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René Thom

Dedicated to my father, Ganesh Markande.
And to my niece, Anika Bhat.

ACKNOWLEDGMENTS

First and foremost, I am very grateful to my graduate thesis advisor Prof. Elisabetta A. Matsutmoto for her constant support, guidance, and for her unwavering
confidence in me, throughout the last five years. I would also like to extend my
gratitude to Sabetta for turning mediocre looking sketches into amazing figures.
I want to thank all the members in my thesis committee, and special thanks to
Prof. Alberto Fernandez-Nieves, Prof. Kurt Wiesenfeld and Prof. Jennifer Hom
who have been very supportive through discussions and guidance. I would like
to thank my colleagues from Geometry of Materials group at the school of physics
at Georgia Tech – Dr. Michael Dimitriyev, Krishma Singal, Brian Day for their support and encouragement. I want to thank my collaborators, Prof. Gerd SchröderTurk and Prof. Matthias Saba. I would like to thank Prof. John Etnyre, Prof. Dan
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SUMMARY

In this thesis, we study mathematical objects that are periodic and arise as ordered
states in soft matter systems. Motifs resembling triply-periodic minimal surfaces and their
constant mean curvature variants are found to form spontaneously through self-assembly
in soft matter systems, and doubly-periodic weft-knitted textiles with repeating motifs of
strings are constructed using needles and yarn according to a mechanical protocol. Despite the difference in their physical origins, a common underlying theme among these
two systems is the role played by topological constraints in determining the end states that
minimize a prescribed energy functional.
Soap films form minimal surfaces due to the energy cost from the surface tension of
the soap films. In case of compact soap films – soap films with a fixed boundary (a space
curve) – topology comes into play through the number of path-connected components and
the knot or link type of the boundary curve. Another set of systems where interfaces resembling minimal surfaces can be found are cubic mesophases in lyotropic liquid crystals,
lipid-water mixtures, lipid bilayers, diblock copolymer melts and other systems constituting amphiphiles – macro molecules with hydrophobic and hydrophilic components.
In these systems, periodic minimal surfaces are formed as the system tries to minimize
the energy cost locally due to local nature of the interactions subjected to some global constraints i.e., the set of accessible states of minimum energy are governed by the interactions
between the constituent particles, their shape, volume fraction of different components in
the mixture and the boundary condition (in case of systems of finite size). The first two
factors listed above are local in nature versus the other two that are of global kind.
Despite having phenomenological models, it is not clear why and how triply-periodic
minimal surface like interfaces emerge as the states of minimum energy (most likely, a
local minimum) without any direct connection to the non-trivial topology found in these

xxi

ordered phases. For example, the fundamental translational unit of the gyroid and the diamond surface are compact surfaces of genus three embedded inside a three torus. Thus,
the boundaries are identified by three periodicity and their lift to the euclidean three space
gives rise to a pair of non-overlapping, infinite, three-periodic labyrinth of connected tunnels. Independent of the lack of understanding of all the complex interactions at play in
self-assembly of triply-periodic minimal surface motifs, from a mathematical standpoint
there is no limitation to constructing and studying triply-periodic minimal surfaces. Thus,
guided by mathematical constructions we can explore and design triply-periodic structures with different genus at different length scales and study their optical and mechanical
responses. In this thesis, we take the initial steps in designing a general protocol for constructing triply-periodic minimal surfaces, and we apply it to generate a family of chiral
triply-periodic minimal surfaces.
Even though there is no good theory to describe the mechanics of open ended knots,
bends, hitches and textiles, we have been using them for centuries. The reason for their
applicability in spite of limited understanding of their physics is that, it is easy to grasp
the topological aspects of these quasi 1D structures. In other words, in most cases the
function of a tied string or a rope is decided by its knotting or linking. Thus, topology
is at the root of the matter and the geometric aspects play a role only at a higher order.
Therefore, in order to develop a deeper understanding of any of these families of knotted
objects, one must start by studying their topological properties. In this thesis, we develop
a topological framework to study knotting and linking of yarn in weft-knitted textiles.
Textiles are interesting due to their hierarchical structure, and weft-knitted textiles are the
most appealing among textiles as they give rise to complex emergent properties.
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C HAPTER 1
I NTRODUCTION AND B ACKGROUND

Even though strictly speaking, physical systems around us are made of particles or
some type of discrete units, the theory of continuum elasticity lets us think of many-body,
many-component systems as continuous objects often with smooth structure to explain
certain emergent phenomena. As a result, through the metric description, tools from geometry can be directly applied to quantify deformations in the constituting material, which
can then be related to energy description (or thermodynamic framework). Topologically
equivalent objects do not preserve geometric invariants. However, the need to preserve
topological invariants plays the role of constraints when the space of possible states is being explored by the underlying system (under thermal fluctuations and entropic effects).
Therefore, topological constraints, which can arise in the form of periodic boundary conditions and the point group symmetries of the system, restrict the space of possible geometric
shapes. The above idea is one of the main themes that unifies the two seemingly different
systems that are described in this thesis.
Minimal surfaces are surfaces of zero mean curvature. If a minimal surface is finite
and bounded by as pace curve with convex projection then it is the surface of minimum
area with that curve as the boundary. Therefore, soap films tend to form minimal surfaces.
During my thesis work, my collaborators and I discovered a new family of intersection-free
triply-periodic minimal surfaces. An intersection-free triply-periodic minimal surface is
periodic in three linearly independent directions, and it divides the ambient space into two
1
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mutually disjoint labyrinthine domains - two never-ending periodic tunnels on either side
of the surface. The surfaces that we discovered are invariant under anon-cubic (hexagonal)
crystallographic symmetry group. Importantly, the surfaces are chiral, making them one
of a kind from both the mathematics and engineering standpoint. Moreover, we propose
that the surfaces form a single parameter continuous family with a tunable pitch, where,
by pitch we mean the magnitude of the vertical period, similar in spirit to the pitch of a
helix. The family of surfaces is called the QTZ-QZD family as each surface is constructed
starting from the qtz net and the qzd net -a pair of triply-periodic graphs or 3D networks.
Surface geometry resembling cubic triply-periodic minimal surface, the gyroid, is found
in wing scales of some species of butterflies causing structural coloration. Building on this
observation, there is amounting evidence that triply-periodic minimal surfaces can be used
as design templates to make photonic crystals - crystalline materials in which the refractive index is periodically varied in space to manipulate visible light using interference
of transmitted and reflected waves. A photonic crystal designed based on the geometry
of a QTZ-QZD surface will exhibit circular dichroism - an optical response that is sensitive to the polarization of light. Circular dichroism is observed in the optical response of
exoskeleton of a species of weevils. Therefore, there is a possibility that the QTZ-QZD
surfaces might spontaneously form in nature. Thinking about how can the QTZ-QZD surfaces be constructed as interfaces in soft matter systems at length scales of few hundred
nanometers fits in the general theme of chirality transfer. The idea is that whether or not
it is necessary to have chiral constituents at the microscopic length scale such that they
spontaneously assemble, under energy minimizing and entropy maximizing principles, to
form a chiral triply-periodic structures at the mesoscopic scale.
We developed a method to construct intersection-free chiral or achiral, cubic or noncubic, triply-periodic 2D meshes that are close to being minimal. And following that we
laid out a generic procedure to formulate the period problem solving which will yields the
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minimal surfaces of interest. The first stage in our method requires a triply-periodic network. This network must support a triply-periodic tiling of the ambient space (Euclidean
three space) with the same set of crystallographic symmetries as the network. Such networks are called proper networks. Following the existence of a tiling of the same crystallographic symmetry group, a dual network can be constructed by placing vertices at the
centers of the tiles and joining the vertices that lie inside adjacent tiles sharing a face. In
our case, the pair of proper dual networks are the qtz network and the qzd network with
a hexagonal crystallographic symmetry group. A plethora of pairs of proper dual 3D networks can be found on the database of periodic networks Reticular Chemistry Structure
Resource. Thus, not only are there many more, new triply-periodic minimal surfaces to be
found, but now we have a partially well-defined procedure to look for them.
In the literature, there exist several approaches for constructing achiral triply-periodic
minimal surfaces all of which fail for chiral triply-periodic minimal surfaces requiring a
case by case study for the latter. The method that we developed provides a new alternative that can be used to construct triply-periodic minimal surfaces independent of whether
or not the surface that is been sought is chiral. Moreover, the method is robust as it starts
with just a pair of 3D networks invariant under a chosen crystallographic symmetry group.
Using this method, one can undertake a systematic study of the photonic response of dielectric composite structures that are designed based on a triply-periodic minimal surface
with a predetermined symmetry and topology. By doing so, a function specific optimization of the structure can be undertaken to extract relevant parameters and their range of
values. For example, parameters giving rise to photonic band gaps are desirable for optical cloaking functionality. Triply-periodic minimal surface based structures can be used
to make advanced optical materials and devices such as optical circuits based on waveguiding inside the labyrinths of triply-periodic minimal surface structures and sensors
(that can be used in detection and communication devices) using amplification due to
wave interference.
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Knitted textiles are mechanical metamaterials. The features in their stress-strain response can be vastly different depending on their stitch patterns; a stitch is, roughly speaking, the repeating motif in a knitted textile. Knitted textiles stand out in comparison to textiles made through weaving because, the knits have a variety of physical attributes each of
which can be tuned. The emergent properties of a knitted textile are primarily determined
by three aspects: the topological pattern of the entangled yarn constituting the fabric, the
material properties of the filaments constituting the yarn, and the geometry of assemblage
of filaments in the yarn. I focused on the topological aspects using tools from knot theory to
understand the salient features of repeating motifs in periodic knitted textiles. By translating the mechanical moves of knitting into topological moves (Reidemeister moves, planar
isotopies and band surgeries), we formulated the concept of swatches, which yields a criterion for machine knitablity. Based on this work, we designed several novel stitch patterns
by embedding a new stitch motif - cow hitch stitch or swatch. To see how the complexity in
knitted textiles arise, we developed a formal language framework to describe stitch motifs
or swatches.
Knitting technology and knitted textiles have been studied and transformed starting
from as early as 11th century CE. Since their invention, knitted textiles have been a quintessential part of our society and culture. The art and craft of knitting is timeless. They are used
in medical, fashion, textile and material science industries and as a consequence there is
a tremendous scope for application driven innovation in developing new and efficient
design and production protocols. In the recent past, due to the advancement in designing and engineering materials with predetermined mechanical and chemical properties
with high precision down to microscopic length scales, knitting has found a foothold in
medical, electronic, composite materials industries, on top of fashion, arts and crafts, and
customized knitwear industries. The wide variety of physical properties exhibited by knitted textiles is a consequence of programming the desired response by knitting appropriate
stitches or the motifs into the textile. There’s a lot to be gained by having a dictionary
4
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of which stitches lead to which set of responses. The concept of swatch and the criterion
of knitability is the first step towards building that dictionary and making the (inverse)
design aspects of complex knitted textiles accessible to the non-experts.
To summarize, both the problems that we have studied are within the subject of physical, geometric structures governed by topological constraints. In both cases, we picked
a specific family of mathematical objects to study namely, the QTZ-QZD family of triplyperiodic minimal surfaces and two-periodic weft-knitted textiles. We develop and propose
two methods of construction, one for triply-periodic minimal surfaces and the other for
two-periodic weft-knitted textiles (and fabrics), to look for new triply-periodic minimal
surfaces and novel weft-knitting stitch patterns. The outcomes of applying our methods
can be further analyzed through simulations and experiments to characterize their physical properties, and thus, we have laid the foundation for developing a library of triplyperiodic minimal surface structures and weft-knitted textile motifs.

