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Abstract
We present a new Joint-enriched Finite Element Method (JFEM) to predict viscous damage and fatigue in halite polycrystals in 2D. Different viscoplastic finite elements are used to represent grains of different orientations,
and joint elements are used for modeling crack propagation. Simulations of
uniaxial creep tests show that, as it could be predicted theoretically, viscous
shear deformation in grains causes geometric incompatibilities. Numerical
results also show that the transition between secondary and tertiary creep
corresponds to inter-granular crack coalescence. The JFEM model captures
the mechanical behavior of halite under cyclic loading, mainly: (a) Higher
stress amplitude, lower confining stress, and lower loading frequency increase
deformation and damage; (b) The polycrystals Young’s modulus decreases
exponentially with the number of cycles; (c) The behavior is similar for different loading directions. Simulations with intra- and inter- granular joint
elements show that most stress concentrations occur in intra-granular joints
where several angular grains are in contact. Results of creep tests obtained
with the JFEM are compared to those obtained with an inclusion-matrix
model that accounts for damage accommodation due to grain breakage. Both
the JFEM and inclusion-matrix models are calibrated against experimental
creep tests to: (a) Produce a Young’s modulus of 23 GPa for the polycrystal;
(b) Match secondary creep strain rates; (c) Match the time of tertiary creep
initiation. In the inclusion-matrix model, the absence of grain geometric
rearrangement results in a brutal failure just after the first grain breakage
that triggers tertiary creep. Moreover, the JFEM model highlights the development of crack patterns upon viscous deformation. The JFEM is of
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great promise to understand complex phenomena of viscous accommodation
coupled with grain interface debonding.
Keywords: salt polycrystal, self-consistent method, Finite Element
Method, creep test, cyclic loading, damage
1. Introduction
Energy demand, environment protection, and public health preservation
raise pressing needs for safe and sustainable geological storage systems for energy (e.g., compressed air, petroleum, and hydrogen) and waste (e.g., nuclear
waste, carbon dioxide). Salt rock has been used as a host medium because of
its favorable creep properties, low gas permeability, self-healing capabilities,
and solubility in water. Halite (NaCl) is a viscous material that is subject to
fatigue under cyclic loading [1]. Constitutive models were proposed for salt
rock (e.g., [2, 3, 4]), which allowed the long-term performance assessment
of salt caverns (e.g., [5, 6, 7, 8]). Fundamental deformation processes and
flow properties of salt were studied experimentally at the crystal scale [9].
But few studies relate the local behavior of grains to the evolution of the
structure of the polycrystal and to salt macroscopic behavior.
Microstructure-enriched models were used to understand the influence
of grain size, orientation, shape, and boundary topology in polycrystalline
materials (e.g., [10]). Finite Element models assumed simplified grain shapes
such as a squared or a cubic mesh, in which each element corresponds to
a specific grain orientation [11, 12, 13]. Such methods are not based on a
realistic representation of microstructure and cannot explain the fundamental
processes that drive the macroscopic behavior of the polycrystal.
Finite Element Methods (FEM) with discontinuities were proposed to
predict the deformation and strength of polycrystals at various scales in 2D,
extended 2D, or 3D (e.g., [14]). Crack propagation within polycrystals was
simulated with Cohesive Zone Models (CZM) [15, 16, 17, 18] and extended
Finite Element Methods (XFEM) [19] enriched with jump interpolation functions. Microstructure-based FEM simulations were used to study metallic
materials such as aluminum [20], copper [21, 14], interstitial-free (IF) steel
[22], and a variety of alloys [23, 24]. To date however, FEM models cannot
explain the time-dependent viscous damage and fatigue behavior of polycrystals subject to long-term creep or cyclic loading. Only a few studies are
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based on real grain structures and account for various damage mechanisms
including inter- and intra- granular crack propagation [24].
In this paper, we present a new Joint-enriched Finite Element Method
(JFEM) to predict viscous damage and fatigue in halite polycrystals in 2D.
Different visco-plastic finite elements are used to represent grains of different
orientations, and a Cohesive Zone Model (CZM) is used for the joint elements that represent interfaces. Inter-granular damage at the grain-matrix
interface is a measure of the progressive accumulation of microcracking and
explains the influence of geometrical incompatibilities on the macroscopic
material response. The CZM can predict both mode I and mode II crack
propagation. We used POROFIS FEM software [25] to simulate uniaxial
creep tests and cyclic loading tests. In Section 2, we start by describing
the deformation mechanisms of a single crystal of salt. Section 3 explains
the Joint-enriched FEM model designed in POROFIS. Section 4 presents the
JFEM results obtained with inter-granular interfaces only, and with both
inter- and intra- granular interfaces. In Section 5, we compare the JFEM to
a homogenization scheme based on the self-consistent method, in which we
adapt an inclusion-matrix model of grain breakage that we developed previously in 3D [1] to two-dimensional stress analysis. Both the JFEM and
inclusion-matrix models are calibrated against the same experimental creep
tests. We explain the differences between the two models, and we discuss the
capabilities of state-of-the-art homogenization schemes in describing texture
evolution and predicting strain cracking damage.
2. Single-crystal deformation mechanisms
In polycrystalline halite, single crystals have different crystallographic
orientations and a reduced number of preferential slip systems, which originates geometric incompatibilities. Resulting plastic strains play a dominant
role in the determination of internal stresses [26]. In this context, the elastic
anisotropy of the NaCl single crystal has no significant effect. For this reason,
almost all the studies on polycrystalline halite are based on the assumption
that grains are isotropic in the elastic regime. Anisotropy is only accounted
for in the expression of plastic or viscous deformation (e.g., [27, 28]). Thus in
the following, we considered an isotropic elastic behavior for single crystalline
grains, and, for simplicity, we represented damage by a scalar variable.
We assume that the total strain rate is the sum of the elastic strain rate
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and the viscoplastic strain rate:
ε̇ = ε̇e + ε̇vp

(1)

