adjusted to satisfy maximality in its original sense.

4.3.2 Nested Application of «

We described earlier that « is typically dominated. In this regard, « is no different. We
show that we can strengthen « by updating the function in steps. Let
Di:{zeD:zgui},

fori=1,...,r, such that u! < --- <u". Further, assume that ) C D' C --- C D" = D.
Next we slightly modify our definition of « so that it is parametrized by f. We define

the function «(- : f), by

:f)= mi —f(v)}. 63
a(u:f)= min {f(u+v) - fv)} (63)
Next we define a collection of functions for i =1,...,r:

A oz(u:fi_l) u € D
fr(u) = (64)
f(u) u €D\ DY,

where f0 = f. Despite its simplicity, this iterative procedure is easily seen to strengthen «.
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Observation 4.3.7. fr < fr1<...< fl<f0=f.
Proof. This follows trivially by induction and the validity of « (u : f”) O
Observation 4.3.8. o (u: f*) < f(u) for allu € D.
Proof. As f' < f, it follows trivially that o (u : fi) < f(u). O

Theorem 4.3.9. Fori=1,...,r, a (u : fi) >« (u : fi_l) for all u € D.

Proof. We only need to show the result for i = 1. Let u € D'. We claim that for u € D?,
FH) + fHv) < fHluto),

for all v,u +v € D. First observe that since « (-: f) is superadditive, it follows from
Theorem 4.2.3 that

afu: fl+av: f) <alu+wv:f).

In particular, if v € D!, then because a(u + v : f) < fH(u+v), fL(u) + f1(v) < fH{u+v).

Otherwise, v € D \ D!, and thus u + v € D\ D'. Therefore

a(u: f)+ f(v) < flu+v) = fv) + f(v) = flu+v).

It follows from Proposition 4.3.5, « (u : fl) =a(u: f) for all u € D',
Now for u € D\ D!, f!(u +v) = f(u +v) for all v € D. Observe that f!(v) < f(v) for

all v € D, and therefore
o (u: £1) = futv) = FL(0) > f(ut o) - F©) > alu: ).
Thus the approximation a(- : f!) dominates a(- : f). O
Corollary 4.3.10. of-: f') is mazimal for alli =0,...,7.
Proof. For all u € B, f(u) = a(u: f) < a(u: f4) < f(u). O

Note that we need not restrict ourselves to using «. The same construction works just
as well with v. We conclude this discussion by providing an example demonstrating that

this approach can construct stronger approximations than « on its own.
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Example 4.3.2. Recall the function from Example 4.3.1. Let u! = 142 for some 0 < z < 2.
Then f! is given by
) 0 0<u<l+z
fH(u) =
1 14+z<u<4
Whenever z > 1, f! is superadditive, so a(- : f!) = f!. Therefore assume that 0 < z < 1.
Observe that for 3 — z < u < 4, f'(u) + fl(v) = 1 for all v such that u + v € D, so
a(u: f1y=1.For 1+z<u<3—z f4)— f(4—u) =0, thus a(u: f1) =0. So a(-: f!)

dominates (- : f9).
4.4 Computing o

In this section we discuss the task of computing «. Here we describe a restriction on
f and g that applies to many known families of lifting functions. We split this section
into two parts: first, we describe and simplify this restriction. Next, we discuss how the
task of computing a can be achieved in polynomial time with and without our structural

assumption on f.
4.4.1 Two-slope Functions

When talking of f, we rely upon properties of f, such as lower semicontinuity and
piecewise linearity. Likewise we can capitalize on the structure of f when f is a two-slope

function.

Definition 4.4.1. A piecewise linear function f is a two-slope function if there exists some
A and g such that the slope of f, is either A or p1 wherever it is defined. If A = 1 and p = 0,

then we say that f is a 0-1 function.

As far as superadditive approximations are concerned, there is essentially no difference

between two-slope functions and 0-1 functions.

Theorem 4.4.1. Without loss of generality we may assume that A =0,u =1, w € Z™H,

and f(w), f(w) € Z for allw € W.
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Proof. Assume for convenience that A < p. Replace f with the function f!' defined by
fY(u) = f(u) — X - z where u = (2,y). By construction, for all y € Dy, the slope of fz} is
either N =0or ¢/ =pu— X >0.

Next for all u = (z,y) € D, let v’ = (z/,y). Define f2(u') = f!(u) and accordingly
define D’ = D, x Dy, with D{, = [0, 1 - do]. Hence the slope of fy2 must either be 0 or 1 for
all y € Dy.

Finally, the breakpoints of f2 may not be integral. As there are finitely many break-
points, and all data are rational, there exists an N € Z, such that Nw, N f?(w) and
N f2(w) are all integral. Thus for u = (z,y) € D', we set u' = (2/N,y). Let D = D} x Dy,

with D = [0, 1 - Ndp]. The function f defined by

fu) = Nf2(u')=N [f (My> - zw:—»]

satisfies the conditions of the theorem
Now we claim that the superadditive under-approximations of f are in one-to-one corre-
spondence with superadditive approximations of f. First suppose that g is a superadditive

under-approximation of f. Then we claim that g defined by

o=V o (35 =3y0) ~ x|

is an under-approximation of f. Indeed, this is an under-approximation as

() —iz) =N [f (N(uz— A)) N N(:Z— )\)} N {g (N(Mz— A)) - N(/jz— A)]

vt (55=) ~* (55=x)]

> 0.

Next we verify that superadditivity is preserved. Clearly,

9(z1,91) + 9(z1,91) = N [9 (A,(/jl_/\),m) +9 <N(:2—/\)’y2> - M} :

which by the superadditivity of g and non-negativity of N is at most

z1 + 22 Az1 + 22) .
N -_——— = .
[9 (N(M—)\)’y1+y2> N(M—)\)] (21 + 22,51 + y2)
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Thus we have shown how to produce a superadditive approximation of f from a superad-
ditive approximation of f.

Next we must show that we can produce a superadditive under-approximation g of f
from a superadditive under-approximation g of f . Essentially, the proof is the same, so we

will just show how to invert f to recover f. Thus we have

f(zy) f(N(,u—)\)z,y) + Az.

1
N

Thus we recover g from g by setting

9(9) = 3 (Ve = N)2p) + Az,

By repeating the same arguments as above we can show that this indeed produces a valid

superadditive approximation of f. O

From Proposition 4.3.4, if f is a 0-1 function, then « will be a 0-1 function. As we will
see later, this carries through to the non-dominated approximation that we construct.

It will also be useful to identify the breakpoints of f of g by their behavior. In particular,
only certain breakpoints of f and g will be necessary for testing superadditivity and non-

dominance.

Definition 4.4.2. We say a breakpoint w = (z,y) € W is a slope 0 breakpoint if, for small
e>0, fy(z—€) = fy(2).

Definition 4.4.3. We say a breakpoint w = (z,y) € W is a slope 1 breakpoint if, for small

€>0, fy(z—€) = fy(z) —e

Definition 4.4.4. We say a breakpoint w = (z,y) € W is a jump or discontinuity if f, is

discontinuous at z.

Note that by definition (0,y) and (dp, y) are jumps. Breakpoints have played an impor-
tant role in describing efficiently testable conditions for superadditivity and non-dominance.
In the case of 0-1 functions, we can further refine these ideas to help accelerate an imple-

mentation.
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Proposition 4.4.2. Suppose that f and g are 0-1 functions. Then for fizted u € D,

L min{7(u+v) = 50},

is minimized when either u + v is a slope 0 breakpoint of f or v is a slope 1 breakpoint or

Jump of g.

Proof. Either u+v € W or v € V. The proposition follows as a straightforward application

of the definitions. O

By applying this result we can reduce the number of points that we actually need to

test for determining superadditivity and non-dominance.
4.4.2 Constructing o in Polynomial Time

Assuming that f is a 0-1 function, we are able to construct o in polynomial time. As in
Proposition 4.3.3, we can view « as a minimum of a small number of functions. We must

show that the number of breakpoints of this minimum does not blow up.
Theorem 4.4.3. o has O(|W|?) breakpoints.

Proof. We can define the function «;, by setting «/,(z,y) = aj,,(2). Now observe that
ay, has O(|W|[) breakpoints. Indeed, let w = (Z,9), then oy, has O(|W;_,|) breakpoints.
Summing over all y, and noting that > |Wy| = |W]|, the claim follows. We can similarly
define o) and conclude that it has at O(|WW|) breakpoints.

Now it is entirely possible that there are breakpoints of « that are not breakpoints of
al, or oy for any w, but there cannot be too many of these breakpoints.

Consider ay. Let f, i = 1...7 denote the collection of functions ., and oy, and
let W denote the collection of breakpoints of f’. Define T, = |J, W' = {t1,...,t,} with
t <o <ty

Consider the interval (t;,t;41). We claim that o, contains at most one breakpoint in
this interval. Observe that none of the functions f* have a breakpoint in (tj,tj41); therefore,

the slopes of these functions in this interval is either 0 or 1. Now suppose that there exists

some 2* € (t;,t;+1) such that 2* is a breakpoint of . Because the f* are continuous in
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(tj,tj+1), oy must be continuous in (¢,¢j41), and in particular z* is a slope 1 breakpoint
of ay. Thus oy (2) = ay(2*) for all z € (2%, ¢;41].
Putting this together with the previous observation, we conclude that o must have

O(|W|?) breakpoints. O

As a natural consequence, we can compute « in polynomial time. Therefore, given
some function f in this form, it is always possible to efficiently construct a non-trivial

superadditive approximation.
Theorem 4.4.4. « can be constructed in time O(|W[3).

Proof. As before we construct the set T, which can be performed in linear time. Then we
sort the elements in time O (|Ty|log|Ty|). Observe that O(log|T,|) = O(log |W]). Thus the
total effort to construct and sort 7T is

> O (ITyllog [W]) = O (|W[*log [W]) .
Y

Next we compute oy, for each y.

Let f* be defined as before, and let T, = {t1,...,t,}. Now for j = 1,...,p—1, compute
for each i, fi(t;) and fi(t;+1). Identify the minimum of each of these quantities, which can
be achieved in time O(|W]). Let &y(t;) and oy(tj41) denote these quantities. If &y (t;) <
ay(tjt1), then we must test whether their exists some breakpoint in (¢;,¢;41). To do so,
simply compute z* = ay(tj11) — ay(t;) +t5. If 2* € (tj,t;41), then it is a breakpoint of .

Therefore, we can compute « only by considering each of the O(|W|?) points belonging

to T'. Each such iteration takes, O(|W|) time; thus the statement of the theorem follows. [J

Our insistence that « is 0-1 function is not necessary for computing o in polynomial
time. Suppose now that we relax this restriction.

We proceed as before, defining 7', and considering some interval (¢;,¢;11). In this interval
each of the functions f are again continuous and have constant slope. The next proposition

shows that there can only be O(|W/|) breakpoints in this interval.

Proposition 4.4.5. Let f1,... f" : R — R be affine functions over (u,v). Then a =

min {f,..., f"} has at most r — 1 breakpoints in (u,v).
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Proof. 1t suffices to show that the slope of « is monotone decreasing. As there are at most
r — 1 distinct slopes, this shows that there can be at most » — 1 points where the slope
changes.

For convenience let f* have slope )\;, and assume that A\; > --- > X,. Suppose that

a(z*) = fi(z*), for some 2* € (u,v). Thus a(z) < fi(z) for all z € [z*,u). In particular,
F(2) = P(25) + Aj(z = 2%) 2 f1(2) + Xz = 2%) = f'(2)

for all j > i. Therefore, the only functions that can possibly intersect f! in [z*,u) must

have slope strictly less than \; (see Figure 14). O

ti ti+1
Figure 14: Computing «
As a conservative estimate, there are at most |IW| distinct slopes of f, so there can be

at most |IW|—1 breakpoints in (¢;,t;4+1). This bound can be tightened if we know the exact

number of slopes that f can attain, but in general we have the following theorem:
Theorem 4.4.6. If f is not a 0-1 function, then o has O(|W|?) breakpoints.

We can similarly modify our algorithm to compute the breakpoints of «, to consider
all pairs of functions to determine where they intersect. We first compute the O(|W|?)
intersections and sort them. For each intersection, we can verify in constant time (by

interpolating) whether it is a breakpoint of a,. Thus we have the following theorem.
Theorem 4.4.7. If f is not a 0-1 function, then o can be computed in time O(|W|*log |W|).

This analysis is fairly crude and it may be possible to obtain better bounds using more
sophisticated approaches. However, this is a first step in demonstrating the tractability of

the problem of constructing a superadditive approximation.
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4.5 Constructing Non-dominated Approxrimations

In this section, we build on the ideas from the previous sections to construct a non-
dominated approximation. Let f, be piecewise non-decreasing and lower semicontinuous for
all y € D;. In this section, we prove Theorem 4.2.6, i.e. a valid superadditive approximation
g of f is non-dominated if and only if A(u) = 0 for all u € D. We show in the next example

that this condition is not sufficient to maintain lower semicontinuity.

Example 4.5.1. Let f be defined by

z 0<2z<1
f(z) =
2 1<z<2
The superadditive approximation ¢ defined by
(

0 0Lz«

9(2) =91 z2=1

k2 1<z<2
is non-dominated, but is not lower semicontinuous.

To preserve lower semicontinuity, we weaken our non-dominance condition at a finite

number of points. We modify our definition of A(u):

5w = min_{f(u+v) = [gw) + 3]}, (63)

and instead demand that 6(u) = 0 for all u # (0,y) for y € D;. If g is a 0-1 function, then
we can apply Proposition 4.4.2 to conclude that either u 4 v is a slope 0 breakpoint or v is
a slope 1 breakpoint or a jump.