1.1

Triply-periodic minimal surfaces: history and motivation

The study of minimal surfaces has a rich and notable history, originating with JosephLouis Lagrange (1736-1813) [67]. He used the calculus of variations to find surfaces having
a minimum area with a given boundary curve. Based on this notion a minimal surface is
defined as a critical point of the area functional, which is equivalent to the condition that
the mean curvature is everywhere zero on the surface. The problem of proving the existence of a minimal surface with a given boundary curve is known as Plateau’s problem
after the late Belgian physicist, Joseph Antoine Ferdinand Plateau (1801-1883) who constructed and studied several minimal surfaces with carefully designed experiments using
soap films [92]. The Plateau problem for simple closed boundary curves in dimensions
greater than or equal to two was solved independently by Jesse Douglas [25] and Tibor
Radó [96]. Tibor Radó also proved the uniqueness of a solution to Plateau’s problem for
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all the boundary curves that can be sent to a planar convex curve under a bijective map
obtained by either parallel or central projection [95].
A triply-periodic minimal surface is a minimal immersion in Euclidean three space
whose set of symmetries forms a crystallographic group or space group [88]. Triply-periodic
minimal surfaces devoid of self-intersections are of interest to researchers across many disciplines due to their geometric and topological properties. Embedded triply-periodic minimal surfaces divide all of space into two path connected regions, that are mutually disjoint.
These domains form labyrinths in which a pair of unique 3D networks (nets) or a graphs
can be placed. Such graphs are termed skeletal graphs. Three triply-periodic minimal
surfaces of cubic symmetry and their constant mean curvature counterparts consistently
occur as cubic mesophases in lipid water mixtures, lipid bilayers, lyotropic liquid crystals,
diblock copolymer melts, butterfly wing scales and exoskeleton of beetles. The structural
coloration observed in certain butterfly species is attributed to scales that are shown to
exhibit crystallite domains of submicron length scale, which are solid network-like structures with boundaries that resemble a triply-periodic minimal surface. The fascinating
phenomenon of structural coloration is a result of diffraction of incident light by a periodic
structure. The wavelength of the transmitted and reflected light depends on the direction
in which the light rays are incident and the underlying periodicity of the structure along
that direction of incidence. As a result, the optical responses in terms of observed colors
within the wing scales of a single butterfly species can vary. Studies have indicated that,
there are weevils (a kind of beetles) that either do not reflect or do not transmit visible light
of any color when light is shined in a particular direction. And there is also evidence that
the response can be different depending on whether incident light is right or left circularly
polarized. In material science and applied physics, synthetically designed materials that
block visible light of all color independent of polarization and direction of incidence are
called photonic band gap materials (PBG materials). A detailed study and characterization
of triply-periodic minimal surfaces can prove useful in building synthetic photonic band
6
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( A ) Schwarz’s D-surface

( B ) Schwarz’s P-surface

( C ) Schoen’s gyroid

F IGURE 1.1: Nodal approximations of triply-periodic minimal surfaces. The coloring
scheme is a heat map of the value of mean curvature. Note that the symmetries of the
surfaces (and their TPMS counterparts) are reflected by the heat map of mean curvature.

gap materials that are based on TPMS templates to manipulate visible and near infrared
light.
The very first intersection-free (or embedded) triply-periodic minimal surface, the diamond surface, was discovered by H. A. Schwarz [108]. This surface is named after the network of covalent bonds in diamonds as they share the same set of symmetries and topology. Schwarz developed three more examples of intersection-free triply-periodic minimal
surfaces, namely Schwarz’ Primitive surface (or P surface), Schwarz’ Hexagonal surface
(or H surface) and the CLP surface [108]. Later in 1883, his student E. R. Neovius discovered the C(P) surface also known as the Neovius’ surface [82]. Periodic surfaces shown in
FIGURE 1.1 are nodal approximations of Schwarz’s primitive surface, Schwarz’s diamond
surface and the gyroid. The heat map indicates the distribution of the mean curvature.
Despite not being minimal, these surfaces are invariant under the same set of symmetry
operations as the minimal surface that they are representing and topologically equivalent
to the true minimal surfaces that they are approximating. Thus, they are often used to
study physical and optical properties of triply-periodic minimal surface based templates
in engineering applications as a substitute for the actual minimal surface whose 2D mesh
data can be harder to compute.
7
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In the late 1960’s, Alan Schoen explored the concept of labyrinth-spanning networks of
a triply-periodic minimal surface, and coined the term skeletal graph for such networks. A
triply-periodic minimal surface divides Euclidean space into two path-connected regions
that are disjoint. By imagining simultaneously inflating tubular neighborhoods around
both skeletal graphs, he postulated that a minimal surface would occur when these two
inflationary regions collided. He heuristically tested this theory by constructing plastic
models of seventeen examples of intersection free triply-periodic minimal surfaces, twelve
of which were unknown at that time [104]. He found a parametrization for the gyroid
using the theory of the Weierstrass-Enneper representation [122, 30, 84] and Bonnet transformation [13]. In 1989, Herman Karcher proved the existence of the rest of Schoen’s
triply-periodic minimal surfaces [61]. In 1996, Karsten Große-Brauckmann and Meinhard Wohlgemuth rigorously established that the gyroid is an embedded minimal surface
[52]; they also proved embedding of the lidinoid, a hexagonal triply-periodic minimal surface, which, like the gyroid lacks straight lines and mirror planes. Recent additions to the
list of triply-periodic minimal surfaces are the triply-periodic Costa surfaces [7] and three
single-parameter families of triply-periodic minimal surfaces obtained by deforming the
gyroid (tetragonal and rhombohedral deformation) and the lidinoid (rhombohedral deformation)[125].
Over the years, researchers have proposed numerous ways to find new triply-periodic
minimal surfaces: approaches based on space group or crystallographic symmetries by
Fischer & Koch [65, 63, 64, 32, 33] and Lord & Mackay [70], a method based on a SchwarzChristoffel formula for periodic polygons in the plane by Fujimori & Weber [39], an approach based on tessellations of the hyperbolic plane by Sadoc & Charvolin [101], an algorithm based on the conjugate surface method and the concept of discrete minimal surfaces
by Pinkall, Polthier & Karcher [91, 59], and a method based on Schwarz triangular tilings of
the two-sphere by Fogden & Hyde [36, 37]. Gandy et al construct explicit parametrization
of Schwarz’s P-surface, Schwarz’s D-surface and the gyroid [44, 42, 43] in terms of elliptic
8
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functions; a much more widely used representations of triply-periodic minimal surfaces is
the nodal surface approximations [45].
A bottom up approach for construction of a triply-periodic minimal surface is through
construction of surface patches that tile the surface [59]. One can set out to find a surface
patch that can generate a given triply-periodic minimal surface if either the WeierstrassEnneper representation of the minimal surface is known or the boundary of the surface of
patch of interest is known. In case of the latter, the existing methods in the literature require
that the boundary of the surface patch being generated must either consist of straightline segments i.e., a piecewise closed linear curve or it should consist of a combination of
straight-line segments and curves that lie on the planes of reflection symmetry.
For minimal surfaces, it turns out that a straight-line segment contained in the surface is an axis of two-fold rotational symmetry. These in-surface elements of symmetry are
referred to as linear asymptotes and geodesic curvature lines. An advantage of this method
is that the existence of an underlying triply-periodic minimal surface is guaranteed by
the existence of a surface patch that tessellates it, and the latter’s existence follows from
the solutions to the corresponding Plateau problem. Therefore, if the space group of the
triply-periodic minimal surface that we seek contains reflection symmetries and two-fold
rotational symmetries, all we have to do is look for a tiling surface patch with boundary
made of in-surface symmetry elements.
With the exceptions of the gyroid and the lidinoid, the methods described in the existing literature, some of which might not have been mentioned in the paragraphs above, fail
to generate a triply-periodic minimal surface that has no in-surface symmetry elements.
The reason is that, for such surfaces, the boundary value problem in terms of Plateau’s
formulation cannot be defined as a priori there’s no information about the nature or the
location of a closed curve enclosing a tiling surface patch unlike surfaces with in-surface
symmetry elements as we just described above.
We, however, set out to construct a chiral triply-periodic minimal surface that does
9
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not contain in-surface symmetry elements. To do this, we first calculate the WeierstrassEnneper representation and then construct a surface patch that tiles the minimal surface.
Calculation of the Weierstrass-Enneper representation of a chiral minimal surface without
in-surface straight lines, just based on the crystallographic symmetry group and the genus
is impossible using existing methods (unless it is related to some other minimal surface
which is already known through Bonnet transformation as in the case of the gyroid and
the lidinoid). Therefore, we numerically constructed a three-periodic discretized surface,
from which we were able to crank out just enough information to calculate the WeierstrassEnneper representation of the target minimal surface.
An intersection-free triply-periodic minimal surface is uniquely associated with a pair
of triply-periodic 3D graphs. These are called the skeletal graphs or the labyrinth networks. One way to construct the skeletal graphs of an embedded triply-periodic minimal
surface is through shrinking the labyrinthine domains separated by the surface. As shown
in FIGURE 1.3, the srs net is obtained through shrinking one of the labyrinthine domains
of the gyroid. The basic principle behind our approach for constructing a triply-periodic
discrete surface approximating an intersection-free triply-periodic minimal surface is to reverse this process. We start with a triply-periodic 3D network (a triply-periodic 3D graph)
and minimize the sum of squares of point-wise mean curvatures over a single translational
unit, and as a result the chosen network is a skeletal graph of the resulting triply-periodic
surface.
Kenneth Brakke’s Surface Evolver [16] is an open source software package, in which a
conjugate gradient solver can be implemented to minimize energy functionals (in Surface
Evolver, the global quantities being minimized are called the energy functionals) defined
over a 2D mesh object embedded in 3D. In Surface Evolver, a user can code in the energy
functional that needs to be minimized. Therefore, it offers a workaround for constructing
discretized approximations of periodic minimal surfaces that do not contain in-surface
symmetry elements such as straight lines or curves that form intersections of mirror planes
10
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( A ) A side view of the interpenetrating
pair of proper dual 3D networks of the
qtz/qzd system. A translational unit cell
is highlighted in black.

( B ) A top view of the interpenetrating
pair of proper dual 3D networks of the
qtz/qzd system. The crystallographic
symmetry group of the qtz/qzd system is
P62 22.

F IGURE 1.2: The qtz/qzd system.