In most polycrystalline materials including salt, slip is the primary mechanism for fatigue [29]. The viscoplastic strain rate is calculated from the shear
strain rates induced by all possible slip systems:
X
ε̇vp
=
γ̇ l alij
(2)
ij
1
alij = (nli mlj + mli nlj )
(3)
2
in which γ̇ l is the rate of viscoplastic strain of grains subjected to the lth
slip mechanism, and ml and nl are the orthonormal unit vectors that define
the slip direction and the direction normal to the slip plane of the lth slip
system, respectively. In 3D, halite crystals present a face-centered cubic
(FCC) structure. Slip mechanisms during grain shear deformation occur
along six preferential planes, which provides two independent slip systems
[1]. Based on the correlations established in [30, 31], we assume that the
irreversible shear deformation obeys a power law:
τl
γ̇ = γ0 h
τ0
l

l

n

(4)

in which n and γ0 are material parameters, representing the sensitivity of
the slip rate and the reference strain rate. τ0 is a reference shear stress,
arbitrarily set equal to 1MPa. hl depends on the sign of τ l : hl = 1 if τ l is
positive; hl = −1 if τ l is negative. In the following, we calibrate the γ0 and
n parameters of the viscoplastic model.
In plane strain, all representative salt crystal orientations are contained
in the plane, i.e. representative grain orientations are obtained by rotation
about the axis normal to the plane under study, as shown in Fig. 1.
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Figure 1: 2D salt polycrystal: representative halite crystal orientations are obtained by
varying only one degree of freedom, the angle of rotation θ about the axis normal to the
plane.

In a two-dimensional plane strain case, two of the six salt slip systems
control shear deformation (Fig. 2). The two slip systems are oriented by an
angle of 90 degrees. We note N and M the normal vector and the gliding
vector in the local coordinate system of the grain, respectively.

Figure 2: Representation of the two slips systems that control shear deformation at the
grain scale in 2D plane strain (N and M are the normal vector and gliding vector,
respectively).

Given a specific angle θ, the two possible slip systems in the global coordinate system (n1 , m1 ) and (n2 , m2 ) are:
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3. Polycrystal Finite Element model
3.1. Joint element model
We use POROFIS [25] to design a numerical model in which salt grains
are modeled with Finite Elements (FE), and cracks are modeled with joint
elements. Grain FEs are assigned the single-crystal visco-plastic behavior
described in Section 2, and different crystal orientations are accounted for by
using FEs with different slip mechanisms (see Section 3.2). Joint elements
are based on a Cohesive Zone Model (CZM), in which strength evolves with
damage (D) according to the model presented in [32], as follows:
F (σ, D) = τ 2 − σn2 tan2 η + 2g(D)σc σn − g 2 (D)C 2

(7)

in which C and η are respectively the cohesion and the friction angle of intact
rock joints. Stresses at joint faces (σ) are related to the joint stiffness (k)
and to the joint relative displacement (u) by the following elastic damage
law:
σ = (1 − D)k · u
(8)
The expression of g(D) is [32]:
g(D) = (1 − D)(1 − βln(1 − D))

(9)

in which g(D = 0) = 1 represents the initial intact state and g(D = 1) = 0
represents the completely damaged state (i.e. ultimate failure). σc is a
constant related to C, η, and to the tensile strength σR of the intact rock
joint by the following relation:
σc =

C 2 + σR2 tan2 η
2σR

(10)

in which σc is an auxiliary stress value related to the shape of the yield
surface (Fig. 3). When g = 1, we obtain the outer hyperbolic surface. The
asymptotic behavior under high compressive stresses corresponds to a conical
surface that forms an angle η with the σn axis. When damage increases, the
yield surface moves towards the interior while the friction angle η remains
the same. For the limiting case of a completely damaged joint with g = 0,
the frictional fracture has zero cohesion and the friction angle η satisfies the
following criterion:
F (τ, σn ) = τ 2 − σn2 tan2 η
(11)
6

As can be seen in Fig. 3, the tensile strength σR and the cohesion parameter
C have to satisfy the following inequality:
σR tan(η) < C

(12)

Under a normal tensile stress, the cohesive joint remains undamaged until
a critical displacement value u0 is reached. The corresponding damage D is
assumed to depend exponentially on the relative displacement:
D = 1 − e−(u−u0 )/βu0

(13)

in which the constant parameter β characterizes the material ductility (the
smaller β, the more brittle the material behavior). Note that damage models
similar to that presented in Eq. 13 are often used for interfaces in cementitious materials [33].

Figure 3: Evolution of the damage-plasticity criterion used in joint elements, from the
intact state to the completely damaged state. The yellow dashed line is parallel to the line
that represents the limiting criterion when D = 1, and intersects the τ axis at σR tan(η).
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3.2. Model configuration
In a previous work [34], POROFIS was used by the authors to model
a single inclusion embedded in a homogeneous medium. In this study, we
aim to model a polycrystal made of a representative number of inclusions
(i.e., grains). However, 3D images of halite microstructure are scarce in the
literature. Several methods can be used to represent crystal orientations
in 2D micrographs, including optical and electron microscopy, automated
Electron BackScatter Diffraction (EBSD) and serial sectioning techniques
[35]. In this paper, we construct a 2D FEM polycrystal model based on the
EBSD map of the salt specimen studied in [36]. Crystal orientations are
represented by different colors in the EBSD map (Fig. 4).
We use the software Plot Digitizer to extract grain boundaries from the
EBSD map, and we export them in GiD FEM pre- and post-processor [37]
in order to construct the mesh. For the sake of simplicity, we select only
12 grain orientations for this 2D model (in which only angle θ varies, see
Fig. 1). These 12 grain FE orientations are uniformly distributed in the
interval [cos(θ = 0) = 0, cos(θ = π2 ) = 1], so as to approximately match
the orientations represented in the EBSD map. Our mesh contains a relatively isotropic and uniform distribution of grains with various orientations,
which is a realistic representation of a salt polycrystal. We construct two
FEM models with: (1) Joint elements that are only located along the grain
boundaries (inter-granular cracks); and (2) Joint elements that are located
both between and inside the grains (inter- and intra- granular cracks). In
both models, the mesh comprises 3,368 surface elements, which are all 0.2
mm in size (Fig. 5). In model (2), inter-granular and intra-granular joint elements follow the same behavior (Section 3.1), but have different constitutive
parameters (Fig. 6).
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Figure 4: Salt thin sections (adapted from [36]): Microstructure (left) and Automated
EBSD map (right).

Figure 5: POROFIS FEM model with inter-granular joints only (8mm × 8mm). In the
legend, grain numbers refer to grain orientations (12 orientations considered in total), and
OG is the color used for joint elements.
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Figure 6: POROFIS FEM model with inter-granular and intra-granular joints (8mm ×
8mm). In the legend, grain numbers refer to grain orientations (12 orientations considered
in total), OG is the color used for inter-granular joint elements, and IG is the color used
for intra-granular joint elements.