As it turns out, the condition that §(u) > 0 implies that there is a gap with respect to

the superadditivity condition. We will exploit this property as we strengthen g.

Proposition 4.5.1. If 6(u+v) =0, then

g(u+w) = g(u) + g(v)] = d(w).
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Proof. 1f v = 0 then the claim is trivial so assume that v # 0. By assumption there exists
some w such that

flutv+w)=lglu+v)+g(w)]=0.

In particular,

g(u+v) = [g(u) + g(v)] = fu+v+w) —[g(u) +g(v) + g(w)]
> flut+v+w)—[g(u) +g(v+w)] = 0(u).

The first inequality follows by superadditivity and the second by the definition of 4. O

Much like A, § can be computed efficiently by computing a small list of points. Applying

the proof of Proposition 4.2.6, §(u) can be characterized as follows:

Proposition 4.5.2. Let

01(u) = min{f(w) — [g(u) + g(w — u)] : w —u € D}

da(u) = irgg{f(u +v) —[g(u) + g(v)] : u+v € D}.

Then 6(u) = min{d(u), da(u)}.

Note that when D is discrete, 6 and A coincide. Otherwise, § and A may differ when
u can be expressed as w — v for some w € W and v € V where both breakpoints are
discontinuities.

We will first consider the much simpler discrete case. In this case, a non-dominated su-
peradditive approximation can be constructed in quadratic time. Next we describe the pro-
cess for constructing a non-dominated approximation when f, is piecewise linear achieved
by using a specially chosen strengthening operation. However, establishing its correctness

and finite termination will be considerably more involved.
4.5.1 The Discrete Case

We begin by describing a simpler case for constructing a non-dominated approximation.
Let f and g be functions defined over D with Dy = {0}, i.e. the domain is discrete. Further

assume that g(0) =0, g < f, and g is superadditive.
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Observe that the set D; is partially ordered under the standard definition of < for R™.
For convenience, let |Di| = ¢, and let Dy = {y1,...,yq} be ordered such that if y; > yj;,
then ¢ < j. For ease of notation, we let f(0,y) = fy, 9(0,y) = gy, and 6(0,y) = d(y).

Fori=1,...,q, we will identify an appropriate update for g,, and update g accordingly.
First compute

Oyi) = min  {fyry — g + ]}

Next compute

(fay; — 29y:.) /2 2y; € Dy
& (yi) =
+o0 2y; ¢ D1.

Let § = min {6(y;), 8" (y;)}. We construct a function h, by setting

Gy Y # Vi
hy =
9y +0 Y=y

Proposition 4.5.3. h is valid and superadditive.

Proof. Validity of h is clear as § < fy, — g,,- By Proposition 4.5.1,

Gyi+y — 9y + 9y) = 6 (i)
for all y # 0. Therefore if y # y;, then hy, + hy < hy,1y as 0 < 6(y;). Now let 6" (y;) =
(924, — 29y,)/2, and suppose to the contrary that §”(y;) < ¢. Then
0= g2y, — [gy, + 0" (y:) + gy, + " ()]
= foyty — [gyi + 0" (yi) + gy, + gy + 5//(3/1‘)]

2 foyity — [gyi + Gyi+y + 5”(1/1‘)] .
Thus 6" (yi) > foyity’ — [9y: + Gysty’] = 0(yi). Therefore if &' (y;) > 6" (y;) then § < 6" (y;).

Hence 2h,, < hay,, so h is superadditive. O

Proposition 4.5.4. There exists some y' such that hy, + hy = fyi,.

Therefore, by iteratively strengthening g, we eventually construct a non-dominated func-
tion. Because each strengthening step takes at most O(|W|) time, we have the following

theorem.
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Theorem 4.5.5. If D is discrete, then a non-dominated approrimation can be constructed

in time O(|W[?).

Despite its apparent limitation, many combinatorial problems can produce lifting func-
tions defined over a discrete domain. Moreover, the surrogate approach to superadditive
lifting described in the previous chapter allows us to manage |W|. Hence we can use this

algorithm to help produce good approximations for more complex problems.
4.5.2 Strengthening Piecewise Linear Functions

We now assume that both f and g are functions such that f, and g, are increasing,
piecewise linear, and that g < f is superadditive. The strengthening operation in this case
is by necessity more complex than for discrete functions. Nevertheless, some of the ideas
naturally translate. Recalling that Dy = {y1,...,y,} is partially ordered, we again sort the

elements such that y; > y; implies that ¢ < j. Starting with ¢ = 1, we compute

u,, = inf {u' € Dg:d(u,y;) =0, Yu € Dp,u > u'} )

If uy, > 0, then we strengthen g,, until uy, = 0. We increment i once this condition is met.
When uj = 0, the resulting function is non-dominated.

The high level idea is simple enough; however, we must identify a strengthening proce-
dure that decreases uy, . To make the discussion easier, we will describe the procedure for
one-dimensional functions, and note that extending the results to the higher-dimensional
setting is straightforward.

Assume that f and g have slopes A\ < --- < Agx. To facilitate later discussion about
convergence, let g*, 8, u!, and V! denote ¢, §, u* and V at iteration ¢. For now we only
consider ¢t = 0 and t = 1, i.e. the initial iteration and the first update. Further, let
Wu)={weW:w>u}and Vi(u) = {v e V' :u+v < d}.

For all w € W such that f(w) — [¢°(u®) + §°(w — u®)] = 69(u?), let pu(w) denote the

0 .
, 1.e.

slope of g% to the right of w — u

Pw—u’+¢) = g%(w —u") + p(w)e.
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Similarly, for all v € V°(u) such that f(u®+v) — [¢°(u®) + g°(v)] = 6°(u), let u(v) denote
the slope of f to the left of u’ 4+ v. Let u® denote the maximum of these slopes.

We will choose some /0 < 4 and construct ¢g' from ¢° by setting

9°(u) u i (€0, u]

Figure 15 depicts ¢" and g¢'.

50 uO

Figure 15: Strengthening of ¢°.

First, we must identify conditions on Y that ensure that ¢g' remains superadditive and
valid. Moreover, we must show that g' dominates ¢°. For convenience, we will let h%(u) =
() + 6°(u0) — pO(u — w).

The first of these conditions is that W (u) = W (u®) and VO(u) = VO(u°) for all u €
(€%, 4%). For this, define

) = max{w € W : w < u°}.

Clearly if 0 > 0, then W (u) = W (u?). Similarly, let
) =max{uecD:u<u’,d—uecV’.

Again, if 0 > £9, then VO(u) = VO(u), satisfying the first condition.

Next, we require that the updated function never “crosses” f. A more formal inter-
pretation of this restriction is that for all u € (£°,u°], g'(u) + g'(v) < f(u + v). Indeed,
this condition must be satisfied if ¢' is both valid and superadditive. This introduces three

different bounds on 9.
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The first of these bounds is given by

= max sup{u<u®: f(w)—h'u) < (w—u)}.
weW (u0)

Note that £J can be calculated efficiently in [V and |W/| by considering finitely many

suprema, each of which can be easily calculated. Examples of £3 are shown in Figure 16

Q

~

flw) =h'(w) =~ <

below:

Figure 16: When f(w)—h%(u) and ¢g°(w—u) intersect (left) or cross at a breakpoint (right).

The next of these bounds is given by

0= max sup{u<u’: f(u+v)<h®(u)+3°w)}
veVO(ul)

Again £} can be efficiently computed in |V°| and |W/|. Possible examples of £ are likewise

depicted in Figure 17.

Figure 17: When h°(u) + ¢°(v) and f(u + v) (a) intersect or (b) cross at a breakpoint.

Proposition 4.5.6. If (0 > max{¢9,¢9,¢9,¢%}, then 6°(u) > h%(u) — ¢°(u) for u € (£°,u0).
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Proof. As (0 > E(l) and (0 > Eg,
0 < fw) = [°(u) + §°(w — )]
= f(w) = [g°(w) + 3°(w — )] = [1°(u) — ¢°(u)]
for all w € W (u). Thus 69(u) > h%(u) — ¢°(u). Applying the same argument for v € VO(u)
and instead using that /0 > ¢ and ¢° > ¢9, it similarly follows that §9(u) > h%(u) — ¢°(u).

By Proposition 4.5.2, the claim immediately follows. O
The last bound relating ¢' and f is given by
02 = sup{u < u°: f(2u) < 2h°(u)}.

This can be easily computed, and in conjunction with ¢3 and ¢} ensures that the two
functions never cross.

By our choice of u¥, there exists some £3 such that §°(u) = h%(u) — ¢°(u) for all u €
(£3,4°]. To compute a valid choice of £J, we compute variants of £3, ¢, and ¢2. For this

purpose define sets

W (u) = {we W) : f(w) —[¢°(u’) + g°(w — u®)] = 6°(u) } ,
and
V(u) = {ve Vo) : f(u’ +v) — [¢°w’) + g°(v)] = 8°(u°)} .

By the definition of §° one of these sets is guaranteed to be non-empty.

For all w € W (u), let
v(w) = min{v € VO : v >w —u}.

If 3%u) = g°(w — u®) + p° (u— (w—u)) for all w € [w—u"v(w)), then set u(w) =

w — v(w); otherwise, set u(w) = +oo. Let £3 = min__ u(w).

EW (u)

Analogously, for all v € V(u), let
w(v) = max{w € WY :w < u® +v}.

If f(u) = f(u+v)—p® ((u®+v) —u) for all u € (w(v),u’ + v], then set u(v) = (u®+v)—

w(v); otherwise, set u(v) = +00. Define £ = Min, () u(v).
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Finally, if 2u® > d, then let Zg = +o00; otherwise, let
2 = min {u<u®: f2u') =2R°(4),Yu < v’ <u'}.

Note that this can again be identified by considering the breakpoints of f. This is shown

in Figure 18.

S22
- g /
ho(u) f(2u)/2

A u? o u®
Figure 18: When 2h°(u) and f(2u) no longer intersect.
Define £ = min{gg,gg,gg}. By the choice of 40 it immediately follows that, £ < u°.

Specifically, equality is guaranteed to hold in at least one of these cases, and hence the

minimum is guaranteed to be finite.
Proposition 4.5.7. For all u € (¢°,4°], §°(u) = hO(u) — ¢%(u).
Proof. Tf £3 = £9 or £Q = {9, then the claim is clear. So suppose that £ = /. By taking the

limit as v decreases to 0 in Proposition 4.5.1, it easily follows that g°(u®) — g%(u®) > 6%(u").

For any u € (Zg, u?],
0 o(u+u 0 0,0 0,0 0 0,0
P =2 (M) =0 + 200+ 800) < 1) + 500
Thus,

Fu +u) = [A°(u) + g°(u)] = fu” + ) = [g°(u) + g% (u)] = [2°(u) — g°(uw)] <0,

implying that §°(u®) < h°(u) — ¢°(u). In conjunction, with Proposition 4.5.6 the claim

follows. O

One final bound arises from superadditivity,

u’/2  h(u®) > plu®



Letting €0 = max{¢9,¢9,09,09, 09,63 09}, we show that the function g' dominates ¢°, is

valid, and is superadditive.
Proposition 4.5.8. g'(u) > ¢°(u) for all u € D.

Proof. Observe that 6°(u) = h%(u) — ¢°(u) for all u € (¢°,u°]. Suppose to the contrary that

h%(u) < ¢°(u) for any such u. Then this implies §(u) < 0, so there exists some v such that
flutv) < g°(u) +9°(v) < g°(u+v) < fluto).
However, this is a contradiction. Thus h°(u) > ¢°(u) for all u € (£°,u"]. O
We now show the main result that ¢! is superadditive and valid.

Theorem 4.5.9. ¢! is superadditive and valid.

Proof. That g' < f follows immediately from ¢° < f and §°(u) < f(u) — ¢°(u). So it

remains to show that g' is superadditive. Therefore we consider

g (u+v) = [g"(w) + g' (v)] (66)

and show that it is non-negative for all u,v,u+v € D. To do so, we consider several cases.

For the first case, we assume that u,v ¢ (/°,u°]. For this case, the non-negativity of

(66) follows from the superadditivity of ¢g° and g' > ¢°.

The next case we consider is when u € (2, u°] and v,u+v ¢ (£°,u"]. The non-negativity
of (66) is an immediate application of Proposition 4.5.1 and 6°(u) = g*(u) — ¢°(u).

So suppose that u,u + v € (£°,u°]. Within this case there are two possibilities to
consider. If v € (£°,4°], then £° > ¢9 implies that g'(v) < u%. Therefore, g*(u) + g'(v) <
9" (u) + pov = g (u +v).

Alternately, suppose that v < ¢°. By increasing u, we may assume without loss of

generality that u 4+ v = u°. It suffices to show that g'(v) = g°(v) < plv. Let v* satisfy

9 (u®) + 6% (W) + ¢°(v*) = f(u® +v¥).
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Next let w € (0°,4°], and add g°(u® — w) — u®(u® — w) to the left-hand side. Suppose to

the contrary that g°(u® — w) — u®(u® — w) > 0. Then
Fl® +0%) < [g(u®) +0°(w®) — p°(u” —w)] + [¢° (") + g°(u® — w)]
< KO (w) + g (v* + u° — w),
where the last inequality follows by substitution and superadditivity. However, we can

rewrite h°(w) = ¢°(w) + 6°(w), which implies that
F® +v*) = [¢°(w) + §°(v* + u® — w)] < 8°(w).