(planes of reflection symmetry) with the surface of interest. The basic strategy is to look
for critical points of the sum total of the square of the mean curvature (a discrete version)
over a 2D mesh embedded inside the unit cell of a Bravais lattice, and thus, the 2D mesh is
subjected to periodic boundary conditions during the minimization. Therefore, the energy
functional to be minimized is the following:

f [S] =

I
S

( H − H0 )2 dA,

(1.1)

where H is the mean curvature, H0 is set to zero and S is the 2D mesh given by a triangulated tubular neighborhood of one of the skeletal graphs as the associated minimal surface
will inherit the symmetries and genus of its skeletal graphs. This discretized energy functional corresponds to the Willmore energy of surfaces [90] immersed in Euclidean three
space. A crucial difference between the discretized Willmore energy that we consider, and
the original definition of Willmore energy is that the former is being applied on 2D meshes
embedded in a three torus. An algorithm based on this principle was implemented in
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A set of periodic surfaces generated through nodal approximations of the gyroid. These
indicate that, the skeletal graphs of intersection-free triply-periodic minimal surfaces can be
obtained by shrinking one of the bicontinuous domains.

F IGURE 1.3: From gyroid to its skeletal graphs – srs nets.

Surface Evolver to construct constant mean curvature relatives of the gyroid by GroßeBrauckman [51], wherein he used the tubular neighborhood of skeletal graph of the gyroid, srs nets [85]. Later in 2009, de Campo, Hyde et al used a similar numerical procedure
to construct a ‘modulated honeycomb’ pattern with constant mean curvature in Surface
Evolver.
In this thesis, we start by computing a critical point of the discretized Willmore energy
functional of a triangulated mesh of a tubular neighborhood of the qtz net (with a given
chiral pitch) embedded in a hexagonal primitive unit cell corresponding to the translational unit cell of the space group, P62 22; three-periodic networks namely, the qtz net and
the qzd net (the proper dual of the qtz net) are shown in FIGURE 2.2. The minimization algorithm implemented using conjugate gradient descent solver in Surface Evolver yields
convergence to a ‘smooth-enough’ embedded surface mesh having practically negligible
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Willmore energy. The stability of such a critical point to small perturbations in the positions of individual mesh points is clear, and hence, it is at least a local minimum. Since
for all practical purposes, the discretized Willmore energy converges to zero, the critical
point must be the global minimum. Therefore, the critical points are strong indicators of
existence of triply-periodic minimal surfaces.
On the basis of the above heuristic arguments, we hypothesize that the discretized
three-periodic surfaces with negligible mean curvature at every point correspond to triplyperiodic minimal surfaces, and we seek a conformal parametrization of these triply-periodic
minimal surfaces. Further, the numerical protocol of minimizing discretized Willmore energy of 2D meshes (embedded in a hexagonal primitive unit cell subjected to periodic
boundary conditions) converges to ‘smooth’-enough-embedded 2D meshes for a range
values of the chiral pitch of qtz nets. And this leads us to propose the following conjecture: there exists a continuous single parameter family of chiral triply-periodic minimal surfaces,
which are embeddings in Euclidean three space, with qtz-qzd nets as their labyrinth networks or
skeletal graphs. We name this family of surfaces the QTZ-QZD family.

1.1.1

Minimal surfaces

Even though it seems convenient to think of a minimal surface as the surface of minimum area with a fixed boundary in space, the notion in its exact sense only minimizes the
surface area locally, meaning that only the local disk-like surface patches (or such neighborhoods around every point) that have boundaries with convex planar projections have
minimum area. In this sense, minimal surfaces are analogous to geodesics of a Riemannian
manifold (curves that locally minimize distance between two points in the manifold). The
critical points of total surface area functional, with respect to variations of surfaces along
their normal vectors (with fixed boundaries), satisfy the condition that the mean curvature
must vanish at every interior point. Thus, a minimal surface is a balanced saddle at every point, albeit with varying intrinsic (Gaussian) curvature. An exception is the plane or
13
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planar surface patches, which have zero Gaussian curvature at every point.
The defining characteristic property of minimal surfaces as having zero mean curvature
led to discovery of minimal surfaces that are not necessarily compact. Euclidean plane, R2
or E2 is an example, but it is trivial in the sense that both the Gaussian and the mean
curvatures are zero everywhere. The catenoid (surface of revolution of a catenary curve)
and the helicoid were among the very first complete but not compact minimal surfaces to
be discovered [31]. Finite surface patches of a catenoid and a helicoid are shown in FIGURE 1.4(A)-(B). Since then many minimal surfaces have been characterized using the formalism of Weierstrass-Enneper representation [123, 30], which is stated as Theorem A.0.1
in section A.0.1. The basic idea behind Weierstrass-Enneper formalism is that a pair of
meromorphic functions give rise to a conformal parametrization of a minimal surface immersed in Euclidean three space. The parametrization can be described in the following
way:

W1 : D ⊂ R → M ⊂ R3
W1 ( ξ ) 7 → ( x1 , x2 , x3 )

Z
φk (z)dz , where
xk (ξ ) = Re
ξ

φ1 =

1
F (1 − G 2 ),
2

φ2 =

i
F (1 + G 2 ),
2

φ3 = FG,

(1.2)

where functions F and G are meromorphic and additionally, they must satisfy the conditions stated in Lemma A.0.3. We have listed Weierstrass-Enneper representations of a few
minimal surfaces in TABLE 1.1.
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Symmetries of a minimal surface
We are interested in minimal surfaces immersed in Euclidean three space. Therefore,
the symmetries of a minimal surface are isometries of the Euclidean three space, E3 namely,
n-fold rotations around an axis, reflections across a mirror plane, screw-axis rotations – nfold rotations around an axis followed by a translation along the same axis, translations
along translational periodicity vectors, inversions about a point. A subset of two-fold rotation symmetry axes and planes of reflection symmetry are highlighted for the minimal
surfaces shown in FIGURE 1.4.
Among different types of symmetry operations, two-fold rotations about an axis that
lies on the surface and reflection across mirror planes are special because copies of the surface patch obtained by their action correspond to analytical extensions of functions F and
G in the domain space R (a Riemann surface) across a line such as the real axis in C. This
correspondence, which follows from the Schwarz reflection principle [108], is very neat as
the whole surface can be generated by constructing the smallest surface patch bound by
straight lines and mirror planes. This exact correspondence between action of symmetries
and analytical extensions of the meromorphic functions used in the Weierstrass-Enneper
representation formalism guarantees a global conformal parametrization of a minimal surface. Straight lines on a minimal surface are called linear asymptotes and the curves in which
mirror planes meet a minimal surface are called planar lines of curvature. In FIGURE 1.4,
some of the mirror planes and linear asymptotes are highlighted.

1.1.2

Periodic minimal surfaces

Minimal surfaces that are invariant under a set of isometries of Euclidean three space including a non-trivial subgroup of translations are called singly-periodic, doubly-periodic
or triply-periodic minimal surfaces depending on the number of generators of the subgroup of translations. The helicoid, singly-periodic Scherk surface and doubly-periodic
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( A ) Helicoid: a
singly-periodic ruled
minimal surface.

( B ) Catenoid: the surface
of revolution of a
catenary curve.

( C ) Singly periodic
Scherk surface

( D ) A top view of doubly
periodic Scherk surface.

( E ) Enneper surface
with two ends.

( F ) Enneper surface with
four ends.

F IGURE 1.4: A few examples of minimal surfaces.
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( A ) The fundamental
translational unit of
Schwarz’s primitive surface.

( B ) The fundamental
translational unit of the
I-WP surface.

F IGURE 1.5: Two examples of triply-periodic minimal surfaces.

Scherk surface are among the very first periodic minimal surfaces to be discovered. Among
triply-periodic minimal surfaces, Schwarz’s P and D surfaces are the first.
The Weierstrass-Enneper representation establishes a homeomorphism between a minimal surface and a Riemann surface. In particular, the based homotopy and the homology
groups of both of these spaces must be isomorphic implying that homotopy of paths and
contractibility of closed curves must be preserved under the Weierstrass-Enneper representation. Therefore, if the real parts of the integrals of functions φk (in equation 1.2) along
a closed curve do not vanish, then the resulting minimal surface is periodic. Therefore, the
periods of a periodic minimal surface are given by
I
γ

FGdz −

Re

I

I
γ

F
dz = a + ib
G

FGdz = c,

(1.3)

(1.4)

γ

where a, b are the magnitudes of the horizontal periodicity vectors and c equals the vertical
period. As shown in FIGURE 1.4, in case of singly-periodic Scherk surface the horizontal
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periods vanish and for doubly-periodic Scherk surface the vertical period is zero. The
helicoid has a non-zero vertical period. Note that in all the above cases, the values of the
periods are determined by the complex residues around one or more of the poles of the
meromorphic functions F or G. As one might expect, a triply-periodic minimal surface
such as Schwarz’s Primitive surface (shown in FIGURE 1.5(A)) has non-zero horizontal
and vertical period and so does the I-WP surface shown in FIGURE 1.5(B).
The metric (ds2 ) and Gaussian curvature (K) of a minimal surface, owing to its WeierstrassEnneper representation, can be expressed in terms of the corresponding meromorphic
functions in the following way:
ds2 =

1
2

K=−



|G| +

1
|G|

2

24
.
(| G |2 + 1)4 | F |2

| FG |2 |dz|2

(1.5)
(1.6)

Points in the complex plane, at which the metric ds2 diverges are not included in the
domain of Weierstrass-Enneper representation of a minimal surface. Except for triplyperiodic minimal surfaces, the domain space of Weierstrass-Enneper representation given
by a punctured complex plane give rise to ends of minimal surfaces [60, 120]. The ends
of a minimal surface are the images of the neighborhoods of punctures in the domain
space, R (equation 1.2). This includes the case of punctured sphere (topologically equivalent/homeomorphic to the complex plane) where the removed point corresponds to the
point at infinity. For example, a planar end is a region on a minimal surface where the metric asymptotically approaches the flat metric or the Euclidean metric. As summarized in
TABLE 1.1, both catenoid and helicoid have two ends and Enneper surface of order k has
k + 1 ends. Singly-periodic and doubly-periodic Scherk surfaces have four planar ends.
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1.1.3

Triply-periodic minimal surfaces (TPMS) & period problems

By triply-periodic minimal surfaces we refer to minimal surfaces that are invariant under the action of all the elements in a space group or crystallographic group. Below we list
some characteristic features of triply-periodic minimal surfaces.
1. Using the subgroup of translational symmetries, a triply-periodic minimal surface
can be tiled by a surface patch called the fundamental translational unit. The fundamental translational unit is a minimal surface sits inside the three torus, T 3 . The
fundamental translational units of the I-WP surface and Schwarz’s primitive surface
are shown in FIGURE 1.5(A)-(B).
2. Triply-periodic minimal surfaces have no ends unlike the rest of the minimal surfaces
in Euclidean three space. Instead, they contain isolated points with zero Gaussian
curvature called the flat points. For, Schwarz’s primitive surface and the I-WP surface
the flat points coincide with the points of intersection of the straight-line segments
contained in the surface and the points of intersection of geodesic curvature lines
respectively. One can count from FIGURE 1.5(A)-(B) that the total number of flat
points of Schwarz’s primitive surface is eight and that of the I-WP surface is six.
3. The fundamental translational unit of a triply-periodic minimal surface has finite
total curvature, and thus, it is homeomorphic to a closed orientable surface genus g.
The value of g for Schwarz’s primitive surface is three and that of the I-WP surface
is four.
4. If embedded, the triply-periodic minimal surface divides the Euclidean three space
into two mutually disjoint, path-connected labyrinthine domains and such surfaces
are called bicontinuous or intersection-free triply-periodic minimal surfaces. Both I-WP
and Schwarz’s primitive surfaces are bicontinuous.
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( A ) The slanted mirror planes. All
the black lines are straight-line
segments and the curves of
intersection of the mirror planes and
the surface are geodesic curvature
lines.