3.3. Joint-enriched FEM model calibration
The POROFIS model requires the calibration of: (a) the elastic properties
and viscous parameters of the grain Finite Elements; (b) the stiffness and
damage parameters of the joint elements. For the elastic properties of singlecrystals (grain FEs), we take a Young’s modulus of 43 GPa (in reference to
experimental data published in [38]) and a Poisson’s ratio of 0.3 (in reference
to experimental data published in [39]). Note that the stiffness of a singlecrystal is greater than that of halite polycrystal (typically, 23 GPa according
to [39]). This statement is true in other materials such as Ottawa sand:
the Young’s modulus of a single sand particle is 105 GPa [40], whereas the
Young’s modulus of Ottawa sandstone is only 1 GPa [41]. We perform the
calibration in plane strain conditions, according to the three following steps:
1. We determine the stiffness of the inter-granular joint elements by matching the global Young’s modulus of the POROFIS model with that of a
reference specimen tested experimentally;
2. With the calibrated inter-granular joint stiffness, we calibrate the viscous parameters of the grain FEs so as to match the steady-state strain
rate observed during secondary creep in the reference experiments;
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3. We determine the inter-granular joint strength by matching the time
of tertiary creep initiation predicted with POROFIS with that measured experimentally (note: intra-granular joint parameters are discussed later in Section 4).
Table 1 summarizes the joint-enriched Finite Element parameters calibrated
for the POROFIS model, and the calibration procedure is detailed below.
Table 1: Parameters calibrated for the POROFIS model with inter-granular joints only.

Grain
ν (-)
γ0 (day −1 )
n (-)
0.3
2.0 × 10−5
4.0
Inter-granular Joint
kt (MPa/mm) kn (MPa/mm) ktn (MPa/mm) σR (MPa)
1.0 × 104
1.0 × 105
0
6.13
C (MPa)
η (degrees)
β (-)
6.13
30
1.0
E (GPa)
4.3 × 104

Stiffness of inter-granular joints. In order to obtain the global stress/strain
curve of the POROFIS model (as opposed to the stress/strain curve of individual FEs or joint elements), we calculate the average values of stresses
and strains over the entire set of integration points. The reference Young’s
modulus of the polycrystal (23 GPa) is that measured experimentally during
a uniaxial compression test [39]. As shown in Figs. 7 and 8, in a log scale,
the global Young’s modulus calculated numerically increases almost linearly
with the joint stiffness. For very high values of the joint stiffness, the numerical specimen behaves like a solid made of grains that are perfectly glued
together, and the global Young’s modulus calculated numerically tends towards the Young’s modulus of the grain element (43 GPa). We study five
ratios kt /kn (kt is the joint tangential stiffness, kn is the joint normal stiffness). The green dashed lines in Figs. 7 and 8, for kt = 2 × 103 MPa/mm and
kn = 2 × 103 MPa/mm respectively, show that the global Young’s modulus is
more impacted by changes of normal stiffness than by changes of tangential
stiffness. Therefore we calibrate only the normal joint stiffness and assume
a fixed ratio kt /kn . Because this study focuses on crack propagation induced
11

by internal glide and inter-granular slip, we consider that the tangential joint
stiffness is smaller than the normal joint stiffness: kt = 0.1kn . The red dashed
lines in Figs. 7 and 8 represent the value of the Young’s modulus of the reference specimen (23 GPa). In Fig 8, the intersection between the red line
and the curve that shows the variations of the global Young’s modulus for
kt = 0.1kn provides the calibrated value of the normal joint stiffness. We
obtain: kn = 1 × 105 MPa/mm and kt = 1 × 104 MPa/mm.
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Figure 7: Evolution of the Young’s modulus of the POROFIS model with inter-granular
joints only, for different values of joint tangential stiffness, and for three ratios of tangential
vs. normal stiffness. The vertical green dashed line shows the case kt = 2 × 103 MPa/mm.
The horizontal red dashed line indicates the reference experimental value of the Young’s
modulus of the specimen (23 GPa).

Viscous parameters of the grain FEs. We obtain the viscous parameters
(γ0 , n) of the grain elements by matching the steady strain rate predicted
by POROFIS with the strain rate predicted by the inclusion-matrix model
published in [1] for a uniaxial creep tests simulated in the experimental conditions described in [39] (Fig. 9). The correlation establised between the steady
state creep rate and the creep loading stress made it possible to calibrate the
two visco-plastic parameters. We obtained: γ0 = 2.0 × 10−5 day −1 , n = 4.0.
We simulated two other uniaxial creep tests, performed under 2 and 15 MPa
12
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Figure 8: Evolution of the Young’s modulus of the POROFIS model with inter-granular
joints only, for different values of joint normal stiffness, and for three ratios of tangential
vs. normal stiffness. The vertical green dashed line shows the case kn = 2 × 103 MPa/mm.
The horizontal red dashed line indicates the reference experimental value of the Young’s
modulus of the specimen (23 GPa).
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(black triangles in Fig. 9), and verified that the calibrated values of (γ0 , n)
were satisfactory.
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Figure 9: Correlation between macroscopic axial strain rate and macroscopic axial stress,
obtained from the simulation of the uniaxial creep tests with POROFIS, in plane strain.
The correlation line is obtained from a previous numerical study [1] based on experimental
results reported in [39]. Red stars: numerical results used for calibration. Black triangles:
numerical results used for verification.

Tensile strength of the inter-granular joint elements. As explained in
Section 3.1, the joint strength criterion depends on the tensile strength parameter σR , the joint cohesion C, the joint friction angle η, and the ductility
parameter β. At the transition between secondary and tertiary creep, the
strain rate increases significantly. We expect that the initiation of tertiary
creep will take more time when the joint strength, the joint cohesion, or the
joint ductile parameter increases. In uniaxial creep tests performed under
30 MPa [39], the initiation of tertiary creep occurred after 0.22 days (i.e. 5.2
hours). A good match is found for σR = C = 6.13 MPa, η = 30o , and β = 1
(along with the calibrated values for joint stiffness and grain viscous parameters). We verify that the tensile strength of the joint satisfies the criterion
stated above (Eq. 12).
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Fig. 10 confirms that lower strength values (5 MPa, 6 MPa) lead to an
early triggering of tertiary creep, while higher strength values (7 MPa, 10
MPa) lead to a later triggering of tertiary creep. It was expected that the
tensile strength of the joints would be lower than that of the grains and higher
than that of the polycrystal, because the joints represent defects that are
naturally present in the polycrystal. We verified that the transition between
secondary and tertiary creep was independent from the time increment size
used in the simulations.
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Figure 10: Calibration of the joint element strength parameters of the POROFIS model.
For σR = 5 MPa, 6 MPa, and 6.13 MPa, the creep acceleration noted at the end of the
simulation corresponds to the initiation of tertiary creep. The vertical dashed line (at
t=0.22 days) indicates the initiation of tertiary creep noted during a uniaxial creep test
performed under 30 MPa [39].