But this contradicts the definition of §°(w). In particular, taking w = u, it follows that
g°(v) < p%v proving that (66) is non-negative in this case.
The last case we consider is u,v € (9, u°] and u +v > u". As u + v > ug, there must

exist some w such that
g (u+v) = [g"(u) + g'(v)] = flu+v+w) = [g"(u) + °(w) +¢" ()]
If w+ v > u°, then it follows by Proposition 4.5.1 and g'(v) = ¢°(v) + §°(v) that
9(v+w) > g'(v) + g°(w).
Therefore, because v + w > u?,
g'(u+v) = [g'(w) +g'(v)] = flu+v+w) = [g"(u) +¢"(v+w)] > 0.

On the other hand, if v + w € (£°,u°], then

uU+v+w
-+ o)~ g + ') 2 Sl ko) - 20t (S5 >0
where the final inequality holds because 0 > £2.
Therefore, we have covered all possibilities showing that g' is superadditive. O

Before moving on, we revisit Theorem 4.2.7, and fill in the remaining details to its proof.

First, we show an analog to Proposition 4.5.1.

Proposition 4.5.10. Suppose that A(u+ v) =0, then
g(u+v) = [g(u) + g(v)] = A(u). (67)
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Proof. 1f v = 0 then this assertion is trivial, so assume v # 0. By Proposition 4.2.6, either
there exists some w € W such that g(u + v) + g(w — u — v) = f(w) or there exists some

v' € V such that g(u +v) +g(v') = f(u+ v+ ).

First suppose that g(u + v) + g(w — u —v) = f(w). Then

9(u+v) = [g(u) +g(v)] = f(w) = [g(u) + g(v) + g(w — u —v)]
> f(w) = [g(u) + g(w —v)]
> Ar(u) = A(u),
where the first inequality follows because g is superadditive and the second follows from the
definition of A(u).

Alternately, suppose there exists some w such that g(u+v)+g(w) = f(u+v+w). Then

g(u+v) = [g(u) + g(v)] = fu+v+w)—[g(u) +g(v) + g(w)]
> flu+v+w) = [g(u) +g(v+w)]
> A(u).
Here, the first inequality follows by superadditivity and lower semicontinuity, and the last

follows as f > f. O

Theorem 4.5.11. Suppose f, and g, are non-decreasing, piecewise linear, and lower semi-
continuous. If g < f is superadditive, then g is non-dominated if and only if A(u) =0 for

allu € D.

Proof. Recall that if w # w — v for some w € W and v € V, then 6(u) = A(u). Let
u* = (uy+,y") be maximal with the property that A(u) = 0 for all u > u*.

If A(u*) = §(u*), then the above strengthening procedure can be used to produce an
approximation that dominates g. Therefore assume that A(u*) > §(u*) > 0. For any non-

zero v, g(u* +v) — [g(u*) + g(v)] > A(u*) > 0. Therefore, by increasing g(u*) by A(u*)/2,

we produce a valid superadditive approximation that dominates g. O
4.5.3 Finite Convergence to a Non-Dominated Approximation

Next we show that the choice of /0 in the definition of g' allows repeated application of

the strengthening procedure to produce a non-dominated approximation in finitely many
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iterations.

Adapting the notation from the previous section, we modify superscripts to denote a
given iteration. To show finite termination, we show that ¢/ = E} only finitely many times
for j = 1,...,7. Throughout, we assume that u* > 0; otherwise, ¢* is non-dominated.

A crucial observation to proving termination follows:
Observation 4.5.12. Suppose that in iteration t, we modify (¢',u?]. Then u!™t < ¢t
Proof. As §'(u) = g"*1(u) — g*(u) for all u € (¢, u?] the claim immediately follows. O

Therefore, at each iteration we are closer to our goal of a non-dominated approximation,
and the algorithm cannot repeatedly modify the same interval.

The first step is to explore how the algorithm behaves when ¢! = ¢4, ¢ = ¢}, or ¢t = (L.
This will correspondingly enable us to bound how many times we can produce breakpoints
of a given form.

The proofs of all these propositions are essentially the same; however, we include them

for completeness.

Proposition 4.5.13. Suppose that £* = t§ # w; — v; for any w; € W (u') and v; € V(u?).
Then there exists some w; € W (ul) such that f(w;) = g™t (") + '™ (w; — £1). Moreover, if

0" £ 0L then the slope gt to the right of w; — €' for any such w; is strictly greater than .

Proof. For each w; € W (u'), let
Oy(wi) = sup {u < u’ : f(w;) < B (€") +g'(w; — ')} .
Suppose to the contrary that for some w; € W (u') such that ¢4(w;) = ¢,
Fwi) < hH(E') + g (w; = £1).

We claim that this implies that g¢' is discontinuous at w; — ¢!. For all € > 0 such that
0 e <l

g'(wi — £ =€) < fwi) — h' (€' +€).
Taking the limit as ¢ decreases to 0,

g'(wi =) < fwi) = h'(€").
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However, this implies that g'(w; — ¢!) > g¢'(w; — #!), and thus w; — ¢! is a breakpoint
contradicting our assumption that ¢ # w; — v;.
On the other hand, suppose that f(w;) > h!(¢') + gt(w; — £%). As g is continuous at

w; — £, it immediately follows that for small € > 0,
flw;) > hH(l" =€) + g (w; — ¢ +¢).

But this contradicts that ¢4 = ¢¢. Thus f(w;) = h(¢%) + gt (w; — £4).

Furthermore, gt (w; — %) = gt(w; — %) = g'(w; — ¢%). Indeed g'*! > ¢*, and if the
inequality is strict at w; — ¢¢, then the function ¢'™! cannot simultaneously be superadditive
and valid. However, this contradicts Theorem 4.5.9.

Next, let w; satisfy £4(w;) = ¢¢, and let X denote the slope of g* at w; — ¢*. Assume to

the contrary that A\ < pu!. Then for small € > 0,

flwi) = W€ —€) = f(w;) — h'(€") + p'e
=g'(wi — ') + p'e
> g'(wi — £7) + Ae
= g'(w; — £' + ).

However, this contradicts the definition of #4(w;); thus A > puf.

Let 4 (w;) = ¢4, If w; — £t ¢ [¢*,u), then
g w; — 0 4 €) = gt (w; — 0 + €) > gl {w; — £1) + ple.

Instead, assume that w; — ¢t € [¢*,u!). By the assumption that ¢ # (L, w; — ¢! # ¢¢, and
5

therefore w; — ' € (¢*,u'). By Proposition 4.5.8 and the condition that
g ) + g (wi = 0) = flwi),
g (wi — £1) = g'(w; — ). However,
g (w; — 0+ €) = gt (w; — 1) + X > gl (w; — 04) + ple = g (wi — 0 +¢),

contradicting Proposition 4.5.8. Therefore, this cannot happen, so w; — £¢ ¢ [¢t, u}). O
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We now address when ¢! = ¢4. The proof of the following proposition uses many of the

same ideas as the previous argument, but it is considerably more simple.

Proposition 4.5.14. Suppose that £* =} # w; — vj for any w; € W (u') and v; € Vi(u).
Then there exists some v; € VT (ut) such that f(€' + vj) = gt H(¢4) + g*+1 (v;). Moreover,

the slope of f at ¢' + v for any such vj is strictly greater than p'.

Proof. As in the previous proof, define
O (v;) = sup{u < u® : f(u+v;) < ht(u) + gt (v))}.

Suppose that £ (v;) = ¢4. We claim that f(¢'4+v;) = h*(u)+g'(v;). Assume to the contrary
that

F(+v;) < hH(EY) + gt (vy).

For all € > 0 such that ¢! + ¢ < u!,
F +vj+€) > h(l" +€) + g'(v).

Taking the limit as € decreases to 0, f(¢! +v;) > h'(¢%) + g'(v;). However, this implies that
ft +v;) < f(£* + v;), contradicting that f is continuous at ¢! + v;.

Otherwise, assume to the contrary that
FU +v5) > W) + 5 (v;).

Then for small € > 0, f(¢" +v; —€) > h'({' — €) + g'(v;) by the continuity of f at ' + v;.
However, this contradicts that ¢/ = ¢4 (v;).
We now address the slope of f at any such point £ 4+ v;. Again let A denote this slope.

Assume to the contrary that A < pu!. Then for small € > 0
Fl ;=€) = fF(l' +v;) = Ae
= [P'(t") = Ae] + 7' (v))
> [R'(0") = p'e] + 7' (vy)
— Wl — )+ (1)),

However, this contradicts that ¢/(v;) = ¢*. Thus X > p’.
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It remains to verify that v; € VIT(u?). If v; ¢ VIT(u?), then v; € (¢%,u!]. This implies

that for small ¢ > 0,

gt—H( 6) — —t+1

vj—€) =g (vj) —u'e

By noting that the slope of f at ! + v; exceeds ',
g + g7 vy — o) = F(U + ) — ple > (' +vy).

This contradicts that g is both superadditive and valid, thus v; must be a breakpoint of

gt—i-l . ]

Recalling Figures 16 and 17, we are able to observe this behavior in ¢4 and ¢}. Whenever
¢4 and ¢f are defined at an intersection, we see that the slopes g at w —w and f at u+v
exceed pu'.

Without much difficulty, we are able to extend this analysis to £%.

Proposition 4.5.15. Suppose that £' = (f # w;/2 for any w; € W(u'). Then f(20') =

2/ TL(0Y). Moreover, the slope of f at 2¢ is strictly greater than u'.

Proof. Suppose that f(2¢') > 2h(¢!). Then because f is continuous at 2¢!, f(2¢ — 2¢) >
2h! (€' — €) for sufficiently small € > 0. But this contradicts the definition of £%.

Otherwise, suppose that f(2¢') < 2h*(¢"). Then observe that for small € > 0,
(208 + 2¢) > 2R (0" + e).

Taking the limit as e decreases to 0, it follows that f(2¢!) > 2h!(¢%) > f(2¢'). This contra-
dicts our assumption that 2¢¢ ¢ W (u'). Therefore f(2¢!) = 2h(¢").
Next, let A denote the slope of f at 2¢¢. If A\ < pu?, then
(208 —26) = f(20') — 2\e
=2 (h'(€") — Xe)
> o(h(E!) — o)
= 2ht (0" —e).

Again, this contradicts the definition of ¢£. Therefore, pu! < . O
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These propositions suggest an important property of the strengthening operation. If
0" # w; —v; and £' # w;/2, then the next iteration will preserve continuity and simply

increase the slope to the left of /. We make this formal in the next two propositions:
Theorem 4.5.16. Suppose that all of the following conditions hold:
o yitl — gt
o (' £ w;—v; for any w; € W(u'), v; € Vi(ul),
o (' £ w;/2 for any w; € W(ul),
o (' > max{l}, 0k, 0 (L}
Then 81 (ut*1) = gt (ut*1) — g+ (w1 and pt+! > ut.
Proof. As §'T(uttl) = §tH1(¢t),
o) = min{ (" +v) — [¢" (") + g™ (v)] : v,u +v € D}
= min{f(¢' +v) — [g" (") + 3" (v)] : v,u + v € D}
i (gt+1(£t) _ gt+1(£t)) ‘
Therefore, to prove the theorem it suffices to show that

min{f(¢' +v) — g (") + g (v)] s v,u+veD} =0 (68)

Again, this is simplified by noting that g'*!(¢") is fixed; therefore either v = w; — £ for
some w; € W (£') or v = v; for some v; € VI (¢t).
Consider the case when v = w; — £t. If w; — €% ¢ [¢%, u?), then gttt (w; — ) = gt (w; — £);

hence, by Proposition 4.5.13
Flwi) = g™ () + g™ (wi — )] 2 0.
Otherwise, if w; — ¢t € [£*,u'), then w;/2 € [¢*,u). Applying Proposition 4.5.15,
Flwi) = [gH) + g (wi = £1)] = f(wi) — 25" (wi/2) > 0.
Thus, we have established that (68) is non-negative for v = w; — £*.
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Next suppose that v = v; for some v; € VITL(1). If v; ¢ [¢%,u), then g't(v;) = g'(vj).
Thus by Proposition 4.5.14,
P + ) = [gH () + 3 (v)] 2 0.
Lastly, if v; € [¢*,u'), then v; = ¢*, and again by Proposition 4.5.15,
F(261) — 261 () > 0.
Therefore, (68) is non-negative for v = v;.
Further observe that ¢! is equal to one of ¢4, £, or £%. By our assumptions, this implies

that (68) equals 0, implying that §'T!(¢)) = git1(¢%) — g'*1(£!). Moreover, by applying

Propositions 4.5.13, 4.5.14, or 4.5.15 as appropriate, we further conclude that !+ > pf. O

As f has k slopes, this theorem implies that after k — 1 iterations the assumptions of
this theorem can no longer hold. We address these assumptions one at a time, and show

that each condition can only happen finitely many times.

Proposition 4.5.17. If u!™ < ', then u'*! = v; for some vj € VI or v = w; — v,

for some w; € W and v; € yitt,

Proof. Suppose to the contrary that neither condition holds. Recall by Proposition 4.5.2,

that 61 (w!*!) is minimized when either v = w; — v; for some w; € W(utt!) and v; €
j j
VL () or v = v; for some v; € VI (uft1).
Consider first the quantity
Flwi) = [g™ (™) + g (wi — )] (69)

Let A and g denote the slopes of g'*! at u!T! and w; — u!*! respectively. By assumption
neither of these two points are breakpoints of g'™!, so these slopes do indeed exist. If (69)

is equal to 0, then A = u; as otherwise one of the quantities
flwi) = [¢" (W™ F €) + g (wi £ u™ !+ €)]

is strictly less than O for small ¢ > 0. However, this contradicts the superadditivity and
validity of ¢g*1. But then, u!*! is not minimal, again yielding a contradiction. Thus (69)

must be strictly positive.
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Likewise consider the quantity

Pt 4 ) = [ ) + g (wg)]

Applying analogous arguments, it similarly follows that (70) is strictly positive.