( B ) The vertical and horizontal
mirror planes. All the black lines
are straight-line segments and
the curves of intersection of the
mirror planes and the surface
are geodesic curvature lines.

F IGURE 1.6: Schwarz’s primitive surface with some of its in-surface symmetry elements
highlighted.

5. In case of bicontinuous surfaces, if the volume of these domains enclosed within a
unit cell of the lattice (of the underlying space group) is equal, then the minimal surface is said to be balanced. Schwarz’s primitive surface is a balanced triply-periodic
minimal surface.
6. For embedded triply-periodic minimal surfaces, there exists a unique pair of 3D networks, referred to as the skeletal graphs, that trace the cores of the two interpenetrating labyrinths forming their skeleton. The skeletal graphs of Schwarz’s primitive
surface and the I-WP surface are shown in FIGURE 1.7(A)-(B) along with the surface.

Period problem & a minimal asymmetric patch
In the case of triply-periodic minimal surfaces, action of rotations, reflections and other
symmetry operations are consistent with the translations along periodicity vectors, and
thus, there exists a surface patch that can tile the fundamental translational unit immersed
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inside a three torus and from there on all of the surface can be generated using symmetry
operations from the translational subgroup of the underlying space group. Such a surface patch tiling the entire minimal surface is called a minimal asymmetric patch. Minimal
asymmetric patches of the I-WP surface and Schwarz’s primitive surface are shown in
FIGURE 1.5(A)-(B).
For the sake of illustrating the period problem for a triply-periodic minimal surface,
let us imagine one is looking for a triply-periodic minimal surface invariant under a given
group of isometries of the Euclidean three space (a space group) with genus g; g is defined
with respect to the fundamental translational unit. Also, let us assume that the meromorphic functions F, G that constitute the integrands in the Weierstrass-Enneper representation 1.2 are also given, but only up to a finite set of unknown parameters. Picking arbitrary
values for the unknown parameters within their valid range of values often leads to inconsistencies in the generated surface with respect to the action of symmetry operations in
the space group. These pathologies can be avoided by formulating and solving the period
problem.
The domain space R which is homeomorphic to the minimal surface that it gives rise to
through Weierstrass-Enneper representation. Therefore, the fundamental group (the based
homotopy equivalence) and the homology groups of the space R is isomorphic to that of
the minimal surface. As a result, the punctures and handles in the space R can manifest
as mismatches in surface coordinates as the real parts of the integrals in equation 1.2 along
closed curves in the space R may not vanish or may not form a consistent combination of
horizontal and vertical periods given by equations 1.3-1.4. This consistency requires that
the real parts of the said integrals (along closed curves enclosing punctures) must vanish
and leads to a set of integral equations in the unknown parameters. We refer to this as
the period problem. Solutions to the period problem determine the periods a, b (horizontal
periods 1.3) and c (vertical period 1.4), which correspond to the fundamental translational
unit (with 2g handles) of a triply-periodic minimal surface that is invariant under the given
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( A ) The interpenetrating 3D networks
are bcu net (yellow) and nbo net (cyan).

( B ) The interpenetrating 3D networks are pcu
nets. Since Schwarz’s primitive surface is a
balanced surface, the networks are identical.

F IGURE 1.7: The skeletal graphs of the I-WP surface and Schwarz’s primitive surface.

space group action.

1.1.4

The QTZ-QZD family of triply-periodic minimal surfaces

The QTZ-QZD family of surfaces is chiral, minimal and triply-periodic. The surface is
invariant under the action of elements from the space group P62 22. The skeletal graphs
are qtz net and qzd net. The genus of the fundamental translational unit of a surface from
the QTZ-QZD family is four. A rare feature of the QTZ-QZD surfaces is that they do not
contain in-surface symmetry elements, neither the straight lines corresponding to the twofold rotational symmetry nor the geodesic curvature lines corresponding to intersections
of mirror planes with the surface.
Each surface in the QTZ-QZD family is determined by the ratio of the vertical period or
the chiral pitch (c) and the horizontal period (a). Through our numerical implementation
of minimizing a functional akin to Willmore energy of a triply-periodic triangulated 2D
mesh and the Weierstrass-Enneper representation, we are able to prove the existence of
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( A ) A side view of the
surface with ρ ≈ 0.445.

( B ) A top view of the
surface ρ ≈ 0.445.

( C ) A side view of the
surface with ρ ≈ 1.

( D ) A top view of the
surface with ρ ≈ 1.

c
a

( E ) A side view of the
surface with ρ ≈ 2.887.

( F ) A top view of the
surface with ρ ≈ 2.887.

F IGURE 1.8: Three members of the QTZ-QZD TPMS family with different values of the
chiral pitch, ρ. The chiral pitch is equal to the ratio of the vertical period, c to the horizontal
period, a.
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some of the surfaces in the QTZ-QZD family. However, showing the existence of the QTZQZD family is a work in progress and we propose it as a conjecture below.
Conjecture 3.0.1. The set of QTZ-QZD surfaces form a single parameter continuous family of
triply-periodic embedded minimal surfaces determined by the parameter ρ, which is equal to the
ratio of the vertical translational period c to the horizontal translational period a.
The chiral pitch of the three-fold screw-axis rotational symmetry operation is equal
to one third of the vertical period c and the horizontal periods a, b are equal. Three surfaces from the family are shown in FIGURE 1.8 for three different values of the parameter
ρ. The parameter ρ is related to the parameters that determine the Weierstrass-Enneper
representation of a QTZ-QZD surface, and an approximate functional relation shown in
FIGURE 3.13 is obtained by solving the period problem for the QTZ-QZD family. In the
rest of the thesis, we will fix a = b = 1 and refer to ρ as the chiral pitch of the QTZ-QZD
surfaces since up to a factor of one third the vertical period ρ and the chiral pitch are the
same.
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1.2

Knitted textiles

Knitting technology and knitted textiles have been studied and applied in textile industry starting from as early as 11th century CE [1]. Since their invention, knitted textiles
have been a quintessential part of our society and culture. The art and craft of knitting is
timeless. They are used in medical, fashion, textile and material science industries and as
a consequence there is a tremendous scope for application driven innovation in developing new and efficient textile design and production protocols. In the recent past, due to
the advancement in designing and engineering materials with predetermined mechanical
and chemical properties with high precision down to microscopic length scales, knitting
technology has found a foothold in medical [24, 97], electronic industries [5, 111], composite materials [113, 68, 124] on top of fashion [57], arts and crafts [110], and customized
knitwear industries [9, 87].
Knitted textiles exhibit a wide variety of physical response in relation to attributes such
as, in-plane elasticity, shape conformation, texture. Moreover, to some extent, these properties can be systematically tuned and controlled making them very appealing from utilityoriented design standpoint. The emergent properties of knitted textiles are primarily determined by three aspects (in decreasing order of importance):
1. the knottiness and the entanglement of yarn constituting the fabric or the textile,
2. the material properties of the filaments constituting the yarn, and
3. the geometric aspects about how the filaments are assembled inside the yarn; for
instance, a knitted textile made out of single ply yarn has a resting conformation that
has a non-zero shear strain compared to its counterpart made using double ply yarn
whose conformation is more symmetric.
Broadly speaking, there are two kinds of knitted textiles namely, weft-knitted and warpknitted textiles. In a weft-knitted textile, an average path of yarn traces a curve that goes
26
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weft direction





(a) The solid black curve describes an average position of yarn in a weft-knitted textile. Gray
shaded strips denote the regions where adjacent pieces of yarn entangle. The edges of the
textile are shown in red and green. (b) The colored solid curves describe an average position
of multiple pieces of yarn in a warp-knitted textile. Gray shaded strips represent the regions
where adjacent pieces of yarn entangle.

F IGURE 1.9: Weft knitting vs Warp knitting.
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horizontally along the width of the textile and then moves up by a unit (in knitting literature, this unit size is called the stitch size) along the length of the textile, followed by
another width spanning horizontal curve but now in the opposite direction. As shown in
FIGURE 1.9(a), this is repeated throughout the textile. As a result, a weft-knitted textile can
be hand knitted using yarn and a pair of needles. On the contrary, a warp-knitted textile
is made of multiple disconnected long pieces of yarn, where each connected piece of yarn
traces a two unit wide (in terms of stitch size) zigzag path along the length of the textile.
Multiple pieces of yarn, shown in different colors in FIGURE 1.9(b), are positioned along
the width of the textile, spanning the entire length of the textile. Since one has to work with
multiple yarns simultaneously, warp-knitting cannot be performed by hand. Our study is
restricted to weft-knitting. However, the framework that we use can certainly be extended
or accordingly modified to study warp-knitted textiles and fabrics.
Before getting into details, let us start off with a description of how one of the simplest
and widely used weft-knitted textile is made. Stockinette fabric is comprised of local motifs
called knits. These motifs are formed through a specific way of tying knots into a bight [4]
– a finitely long slack part of yarn. For example, the curved arc in FIGURE 1.10(A) is a bight.
Weft-knitting entails different ways of tying knots into the bight yielding a lattice of slip
knots; a slip knot is shown in FIGURE 1.13(a). While making a stockinette fabric, at an
intermediate stage, the knitter is working with two unknotted pieces of yarn, two needles
denoted by nr , nl , and a row of bights on nl . Next the knitter makes a new bight on nr
leading to an increment in the count of number of bights on nr , and a decrement in the
count of number of bights on nl . This is done in four steps illustrated in FIGURE 1.10(A)(B) and FIGURE 1.11(A)-(B).
First, needle nr is pushed through the bight closest to the pointed end of needle nl
as shown in FIGURE 1.10(A). Second, the other piece of yarn, apart from the bight, is
wrapped around needle nr in the clockwise direction with the blunt end of nr facing the
page as shown in FIGURE 1.10(B). Next, needle nr is pulled out of the bight on needle nl
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( A ) This stitch starts with a bight on
the left needle nl (blue). The right
needle nr (yellow) is inserted
through the bight, below nl (top).
This bight now wrapped around
both the needles (bottom). The
working end of the yarn is the
horizontal line segment here.