4. Numerical study of viscous damage and fatigue mechanisms in
halite
In the following, we compare the effects of various viscous damage and
fatigue mechanisms that operate in halite polycrystals during uniaxial creep
loading tests and cyclic triaxial tests. We use the two following models:
1. POROFIS model (1): inter-granular crack propagation accounted for
by damage evolution in one family of joint elements; 3,368 surface el15

ements and 678 inter-granular joint elements; calibrated parameters
presented in Section 3.3;
2. POROFIS model (2): inter-granular and intra-granular crack propagation accounted for by damage evolution in two families of joint elements; 3,368 surface elements, 678 inter-granular joint elements and
4,294 intra-granular joint elements; calibrated parameters presented in
Section 3.3, with additional intra-granular joint parameters (see below).
4.1. Intra-granular vs. inter-granular crack propagation during a uniaxial
creep test
In the following, we present a creep test simulated in plane stress conditions under an axial loading stress of 9 MPa with the joint-enriched FEM
model (2), which accounts for both intra- and inter- granular crack propagation. Model parameters are the same as for model (1) for the grain finite
elements and for the inter-granular joint elements (see Section 3.3). We calibrate the intra-granular joint stiffness so as to maintain a global Young’s
modulus of 23 GPa for the polycrystal. In the absence of reference data
on the tensile strength of a single crystal, we assume that the intra-granular
joints have a higher strength than the inter-granular joints. For intra-granular
joint elements, we choose σR0 = 7.495 MPa, which is the same as the grain
tensile strength calibrated with the inclusion-matrix model presented in [1]
(Table 3). Note that for inter-granular joint elements, we had σR = 6.13
MPa.
Fig. 11 shows the vertical (i.e. axial) stress distribution in the polycrystal
at the end of the creep test. Most stress concentrations are located around
joints where several angular grains are in contact. As a result, damage in the
joints is mainly observed at the edges of the most angular grains (Fig. 12).
Note that for the particular creep test simulated with model (2), damage
propagates in intra-granular joints only (i.e. we observe no damage in intergranular joints). It would be interesting to determine the tensile and shear
strengths of the single crystal in order to understand in which loading conditions cracks initiate, propagate and coalesce within the grains as opposed
to between the grains.
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Figure 11: Vertical stress distribution (Syy , MPa) at the end of the uniaxial creep test
simulated with the joint-enriched FEM model that accounts for both intra- and intergranular crack propagation. The test duration was 0.018 day, i.e. about 26 minutes.

Figure 12: Distribution of damage in the joints at the end of the unaxial creep test
simulated with the joint-enriched FEM model that accounts for both intra- and intergranular crack propagation. The test duration was 0.018 day, i.e. about 26 minutes.

4.2. Prediction of inter-granular crack propagation during cyclic loading tests
In order to design salt caverns for natural gas storage or compressed
air energy storage (CAES), it is critical to understand the evolution of the
17

mechanical properties of halite subject to cyclic loading. Typically, geological
storage is done under pressures ranging between 5 MPa and 20 MPa, with
loading frequencies up to one cycle per day [42, 43, 44] . Cyclic loading tests
at such low frequencies are experimentally challenging, because they are time
consuming and require sophisticated power supply systems. We propose to
address this issue by performing a series of virtual experiments with the
joint-enriched FEM model of inter-granular crack propagation (1) presented
above. Simulations explained in the following are done at the laboratory
scale in plane stress conditions, which is in better agreement with the stress
conditions applied in typical cyclic loading tests than plane strain conditions.
Table 2 summarizes the five loading tests simulated with model (1). In
order to track the gradual degradation of the stiffness of the polycrystal,
we simulate rapid unloading and reloading after each loading cycle. We use
the slope of the corresponding stress/strain curve to calculate the Young’s
modulus at the peak of each cycle (see Fig. 13a and 13b).
Table 2: Cyclic loading tests performed with the joint-enriched FEM model of intergranular crack propagation (1 - axial direction; 3 - lateral direction).

Test
Number
1
2
3
4
5

Loading type
uniaxial
(σ1 ≥ σ3 = 0)
uniaxial
(σ1 ≥ σ3 = 0)
triaxial
(σ1 ≥ σ3 > 0)
triaxial
(σ3 ≥ σ1 > 0)
triaxial
(σ3 ≥ σ1 > 0)

Applied stresses (MPa)

Period (day)