Therefore, 5" (u!™!) > 0. For sufficiently small € > 0,
f(wz) _ [gt+1(ut+1 + 6) + gtJrl(wi o ut+1 . 6)] > 07

and
Ftt v+ €)= [¢T W +€) + g (vy)] > 0.

Thus 61 (u!*! + €) > 0. But this contradicts our choice of u!*!.

O]

We are interested in certain milestones in the execution of the algorithm. Accordingly,

define

t; = min{t : u' < w;/2}.

To show finiteness, it suffices to show that the algorithm only adds a finite number of

breakpoints between t; and t;_;. Let n’ denote the number of breakpoints the algorithm

introduces between t; and t;_1. We define four related quantities, each specifying the number

of breakpoints of a certain form added between t; and ¢;_1:
e ni: breakpoints of the form w; — vy with wy € W and vy € Vo
e nj: breakpoints of the form wy — vj with wy € W and vj ¢ Vo,
e n’: breakpoints of the form wy /2,

e n}: breakpoints of the form ¢ = ¢% > 0.

By exploring the conditions of Theorem 4.5.16, we arrive at the following proposition con-

necting n' with ni,...,nj.

For the remainder of the discussion, we will let |[W|=r and |V°| = p

Proposition 4.5.18. n’ < k(n} +nb + n} +nY).
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Proof. Consider the cases in which the conditions of Theorem 4.5.16 fail to hold. Each of
these will coincide with some nz

If utt < ¢! then either u't! = v; for some v; € V9 or u!™! = wy — v; for some
vj € Vi1, In the first case, no new breakpoint is introduced. In the latter, a breakpoint is
added that is either accounted for in n{ or nj.

Next suppose that ¢! = ¢} or ¢! = (5. In the first case, /! = w; = w; — 0, which is
accounted for in n}{. In the latter ¢/ = dy — vy = w, — v; for some v; € V*. This is either
included in n¢ or nb.

If ¢ = ¢§ then either ¢ = wy — vj or 0" = w;_1/2. Again the first case is either included
in n¢ or nb and the latter is counted in nj.

Next observe that when the conditions of Theorem 4.5.16 do hold that the slope of the
approximation decreases. Therefore, there can be at most & — 1 intermediate breakpoints

between any two such described points. Including the iteration when ¢! is among nt, ..., n},

the algorithm takes at most k iterations for any such point. O

It remains to bound each of the above quantities. This will correspondingly enable us

to bound n’ for all i. For convenience, let tr+1 =0 and ntl =0.

Proposition 4.5.19. For all i, n} < rp.

Proof. As |[W| =r and |V°| = p, there are at most rp pairs w; and v;. O
Proposition 4.5.20. Fori=1,...,r, nj <r(n+ ...+ n ).

Proof. Suppose that v; is introduced in iteration ¢ with ¢; <t < ¢;_;. Then by assumption
wi—1/2 < vj < w;/2. In particular, wy —v; > w;/2 for all ¢/ > i. On the other hand
win — v; < win/2 for all i’ < i. Therefore, if wy — v; is introduced for some v; & VO, then
v; € V. Trivially, there are at most n*™! + .-+ n"*! such points. For any such v; there

are at most r different w;. ]
Proposition 4.5.21. Fori=1,...,r, n} <1.

Proof. By assumption i’ < 7, therefore the proposition trivially holds. O
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Proposition 4.5.22. There exist at most k distinct t such that (' = (L. Thus n% < k.

Proof. Suppose that ¢™ = ¢7' and (™ = ¢7? and 71 < T2. We show that g™ > p™.

Assume to the contrary that ™ < u™. By assumption

T T
Ti-‘rl — 7Ti+1 u Ti _ u'
g (u) =g < 5 > + (u 5 )

for u € (u™/2,u™] and @ = 1,2. By Observation 4.5.12, v < u™ /2. Thus letting u =

5u™ /8 and v = 3u™ /4, u+ v € (u™/2,u™]. Therefore

g ) + g™ () > g™ (u) + p"
> g™ (u) + pMo

= g™ (u+ ).

However, this contradicts that ¢™*! is superadditive. As there are only k distinct slopes

the proposition immediately follows. ]

By combining these results we conclude that the algorithm produces a non-dominated

approximation in finitely many iterations.

Theorem 4.5.23. t; is finite. Thus there exists some t such that g* is a non-dominated

superadditive approzimation of f.

Proof. By applying the Propositions 4.5.19 through 4.5.22
. r .
n' <k <r Z n' +rp+1+k>.
i'=it+1
Observe that n” is finite; therefore, by induction it immediately follows that n’ must be

finite. Thus n! is guaranteed to be finite, and thus t; = Y.\, n’ is finite. O
4.5.4 On the Running Time

The running time yielded by the previous analysis is unfortunately exponential. Before
concluding this chapter, we take a moment to explore the proof at a high level. In particular,
we address specifically why the bound is exponential and produce (loosely speaking) an

example that demonstrates the limitations of this analysis. This, however, does not preclude
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the possibility that the algorithm runs in polynomial time, but rather shows that any such
proof must exploit the problem structure more intimately.

At its heart, the proof relies on a simple counting argument. It counts the maximum
number of breakpoints that could possibly be added by the algorithm, but not the actual
number of breakpoints that the algorithm introduces.

Revisiting Propositions 4.5.19, 4.5.21, and 4.5.22, k(n} + né +nY) is polynomial in k, 7,
and p. Thus, it is plain to see that the exponential blow-up results directly from the term

nb. From Proposition 4.5.20,

This bound originates from a simple observation: if some breakpoint v is introduced by the
algorithm, and w; — v is also introduced by the algorithm, then v > w;/2. On the other
hand, the analysis does not consider information about the functions at v or w; — v.

Thus to show the limitation of this analysis, we only need to construct W and V° in
such a way that there are potentially an exponential number of breakpoints. We produce

such sets in the following example.

Example 4.5.2. Fix somen > 0 and let d = 22". Fori=1,...,n, let w; = d— (2" 1 -2).
Set

W ={0,d/2,d/2 4+ 1,wi,...,wy},
and let VO = {0,d}. We are interested in the collection of points of the form w — v that
can arise in the interval [d — 2", d].

Quite naturally, the first possible point that can arise is v; = wy, — (d/2+1) =d/2 — 1.
Next consider w,—1 — v. There are two possible points, vo = wy,—1 — d/2 = d/2 — 2 and
vg =wp—1 — (d/24+1)=d/2 - (4—-1).

Let T° = {d/2 + 1,d/2} and let

T = {wn,iﬂ —v:vE Ti/,i/ < 1} .
We claim inductively that 7% = {d/2 — (2"' —1),...,d/2 — (2' — 1)}. Observe that

Wwn—; =2 (d/2 - (2" - 1)),
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and that

Wy — (d/24+1) =d/2 — (27 —1).

Finally, noting that,
U 77 ={d/2+1,d/2,...,d/2— (2" = 1)}.
j=0

it follows that 7" = {d/2 — (2* = 1),...,d/2 — (2"T' = 1)}.

Therefore, by induction, there are at least 2" — 1 points that can possibly be added.

This example shows that the exponential bound on the running time of the algorithm
cannot be improved upon unless more information is incorporated into the analysis. How-
ever, our experience with two-slope functions and step functions suggests that at least in
these cases, the algorithm tends to perform quite well. Thus, it is entirely conceivable that

this algorithm is polynomial or pseudo-polynomial.
4.6 Closing Remarks

In the discrete case, the existence of a polynomial time algorithm is unsurprising as the
problem can be easily expressed as a linear program. By moving to a continuous setting,
we are no longer afforded this luxury, and it is quite remarkable that a finite algorithm even
exists. This heavily depended on our structural assumptions.

It is also possible to consider “decreasing” functions, in which the slopes are all non-
positive and the function value decreases at discontinuities. With slight modification, the
results presented in this chapter translate fairly naturally to this setting. The strengthening
operation used to produce a non-dominated approximation would necessarily be different,

but nevertheless is a straightforward extension of its counterpart for increasing functions.
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CHAPTER V

APPLICATIONS OF LIFTING IN HIGH DIMENSION

In this chapter, we apply results from Chapters 3 and 4 to high-dimensional lifting
problems. By way of example, we demonstrate that the tools we developed in the previous
chapters can be used offline to effectively guide the search for non-dominated superadditive
approximate lifting functions.

We begin with two traditional mixed integer programs—namely the knapsack and the
fixed-charge flow sets—and we introduce a complicating constraint in the form of an ad-
ditional knapsack constraint. When considering this additional constraint, exact lifting
becomes much more challenging; nevertheless, we are able to relax the side-constraints
using the techniques of Chapter 3 and derive valid inequalities that are not valid for the
single-row systems. Next, applying the algorithm of Chapter 4, we construct non-dominated
approximations for specific instances that we then generalize to closed form approximations.

We conclude this chapter by deriving cuts for the stable set polytope obtained by lifting
odd-hole inequalities. In the original space of variables, the dimension of the lifting function
is typically too large to consider in its entirety. Identifying an appropriate superadditive
approximation in this setting may require us to consider a prohibitively large number of
points. By reformulating the stable set problem and using the approximation scheme of
Chapter 3, we show how to manage the problem dimension. Unlike the problems previously
considered in this chapter, however, we may not be able to obtain a closed form description
of the lifting function or its superadditive approximation; nevertheless, we show that it is
possible to evaluate the lifting function and construct an approximation that yields the

deepest cut with respect to separating a current solution.
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5.1 Knapsack Intersections

We first consider the intersection of multiple knapsacks and show how the approximation

scheme of Chapter 3 can be nested. Let

Let C satisfy > ;o ag =b+Afor A >0,and ) ;o aé—l—Ai =b with A* >0fori=1,...,m.
Such a subset C exists, otherwise a’z < b° is redundant. Further, assume that C' is minimal
with this property.
We restrict X by fixing x; = 0 for j € N\ C to obtain the restricted system X’. Because
> jec a} < V', these knapsack constraints are redundant. Therefore the cover inequality
Z z; <|C|—1
jeC
is facet defining for conv(X’). Although redundant, these additional knapsack constraints

alter the lifting function:

f(2% 2 ...,2™) = min (\C|—1)—Zx]~

jec
s.t. Za? <p0 - 20
Jjec (71)
Zaé-gbi—zi, t1=1,....m

jeC
zj €{0,1}, jeC.
We cannot in general hope to have a nice closed form expression of f. Our goal is to replace

the remaining knapsack constraints with a single cardinality constraint:

Stai <-4, i=1,...,m Yoap<lCl =@ (..., 2"
jec — jec
z; €{0,1}, jeC zj€{0,1}, jeC.

The task of computing ® exactly is in general no easier than computing f; hence we can
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construct a collection of nested relaxations for computing ®. Let

® (z',...,2™) =min |C] —ij

jeC

s.t. Za?a@jgbk—zk, (k=1i,...,m)
jel

zj €{0,1}, jeC
for i =1,...,m; thus ® = ®!. Similarly, define ¥’

W (zi,zi+1,...,zm) =min |C|— ij

jeC
s.t. Za;@“j < —
jec (72)
S < 01— W (5

jel
zj €{0,1}, jeC.
and for convenience let U+ = 0. If we let ¥ = W', then we have the following proposition:

Proposition 5.1.1. Fori=1,...,m, ¥' < ®. In particular ¥ < ®.

Proof. The claim trivially holds for U™, and the general result follows by inductively ap-

plying Proposition 3.3.2. O

It will also be convenient to have a succinct representation of the cardinality constraint
restricted to individual knapsacks. Hence, we introduce P
P (z’) =min |C|— ij
jel

s.t. Z aj-:cj < b — 2 (73)
jec

z;€{0,1}, jeC
Proposition 5.1.2. ¥ (z!,...,2™) = max <</131(z1), e ,zﬁm(zm)).

Proof. We proceed by induction on ¢. Trivially if ¢ = m the statement of the proposition

holds. So consider some arbitrary ¢ < m. We claim that

T’ = max (&\)Z(zl), VAT L zm)) .
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Indeed if ®i(2%) < WtL(zTL .. 2™), then taking an optimal solution #' of ®, we must
set z; = 0 for precisely Wil (21 .. 2m) — di(z) additional elements to satisfy the cardi-
nality constraint. Otherwise, if ®/(z%) > W1 (271 . 2™), then this solution satisfies the

cardinality constraint. Applying the inductive hypothesis, the proposition holds. O

Any superadditive approximation of ¥ can in turn be used to obtain a superadditive
approximation of (71). We show how such an approximation of ¥ can be attained by
composing functions.

Let I'™*! =0, and define I'? for i = 1,...,m by

I'(z,y) =min |C] - Zl‘j

jeC
s.t. a}xj < b —
jeC
>z <|Cl—y
jeC
xzj € {0,1} jecC.

As in the previous proposition, I''(2%,y) = max(@i(zi),y). Now let 7* < I'¥ be increasing,

superadditive, and satisfy the condition that v(2%,y) € {0,...,|C|} fori =1,...,m.

Proposition 5.1.3. Let v =+t and define 1" by
(2 2T 2 = A (R T (T L2 ™)

fori=1,...,m. Then ¢* < W' is superadditive and non-decreasing. In particular ¢ = !

is a superadditive, non-decreasing, under-approximation of .

Proof. We proceed by induction on i. By assumption ™! < U™+l is superadditive and
non-decreasing. So assume that "1 < ¥+ is superadditive and non-decreasing for i < m.