( B ) The working end of the yarn
(here, the left end) is wrapped
around nr clockwise facing the page
(top). The working end of the yarn,
is now wrapped around the yellow
disk (bottom).

F IGURE 1.10: Part (i): Construction a stockinette stitch.

as shown in FIGURE 1.11(A). Finally, the initial bight on needle nl is slipped off decreasing
the count of total number of bights in the row by one and, in knitting literature, the end
product shown in FIGURE 1.11(B) is called a stockinette stitch. The stitch size sets the length
scale of the stress-strain response of a textile. In the bottom panels in FIGURE 1.10(A)-(B)
and FIGURE 1.11(A)-(B), the planar diagram notation is used to describe the local motifs
of the fabric (in the upper panels) as the bight is constructed.
Expanding on what’s described above, a weft-knitted textile, both at the local level of
making the smallest repeating motif and at the global level of the whole textile, is a slip
knot. From a mathematical standpoint slip knots do not qualify as knots because they are
not homeomorphic to a circle. A homeomorphism is a bijective continuous map between
two topological spaces with a continuous inverse, and since slip knots have end points
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( A ) The right needle nr along with
the loop of working yarn is pulled
through the bight (top). This creates
a new bight caught around the right
needle (bottom).

( B ) The initial bight through which
nr was pushed through is now
slipped off of nl (top). The blue disk
is out of the frame since the newly
created bight sits on nr holding the
bight that we began with (bottom).

F IGURE 1.11: Part (ii): Construction a stockinette stitch.
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in contrast to knots, the former cannot be directly associated with the latter. Therefore,
instead of knots, it is more apt to think of slip knots as tangles – a finite collection of nonintersecting simple and smooth space curves of finite length with fixed end points.
Slip knots are unknotted strings, and hence are topologically equivalent to a trivial
tangle. However, a thick string made of say, an acrylic yarn, with friction acting between
different parts of the string that are in contact, can give rise to slip knots that exhibit different geometric conformations depending on the magnitude and direction of the forces
applied at the ends of the string. Thus, despite the fact that slip knots are topologically
trivial, when realized as a motif in a weft-knitted textile, the combined effect of the material properties of yarn, the points of contact, thickness of yarn and the boundary conditions
(in terms of applied forces) lead to an emergent behavior in terms of the nonlinear stressstrain response of the knitted textile. As an illustration of this phenomenon, few plots from
simulations of samples of different weft-knitted textiles are shown in FIGURE 1.27(a)-(b).
The plot shows strain in the fabric along the weft and warp directions as they are pulled
along in the warp (wale) direction in FIGURE 1.27(a) and in the weft (course) direction in
FIGURE 1.27(b).

1.2.1

Two-periodic weft-knitted textiles and textile links

A piece of garter fabric and a piece of stockinette fabric are shown in FIGURE 1.12(a)
and FIGURE 1.12(c) respectively. Note that both of these pieces of weft-knitted fabrics
are topologically equivalent to an unknotted strand of yarn shown in FIGURE 1.12(b).
Therefore, a piece of weft-knitted textile is a slip knot made of a single piece of yarn, and
thus, it is topologically equivalent to a trivial 1-tangle. We will be thinking of a 1-tangle
as a simple smooth arc of finite length that is embedded inside a three ball such that the
boundary of the ball meets the arc (transversely) in exactly two isolated points. A slip knot
is topologically equivalent to a bight, which is topologically trivial. The simplest slip knot
and a bight are shown in FIGURE 1.13(a) and FIGURE 1.13(b) respectively.
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(a) A sample of garter fabric. (b) A strand of yarn of finite length. (c) A sample of stockinette
fabric.

F IGURE 1.12: Weft-knitted textiles are trivial tangles.





(a) A slip knot i.e. a knot tied in a bight that can be modeled as a 1-tangle. (b) A bight. The
1-tangles shown in (a) and (b) are topologically equivalent.

F IGURE 1.13: Tying a knot in a bight.

Despite the fact that a piece of knitted textile is topologically trivial, the textile behaves
considerably different from an arbitrarily entangled configuration of a single continuous
unknotted strand of yarn in Euclidean three space. Therefore, the act of weft-knitting
by tying knots in bights combined with the frictional contacts between parts of yarn, the
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compressibility and bending rigidity of yarn, lead to a quasi-two-dimensional structure
that can be stretched, folded, keeping the slip knot structure intact. The slip knot structure
refers to the configuration of yarn in a knitted textile. Thus, the slip knot structure plays
a crucial role in determining the geometry of a weft-knitted textile’s relaxed conformation
under different ambient conditions.
In general, the slip knot structure of a knitted textile can be quite complex. Roughly
speaking, complexity arises at two levels. First one is at the level of the smallest repeating
motif. A quantitative measure of this complexity can be the number of mechanical operations needed to tie the slip knot of interest, under a fixed knitting protocol. The second
one is at the fabric level, where the complexity can be quantified as the number of distinct
motifs of ‘minimal size’ (we will make this precise in Chapter 4 by introducing the concept
of irreducible swatches) that are present in the whole fabric. We explore both of these aspects in a restricted setting of what we like to call two-periodic weft-knitted fabrics or textiles
– two-periodic versions of the bulk portions of weft-knitted textiles. It is important to note
that in this setting of two-periodic weft-knitted fabrics, we are ignoring the effects due to
the structure of lateral edges and boundaries of the fabric. The latter are called the cast-on
and the bind-off, which are the bottom and the top portion of the stockinette textile piece
shown in FIGURE 1.12(c).
To capture the local slip knot structure, we use a procedure that has been proposed in a
series of two papers on textile structures (two-periodic textiles and fabrics) by Grishanov
et al [49, 48]. We begin by thinking of yarn as a simple, smooth curve embedded in Euclidean three space, R3 . Without loss of generality, we can assume the ambient space to be
the thickened plane, R2 × [0, 1]. Combining this model of yarn with the group of translational symmetries of the bulk portion of two-periodic fabrics, we obtain a correspondence
between two-periodic fabrics and finite collections of entangled, knotted loops embedded
inside the thickened torus, T 2 × [0, 1]. We refer to elements in the latter set as textile links –
a subset of knots and links in T 2 × [0, 1]. The textile links of stockinette fabric and reverse
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Planar diagrams of (a) the unknot or the trivial knot, (b) the trefoil knot, (c) the figure-eight
knot, (d) the 71 knot, (e) the connect sum of the left-handed trefoil knot and the right-handed
trefoil knot, (f) Hopf link, (g) Borromean rings, (h) Whitehead link.

F IGURE 1.14: Some examples of knots and links in R3 .

stockinette fabric are shown in FIGURE 1.16(d), where we have used the planar diagram
notation of links. Note that these fabrics are 180 degrees rotated versions of each other, but
it is important to distinguish their minimal repeating motifs called the knits and the purls.
A knot is an embedding of a circle into a topological space, and a link is a finite collection of knots. The knots contained in a link are the components of that link, and a subset of a
link is called a sublink of that link. One of the basic goals of studying knots and links in a 3manifold is their classification based on an equivalence relation. Two knots in a 3-manifold
are said to be equivalent if there exists an ambient isotopy – a continuous family of orientation preserving smooth deformations of the ambient space – that maps one knot to the
other knot. If the ambient 3-manifold is R3 or a product manifold of the form Σ × [0, 1],
where Σ is an orientable closed 2-manifold, knots can be drawn as planar diagrams by
projection; planar diagrams of some knots and links in R3 are shown in FIGURE 1.14. In
this two-dimensional setting, the notion of knot equivalence can be described as a map
acting on one knot diagram to yield the other. Such a map is completely determined by

34

1.2. Knitted textiles

RM1

RM2

RM3





(a) Reidemeister moves. (b) Planar isotopies – rotation, local and global dilation and
contraction except planar isotopy does not include contracting a finite length arc of the knot
to a point.

F IGURE 1.15: Equivalence of knots and links R3 .

a finite combination of three combinatorial moves and planar isotopies. These combinatorial moves are called the Reidemeister moves (RM moves) [98]. The RM moves, three
examples of planar isotopies and a forbidden deformation of knot diagrams are shown in
FIGURE 1.15(a)-(b). As we would like to only consider ambient isotopies, a planar isotopy
involving reflections and inversions is not allowed.
Thus, using the formulation of knot and link equivalence we are able to classify twoperiodic weft-knitted textiles. Furthermore, by observing and analyzing the topological
properties of textile links derived from two-periodic weft-knitted textiles, we are able to
frame a set of necessary conditions, which a link in T 2 × [0, 1] has to satisfy to be realized as
a motif in a two-periodic weft-knitted textile. However, a rigorous universal notion of weftknitability does not exist except in a restricted setting of machine weft-knitting, and even
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course









(a) An image of the bulk portion of stockinette fabric and reverse stockinette fabric. (b) A
two-periodic representation of the fabric in (a). (c) A fundamental translational unit or the
smallest tile obtained by modding out with respect to the standard basis, {(1, 0), (0, 1)}. (d)
The planar diagrams of the corresponding textile knot in the thickened torus. The colored
edges indicate that they are identified such that the resulting manifold is the thickened torus.

F IGURE 1.16: Stockinette fabric and its fundamental translational unit.

in that case one needs to clearly define the set of mechanical operations that the machine
under consideration can perform.

1.2.2

Textile links derived from weft-knitted textiles: swatches

One of our primary goals is to characterize textile links arising as motifs in two-periodic
weft-knitted textiles. Therefore, we are interested in the following question: what are the
topological properties of a textile link that are necessary and sufficient for it to be realized as a
motif in weft-knitted textiles? To tackle this problem, we developed the notion of swatches.
Swatches are a family or a type of links in T 2 × [0, 1] that are constructed through the
procedure elucidated in Definition 4.1.7. This procedure is formulated by describing the
mechanical operations performed while tying slip knots in terms of Reidemeister moves
and planar isotopies acting on planar link diagrams.
Without getting into too many details, as knitting entails tying slip knots in yarn and
needles, making a swatch involves applying Reidemeister moves and planar isotopies to
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RM2

RM2

RM2

Band
surgery

RM2

Band
surgery

Constructing swatches through second Reidemeister move (RM2) and a band surgery. The
yellow surface with a ribbon singularity (self-intersection) becomes a ribbon disk after Dehn
filling the thickened torus. The dotted red arcs highlight the ribbon singularities. The colored
edges indicate that they are identified such that the resulting manifold is the thickened torus.

F IGURE 1.17: A Knit swatch and a purl swatch.

the link diagram of a trivial link – a finite collection of unknotted unlinked loops – followed by cutting and pasting strands (we use band surgery) to obtain a possibly non-trivial
link. Band surgery is a tool that changes the topology of a knot or a link; see Definition 4.1.6. The procedure of making the knit swatch (a knit) and the purl swatch (a purl)
is shown in FIGURE 1.17. Thus, the set of swatches contains all the textile links that arise
as repeating motifs in weft-knitted textiles, and each and every topological property of
swatches becomes a necessary condition to be satisfied for weft-knitability.