σ1,max = 5, σ1,min = 0

T =2

σ1,max = 10, σ1,min = 0

T =2

σ1,max = 15, σ1,min = 5, σ3 = 5

T =2

σ3,max = 15, σ3,min = 5, σ1 = 5

T =2

σ3,max = 15, σ3,min = 5, σ1 = 5

T = 20

Influence of the stress amplitude (tests 1-2). The comparison of tests 1
and 2 shows that: (a) When the stress amplitude increases, the number of
cycles before failure decreases (Fig. 13a-Fig. 13c). For example, the polycrystal can undergo more than 20 loading cycles before failure for a loading
stress of 5 MPa whereas it reaches failure after the 6th cycle for a loading
stress of 10 MPa (Fig. 13b and 13d); (b) For the same number of cycles,
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strains and damage increase with stress amplitude (Fig. 13b, Fig. 13d and
Fig. 14).
Influence of the confining stress (tests 1-2-3). The comparison of tests 2 and
3 shows that for the same axial stress amplitude, more confining stress delays failure (Fig. 13c - Fig. 13e) and reduces strains and damage (Fig. 13d,
Fig. 13f and Fig. 14). The confining pressure effectively reduces the viscous deformation that induces fatigue in the polycrystal, which increases the
strength of the polycrystal and its ability to sustain more cycles. For the
same deviatoric stress, a lower axial stress delays failure (Fig. 13a - Fig.
13e) and reduces strains and damage (Fig. 13b, Fig. 13f and Fig. 14). Note
that in tests 1, 2 and 3, the stress-strain cycles tend to a limit behavior,
in which the same constant strain increment adds up at each cycle. Note
that with the inclusion-matrix model that we presented in [1] and that we
use in Section 5 for comparison, we were able to predict that the Young’s
modulus decreases when the number of broken grains increases [1], but we
could not predict properly the progressive degradation of the Young’s modulus with the number of cycles, because failure occurred shortly after the
first grain breakage. By contrast, in the proposed JFEM model of intergranular crack propagation, the Young’s modulus decreases with the number
of loading cycles according to an exponential relationship, which is in agreement with experimental observations made in salt [39, 45], as well as in other
geomaterials such as basalt [46].
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Figure 13: Cyclic loading tests 1-3 (vertical deviatoric stress), simulated with the joint20
enriched FEM model of inter-granular crack propagation.

4

Young’s Modulus (MPa)

2.2

x 10

2
1.8

Test 1
E=E e−0.0004N (Test 1)

1.6

Test 2
E=E0e−0.07N (Test 2)

1.4

Test 3
E=E0e−0.0035N (Test 3)

0

1.2

2

4

6
8
10
Number of Cycle

12

14

Figure 14: Variations of the polycrystal Young’s modulus with the number of cycles in
tests 1-3.

Influence of the loading direction vs. polycrystal anisotropy (tests 3-4).
The only difference between tests 3 and 4 is the direction of the deviatoric
stress: deviatoric compression is vertical in test 3, and horizontal in test
4. The stress-strain response is similar in both tests (Figs. 13e, 13f, 15a
and 15b), which shows that the polycrystal model is relatively homogeneous
(i.e. the orientations of grain FEs and joints elements approximatively follow
a uniform distribution). Because the deviatoric stress is horizontal in test
4, damage after the first loading cycle mainly develops in horizontal joints
(parallel to the differential compression axis - see Fig. 16).
Influence of the loading frequency (tests 4-5). The period of the loading
cycles in test 5 is 10 times longer than in test 4. Therefore in test 5, more
visco-plastic deformation accumulates at each cycle, which results in earlier
failure (Fig. 15a - Fig. 15c), higher strains (Fig. 15b - Fig. 15d) and higher
damage (Fig. 17). Like in tests 1-3, the evolution of the Young’s modulus
with the number of cycles follows an exponential trend (note that in tests 1-3,
the Young’s modulus was calculated from the slope of the axial stress/strain
curves, whereas in tests 4-5, the Young’s modulus was calculated from the
slope of the lateral stress/strain curves).
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Figure 15: Cyclic loading tests 4-5 (horizontal deviatoric stress), simulated with the jointenriched FEM model of inter-granular crack propagation.
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Figure 16: Damage in the joint elements at the end of the initial loading cycle in test 4
(mostly horizontal cracks).
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Figure 17: Variations of the polycrystal Young’s modulus with the number of cycles in
tests 4-5.
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5. Comparison of the JFEM with an inclusion-matrix model
5.1. Hill’s Tensor in 2D
In previous work, we presented an inclusion-matrix model of grain breakage [1], based on a 3D self-consistent method. For further comparison with
our 2D JFEM model, we adapt our homogenization scheme to 2D plane
strain conditions. We used Hill’s incremental inclusion-matrix model [47] to
build up our self-consistent homogenization method (Fig. 18a and Fig. 18b).
Note that other homogenization schemes upscale explicitly the yield criteria and the flow rules. For instance, the transformation field analysis deals
with thermomechanical loading problems in inelastic heterogeneous media
and composite materials [48]. Fritsch et al. [49] proposed a multiscale micromechanics model for the upscaling of elastoplastic properties. Nonlinear
homogenization models were employed to investigate the mechanical behavior of metal-ceramic composites [50]. All of these sophisticated upscaling
schemes were applied to the study of elastic-plastic or visco-plastic behavior. By contrast, our simplified inclusion-matrix model is designed to predict damage or fatigue. We considered spherical inclusions. Homogenization
schemes were developed with more sophisticated shapes such as ellipsoidal,
needle-shaped, and disk-shaped inclusions [51, 52]. However, in contrast
to the highly anisotropic texture of laminated metals (i.e., elongated grain
shapes), no significant salt grain anisotropy has ever been evidenced by experimental microstructure observations or mechanical tests. This difference may
be due to the genesis mechanism of the crystals involved in salt microstructure. These crystals grow in supersaturated brine, as water evaporates. This
process does not result in preferential growth directions.
In Hill’s model, small variations of the local stress in the inclusions (σ)
and small variations of the far-field stress in the matrix (σ) are coupled to
those of the microscopic strain (ε) and those of the macroscopic strain (ε)
by the following relationship:
δσ − δσ = −L∗ : (δε − δε)

(14)

in which L∗ is Hill’s tensor. The Hill’s tensor for a spherical inclusion embedded in a 3D isotropic elastic matrix is available in the literature (e.g.,
[47]). To express Hill’s tensor for a 2D plane strain case, we consider the
spherical inclusion as a cylinder of circular section (“borehole”) subject to
internal pressure and far-field stresses (Fig. 18c). The solution is obtained
by superimposing three independent displacement fields that correspond to
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three independent stress fields in plane strain conditions: (1) Displacements
induced by an isotropic pressure field applied at the borehole wall; (2) Pure
shear displacements; (3) Homogeneous displacements. The detailed derivations are provided in Appendix A. The Hill’s tensor L∗ for 2D plane strain
conditions is finally expressed as:
L∗ijkl =

1 − 2ν
E
[
δij δkl + (δik δjl + δil δjk )]
2(1 + ν)(3 − 4ν)
ν

(15)

in which E and ν are the Young’s modulus and Poisson’s ratio of the matrix,
and δ is the 2D identity tensor. We verified the solution for the asymptotic
case in which an internal pressure σp is applied on the inner wall of a borehole
that has an outer radius that tends to infinity.

Figure 18: Cross-sectional view of the Representative Elementary Volume (REV) of salt
rock considered in the homogenization scheme. (a) Salt polycrystal; (b) Inclusion-matrix
model; (c) Equivalence of the grain-matrix interaction problem with that of a borehole
subject to internal pressure and far-field stresses.