The composition of non-decreasing functions is itself non-decreasing, therefore 1* is non-
decreasing. Observe that ¢! < Wit and +* is superadditive and non-decreasing. Thus

by Theorem 3.3.3, ¥' < U’ is superadditive. ]
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Once we have computed ¢, we compute

§(%y) =min (IC|-1)=>

jec

S.t. Z a?xj < B0 — 20
jeC (74)

d oz <ICl—y

jeC

zj €{0,1}, jeC.
If we let @0(20) denote the exact lifting function without the cardinality constraint, then
3(2°,y) = max (&JO(ZO),y - 1) .

Note that the maximum of superadditive functions is often not superadditive; however,
any one of these superadditive functions is trivially a superadditive under-approximation of
the maximum. It is easy to construct an approximation ¢ that performs at least as well as
this simple approximation; however, we can typically do better with our nesting scheme.

We now explore the structure of @, 7%, and ¢ in greater detail and give a concrete
example of each of these functions in the computation of an approximate superadditive
lifting function. As a matter of notation, when we refer to (fi, we assume that ¢ > 0.

The evaluation of ¢ is no different than the standard knapsack cover inequality. Let
J1s-- -5 J)c) satisty

a§1 Z 2 a§|0\’
and define A} = Al | + aék with A} = 0.

Proposition 5.1.4.

o 0 0<z2t<A?
(") =
ko A+ AL <2 <A+ AL (G=1,...,]0)

Proof. 1f z;, = 0 and z;, , = 1 in a solution then there is an equivalent solution with

xj, = 1 and x5, , = 0. Therefore we set xj, = 0 in increasing order of k. O

If A" < aél, then @' is not superadditive. Let k* be defined
. At 4+ Al .
k":min{k:kl>az- }, (75)

E>1 k - Ik
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and let @’ denote this quantity. We define (EZ as follows:

(

0 z=0

¢'(2') =Sk kit < 2 < (k+1)a', (k=0,...,k — 1), (76)

(B2 2>k = AT AL

Proposition 5.1.5. az < </I\>Z', and 4/51 1$ superadditive.

Proof. 1t will be easier to consider d' and 5’ as members of a family of step functions. Let
v1,v2,...,0p > 0. Let V5 = 0 and V; = V;_1 4+ v;. Define the function

0 z=0

xv(z) =

j ‘/}<z§‘/}+17 (J:077P_1>
Analogously define ‘7] for coefficients ¥; and a function xy,. Clearly xv > xy if and only if
Vj > V; for all j.

Therefore to show & < </I\>i, it suffices to show that ka* > A' + A};_l for k < k'. Let

ai, = (A"+ Al_,) k. If k <K', then @, < a;k. By definition,

k ; 1

1

Now observe that & - EL}; = Al + A};fl; hence k-a* > A’ +A271 for all k < k*. Thus & < Pt
Next we show that ggl is superadditive. We show that if v1 > v > --- > v, then xy is

superadditive. Indeed consider

xv(u+v) = [xv(u) + xv(v)].

Let u = Vi+e; and v = Vi+€2, where 0 < €1 < vgy1 and 0 < €2 < vypq; thus xy (u)+xv(v) =
s + t. Next, observe that Vi + Vi > Viiy; therefore xy(u + v) > s+ t. Noting that

a > aék > > a;'-‘c‘, it follows that ggz is superadditive. O

We can now use this superadditive approximation to seed our algorithm to construct a
non-dominated superadditive approximation of I'*. Before moving to a more general setting,

we work out an explicit example.
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Example 5.1.1. In this example, we consider only a single knapsack. Suppose that C' =

{1,...,5} and consider the knapsack
8x1 4+ 6x2 + dxs + by + 4xs < 32.

Therefore, A’ = 4. By Propositions 5.1.4 and 5.1.5, we can easily compute ® and its

superadditive under-approximation gg’ given in Table 5 below:

Table 5: Superadditive approximation QASi of P

Pi(z) z quS’(z) z

0 0<2<4 0 0<2<6
1 4<2<12 1 6<2z<12
2 12 <2< 18 2 12 < 2 <18
3 18 < 2 <23 3 18 < 2 <23
4 23 <z <28 4 23 < 2 <28
) 28 <2< 32 5) 28 < 2 <32

Recall that I''(z,y) = max (@(z),y). Thus to construct an initial superadditive ap-
proximation, we set 7 (z,y) = &(z) for all y. By applying the algorithm from Chapter 4,
we strengthen 7 to obtain the non-dominated approximation 4% of T represented in Table

6.
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Table 6: Non-dominated approximation ~*

SHER y=0,1,2 =3 =4 =5
0 0<z<6 0<z<5h 0<z<5h 0<z<4
1 6<z<12 5<z<11 5<2z<10 4<2z<9
2 12 <2< 18 11<2<17 10 <2< 16 9<z<14
3 18 < 2 <23 17 < 2 <23 16 < z <22 14 < 2<20
4 23 < 2<28 23 <2 <28 22 <2 <28 20<2<26
5 28<2<32 28 < 2<32 28 < 2 <32 26 < 2 <32

When y =0, y = 1, and y = 2 the values of 7%(z,y) all coincide. In the above table, the
left-hand side indicates the value of 7%(z,y) and the right-hand side indicates which values
of z attain this value for a given y. This function is represented graphically in Figure 19 by

considering each slice of the function associated with a fixed value of y.

Despite its small size, this numerical example is quite telling about what form a non-
dominated superadditive approximation might take. Consider the interval lengths of (;AS’ in
the example: 6, 6, 6, 5, 5, 4. These interval lengths reappear in +*, for every fixed y, but
sometimes their order changes. In the case of y = 3, the interval lengths appear in the order

5, 6, 6, 6,5, 4. When y = 5, the interval lengths appear in the reverse order: namely 4, 5,

5 y=20,1,2 —_ 5
4 — 4
3 R 3
2 N 2
1 J— 1
6 12 18 23 28 32
5 y=4 — 5
4 —_— 4
3 —_— 3
2 N 2
T — 1

5 10 16 22

28 32

z

Figure 19: Graphical depiction of v*(z,%) from Example 5.1.1
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9, 6, 6, 6.

This suggests a more general behavior; specifically, for each y the first y + 1 intervals
appear in the reverse order. To express this more succinctly, we return to the abstraction
xv used in the proof of Proposition 5.1.5, and express (}51 in terms of its interval lengths:
UL 2 V2 2 2 Up

We propose the following approximation of I':

0 z=0
’yi(zay) = Yy — )ZV(Vy_A,_l — Z) 0<z < ‘/Yy+1 (77)
xv(z) 2z > Vyia,

\

where Yy (u) = limsup,_,, xv(u). We show in the next two theorems that 4% is valid,

superadditive, and non-dominated.
Theorem 5.1.6. 7' < T and +* is superadditive.

Proof. Observe that v'(z,y) < y < T'(z,y) for all z € [0,V,41]. Otherwise, by the validity
of ¢, whenever z > Vy+1, it again follows that qg’(z) < ®i(z) < I'(z,y). Thus 4* < I'
establishing validity.

To prove superadditivity, we now must show that

Y (z1,91) + 7 (22, 92) <A (21 + 22,91 + y2) (78)

whenever (z1,y1), (22,92), and (21 + 22,41 + y2) are all in the domain of 4*. In the same
spirit as Theorem 4.2.3, it suffices to consider whenever (z1,y;) and (22, y2) are breakpoints.
We break the proof of superadditivity into cases. First suppose that z; < V41 and

29 < Viy,41. In this case, express z; and 29 as

s t
1= § :Uyﬁ-l—j 22 = E :Uy2+1—j’
Jj=0 Jj=0

for some s < y; and t < yo. Thus 7%(21,y1) = s and 7*(22, y2) = t. Within this case, there
are two possibilities to consider: either s +t < y; +y2 or s +t = y1 + yo.

In the first case, we may assume without loss of generality that s < y;. We claim that

s+t+1

D Uty <21+ 2 (79)
j=0
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Splitting the sum in (79), we obtain

s+t+1 s t
E Vyrtya+1—j = E Vyr+ya+1—j + E Vyot(y1—(s+1))+1—5
j:(] j:O j:(]

From the sorting of elements in V,

S S

E :vy1+y2+1—j < Zvyﬁ-l—j = %1

j=0 7=0

Furthermore observe that y; — (s + 1) > 0; therefore,

t t
E Uyt (g1 — (54 1) 41— < § Vypt1—j = 22,
=0 =0

proving (79). Thus v(z1 + 22,91 + y2) > s +t + 1 with equality holding if and only if (79)

holds at equality. In particular, we must also have that
Yz + e, y2) +7 (22 + €2,42) = s+ +2 <A (21 + 22+ €1 + €2, 41 + 12),

for any infinitesimally small €1, eo > 0.

Next suppose that s+t = y1 +y2. Applying the same arguments, we can conclude that

s+t

Viitys = Z'Uy1+y2+1—j < 21+ 22 = Uyypl-
Jj=0

Observe that y1 + y2 > yo; therefore, the next interval has length vy, 4y,42 < vyy1. In
particular, this implies that ¢ (21 +22, y1 +y2) > s+t+1 and v (21 + 22+ €, y1 +y2) > s+t +2
for any € > 0.

Thus we have resolved when 21 <V, 11 and 23 < Vj, 1. So suppose that

¢
21 =V 29 = E Vyot+1—j
=0

for s >y +1,and t <yy+ 1. Either s+t <y +y2 or s+t > y1 + yo.

If s+t <y1 + y2, then
s+i+1

E Uyytyotl—j < 21 + 29
Jj=0

This claim follows as in the previous case by splitting the sum:

s+t+1

t S
E Uy yptlog = E Uy typt1oj + E :vy1+y2—(t+1)+1—j'
§=0 j=0 §=0
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Asyi4+ys— (t+1) > (s+t+1) — (t+ 1) = s, it follows that

S S
Z”y1+y2—(t+1)+1—j < Z“sﬂﬁ =V
j=0 Jj=0

Therefore (78) follows as before.
Next suppose that s+t > y1 +y2. In this case, we show that Vi1 < 21+ 25. Rewriting

Vs+t+1, We obtain

t t t

Vetty1 = Vs + E Vogty1—j < Vs + E Vyptyotl—j < Vs + E Uy +1—3js
=0 =0 =0

where the first inequality follows from the relation s +¢ > y; + y2 and the last inequality
follows from the ordering imposed on of the elements of V. Again (78) follows as in the
previous cases.

The last case we consider is when both z1 = Vs and zo = Vi for s > y1+1and t > yo+ 1.

In this case, (78) immediately follows from the superadditivity of qu O
Next, we show that +* is non-dominated in the weaker sense of Chapter 4.
Theorem 5.1.7. ' is non-dominated.

Proof. First we show that for (0,y;) there exists some (z2,y2) such that

7i(0,y1) + Vi(zz,w) =T"(22,y1 + ¥2).

As A4(b%,y) = |C| = TU(b, y) for all y, (22,y2) = (b%,0) satisfies this requirement.
Next for each (21, y1) in the domain of 4% with z; > 0, we show that there exists some

(22, y2) such that
Y (21, 11) + 7 (22,92) =T (21 + 22,11 + 12).

There are two cases to consider: either y; < k' —1 or Y1 > k' with k' defined as in (75).

Consider first when 3; < k' — 1, and observe that
y(k'a' ) =k —1=T"(k'a',y1) .
Suppose now that z; = ka’ + € for some k < k' and 0 < € < @’. Then let
2= (k' —k—1)a' + (@ —¢).
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By construction z; + 22 = k'a’, and therefore
YV (z1,01) +7(22,0) =k + (K =k —1) = k' =1 =T"(21 + 22,51 + 0).

On the other hand, if 21 > k‘a’, then 7% (21,%1) = (21, 91).

Therefore, it only remains to consider when 7; > k°. In this case,
YA+ Ay ) =y =T (AT AL ).

IfZl <A7'+AZ

s then we set zo = JAE A;l — z1. Thus

Y (21, y1) + 74 (22,0) = y1 — 7 (22,0) + 7 (22,0) = y1 = I'(21 + 29,51 +0).

Similarly if z; > A% + A’

s then vi(z1,51) = I'(z1,y1), concluding the proof that ~* is

non-dominated. O

We now consider §. The structure of § is quite similar to I', so many of the above
results translate with only slight modification. Again, we consider a numerical example to

guide our study of the properties of g.

Example 5.1.2. Consider a knapsack and a minimal cover, C' = {1,...,5}. The restricted
system is given by

921 4 8x9 4 623 + by + 4as < 29.

Therefore, this cover exceeds the knapsack capacity by A = 3. Thus we can compute the

lifting function for the minimal cover inequality:

N 921 + 8xo 4+ 63 + Dy + 45 <29 — 2
q)o(z):min 4 — (x1+xo + 23+ 24 + T5) :

T1,22,23,%4,T5 € {07 1}

The closed form description in Table 7 of 30 and its superadditive approximation q/go can

be obtained by appropriately modifying Propositions 5.1.4 and 5.1.5.
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Table 7: &0 and its approximation 50

30 z z

0 0<2z<6 0<2<7
1 6<z<14 T<z<14
2 14 < 2<20 14 < 2<20
3 20< z2<25 20< z2<25
4 25 < 2<29 25 < 2<29

Note that g(z,y) = max <$O(z),y — 1). Thus to construct an initial superadditive
approximation, we set B(z, y) = QASO(Z) for all y. By applying the algorithm from Chapter 4,

we again strengthen ho to obtain the non-dominated approximation h of g in Table 8.