1.2.3

Topological properties of swatches

A link can be associated with a real number, an integer, a polynomial, a group, a 3manifold, a matrix, a vector et cetera and that defines a map from the set of all links to the
image space. These are called link invariants, and the values of a link invariant of equivalent links are identical. Link invariants come in handy while classifying links, because if
two links have different values of a link invariant, then they must be topologically different. However, link invariants of swatches, which are links in T 2 × [0, 1], are less accessible
and harder to calculate. An alternative is to seek a mapping between links in T 2 × [0, 1] and
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links in S3 so that the link invariants of links in the latter set is related to the topological
aspects of links in the former set.
The map is determined through a Dehn-filling (Definition 4.1.2) of T 2 × [0, 1], where
the the boundary tori T 2 × {0} and T 2 × {1} are glued to the boundary tori of the filling
components (solid tori) such that the resulting 3-manifold is S3 . The Dehn-filling map is
uniquely determined by a pair of curves on the boundary tori of T 2 × [0, 1] by identifying
them with the meridians of the solid tori under the map. The topological classes of these
curves (partitioned with respect to their homology) determines the map uniquely and the
pair of curves that we use for Dehn-filling are highlighted in FIGURE 4.4. The longitudes
of the filling components (two solid tori) form a Hopf link in S3 .
It can be shown that the link complement of a Hopf link in S3 is T 2 × [0, 1], from which
it follows that the link complement of the link formed by the longitudes of the filling components and the textile link in S3 , after Dehn-filling, is equivalent to the link complement
of the textile link in T 2 × [0, 1]. Thus, we obtain a well-defined correspondence between an
n-component link in T 2 × [0, 1] and an (n + 2)-component link in S3 . Note that this correspondence is well-defined due to the canonical choice for basis vectors that determine the
tiling of a two-periodic weft-knitted textile. This choice is based on the two special directions along the fabric namely, course and wale or equivalently, weft and warp. For brevity,
whenever we refer to Dehn-filling of T 2 × [0, 1] (in rest of the discussion), it is with respect
to the curves highlighted in FIGURE 4.4.
A parametrization of the mapping obtained through the Dehn-filling is given by
n
o
f : T 2 × [0, 1] ,→ ( x, y, z, w) ∈ R4 : r12 ≤ x2 + y2 ≤ r22 ⊂ S3

( θ1 , θ2 , t ) 7 →

(r2 t + (1 − t)r1 ) cos θ1 , (r2 t + (1 − t)r1 ) sin θ1 ,
q



1 − (r2 t + (1 − t)r1 )2 cos θ2 ,
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q



!

1 − (r2 t + (1 − t)r1 )2 sin θ2 ,

(1.7)
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l
m

L ⊂ T2 × I





H ∪ f (L) ⊂ S 3

f (L)


(a) A link L in T 2 × I. (b) The link H ∪ f ( L) ⊂ S3 obtained through Dehn-filling; H = m ∪ l is
the Hopf link and l and m are the central curves of the filling components (solid tori) in the
Dehn-filling. (c) Link diagram of the link H ∪ f ( L) shown in (b), and highlighted within the
dashed box is the planar diagram of the link L.

F IGURE 1.18: The correspondence between links in T 2 × I and links in S3 .

where S3 is equal to the topological space {( x, y, z, w) ∈ R4 : x2 + y2 + z2 + w2 = 1},
0 < r1 < r2 < 1, θ1 , θ2 ∈ [0, 2π ] and t ∈ [0, 1]. Let L ⊂ T 2 × [0, 1] be an n-component link,
then H ∪ f ( L) ⊂ S3 is an (n + 2)-component link, where
H = {( x, y, z, w) ∈ R4 : x2 + y2 = 1} ∪ {( x, y, z, w) ∈ R4 : z2 + w2 = 1} ⊂ S3
is the Hopf link. We will be referring to a link L ⊂ T 2 × [0, 1] as the precursor of the link
f ( L) ⊂ S3 . The most important result about swatches, that we state and prove in Chapter 4, is the following.

Theorem 4.1.1: Let S be a two-periodic weft-knitted fabric, and let LS ⊂ T 2 × I be the
corresponding n-component textile link. Then the link LS ⊂ T 2 × I is a precursor of an
n-component ribbon link f ( LS ) ⊂ S3 .
Swatches are precursors of ribbon links
An n-component link is ribbon if there exists n disks such that they intersect only
in slit-like intersections, and the boundaries of the disks are the components of the link
(Definition 4.1.10). Such intersections are called the ribbon singularities and the disks
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A Ribbon
singularity





(a) A ribbon disk with the boundary equivalent to an unknot. The disk to the left of the
arrow shows the preimage of the ribbon disk highlighting the preimage of the ribbon
singularity. (b) A non-trivial ribbon knot.

F IGURE 1.19: Ribbon knots and ribbon disks.

are called the ribbon disks; a ribbon disk of the unknot and a non-trivial ribbon knot are
shown in FIGURE 1.19(a) and FIGURE 1.19(b) respectively. Let L ⊂ T 2 × [0, 1] be an ncomponent textile link associated with a two-periodic weft-knitted textile. Then the proof
of the Theorem 4.1.1 follows from three observations. First, the link L is a swatch. Second,
this swatch and a collection of n essential (non-contractable) curves on the boundaries
of T 2 × [0, 1] form the boundary of an orientable surface with only ribbon singularities.
Third, each component of this surface turns into a disk after Dehn filling the thickened
torus, T 2 × [0, 1]. The converse of Theorem 4.1.1 is not true, because there are counter
examples of ribbon links without any precursor links that are swatches. One such link is
shown in FIGURE 4.13(a).

Swatches can be precursors of Brunnian links
An n-component link is brunnian if removing any component in the link turns it into an

(n − 1)-component unlink. The link shown in FIGURE 1.20(a) is a brunnian link, and the
link shown in FIGURE 1.20(b) is a brunnian link obtained from a swatch. Not all but many
swatches are precursors of brunnian links in S3 . An example of a swatch that does not give
rise to a brunnian link is shown FIGURE 5.3(b). Swatches being precursors of brunnian
links is a consequence of slip knot structure of weft-knitted textiles. In FIGURE 1.23, we
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(a) An oriented brunnian link: Borromean rings. (b) A brunnian link derived from a swatch.
The swatch is shown within the dashed rectangular block.

F IGURE 1.20: Brunnian links.

show a schematic summarizing the results of the Theorem 4.1.1, its converse, and the slip
knot structure of swatches leading to brunnian links.

1.2.4

Link invariants of swatches

While in pursuit of answers to the questions of weft-knitability and developing a knitting grammar, we considered the problem of classification and irreducibility of textile links
that arise as swatches. We focus on two common ways of combining swatches, which we
then define as associative binary operations acting on the link complements of swatches.
The resulting algebraic structures on link invariants such as multivariable Alexander polynomial (MVA) and hyperbolic volume are analyzed. Previously, there have been studies along
these lines by Grishanov et al on Kauffman polynomial [50], Morton et al on multivariable
Alexander polynomial [79], and Purcell et al on hyperbolic volume [19].
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(a) A trefoil knot embedded in a three ball. (b) The tubular neighborhood of the trefoil knot
inside the three ball. (c) The complement of a the trefoil knot inside the three ball. Gluing the
3-manifold in (c) to a three ball along their spherical boundaries yields the knot complement
of the trefoil knot in S3 .

F IGURE 1.21: Knot complement.

Linking number
Link invariants are maps defined on the set of all links in S3 and in most cases, they are
extendible to links in Euclidean three space, R3 . A link invariant is derived from a topological property of the link. For example, assuming every link in R3 can be represented
by planar link diagrams, the minimum of total number of crossings over all possible link
diagrams is a link invariant. A link invariant that quantifies one of the defining characteristics of a swatch, L ⊂ T 2 × [0, 1] is the linking number, where the pairwise linking numbers
of pairs of components of the link H ∪ f ( L) ⊂ S3 is calculated. Considering two components of a link, the pairwise linking number of those components is equal to the number
of times one of the components winds around the other. If the link H ∪ f ( L) ⊂ S3 has

(n + 2) components, then there are in total n(n − 1)/2 pairs of components. If the link
L = ∪in=1 Ki ⊂ T 2 × [0, 1] is a swatch, then the knot f (Ki ) has pairwise linking number one
and zero with the components of the Hopf link for all i ∈ {1, 2, ..., n}. The pairwise linking
numbers of knots f (Ki ) and f (K j ) is zero for all pairs of i, j ∈ {1, 2, ..., n}.
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Link complement
The link complement is a 3-manifold link invariant from which several other link invariants can be derived. Let L be a n-component link sitting in R3 . We consider a tubular
neighborhood, NL of L or D2 × L where D2 × { x } denotes a closed disk of unit radius centered at the point x ∈ L. We call the compact 3-manifold with boundary, X L = S3 − NL , the
link complement of the link L. The knot complement of a trefoil knot in S3 is equivalent to
the 3-manifold obtained by gluing a three ball to the 3-manifold shown in FIGURE 1.21(c)
along their spherical boundaries.

Swatches and hyperbolic links
Early in our study of textile links associated with two-periodic weft-knitted textiles, we
noticed that several links given by H ∪ f ( L) ⊂ S3 , where L ⊂ T 2 × [0, 1] is a swatch and H
is the Hopf link, are hyperbolic. A link in S3 is said to be hyperbolic if the interior of its link
complement admits a hyperbolic metric – a metric of constant negative sectional curvature
(equivalent of Gaussian curvature). Hyperbolic structure leads to several other link invariants (associated with the hyperbolicity) that can be used to classify hyperbolic links. More
importantly, a natural question that pops up is: under the correspondence given by the
Dehn-filling, are all swatches associated with hyperbolic links? Is hyperbolicity a universal property of swatches, analogous to swatches being precursors of ribbon links. Based on
our analysis, we deduce that there exist swatches that lead to non-hyperbolic links under
the correspondence that we use. One example of such a link is shown in FIGURE 1.22.
Therefore, although a major portion of swatches correspond to hyperbolic links, hyperbolicity is not a universal property of swatches. This is summarized through a schematic
illustration in FIGURE 1.23(b). Furthermore, based on our computational experiments in
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SnapPy [23] (an open source python based software for studying low-dimensional topology), we propose the following conjecture about a subset of swatches in relation to hyperbolic links.

A non-hyperbolic link obtained via the Dehn-filling of the link complement of
a swatch. Thus, the link L ⊂ T 2 × I is a swatch but the link H ∪ f ( L) ⊂ S3 is
not hyperbolic.

F IGURE 1.22: A non-hyperbolic link, H ∪ f ( L) ⊂ S3 obtained from a swatch L ⊂ T 2 × I.