5.2. Damage accommodation
A proper account for local strain heterogeneity in polycrystalline materials would require accounting for sophisticated interaction laws between the
inclusions and the matrix, such as a cohesive law to model debonding at the
inclusion/matrix interface and/or a model that couples viscoplastic accommodation to damage accommodation. For instance, a second-order homogenization scheme was used for modeling the matrix behavior and stress/strain
field fluctuations in cubic and hexagonal viscoplastic polycrystals and further extended to simulate texture evolution in halite polycrystals [53, 54].
Here we focus on the modeling of viscous cracking and cyclic fatigue of salt
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polycrystals. We compare the JFEM with the inclusion-matrix model presented in [1], which accounts for damage accommodation but not viscoplastic
accommodation. We assume that grains break when the maximum principal microstress (σp ) exceeds the grain tensile strength (σT ). More sophisticated models of progressive grain damage could be used to account for
the anisotropy induced by diffuse crack propagation in the polycrystal. For
instance, fast Fourier transforms were applied to compute the growth of intergranular voids in porous polycrystalline materials, but the approach was
limited to the prediction of ductile damage evolution and does not account for
void nucleation induced by microstructural effects [55]. To our best knowledge, homogenization schemes proposed so far (e.g., [56, 57]) resort to the
Hill’s tensor expressed for an isotropic matrix. In the self-consistent method
adopted in this study, for anisotropic loading conditions and anisotropic crystal orientation distributions, modeling the progressive damage within grains
would require expressing the Hill’s tensor for spherical inclusions embedded
in an anisotropic matrix. The required theoretical developments are beyond
the scope of this paper, which focuses on the multi-scale numerical modeling
of tertiary creep and viscous fatigue.
We consider a representative polycrystal that contains grains with 200
possible orientations, which are generated automatically by varying the θ
angle uniformly within the interval [cos(θ = 0) = 0, cos(θ = π2 ) = 1] (see
Subsection 3.2). Note that the two other Euler angles Φ and Ψ are zero
because we focus on plane strain conditions. At each computing iteration,
grains are sorted into three categories of inclusion: (1) Non-broken grain
inclusion with the visco-plastic behavior described in Section 2 if σp < σT ;
(2) Breaking grain inclusion if σp ≥ σT during the current iteration; (3)
Broken grain inclusion modeled as a void in all other cases. The stress
and strain increments induced by the imposed macroscopic stress variation
are derived for these three categories. The algorithm allows computing the
micro-stress redistribution due to viscoplasticity, from which it is possible
to update micro-strains and macro-strains. In the inclusion-matrix model,
the damage variable (DIM ) is defined as the ratio between the number of
broken grains (Nb ) and the number of total grains (N ) in the representative
polycrystal. This damage variable is used to relate the damaged macroscopic
properties of the polycrystal with their initial undamaged values.
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5.3. Self-consistent model calibration
In our previous work [1], we calibrated the 3D inclusion-matrix model
against experimental creep curves reported in the literature. We used a
genetic algorithm to generate test values for the viscous parameters γ0 and n
that are involved in the irreversible deformation law (Eq. 4). We optimized
the set of γ0 and n values with a least square method so as to match the
asymptotic strain rates at the end of the experimental creep tests. We used
the same optimal viscous parameters in this plane strain study: γ0 = 5.17 ×
10−4 day−1 , and n = 3.58. Note that these parameters were calibrated from
secondary creep curves, before damage initiates in the polycrystal (i.e., in
steady state). In our previous study, we were considering that the grain
tensile strength was equal to the tensile strength of the polycrystal (2 MPa).
However, it is well-known that a single grain is usually stronger than the
polycrystal [38]. In order to better predict grain breakage, we calibrated the
strength of the single crystal so as to match the time necessary to trigger
the first grain breakage with the time that marks the transition between
secondary and tertiary creep in the experiments reported in [39]. We found
a tensile strength of 7.495 MPa, which is larger than the tensile strength of
the polycrystal. All calibrated parameters are summarized in Table 3.
Table 3: Parameters calibrated for the inclusion-matrix model

E (GPa)
2.3 × 104

Grain
ν (-) γ0 (day −1 )
0.3 5.17 × 10−4

n (-) σT (MPa)
3.58
7.495

5.4. Simulation of uniaxial creep tests: grain breakage vs. inter-granular
crack propagation
We simulated a uniaxial creep test with the inter-granular crack propagation Finite Element model (1) and with the matrix-inclusion model of
grain breakage (with 200 possible grain orientations). We used plane strain
conditions in the POROFIS model (1), in order to be consistent with the
formulation of the homogenization model. The axial stress was 35 MPa,
which corresponds to the maximum stress amplitude that can be applied at
the wall of a salt cavern by depressurization after sealing and abandonment
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[58]. The time evolution of the axial stress applied during the simulations is
shown in Fig. 19.
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Figure 19: Stress-time input for the axial creep test simulated with the JFEM and the
inclusion-matrix model. P1 indicates the time needed to apply the total loading stress,
which is increased incrementally up to 35 MPa. P2 (respectively P3 ) marks the time
just before (respectively after) the transistion between secondary and tertiary creep. P4
indicates the end of the creep test.

Contrary to the inclusion-matrix model, the joint-enriched Finite Element model accounts for the geometric incompatibilities induced by shear
deformation in the grains and by sliding relative displacements along grain
boundaries. As expected, the macroscopic deformation of the polycrystal
modeled with Finite Elements is higher than that of the polycrystal modeled
with the self-consistent method (Fig. 20). For instance, the axial deformation predicted by the JFEM at the end of the creep test is twice higher than
that predicted with the inclusion-matrix model. The strain-time history also
indicates that the inclusion-matrix model predicts ultimate failure at the
end of the test (after 0.012 days, which is about 17 minutes), whereas the
JFEM model predicts that the polycrystal is still in steady state at the end
of the creep test. Such discrepancies were expected, because Hill’s incremental method ignores viscous accommodation. As mentioned earlier, other
approaches, such as transformation field analysis, multiscale micromechanics models and nonlinear homogenization models are expected to provide a
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better match with the FE results, but they do not take damage effects into
account.
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Figure 20: Time evolution of the macroscopic axial deformation of the polycrystal during
the uniaxial creep test simulated with the joint-enriched FEM model of inter-granular
crack propagation and with the inclusion-matrix model of grain breakage.