Table 8: Approximation of § for knapsack intersections

h(z,y) y=20,1,2 y=3 y=4 y=>5
0 0<2<7 0<2<6 0<2z<5h 0<2<4
1 T<z<14 6<2<13 h<z<11 4<2<9
2 14 <2<20 13<2<20 11 <2<18 9<z<15
3 20 < 2 <25 20< 2 <25 18 < 2 <25 15 < 2 <22
4 25 <2<29 25 <2<29 25 < 2<29 22 <2<29

When y =0, y = 1, and y = 2, the values of h all coincide. Note that this function
can also be depicted graphically as a collection of one-dimensional functions for each fixed

value of y.

As in Example 5.1.1, the order of the interval lengths also reverses for higher values of y.
This motivates a similar construction for a non-dominated superadditive approximation of

g. Representing (ZO by xv, with v1 > vo > --- > v, we propose the following approximation
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0 z2=0

Mzy) = (-1 —xv(V,—2) 0<z<V,

xv(2) Vy < z.

\

The proof that h is valid, superadditive, and non-dominated is no different from ~¢, and

thus is omitted.

Theorem 5.1.8. The function h defined is a non-dominated valid superadditive approxi-

mation of g.

We conclude with one final example showing how all these ideas are combined to obtain

lifting coefficients that dominate those obtained by the individual knapsack constraints.

Example 5.1.3. Consider the following set obtained by identifying some cover C' and
setting z; =0 for all j € N\ C:
921 4+ 8xo + 623 + dxy + 45 < 29
X =2 €{0,13°: 62y + 5wy + 83 + day + 55 < 32
8x1 + 4xo + 63 + Dy + dxs < 32

Note that these are the coefficients from Examples 5.1.1 and 5.1.2, so we may use the
evaluations of ¢?, v*, and h from each of these examples.

Suppose now that we want to reintroduce zg, and
(ag, ag, aj) = (12,23,24) .

By Example 5.1.1, we have that 53(24) = 4. Next we determine 72(23,4) = 4. Finally from

Example 5.1.2, we determine ﬁ(12, 4) = 2. Thus we obtain the inequality
T1+ 29+ 23+ x4 + 5 + 226 < 4.

In particular, this is stronger than the inequality we would obtain by ignoring the side-

constraints.
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5.2 Knapsack-Constrained Flow Covers

We consider the fixed charge flow set with only outflow arcs and additionally impose a
knapsack side-constraint on the binary variables. The constraint set is given by
> w<h
JEN

Zajyj <d

X = (CC,y) c R" xZ": JEN N (80)

0<z; <wujy;, VjEN

y; € 10,1}, VjeN

\

with 0 < a; < d for all j € N.

Let C be a flow cover, i.e. > ;ccu; = b+ A for A > 0, such that > ;.- a; <d. If no
such set C' exists, then ) jen T < b is redundant. Additionally, assume that C' is minimal
with this property.

Let C={1,...,r}, with ug > --- > u, > A, and set (z;,y;) = (0,0) for j € N\ C. The

flow cover inequality is
Doty (=N (1 —y) <b, (81)
jec jec

and the restricted system is

ZI‘JSb

jel

> ajy; <d
X' = (z,y) € RI9 %z 5= (82)

OSZEjSijj, Vjel

ij{O,].}, \V/jGC)

\

Because ) jec @j < d, the knapsack constraint is redundant in this system. Therefore, the

flow cover inequality (81) is facet defining for conv(X’). However, when we perform lifting,
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the knapsack constraint influences the lifting function:

fz20) =min b— | >z + > (u;—A) (1—yy)

jeC jec

s.t. ij <b-—2z

jel

Z a;y; < d— 2z
jec

(83)

ngjgujyj, VjeC
y;j € {0,1}, Vj e C.
Observe that if z9 is made sufficiently large, the minimum will increase as we are forced to
set y; = 0. It may happen that there exists some 7 and j such that u; < u;, but a; > a;.
Therefore as we increase z2, we may disable arcs in a different order as when we increase
z1. This introduces a challenge in explicitly computing f. To overcome this difficulty, we
apply Proposition 3.3.2 with (u, po) given by
>y <Cl
jeC
Letting ® denote the lifting function
Z a;y; < d— 2z
D(z) = min{ [C] -~ Yy, IeC ,
jee yje{071}7 jGC
we can (76) and Proposition 5.1.5 to construct an appropriate approximation ¢.
Similar to (74) for the knapsack intersection, we thus we consider the lifting function
g(z,v) =min b— ij+2(uj - A (1 —y)
jeC jeC

s.t. Za:j <b-z

jeC

>y <ICl—v

jec
0§$j§ltjyj, Vjel

yj € {0,1}, Vj e C.
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The cardinality constraint is considerably more manageable than the original knapsack
constraint, and we are able to explicitly compute §. Letting Uy = 0 and U = Up_1 + uy

for k > 0, we obtain the following description of g§.
Theorem 5.2.1. Ifv =0 then

) kX Up <z<Ugy1—A, (E=0,...,7r—1)
9(z,v) =
2=Up+kXN Ug—A<2z2<U, (k=1,....,7—1)
If 0 <v < |C|, then

(v—1DX 0<2z2<U,—A
9(z,v) =
9(z,0) z>U,—\

Proof. If v = 0, then the cardinality-constrained lifting function is no different from its
unconstrained counterpart (38). Therefore assume that v > 1. Clearly if z; > 0 in a
solution to (84) then we can assume z; > u; — A. Next let j7* = min {j : ; > 0}. Without
loss of generality, we may assume that x; = u; for all j > j* such that x; > 0. Suppose
that 2 = 0 for some j' > j*. Then set (z;+,y;+) = (0,0) and (z;7, ;) = (min(z;+, u;), 1).

The change in the objective function is
[2j+ 4+ (uy — A)] = [min(zj«,uj) + (uj+ — A)] <0.

So we can construct an optimal solution as follows: first set (z;,y;) =0for j =1,...,v.
Set (xj,y;) = (uj,1) for all j > v. Increasing z, the solution remains optimal until the flow
constraint becomes tight. At this point decrease x,11 until z,11 = (u, — A), and then set

(Ty+1,Yv+1) = (0,0). We repeat this procedure for the remaining arcs until z = b. O

This function is superadditive only in the trivial case when » = 1. If r > 2, then

§(0,2) = g(u1,2) = A\. But g(u1,0) = A. Therefore

There are a number of superadditive approximations that we can apply. The most trivial

approximations is to simply set ﬁ(z, v) = g(z,0).
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Using this as a starting approximation, we use the algorithm of Chapter 4 to construct

a numerical example that we can then generalize.

Example 5.2.1. Consider a cardinality-constrained fixed-charge flow set given by the fol-
lowing system of inequalities:

1+ 29 + 23+ x4 < 26

Nnty2t+yst+ys<4

0 <z < ujy;
with v = (10,7,6,6). From Theorem 5.2.1, we obtain the evaluation of §(z,0) given in

Table 9:

Table 9: Evaluation of §(z,0) for cardinality-constrained flow-cover

9(z,0) z J(z,0) z
0 0<z2<T7 6 17 < 2<20
z—T7 7T<z<10 z— 14 20< 2 <23
3 10<2<14 9 23 < z2<26
z—11 14<2<17

Likewise, Theorem 5.2.1 allows us to compute §(z,v) for v > 0. Beginning with the
initial approximation ﬁo(z,v) = §(z,0), we apply the algorithm of Chapter 4 to obtain a
non-dominated valid superadditive approximation h. This is given in Tables 10 through 12,
where each table represents the function for a given value of v.

When v = 0 and v = 1, the final approximation satisfies h(z,v) = §(z,0). For the

remain values of v, h is as follows:
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Table 10: Non-dominated ﬁ(z, v) for cardinality-constrained flow cover with v = 2

h(z,2) z h(z,2) z
0 0<z2<4 6 17<2<20
z—4 4<z<7 z— 14 20< 2 <23
3 7T<z<14 9 23<2<26
z—11 14<2<17

h(z,3) z h(z,3) z
0 0<2<3 6 13<2<20
z—3 3<2<6 z—14 20< 2 <23
3 6 <z<10 9 23 < 2<26
z—=17 10<2<13

h(z,4) 2 h(z,4) .
0 0<2<3 6 12<2<16
z—3 3<2z2<6 z—10 16 <2<19
3 6<2<9 9 19 <2<26
z—06 9<2<12

As in the case of the of the knapsack intersection, his depicted in Figure 20 by graphing

its individual slices corresponding with each value of v.

This example is quite telling about how we might generally construct a non-dominated

approximation of §. Again, we note the lengths of the slope 0 intervals and the order in
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7 10 14 17 20 23 26 ~ 4 7 14 17 20 23 26~

9- v=3

3 6 10 13 20 23 26 © 3 6 9 12 16 19 26

Figure 20: The lifting function h from Example 5.2.1

which they appear for each value of v.

For this example when v = 0 and v = 1 the lengths appear in the order 7, 4, 3, 3; when
v = 2, the order becomes 4, 7, 3, 3; for v = 3, the order again changes to 3, 4, 7, 3; and
finally when v = 4, the order changes to 3, 3, 4, 7. Once again, we see that the order of
these intervals reverses.

Motivated by this example, we propose the following approximation of §:

(

Q(Z,O) v=20
Mz0) =S (1A= g(Uy—A)—2) 0<z<Up—A, (v>0) (85)
9(z,0) 2>U,— A, (v>0).

As we did for (77), we show that h is a non-dominated valid superadditive approximation.
Theorem 5.2.2. The function h is valid and superadditive.

Proof. By Theorem 5.2.1, we only need to show that h(z,v) < §(z,v) whenever v > 0 and

z < U, — A. In this case
(0= 1A= §((Us=X) = 2) < (v — A = §(2,0).

Therefore h < g, proving validity.

To prove superadditivity, we must show that

~

h(z1,01) + h(22,v2) < h(z1 + 22,01 + v2) (86)
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forall 0 < 21,29 < 21+ 20 < band 0 < vy,v0 < v1 +v9 < 7. Note that iz(zl,vl) is a 0-1
function with no jumps. By Proposition 4.4.2, we only need to test certain points. Namely,
we may assume that (z1,v1) is a slope 1 breakpoint (i.e. the slope changes from 1 to 0 at
(z1,v1)) and that either (z2,v2) is a slope 1 breakpoint or z; + z3 = b.

Suppose first that h(z1,v1) = §(z1,0) and h(zp, v2) = §(22,0). If z; = zp = 0, then (86)
clearly holds by the superadditivity of g. Therefore, assume without loss of generality that

vg > 0. Thus z; = Us for some s > vy and z3 > U,, — A. In particular,
Us+ (Upy = A) > Uspiy, — A > Uy, — A

Thus h(z1 4 22, v1 + v2) = §(21 + 20,0) and (86) again holds by the superadditivity of §.
So assume now that z; < U,, — A and v; > 0. As we assumed that z; was a slope
1 breakpoint, we may write z; = ijo Uy, —j for some s < vy — 1. Now suppose that

zo = d — z1; thus
2= (U =A) =D oy < (Ur = A) =Dt =Up_(oy1) — A
j=0 =0

Therefore if zp > Uy, — A, then h(z2,v2) = §(22,0) < (r — s — 2)A. In particular,

~ ~

h(zi,v1) + h(z2,v2) < (s+ DA+ (r—s—=2)A=(r— 1)\
On the other hand if zp < Uy, — A, then vy <7 — (s +1). Indeed if v > r — (s + 1) then
vitve>v+r—(s+1)>r

Thus h(zg,v2) < (r — s — 2)\, and (86) again follows.
So we may assume now that zo is a slope 1 breakpoint. This leaves two possibilities:
either zo9 < Uy, — A or 23 > Uy, — A. In the first case, write 23 = Z§:0 Uyy—j With £ < v —1.

Therefore, s+t+1 < v; +wv9 — 1 and

s+t+1 s s+t+1
E , Upy+vg—j = § :uv1+02*j + E : Upy +vg—j
=0 =0 j=s+1

s t
= Z Upytvz—j + Z Upy+(v1—(s+1))—j
=0 =0

< z1 + 29.
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Thus h(z1 + 22,01 +v2) > (s +1 +2)A = (5 + DA + (£ + 1)X = h(21,v1) + h(z9, v9) showing
that (86) holds.

Otherwise, if 29 > U,, — A, then let zo = Uy with ¢ > v9. If v1 +v2 > s+ ¢, then

s+t s+t
§ Uy +vg—j = § Upy vp—j T+ E Uvy+va—j
7=0 Jj=s+1

= § Uyytvy—j + § Upy+vg—s5—j
=0 i=1
s t

< E Uy —j + g Ug41—5
=0 i=1

= 21 + 29.

In particular, ﬁ(zl + 29,01 +v2) > (s+t+ 1A = ﬁ(zl,vl) + ﬁ(zz,vg). If vi +v9 < s+t

then
s+t

Ustt41 = Zus+t+1 - = Zus—f—t—‘rl—j + Zut+1 —j <21+ 2.

Thus h(z + 20,01 4 v2) > (s +t + 1)A and (86) follows as before.
The only case left to consider now is when 23 > U,, — X and 23 = d — 2. Thus we

express z1 = U for some s > v1, and let
2= (U, —U) = A= Z Up_j — .
If 290 > Uy, — A, then 20 < U,_s — A, s0 iL(ZQ,’UQ) < (r—s— 1)\, implying that
h(z1,01) + h(z2,v9) < sA+ (r—s — DA = (r — 1)

Thus (86) holds. Otherwise, if zo < U,, — A, then

r—s—1 r—s—1
Z Upr—5 — A < Z Uyg—j5 — A
j=0 j=0
Therefore, h(zp, v2) < (r — s — 1), and (86) again holds. O

Now that we have established that A is valid and superadditive, we show that it is

non-dominated again using Theorem 4.2.7.