Conjecture 5.6.1 [Hyperbolic swatches]: Let L ⊂ T 2 × I be a swatch obtained through an
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annulus sum 5.5.1 of the link complements of a finite number of knit and purl swatches.
Then the link H ∪ f ( L) ⊂ S3 is hyperbolic.
An annulus sum is an associative binary operation performed on the link complements
of a pair of swatches, and thus, it prescribes a way of combining a finite collection of
swatches to construct a bigger swatch.
Links

Links
from
swatches

Ribbon links

Non-hyperbolic
links

Brunnian links

Links
from
swatches





(a) All the ribbon links do not have a swatch as a precursor link, but every swatch is a
precursor of a ribbon link. Since there are Brunnian links that are not ribbon, all Brunnian
links cannot have a swatch as a precursor link, and all swatches are not precursor links of
some Brunnian link. (b) The links of the form H ∪ f ( L) ⊂ S3 for a swatch, L ⊂ T 2 × I need
not be hyperbolic. The complement of the set of all non-hyperbolic links in the set of all links
is equal to the set of all hyperbolic links. The sizes of the regions are not up to scale and each
of these families of links contain at least countably infinitely many elements.

F IGURE 1.23: A schematic illustrating where the links arising from swatches fall with
respect to other families of links.

1.2.5

A language for describing weft-knitted textiles based on swatches

Another topic that we explore in detail concerns the formulation of a language of twoperiodic weft-knitted fabrics with syntax and grammatical structure governed by mechanical moves used in machine and hand knitting. This is an appealing idea and one that can
help in creating a dictionary of weft-knitting for non-experts. Some work along these lines
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(a) The decomposition of a garter swatch illustrating the annulus sum adding summands
along their longitudinal annular cross-sections. (b) The decomposition of a 1 × 1 rib swatch
illustrating the annulus sum adding summands along their meridional annular
cross-sections. The colored edges indicate that they are identified such that the resulting
manifold is the thickened torus.

F IGURE 1.24: Annulus sum of the link complement of a knit swatch with the link
complement of a purl swatch.

has been done by McCann et al [74]. They have developed a programming language to generate codes that are fed into a knitting machine to produce fabrics and textiles with features
programmed through their stitch patterns. In this language, a symbol is assigned to every
elementary operation performed by the needles in the needle bed, and these serve as the
letters of the knitting alphabet. The knitting alphabet along with the computer programming language forms a hybrid programming language for formulating machine-knitting
instructions. Note that, to form words out of letters from an alphabet, we need to be able
to combine letters. And the simplest way of doing that is by concatenating a finite collection of letters. The operation of concatenation is an associative binary operation, and in
general, it is essential to have an associative binary operation to construct a language.
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(a) The cutting and gluing of meridional annular cross-sections of thickened tori. (b) The
cutting and gluing of longitudinal annular cross-sections of thickened tori.

F IGURE 1.25: Annulus sums.

Annulus sums
We take a different approach in specifying the alphabet in comparison to the one followed by McCann et al. In our case, a notion of irreducibility is defined based on associative binary operations acting on the link complements of swatches. We call these
operations, an annulus sums. An annulus sum is a type of surgery acting on the link complements of swatches. The procedure is carried out in two steps. Given a pair of swatches,
first, the link complement of each swatch is cut along the meridional or the longitudinal
cross-section of the thickened torus (the ambient space of swatches). This yields a pair
of compact 3-manifolds, each with two annular boundaries with a finite number of open
disks removed. In the second step, the boundaries of one 3-manifold is glued to the boundaries of the other 3-manifold. And for this surgery to be well-defined, the number of disks
removed from each annular boundary must be equal. The choices made while cutting
the link complements and the subsequent gluing of the resulting 3-manifolds are dictated
by the constraint that the final 3-manifold must be the link complement of a swatch. As
shown in FIGURE 1.25(a)-(b), based on whether the cut and glued cross-sections are homotopic (Definition A.1.4 in section A.1.1) to the meridian or the longitude, the annulus
sum is called meridional or longitudinal. Thus, the annulus sums can be used to construct
larger swatches, which we call compound swatches, by combining smaller swatches. And
vice versa, a compound swatch can be decomposed into irreducible swatches – swatches that
are not irreducible using annulus sums.
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Examples of an annulus sums are shown in FIGURE 1.24(a)-(b). The link complement
of a knit swatch and the link complement of a purl swatch give rise to the link complement
of a 1 × 1 rib swatch and the link complement of a garter swatch under the meridional annulus sum and the longitudinal annulus sum respectively. It turns out that there is more
than one way of performing the annulus sums. To make this more precise, we ask the following questions: in how many distinct ways can the link complement of an n-component
swatch be cut? In how many distinct ways can the link complements that are cut, be glued?
The main reason behind the existence of multiple distinct annulus sums is the cyclic permutational symmetries of a swatch. We discuss this in detail in Chapter 5. The notion
of annulus sums and distinct ways of performing annulus sums are the basic constructive
elements of our language of two-periodic weft-knitted textiles or more generally swatches.
The operation of annulus sums describes a simple algebraic structure among the swatches.
As a result, an algebra is induced on the link invariants of links in S3 that are associated
with swatches. We use SnapPy and a Mathematica based package, KnotTheory, to compute
link invariants. By examining and analyzing the link invariants data, we propose three
conjectures, two on the hyperbolic structure of the link complements of swatches and one
on the multivariable Alexander polynomial. The first conjecture, Conjecture 5.6.1, is stated
in the section on swatches that lead to hyperbolic links.
To state the other two conjectures, we need the following notation: let L1 ⊂ T 2 × [0, 1]
and L2 ⊂ T 2 × [0, 1] be two n-component swatches. Then the swatch whose link complement is the meridional annulus sum of the link complements of L1 and L2 is denoted by
L1 ∗m L2 . Similarly, the swatch resulting from the longitudinal sum is denoted by L1 ∗l L2 .
It is important to note that, an arbitrary pair of swatches cannot be added under annulus
sums. We discuss this in detail in section 5.5 in Chapter 5.

Conjecture 5.6.2 [Hyperbolic volume (vol) of one-component hyperbolic swatches]: Given
two three-component hyperbolic links H ∪ f ( L1 ) ⊂ S3 and H ∪ f ( L2 ) ⊂ S3 corresponding
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to swatches L1 ⊂ T 2 × I and L2 ⊂ T 2 × I, the hyperbolic volume of the three component
link H ∪ f ( L1 ∗m L2 ) ⊂ S3 corresponding to the swatch L1 ∗m L2 ⊂ T 2 × [0, 1] is equal to
the sum of the hyperbolic volumes of links H ∪ f ( L1 ) ⊂ S3 and H ∪ f ( L2 ) ⊂ S3 .
The statement of the conjecture Conjecture 5.6.2 implies that

vol( H ∪ f (k ∗m p)) = vol( H ∪ f (k )) + vol( H ∪ f ( p)),
where k is knit swatch, p is a purl swatch and k ∗m p is 1 × 1 rib swatch. As shown in
FIGURE 1.26, the links H ∪ f (k ∗m p) is obtained by performing a band surgery on the
links H ∪ f ( p) and H ∪ f (k ).
We calculate two polynomial link invariants of links in S3 associated with swatches
– multivariable Alexander polynomial and Jones polynomial. Multivariable Alexander
polynomial (MVA) is a multivariable Laurent polynomial and Jones polynomial is a single
variable Laurent polynomial. Jones polynomial is able to distinguish between some pairs
of links that other link invariants fail to distinguish. A multiplicative algebra is induced
on the multivariable Alexander polynomials of links associated with swatches, which is
stated in the following conjecture.

Conjecture 5.6.3 [MVA of links corresponding to swatches]: Let L1 , L2 ⊂ T 2 × I be two
n-component links that arise as swatches. Let H ∪ f ( L1 ) ⊂ S3 and H ∪ f ( L2 ) ⊂ S3 be
the corresponding (n + 2)-component links. The multivariable Alexander polynomial of
the (n + 2)-component link H ∪ f ( L1 ∗m L2 ) ⊂ S3 is given by the product of multivariable Alexander polynomials of H ∪ f ( L1 ) ⊂ S3 and H ∪ f ( L2 ) ⊂ S3 divided by the factor

(t1 − 1)n . The variable t1 is associated with the component of the Hopf link, around which
the components of sublinks f ( L1 ) and f ( L2 ) wind around once.
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The statement of the conjecture Conjecture 5.6.3 implies that
MVA H ∪ f (k) (t1 , t2 , t3 ) = (t1 − 1)(t23 + t2 − t3 )(t2 t3 − t23 − t2 )
MVA H ∪ f ( p) (t1 , t2 , t3 ) = (t1 − 1)(t2 t3 − t3 + 1)(t2 t3 − t2 + 1)
MVA H ∪ f (k∗m p) (t1 , t2 , t3 ) = (t1 − 1)(t2 t3 − t3 + 1)(t2 t3 − t2 + 1)

(t23 + t2 − t3 )(t2 t3 − t23 − t2 )
= MVA H ∪ f (k) (t1 , t2 , t3 )MVA H ∪ f ( p) (t1 , t2 , t3 )/(t1 − 1).
Therefore, the band surgery shown in FIGURE 1.26 results in multivariable Alexander
polynomials getting multiplied up to a factor of (t1 − 1) and in general up to a factor of

(t1 − 1)n , where n is the number of components in the swatches. Many studies done so far
have focussed on using topological invariants to distinguish between textile links which
is only one half of the classification problem. Our work brings in the other half which is
using techniques from the theory of knot and links to translate between mechanical moves
of weft-knitting and rules of combining swatches.
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(a) The links corresponding to the knit swatch and the purl swatch in S3 . (b) The band
surgery induced by the meridional annulus sum acting on the link complements of
the knit swatch and the purl swatch. (c) The link corresponding to the 1 × 1 rib
swatch in S3 . The swatches are highlighted within the square blocks.

F IGURE 1.26: Meridional annulus sum manifests as a band surgery acting on the links in S3 .
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1.2.6

Simulating weft-knitted textiles

One of the very early and relatively simple fabric models is the thin elastic sheet model
that ignores the yarn level details [114, 6]. But these models fall short when it comes to
knitted textiles as the interlocking regions in knitted textiles play a crucial role and the
emergent behavior is quite sensitive to the type of yarn used, the knitting stitch pattern (in
terms of yarn entanglement), the mechanical procedure of knitting i.e., machine or hand
knitted et cetera. Over the years, due to a surge in computing power, details at the yarn level
have been included in dynamic simulations of knitted textiles [58, 128]. Some of the important yarn level details include accounting for the bending of yarn, compression of yarn
and dissipation due to friction at interlocked regions. Yuksel et al have proposed a model
by accounting for yarn level interactions locally, where they assert that the embedding of
a stitch in space depends mostly on the neighboring stitches [128]; under this assumption
the textiles are evolved by minimizing the sum total of energies of individual stitches. It is
crucial to use an accurate but tractable expression for the free energy with experimentally
accessible parameter values of physical constants (such as the bending modulus) so that
the predictions of the model can be verified through table-top experiments.
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σxx[N mm-1]

σyy [N mm-1]

εyy



εyy
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εxx

(a) The diagonal component of the stress tensor proportional to the applied force along the
y-axis plotted versus the diagonal components of the strain tensor in both the vertical and
horizontal directions. (b) The diagonal component of the stress tensor proportional to the
applied force along the y-axis plotted versus the diagonal components of the strain tensor in
both the vertical and horizontal directions. Each textile is represented by a symbol:
stockinette (diamond), garter (triangle), rib (square), and seed (circle). The colored solid
curves are obtained by fitting an appropriate nonlinear expression discussed in detail in [66].