In both the JFEM and the inclusion-matrix models, the viscous grain
parameters were calibrated so as to match secondary creep strain rates measured experimentally. In the inclusion-matrix model, the initiation of tertiary
creep coincides with the first grain breakage that occurs in the polycrystal
[1, 6]. In the JFEM, joint strength was calibrated so as to capture the intiation of tertiary creep at the scale of the polycrystal. Therefore damage can
propagate in the inter-granular joints before the initiation of tertiary creep,
which corresponds to the coalescence of inter-granular cracks. In the present
case, inter-granular cracks propagate during the incremental loading phase,
before the creep stress loading is fully applied (see Fig. 24b). As a result, the
stiffness of the polycrystal predicted with the JFEM is less than the stiffness
of the (intact) polycrystal modeled with the self-consistent method. This is
the reason why the slope of the stress/strain curve during the initial loading
phase is smaller with the JFEM than with the inclusion-matrix model, as
can be seen in Fig. 21.
The distributions of major and minor microscopic stresses in the inclusion29
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Figure 21: Macroscopic stress/strain curve of the polycrystal during the uniaxial creep
test simulated with the joint-enriched FEM model of inter-granular crack propagation and
with the inclusion-matrix model of grain breakage.

matrix model are shown in Figs. 22 and 23, respectively. Each point in the
figure represents a principal stress value for one of the 200 grain orientations
considered in the polycrystal. At stage P1 , the polycrystal is subjected to
the total macroscopic stress load (35 MPa), but viscoplastic deformation in
the grains has not started. At stage P2 , viscous shear deformation in the
grains induce stress concentrations within the polycrystal, which translates
into higher microscopic stresses (more compression, and more tension). Microscopic slip mechanisms result in a redistribution of microscopic stresses.
In particular, tensile microscopic stresses increase continuously in the lateral
directions until the strength threshold is reached (Fig. 22). The maximum
tensile micro-stress noted in the polycrystal is 7.495 MPa, which corresponds
to the grain tensile strength. At stage P3 , the tensile stress in some grains
exceeds the grain tensile strength, which results into local grain breakage
(i.e., zero micro-stress in Fig. 23) and global stress redistribution. To restore
the stress balance, non-broken grains become subjected to larger compressive
stress in both axial and lateral directions (Figs. 22 and 23).
Post-processed Finite Element results explain the differences between the
two models noted in Figs. 20 and 21. In the JFEM model, concentrations of
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Figure 22: Distribution of the major principal micro-stresses of the polycrystal during
the creep test simulated with the inclusion-matrix model. Each dot represents one grain
orientation. P1 marks the state of the polycrystal after completion of the loading; P2
(respectively P3 ) marks the state of the polycrystal just before (respectively after) the
transition between secondary and tertiary creep.
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Figure 23: Distribution of the minor principal micro-stresses of the polycrystal during
the creep test simulated with the inclusion-matrix model. Each dot represents one grain
orientation. P1 marks the state of the polycrystal after completion of the loading; P2
(respectively P3 ) marks the state of the polycrystal just before (respectively after) the
transition between secondary and tertiary creep.
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vertical stress occur at the contact of angular grains even before the initiation
of creep (Fig. 24a), which results in inter-granular slip and subsequent damage in some joints that are parallel to the loading axis (Fig. 24b). Fig. 25a
and Fig. 25b show that the orientations of the nodal principal stresses follow
a distribution similar to that obtained with the inclusion-matrix model: local
major principal stresses are tensile and compressive stresses oriented normal
to the loading axis, and local minor stresses are compressive stresses oriented
parallel to the loading axis. Local stress magnitudes are higher than those
obtained with the inclusion-matrix model, because the JFEM accounts for
geometric incompatibilities, and the inclusion-matrix model does not. At
the end of the creep test, viscous shear deformation in the grains induces
more geometric incompatibilities, which results in higher stress (Fig. 26a)
and inter-granular crack coalescence (Fig. 26b). Nodal principal stresses also
increase during the creep process. However, the distribution of stress orientations remains the same, as can be seen in Fig. 27a and Fig. 27b. In the
inclusion-matrix model, geometric incompatibilities are not accounted for,
and ultimate failure occurs shortly after the first grain breakage. We conclude that the joint-enriched FEM model of inter-granular crack propagation
provides a more realistic representation of the microstructure evolution and
of the creep behavior of halite than the inclusion-matrix model. The main advantage of the inclusion-matrix model is that it is less computation-intensive
than a detailed Finite Element model like the JFEM presented above.

(a) Vertical stress Syy (in MPa)

(b) Damage in the joint elements - Deformed
mesh (10x)

Figure 24: Results of the creep test obtained with the joint-enriched FEM inter-granular
crack propagation model after the intial loading phase (P1 ).
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Figure 25: Nodal principal stresses obtained with the joint-enriched FEM inter-granular
crack propagation model after the initial loading phase (P1 ).

(a) Vertical stress Syy (in MPa)

(b) Damage in the joint elements - Deformed
mesh (10x)

Figure 26: Results of the creep tests obtained with the joint-enriched FEM inter-granular
crack propagation model at the end of the creep test (P4 ).
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Figure 27: Nodal principal stresses obtained with the joint-enriched FEM inter-granular
crack propagation model at the end of the creep test (P4 ).

6. Conclusions
In this paper, we present a new Joint-enriched Finite Element Method
(JFEM) to predict viscous damage and fatigue in halite polycrystals in 2D.
Different visco-plastic finite elements are used to represent grains of different
orientations, and joint elements are used for modeling crack propagation. The
mesh is generated from an EBSD map of salt microstructure. Simulations of
uniaxial creep tests show that, as it could be expected theoretically, viscous
shear deformation in grains causes geometric incompatibilities. Numerical
results also show that the transition between secondary and tertiary creep
corresponds to inter-granular crack coalescence. The JFEM model captures
the mechanical behavior of halite under cyclic loading, mainly: (a) Higher
stress amplitude, lower confining stress, and lower loading frequency increase
the deformation and damage of the polycrystal, which results in earlier failure; (b) The Young’s modulus of the polycrystal decreases exponentially with
the number of cycles, which is in agreement with experimental observations;
(c) The FEM polycrystal presents similar behaviors for cyclic tests of different deviatoric loading direction, which confirms the relative homogeneity
of the polycrystals modeled with the joint-enriched FEM. Simulations with
intra- and inter- granular joint elements show that most stress concentrations
occur in intra-granular joints where several angular grains are in contact.
Results of creep tests obtained with the JFEM are compared to those
obtained with an inclusion-matrix model that accounts for damage accom35