Theorem 5.2.3. h is non-dominated.
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Proof. For each point (z1,v1), we show there exists a second point (z2,v2) such that

h(z1,v1) + h(z2,v2) = §(21 + 22,v1 + v2).

If vy =0o0r 21 > U, — A, then fb(zl,vl) = §(z1,v1). On the other hand, if z; < U, — A,

then setting (zo,v2) = ((Uy, — A) — 21,0) clearly suffices. Thus & is non-dominated. O
5.3 Stable Set

We now describe how we can apply superadditive lifting to the odd-hole inequalities
of the stable set polytope. Before we can do this, we must manage the dimension of the
lifting function. We divide this section into three parts: in the first we describe the problem
setting and address the lifting function; in the second, we explore how we can specialize our
approximation to obtain a deep cut; and in the third, we compare the performance of lifted

and non-lifted inequalities.
5.3.1 The Stable Set Polytope and Lifting

Let G = (V, E) be a simple undirected graph. A stable set of G is a set S C V such that
for all distinct w,v € S, (u,v) ¢ E. The complement of a stable set, a clique, is a set S C V
such that for all distinct u,v € S, (u,v) € E. For a vertex v € V, its neighborhood, N (v),
is defined by N(v) = {u € V : (u,v) € E}. We will also be interested in the neighborhood
of v belonging to some U C V; thus we define Nyy(v) = N(v) NU.

Given a set S C V, we can encode S by its incidence vector. Thus the set of all stable

sets is defined by
X = {m c {0,V 2yt ay <1, Y(u,0) € E} (87)

The stable set polytope is defined by P = conv(X). Observe that if we delete an edge (u,v)
from G, then this is equivalent to deleting its corresponding constraint x, + x, < 1 from
the description of X.

We show that by relaxation and reformulation we can derive valid inequalities for the
stable set polytope from a much lower-dimensional set. Fix U C V and some S C U C V,

and let Vg = {v eV :5=Ny(v)} #0. Let G = (V', E’) be the graph defined by setting
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V' =V and
E' =FE\{(u,v) eE:veVs,ueV\ (VsUS)}.

Conceptually, G’ is obtained by removing the edges leaving Vs that do not end in S. Let
X' denote the relaxed set and P’ = conv(X’). Clearly P C P’, so valid inequalities for P’

are valid for P.

Let G” = (V" E") be obtained by identifying the vertices of Vg with a single vertex v*.
Therefore,
V"= (V'\Vs) U{v"},
E" = (E'\{(u,v) € E' : {u,v} NVg #0}) U{(u,v*) :u e S}.
Similarly, we define X" and P”. The operations transforming G into G” are shown in Figure
21. We now show that facets of P” readily translate to facets of P’.

"

G G’ G
—> —>
,U*
Vs Vs

Figure 21: Relaxation and reformulation of G

Theorem 5.3.1. Let mx < 7y be a non-trivial facet of P” and K C Vg be a mazximal clique.

Define the inequality 7'z < 7(, as follows: ), = m, forv e V'\ Vg, n, = mo, and
Ty vEK
0 weVs\K.

Then n'x < |y defines a facet of P'.

Proof. First we argue validity. At most one vertex from K can be contained in any stable
set of G’. Let x' denote the incidence vector of a stable set of G’, and let z” be obtained
by setting xj. = > cp 2, and zy = x, for v ¢ Vg. Since the set of neighbors of K not

belonging to Vg is precisely S; thus 2" defines a stable set of G”. In particular, if 7’2’ >

then wz” > m.
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Next we show that this inequality is facet-defining. Because the singletons and the empty
set are all stable sets, P’ and P” are full-dimensional, and the non-negativity constraints
are facet-defining.

Let n’ = |V/| and n” = |V”| = n/ — |Vg| + 1. Any facet-defining inequality of P’ (respec-
tively P") is satisfied by n’ (respectively n”) affinely independent points. Let y',... 4" €
X" satisfy my = mo, and fix some ¢ € K. Construct n” affinely independent points

1 n

"
zr,...,z" as follows:

By construction z¢ € X’ and n'x! = ).

Now we must construct the remaining |Vg| — 1 points. Because max < mp is non-trivial,
there exists some gy’ such that y’. = 1. For v € K \ 9, set 2° = 2 — ¢; + e,. Otherwise,
for v € Vg \ K, there exists some v' € K such that (v,v") ¢ E’ by the maximality of K.
Therefore, we set ¥ = 2 + e,.

It is trivial to verify that ¥ € X’ and 7’z¥ = 7(,. Further, these points are necessarily
affinely independent, so we have constructed n” + |Vg| — 1 = n’ tight affinely independent

points, proving that 7’z < m, is facet-defining. O

This theorem gives us a tool for performing sequence-independent lifting on the odd-hole
inequalities. An odd-hole is simply a minimal odd-length cycle: i.e. it contains no shorter
length cycles. For k > 1 integral, let Co,y1 be an odd-hole on 2k + 1 vertices. Numbering

the vertices from 1 to 2k + 1, the odd-hole inequality is defined by

2k+1

> i<k (88)

j=1
Whenever G = Cy,11 this inequality is facet defining for P; however, even when G # Cogy1,
the odd-hole inequality can be used to derive strong valid inequalities for P through lifting.
Given a graph G, let C be an odd-hole. Partition the vertices of V'\ C into sets V1,...,V;

such that S; = N¢(v) = Ne(u) for all u,v € V; and S; # S; for i # j. Let G’ be obtained

148



by deleting all edges (u,v) such that u € V; and v € V; for i # j, and construct G” by
identifying V; with a single vertex v} fori=1,...,¢.

By repeated application of Theorem 5.3.1, we can construct valid inequalities for P’
(and therefore P) from P”.

We proceed by lifting the odd-hole inequalities. We first construct a restricted set X°

by setting x,x =0 for i = 1,... ¢

ri+axi1 <1, i=1,...,2k
X0 ={ze{o1}*: . (89)

1+ Top41 <1

The odd-hole inequality (88) is facet-defining for P° = conv(X?), and its associated lifting

function is given by

2%+1
f(z1,...,2) =min k — Z x;
j=1
st @ <1 -z, 1€8j,j=1,...,1

zi +xip1 <1, i=1,...,2k

1+ xop41 < 1,

x; €4{0,1}, i=1,...,2k+ 1.

It is worth noting that ¢ < min {22¢+1 2n=(2k+D1 " Although this may still be quite large,

it is often a substantial improvement over lifting in the original variable space.

In general, f is not superadditive as we show in the next example.

Example 5.3.1. Let C' = {1,2,3,4,5}. Let S; = {1,2,3} and Sy = {2,3,4}. In this case,
it is easy to see that f(1,0) =1 and f(0,1) = 1. Similarly x5 = 1 is still feasible for f(1,1).
Therefore,

fO,D)+f(1,0) =2>1= f(1,1),

violating superadditivity.
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Fori=1,...,t, define the function

2k+1

®J(z;) = min k- Z xj
j=1

s.t.

azigl—zj, iESj
Ti+xiv1 <1,
x1+ @k < 1,

T € {071}7

i=1,...

i=1,...,2k+1.

We can easily calculate ®/. When z; = 0, clearly ®(z;) = 0. Otherwise, we consider the

graph C'\ S;, which is a union of isolated vertices and disjoint paths. Letting k; denote the

maximum cardinality stable set on this graph, /(1) = k;.

Similarly, define ¥/ by

2k+1

W (zj,v) =min k- Z xj
j=1

s.t.

xigl—zj, ZGS]'

2%k+1

ijgk—v

i=1

x; + xip1 < 1, 1=1,.
1+ Topy1 < 1,

z; € {01}, i=1,..

2k + 1.

It is straightforward to see that ¥/(z;,v) = max (®(2;),v) . In particular, ¥/(0,v) = v and

WJ(1,v) = max(kj,v). Clearly ¥/ is not superadditive whenever k; > 0. However, there

exists a family of non-dominated superadditive approximations for ¥7. One such example

is given in Figure 22.

Theorem 5.3.2. Let; be some integer satisfying 0 < r; < kj. Define the function ¢ (zj,v)

by ¥7(0,v) = (v — ;)" and

7 (1,0)

v ki <v <k
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Then ¢’ is a non-dominated superadditive valid approzimation of W,

Proof. Validity is clear. Superadditivity follows from case analysis. First consider ¢/ (0, u)+

PI(0,v). If u <rj, 7(0,u) = 0. As 97 is increasing,
¥ (0,u+v) > $7(0,0) = ¥7(0,0) + 97 (0, u).
Therefore assume that u,v > r;; hence
W (0,u) + 7 (0,0) =u+v—2r; <u+v—r; =1 0,u+wv).

So now we consider 17 (1,u) + 97(0,v). Since v’ is increasing we can again assume that

v > r;. Noting that 17(1,u) < rj +u,
W (Lu) +47(0,0) < (rj +u) + (v = 1) =utv <9 (Lu+v).

proving superadditivity.

Next we argue non-dominance. Observe that for 17 (1,u) = W/(1,u) for u > k; — r;
and cannot be increased. For 0 < v < rj, ¥/(1,k; — rj) + 7 (0,v) = kj = ¢/ (1,u +
v) = W (1,u + v). Therefore we cannot increase ¥ (0,v). Similarly, for r; < v < k —rj,
YI(Lkj—rj)+97(0,0) = kj +v—r; =i (1, kj +v—rj) = W (L, kj +v—rj), so we cannot
increase 17 (0,v). Lastly, for 0 < u < kj —r;, we set v = k — u, and ¥7(1,u) + 17(0,v) =
k=1I(1,k) = WI(1,k), and we cannot increase 1/ (1,u) or ¥7(0,v — u).

We have exhaustively shown that we cannot increase 1/ anywhere without having to

decrease 1’ at another point. Hence we cannot increase 1)/ and preserve validity and

superadditivity. O

10 10 - PI(v,1) .

Y (v,0) *
8 . 8 - .

[ ] [ ]

6 . 6 - .

[ ] [ ] [ [ ]
4 ] 4 - ]

[ ] [ ]
2 o 2 o
[ ]
o 5 0 Y 5 0 Y

Figure 22: The function v’ for the odd-hole inequalities
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Noting that ¢7 is superadditive, the next theorem follows as an immediate consequence

of Theorem 3.3.3:

Theorem 5.3.3. Let ¢' = @', and define ¢* by ¢* (2, 2it1, - 2t) = ¥ (25, ¢(ziv1, .-, 21)) -
Setting ¢ = ¢,

O (z1,.-52t) < f21y--0520)

and is superadditive.

Using ¢ we are able to determine valid lifting coefficients for x,x, by simply calculating
¢ at the corresponding point. By repeatedly applying Theorem 5.3.1, we can obtain valid

inequalities for P’ and hence P.
5.3.2 Obtaining Deep Cuts

Although it is always possible to perform superadditive lifting using this nesting scheme,
we may wish to find an approximation that reflects our goal of separating a fractional
solution. A non-dominated approximation is a reasonable starting point, but it is generally
possible that many such approximations exist and their performance will vary greatly.

For the lifting problem (90), we only considered sets S C C such that there exists some
vertex v such that Ng(v) = S. Let & = {S1,...,S:} denote the set of all such subsets of
C. Let J ={1,....,t},and let I = {j € J: f(e;) > 0} and [ = J \ I. We show that it is
possible to further reduce the dimension of the lifting function by excluding vertices v} with
i€l

Rewrite f(z) as f(zr1,27), where z; and z; denote the components of z restricted to I
and I respectively. Consider the restriction, fr (27) = f (21,0). In the next proposition we
show that a superadditive approximation of fg always obtains lifting coefficients at least as

strong as a superadditive approximation of f.

Proposition 5.3.4. Let g be a valid superadditive approrimation of f. Then there exists
some superadditive approzimation hr of fr such that the function h defined by h(z1,25) =
hg (z1) is valid, superadditive, and produces lifting coefficients at least strong as those ob-

tained from g.
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Proof. Let g be a superadditive approximation of f. Then the function gr defined by
gr (z1) = g (21,0) is a valid superadditive approximation of fgr. Now let gr < hg < fg for
some superadditive hr. In the worst case, hg = gRr.

As f is increasing, fr(zr) < f(z1,27). Thus the function h defined by h (zr,27) =
hr (zr) must be a valid approximation of f. Moreover, we claim that h is superadditive.

Indeed, this easily follows from the superadditivity of hg, as

h (uI,Uj) +h (U],’Uj) = hr (UI) + hr (UI)
< hR(uI +1)[) = h(uj +U[,Uj+1)j).
Thus it remains to consider the lifting coefficients. For i € I, h(e;,0) > g(e;,0). Likewise

for i € I, h(0,e;) = g(0,¢;) = 0. In particular, the lifting coefficients obtained from h are

at least as strong as those obtained from g. O

Therefore, we are able to further reduce our problem dimension, so we can assume
without loss of generality that f(e;) > 0 for all ¢ € I. Next we show that for any non-

dominated approximation, g of f, g(e;) > 0.
Proposition 5.3.5. If g is non-dominated, then g > 0.

Proof. Assume to the contrary that g(z1) < 0. As g is non-dominated, there exists some z9

such that
g(21) + g(22) = f(21 + 22).