modation due to grain breakage, in which grains are considered as spherical
inclusions of different orientations embedded in an infinite isotropic matrix.
Both the JFEM and inclusion-matrix models are calibrated against experimental creep tests to produce a Young’s modulus of 23 GPa for the polycrystal, to match secondary creep strain rates and to match the time of tertiary
creep initiation. The inclusion-matrix model is less computation-intensive
than the JFEM model, but the JFEM model provides a more realistic interpretation of microstructure evolution. In the inclusion-matrix model, the
absence of grain geometric rearrangement over time is translated into a brutal
failure that occurs shortly after the first grain breakage that triggers tertiary
creep. Moreover, the JFEM model highlights the evolution of microstresses
and microcracks upon viscous deformation.
In order to gain fundamental understanding of anisotropic damage mechanisms in halite, we are currently developing an inclusion-matrix model that
accounts for damage anisotropy in grains embedded in an anisotropic matrix.
Future joint-enriched FEM modeling will focus on the representation of pores
and cracks in the polycrystal. The JFEM is of great promise to understand
complex phenomena of viscous accommodation coupled with grain interface
debonding.
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Appendix A. 2D plane strain Hill’s tensor
As a result of an internal stress inside the inclusion (Fig. 18(c)), the
displacement u1 and stress fields σ 1 are
u1r = a1

R2
, u1θ = 0,
r

(A.1)

E R2
E R2
1
=
a
,
σ
,
(A.2)
1
θθ
1 + ν r2
1 + ν r2
in which R is the radius of the spherical inclusion, a is a stress-dependent
coefficient, E is the Young’s modulus, and ν is the Poisson’s ratio.
1
σrr
= −a1
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For a pure shear displacement field homogeneous in r−3 , the displacement
u and stress fields σ 2 are
2

u2r = a2

R4
R4
2
=
a
cos2θ,
u
2 3 sin2θ,
θ
r3
r

(A.3)

3E R4
3E R4
3E R4
2
2
cos2θ,
σ
=
a
cos2θ,
σ
=
−a
sin2θ.
2
2
θθ
rθ
1 + ν r4
1 + ν r4
1 + ν r4
(A.4)
For an auxiliary homogeneous displacement field, the displacement u3
and stress fields σ 3 are

2
σrr
= −a2

u3r = 2a3 (1 − ν)

R2
R2
cos2θ, u3θ = −a3 (1 − 2ν) sin2θ,
r
r

(A.5)

2E R2
E R2
3
2
cos2θ,
σ
=
0,
σ
=
−a
sin2θ.
(A.6)
3
θθ
rθ
1 + ν r2
1 + ν r2
The 2D Hill’s tensor L∗ , correlated by a stress tensor A and a strain
tensor B, has to satisfy the condition that when r = R, we have
3
σrr
= −a3

σ · n = A · n,

(A.7)

u = B · x,

(A.8)

B = −M ∗ : A,

(A.9)

in which M ∗ = L∗−1 is the inverse of 2D Hill’s tensor under plane strain
condition.
For the transition from a Cartesian coordinate to a cylindrical coordinate,
we know




σ1 0
σ1 cos2 θ + σ2 sin2 θ (σ2 − σ1 )sinθcosθ
←→
.
(A.10)
0 σ2
(σ2 − σ1 )sinθcosθ σ1 sin2 θ + σ2 cos2 θ
Therefore, in the cylindrical coordinate, the matrix J that represents the
antisymmetric component of the strain can be writes as




1 0
cos2θ
−sin2θ
J=
−→ J =
.
(A.11)
0 −1
−sin2θ −cos2θ
We note the principal directions of A and choose them as the (x, y) axes:


σ1 − σ2
σ1 + σ2
σ1 0
δ+
J,
(A.12)
A=
=
0 σ2
2
2
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in which δ represents the symmetric part and J represents the antisymmetric
part.
On the cavity wall, we have
σ1 + σ2 σ1 − σ2
+
cos2θ,
(A.13)
2
2
σ1 − σ2
σrθ = eθ · σ · er = −
sin2θ.
(A.14)
2
in which er and eθ are the unit vectors along the radial and tangential directions, respectively.
The combination of the 3 fields σ 1 , σ 2 , σ 3 yields,
σrr = er · σ · er =

σrr = −

E
[a1 + (3a2 + 2a3 )cos2θ],
1+ν

(A.15)

E
(3a2 + a3 )sin2θ.
(A.16)
1+ν
By comparing two sets of equations and ensuring that they satisfy all possible
θ, we have

1+ν σ1 +σ2

a1 = − E 2
σ1 −σ2
(A.17)
a2 = 1+ν
E
2


a3 = − 1+ν
(σ1 − σ2 ).
E
σrθ = −

Similarly, the displacement field is u = u1 + u2 + u3 on r = R:
ur = a1 R + a2 Rcos2θ + 2a3 (1 − ν)Rcos2θ,

(A.18)

uθ = a2 Rsin2θ − a3 (1 − 2ν)Rsin2θ.

(A.19)

If we write, on r = R, x = Rer , then we have




0
cos2θ −sin2θ
0
1
0 1
1
B =b δ+b J =b
+b
,
0 −1
−sin2θ −cos2θ

(A.20)

ur = (RB · er )r = Rb0 + Rb1 cos2θ,

(A.21)

uθ = (RB · er )θ = −Rb1 sin2θ.

(A.22)

Comparing the previous two sets of equations, we have


b 0 = a1
b1 = a2 + 2a3 (1 − ν)

 1
b = −a2 + a3 (1 − 2ν).
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(A.23)

So we can obtain
(
σ1 +σ2
b0 = a1 = − 1+ν
= − 1+ν
δ:A
E
2
2E
2
(4ν − 3) σ1 −σ
.
b1 = a2 + 2a3 (1 − ν) = 1+ν
E
2

(A.24)

By substituting Eq. A.24 into the expression for B (Eq. A.9), we can deduce
that,
1+ν
M ∗ = L∗−1 =
[(3 − 4ν)I − (1 − 2ν)δ ⊗ δ],
(A.25)
E
in which Iijkl = 21 (δik δjl + δil δjk ).
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