However, this implies that g(z2) = f(z1 + 22) — g(21) > f(21 + 22) > f(z2). But this

contradicts that g is valid. O

Suppose now that we have some point £ > 0 and an odd-hole C' that induces some
partition Vs,,..., Vs, of V'\ C, and identify cliques Ky, ..., K; with K; C Vs,. Therefore,
if |C| = 2k + 1, the lifted odd-hole inequality takes the form

t

dolaled) D | +D w <k (92)

i=1 veK; vel
Our goal is to maximize the left-hand side of (92) when evaluated at z. There are two

different parts of this inequality that we can control: the cliques K; and the function g.
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Proposition 5.3.6. Without loss of generality the g mazimizing the left-hand side of (92)

1s non-dominated.

Proof. Suppose that ¢ is not non-dominated. Then by definition there exists a function h
such that ¢ < h < f and h(z) > g(z) for some z. In particular, as & > 0,
t t
S (e S w )« Xz (o) Xon ) +
i=1 veK; veC i=1 veK; velC

Thus we may assume that g is non-dominated. O
This immediately yields the following proposition:

Proposition 5.3.7. Without loss of generality, any choice of K; mazimizing the left-hand

side of (92), mazimizes ) . Ty.

Proof. As g is non-dominated, g(e;) > 0. Thus, if there exists some clique K/ with
IS SPe
UEKZ{ veK;

then we can replace K; with K] to obtain a larger value for the left-hand side of (92). O

Therefore, the first step is to identify maximum weight cliques K;. When Vg, is small
(for example |Vs,| < 20) then K; can be identified exactly by enumeration; however, if Vg,
is large, we may instead opt to use a heuristic, like the greedy algorithm, to quickly identify
some clique. These cliques produce weights

w; = Z Ti,
JEK;
that we can then use to identify the best superadditive approximation. Indeed, this can be

achieved by solving the following linear program:

st g(2h) +9(22) < gzt +2%) 2L 2% 422 e {0, 1)

0<g(z) < f(2) ze{0,1}".
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We are not interested in the value of the lifting function at g(z) whenever z is not one of
the unit vectors. So the number of variables in (93) greatly exceeds what is needed. In the

next proposition, we show a much smaller linear program that achieves the same maximum.

Proposition 5.3.8. The linear program

max E wj - g(e;)

s.t. ZZ’L (e)) < flz)  ze{0,1} (94)
0 <gl(e;) < flei) 1=1,...,t
9(0)=0

achieves the same maximum as (93).

Proof. First consider an optimum solution g to (93). We claim that (g(e1),...,g(e)) is
feasible to (94). Indeed, by taking a linear combination of the constraints of (93), it follows

that

we satisfy g(z!) + §(22) = g(z' + 22) for all 2!, 22, 2! + 22 € {0,1}, and G(z) < f(2) for all
z € {0,1}". Therefore, this solution is feasible to (93). O

As one final remark, (94) has exponentially many constraints in ¢. The techniques of
Chapter 3 give us a tool to manage the size of t. It is quite easy to extend these results of

this section to accommodate this slight modification.
5.3.3 Lifted Versus Non-Lifted Inequalities

Now that we have a method to identify the lifted odd-hole inequalities obtaining the
deepest cut coefficients, we demonstrate that they outperform their non-lifted counterparts.
We consider the odd-hole inequalities on a standard model of random graphs G,, . Let

Gnp=(V.E), where V = {1,...,n} and (u,v) € E with probability p for all unordered pairs
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(u,v). We further assume that G, , is connected by discarding graphs that are disconnected.
This is more of a simplifying assumption than a necessity, as we could test the connected
components separately.
The problem we consider is the mazimum cardinality stable set given by
Z = max Z Ty
veV

st. zy+z, <1 (u,v)€E
xy € {0,1} veV.

We relax the integrality requirement and instead optimize over the LP relaxation. If the
optimum is attained at a fractional point Z, we then attempt to find a violated odd-hole
inequality by using Dijkstra’s algorithm on a specially constructed bipartite graph (see [57]).

The first test we perform is without lifting. If a violated odd-hole is found, the odd-hole
inequality is added and the LP relaxation is resolved. This process is repeated until no
violated odd-hole inequality is found. Lifted inequalities are tested similarly; however, the
added inequality is strengthened by solving (94) and using the corresponding cut coefficients.
Again we stop when no violated odd-hole inequality is found. Note that this terminating
condition does not preclude the possibility that there exist violated lifted inequalities, but
identifying such violated inequalities seems far more challenging than separating over the
non-lifted odd-hole inequalities.

We test a small collection of instances with n = 50,100,200 and p = 1/8,1/4,3/8.
For these instances, the sizes of Vs, and ¢ are sufficiently small that enumeration is not
prohibitively expensive. For each combination of n and p we tested ten instances. As the
sampled graphs are independent and identically distributed, the performance tends to be
quite similar for fixed n and p. Therefore, we report the average value of the LP solution
upon termination, the average number of cuts added, and the average time in seconds per
cut. Represent these quantities by IV, z, and 7 for the non-lifted cuts and Ny, z,, and 74 for
the lifted cuts. The results of the test are shown in Table 13.

The most apparent behavior from this table is that of z: namely it tends toward n/3.

This suggests the following proposition:
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Table 13: Performance of (non-)lifted odd-hole inequalities

n P z N T Zy Ny Ty

50 1/8| 17.8 839 0.04 | 174 83.9 0.04
50 1/4| 16.7 704 0.05 | 13.8 100.5 0.05
50 3/8| 16.7 654 0.07 | 11.5 101.0  0.07
100 1/8 | 334 1585 0.21 | 309 2168 0.21
100 1/4| 333 131.8 0.31 | 24.6 2203 0.30
100 3/8 | 333 1294 0.39 | 19.1 166.2  0.39
200 1/8 | 66.7 277.0 1.40 | 54.3 577.3 143
200 1/4| 66.7 261.6 1.75 | 439 3976 1.74
200 3/8| 66.7 251.4 243 | 33.0 250.0 2.37

Proposition 5.3.9. z > n/3 for all n.

Proof. Consider the solution & obtained by setting x, = 1/3 for all v € V. Clearly, this
solution satisfies any edge constraint; thus it remains to consider the odd-hole constraints.
Let C = {1,...,2k + 1} be some odd-hole. Then the left-hand side of the corresponding

odd-hole constraint is given by

i 1% + L
o 3
If £ > 1, then k& > (2k 4 1)/3. Therefore the odd-hole constraint must be satisfied. O

Thus, without lifting, the odd-hole inequalities are quite limited in their performance.
But it is readily observed that the approximate lifting we proposed attains solutions beyond
this bound; moreover, their performance tends to improve as the graph contains more edges.
This trend is apparent in Figures 23 through 25, which plot the objective as a function of
the number of cuts added for various parameter settings.

For these examples, lifting does not seem to significantly impact the time it takes to
generate an individual cut; nevertheless, the impact on the final objective is quite noticeable.
The overall running times increase on many of the problems as we apply lifting, but this
is more closely related to the number cuts that we add. Considering the objective as a
function of the number of cuts added, it is evident that the lifted inequalities are the clear

winners as they are consistently capable of producing better bounds using fewer cuts.
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Figure 23: Non-lifted versus lifted odd-hole inequalities with n = 200 and p = 1/8
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Figure 24: Non-lifted versus lifted odd-hole inequalities with n = 200 and p = 1/4

5.4 Closing Remarks

In this chapter, we put together ideas appearing throughout this thesis to derive cuts for
higher-dimensional problems. We highlighted the potential of our algorithm to explicitly
derive non-dominated approximations for concrete examples that we could then generalize.
Using the approach of Chapter 3, these general approximate lifting functions could then
be applied to considerably more challenging problems that were otherwise inaccessible to
lifting.

Our study of lifted odd-hole inequalities exposed the potential for superadditive lifting to
be embedded into a cutting plane framework even without a priori knowledge of the lifting

functions involved. By using superadditivity we were able to simultaneously ensure validity
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Figure 25: Non-lifted versus lifted odd-hole inequalities with n = 200 and p = 3/8

and target the deepest cut. This idea might readily be extended to other combinatorial
problems. The difficulty of describing valid lifting coefficients in the general and mixed
integer case translate to this setting. In this regard, it is an interesting open problem how
and when one might be able to extend this idea to these cases.

As we demonstrated, lifting in higher dimensions enables us to strengthen known families
of cuts; however, it also offers the potential to obtain entirely new cuts. The tools we have

developed can help reveal previously unexplored applications for this powerful technique.
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CHAPTER VI

FUTURE WORK

In this thesis, we investigated cutting planes in mixed integer programming. Generally
speaking, our main contributions are to the theoretical understanding of the Gomory mixed
integer cut and to techniques for deriving multi-row cuts through lifting.

Our study of the mixed integer cut in Chapter 2 approached the problem by considering
it as a facet of the master cyclic group polyhedron. We showed that its adjacent facets
are precisely tilted knapsack facets that arise from one of two different knapsack polytopes.
Given the practical success of the mixed integer cut, this result indicates that the tilted
knapsack facets may play an important role in the solution of mixed integer programs.
Therefore, one worthy pursuit is the identification of new classes of knapsack facets.

We were also able to generalize our results under automorphic and homomorphic map-
pings by extending two of Gomory’s original results to include adjacency. Under automor-
phic mapping our result translates in its entirety; however, we are unfortunately left with an
incomplete understanding of the lifted mixed integer cut obtained through homomorphisms.
The same shooting experiments that frequently hit the mixed integer cut often hit its lifted
counterparts; thus, these facets may be quite important. Another avenue of research would
be the classification of adjacent facets to the lifted mixed integer cut that do not arise by
lifting the tilted knapsack facets.

In Chapter 3, we considered the task of lifting an already lifted flow cover inequality. The
lifted simple generalized flow cover inequality is obtained similarly, but reintroduces a dif-
ferent set of variables before performing the second lifting step. This example demonstrated
the challenge in characterizing the second lifting function let alone even approximating it.
In particular, the standard practice of using the exact lifting function to establish the valid-
ity of an approximation becomes very cumbersome. By exploiting the fact that the lifting

function arises through the solution of a mixed integer program, we are able to reformulate
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and relax the lifting problem to prove that the superadditive approximation we proposed
was indeed valid.

We take this idea further and give an entire framework for obtaining approximate lifting
functions for high-dimensional problems by relaxing sets of complicating constraints with
lifting functions. Despite its simplicity, this idea has not yet been explored; moreover, it
gives us a tool for incorporating side constraints that would otherwise be discarded into
the lifting function. By simplifying the lifting problem, we are able to open entirely new
problems to the approach and obtain multi-row cuts.

There are a number of open questions that naturally follow from this work. For the
fixed-charge flow set we studied, one very interesting question is whether a non-dominated
approximation can actually be constructed and how it would compare computationally
against the highly successful lifted simple generalized flow cover inequalities. With regard
to the approximation of high-dimensional lifting functions, another worthwhile endeavor is
determining conditions under which the non-dominance of the final superadditive approxi-
mation is guaranteed.

Next in Chapter 4 we address the computational aspects of constructing non-dominated
superadditive approximations. We restricted our attention to one-dimensional lifting func-
tions and simple variants of one-dimensional lifting functions restricted to the positive
orthant. Our work revealed that the desirable characteristics of validity, superadditivity,
and non-dominance can all be efficiently tested. These results also simplify proofs of super-
additivity and non-dominance by reducing the tests to an easily certifiable condition over
a small collection of points in the domain. However, our main result in this chapter is the
existence of a finite algorithm that constructs non-dominated approximations.

By far the biggest limitation in this work is the assumption we make about the problem
domain. Along this line, there are two natural extensions. The first is the development of
a necessary and sufficient condition to characterize non-dominance when the domain can
include negatives. Even for a one-dimensional discrete domain, the presence of negatives
greatly complicates matters. Such work might also lead to an algorithmic construction

of non-dominated approximations in this slightly more general setting. Additionally, we
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limited the continuous part of the function to be one-dimensional. This essentially limits
the algorithmic treatment of superadditive approximations to lifting functions with one
continuous argument. There is no reason we need to restrict ourselves to this setting. The
structure of the lifting function is well understood in high dimensions; thus, it may be
possible to use this structure to extend our results to more general lifting functions.

Lastly, note that we were only able to prove the finite termination of our algorithm.
The bound we obtained was exponential in the number of breakpoints, but our experience
working examples did not seem to agree with this bound. This suggests two possibilities:
either the algorithm is polynomial or pseudo-polynomial and a different analysis would
reveal this, or the algorithm requires exponential time and we have not yet considered the
right example. Conclusively resolving this question one way or the other would give a much
more complete picture of this work.

We concluded in Chapter 5 by applying lifting to several high-dimensional problems.
Using the algorithm from Chapter 4, we were able to guide our intuition to identify lifting
functions that generate cut coeflficients that are at least as good and possibly better than
could otherwise be obtained from the single-row systems. In this chapter, we only considered
knapsack covers and flow covers, but there are many classical problems for which side
constraints might be used to further strengthen cuts.

Finally, we considered the odd-hole inequalities for the stable set polytope. The more
traditional approach to superadditive lifting relies on an a priori description of the lifting
function. However, taking this approach directly for the odd-hole inequalities would com-
pletely blow up the size of the lifting function. We are able to overcome this challenge by
computing the lifting function as we need it. We can then use a linear program to identify
a superadditive approximation that gives the deepest separation with respect to a current
fractional solution.

We rely specifically on the variables we reintroduce being binary; therefore our approach
seems well suited to combinatorial problems. There is a wide array of such problems where
superadditive lifting has not actively been explored as an option for obtaining good cuts.

It may be possible to further generalize this technique to general integer and mixed integer

162



problems; however, the choice of lifting coefficients producing the deepest separation be-
comes far less transparent. Progress on this problem will reveal even more possibilities for

lifting, and might be a large step in the search for effective multi-row cuts.
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