F IGURE 1.27: Stress vs. strain plots obtained from simulations of uniaxial stretching
experiments.

The physics of deformations of knitted textiles is investigated by formulating it as a
problem of minimizing free energy due to elastic deformations such as bending, twisting and compression of yarn under the setting of uniaxial force relaxation experiments.
The modeling and simulations are based on the theory of continuum elasticity and data
collected from the uniaxial force relaxation experiments. The modeling, simulations and
experiments are undertaken by my collaborators at Geometry of materials group at Georgia Tech. The overarching goal is to use the concept of reducibility of a compound swatch
to assist in reducing the computational complexity of simulations.
We would like to simulate the elastic relaxation of irreducible swatches making up a
compound swatch, including effects from neighboring irreducible swatches. Moreover, the
idea is to be able to parallelize the energy relaxations of irreducible swatches individually
and consistently (with respect to the neighboring swatches) to arrive at the final state (state
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of minimum energy) of the swatch of interest. Since our study at this stage is restricted
to doubly-periodic weft-knitted textiles, simulating the behavior of swatches serves the
purpose of modeling and predicting the behavior of bulk portions of weft-knitted textiles.





(a) The experimental setup while stretching in x-direction (course direction) such that
σxx 6= 0, σyy = 0. (b) The experimental setup while stretching in y-direction (wale direction)
such that σyy 6= 0,σxx = 0. The textile piece held between the clamps is a garter fabric. The
colored dots on the fabric are tracked for measuring the strain and the stress is measured
through a force gauge equipment. More details about the experiment are provided in [66].

F IGURE 1.28: The experimental setup for the uniaxial stretching experiments.

We do not account for the temperature and thermal fluctuations because the relevant
length scale of the deformation is a few stitch lengths (stitch size), where the length of a
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typical stitch is roughly 10 millimeters and, the length scale of fluctuations due to thermal energy at room temperature is in the order of one hundredth of an angstrom which
is negligible compared to the elastic free energy cost. The plots shown in FIGURE 1.27
are produced from simulations of uniaxial stretching experiments of four typical textiles
namely, stockinette, 1 × 1 rib, garter and seed, all of which are combinations of knits and
purls. We notice that the response of each type of fabric is very different from the others.
For example, the textile made of 1 × 1 rib stitch is extremely stretchy in the x direction
(course direction), whereas the stockinette fabric is relatively very stiff. The experimental
setup is shown in FIGURE 1.28(a)-(b).

1.2.7

Knitting is programming and knitted textiles are programmable

Knitted textiles are soft and stretchy quasi-two-dimensional structures made from yarn,
which is an inextensible quasi-one-dimensional object (a continuous string for all practical
purposes). As shown by the schematic in FIGURE 1.29, one of the many procedures that
turns yarn into a textile is weft-knitting. The wide variety in applications of knitted textiles is due to the fact that they are programmable. They are shape programmable and their
in-plane elasticity in terms of stiffness or equivalently stretchiness can be tuned by manipulating the yarn embedding at the stitch level. For example, four typical combinations
of knits and purls that are used often are, stockinette, 1 × 1 rib, garter and seed fabrics.
Textiles with these four stitch patterns can give rise to a wide range of in-plane deformations under an applied uniaxial stress. This is illustrated in FIGURE 1.27, where diagonal
components of 2D nominal stress tensor are plotted against the diagonal components of
the strain tensor. In comparison to responses of other textile samples, note that the 1 × 1
rib textile is extremely stretchy in the x-direction when pulled in the same direction vs the
relatively stiff behavior of stockinette fabric and garter fabric.
It is possible to design a stitch pattern with knitting instructions that can be fit on to,
or approximate an arbitrary orientable smooth surface, and it is worth pointing out that
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(a) Yarn in its initial unknitted state. (b) A piece of stockinette fabric obtained through hand
knitting. The curling at the boundaries is an emergent geometry resulting from elastic
relaxation of yarn in the knitted state [66].

F IGURE 1.29: Knitting is coding and a knitted textile is a programmable material.

the shape programmability that we are referring to is not due to the stretchiness of yarn
(even though that is something which is desired to some extent). The shape programmability, however, might be hard to achieve at both very small and very large length scales
as the free energy will consist of contributions that are not solely due to elastic deformations. Narayanan et al [81] have designed and implemented an algorithm to achieve shape
programmability through machine knitting by producing single textile pieces covering a
smooth surface. Their choice of surface is only limited by the fact that the knitting instructions must conform with the mechanical moves which can be implemented through the
knitting machine being used.
The inverse problem of designing a stitch pattern that spontaneously produces a knitted fabric mimicking a prescribed smooth 2-manifold under energy minimization is challenging but can be quite useful if solved. Igarashi et al have attempted to solve the problem
for some spherical 2-manifolds, specifically to cover toy models of some animals [55, 56].
Their original algorithm can only account for spherical curvature along a single direction
in the plane of the fabric. One of the long-term objectives of this work in tandem with the
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simulations and experiments is to design an algorithm that can generate stitch patterns to
produce a knitted textile that can cover an arbitrary smooth 2-manifold.
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C HAPTER 2
C ONSTRUCTING DISCRETE SURFACES
APPROXIMATING

QTZ-QZD SURFACES

In this chapter, we start by describing the notion of a pair of proper dual triply-periodic
3D networks/nets. Then the numerical methods used to generate the initial discrete surface data for the QTZ-QZD surfaces is discussed, which involves the following two steps:
(i) an initial triangulated 2D mesh of a tubular neighborhood of the fundamental translational unit of the qtz network with horizontal periods, a, b = 1 and some c > 0 is constructed. (ii) The mesh from step (i) is evolved to minimize a discrete version of Willmore
energy functional possibly to its global minimum. Step (ii) is implemented in Surface
Evolver using the conjugate gradient descent algorithm.
The parametrization given by Weierstrass-Enneper representation involves integrals
of multivalued meromorphic functions. These integrals are computed using a numerical
integration scheme implemented in Mathematica. In the rest of the chapter, we summarize the computational scheme that was used to integrate multivalued functions in the
Weierstrass-Enneper representation. The key aspects are choosing a path of integration
and accounting for discontinuous jumps in integrands caused by some artifacts introduced
by Mathematica’s solver. In the case we are dealing with, the domain of integration is
disk-like (homeomorphic to a disk) and thus, the integration paths can be restricted inside a simply connected region of the complex plane. Therefore, we omit discussion about
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branch cuts.

2.1
2.1.1

Computational methods and scheme
Triply-periodic proper dual 3D networks

The method that we discuss in the subsequent chapters, of constructing triply-periodic
minimal surfaces invariant under the action of elements of a given crystallographic symmetry group (space group), relies on having a pair of 3D nets that are proper duals of each
other. In this context, a 3D net is a collection of points (vertices) in euclidean three space
connected by a collection of line segments (edges) [10]. The 3D nets that are considered
in this thesis are triply-periodic and connected. The term triply-periodic means that there
exists a set of three distinct non-coplanar vectors such that any translation of the net along
a vector that is a finite linear combination (with integer coefficients) of the triplet leaves
the net invariant. Any pair of vertices in the net have a finite set of edges connecting them,
and therefore, the net is connected.
Given a triply-periodic connected 3D net in euclidean three space, R3 , one may be able
to associate a unique tiling of the ambient space that is triply-periodic. Here, a tiling of
the ambient space refers to a collection of embedded generalized polyhedron (or a polyhedron with non-planar faces) whose 1D skeleton is the 3D net under consideration. Such
canonical choice of tiling, for a 3D net, is determined according to a set of conditions that
are explained in detail by Blatov et al in [10]. Following their formulation, the unique tiling
corresponding to a 3D net is called the natural tiling. Note that there may not be a natural
tiling for an arbitrary 3D net. Furthermore, if a tiling associated with a 3D net is invariant
under the same set of symmetries that preserve the net, then it is called a proper tiling.
A 3D net with its natural tiling can be uniquely associated with another 3D net, called
the dual net of the original 3D net. The dual net is constructed by placing vertices at the
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(a) The red 3D net is the bcu network, and the blue 3D net is its dual, nbo network. (b) Four
generalized polyhedra constituting the natural tiling of the bcu network.

F IGURE 2.1: A pair of proper dual 3D nets.

geometric center of every tile, and if a pair of tiles share a face between them, then connecting their centers using an edge. If the crystallographic symmetry group of the dual net
is identical to the crystallographic symmetry group of the natural tiling of the original 3D
net or the crystallographic symmetry group of the original 3D net itself, then it is called
the proper dual net of the original 3D net. A pair of 3D nets, that are mutually dual to each
other and share the same crystallographic symmetry group, are called proper dual nets. An
example of a pair dual 3D nets along with the natural tiling of the red 3D net is shown in
FIGURE 2.1(a)-(b). The 3D nets are called the bcu net and the nbo net, and their crystallographic symmetry group is Im-3m [88]. A 3D net along with its natural tiling is analogous
to a triply-periodic soap foam of bubbles where the tiles correspond to the foam cells. One
crucial difference is that, as shown in FIGURE 2.1(b) and FIGURE 2.2(a), the faces of the
tiles drawn are minimal surfaces and faces of the soap foam cells are of minimum area subject to the constraint imposed by the pressure difference at the interfaces between adjacent
foam cells.
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(a) Interpenetrating pair of proper dual 3D nets with P62 22 space group symmetry. The
highlighted polyhedron is the translational unit of the triply-periodic tiling corresponding to
the crystallographic symmetry group P62 22. (b) Few translational repeats of the 3D nets and a
tile from the natural tiling generated by the qtz net.

F IGURE 2.2: A pair dual 3D nets: the qtz net and the qzd net.

2.1.2

The qtz net and qzd net: a pair proper dual triply-periodic networks

The pair of proper dual 3D nets used in the construction QTZ-QZD family of triplyperiodic minimal surfaces are the qtz net and the qzd net. The isometries of R3 that preserve these 3D nets form the crystallographic symmetry group P62 22. In FIGURE 2.2(a),
the qtz net is shown in red, and the qzd net is shown in blue. In FIGURE 2.2(b), a single generalized polyhedron constituting the natural tiling of the qtz net is shown along
with a few translational repeats of the qtz and qzd nets. A fundamental translational unit
(equivalent to the three torus, T 3 ) is obtained by modding out R3 with respect to the set
of translations in the space group P62 22. A pair of fundamental translational units are
highlighted in black in FIGURE 2.2(a)-(b).
The crystallographic symmetry group P62 22 contains a group element whose action on
R3 is a three-fold screw-axis rotation i.e., a rotation by 2π/3 around a fixed axis followed
by a translation along the same axis. Having a screw-axis rotational symmetry rules out
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reflection symmetries (across mirror planes) for the qtz/qzd system and as a result they
are chiral. Three-fold screw-axis rotational symmetry implies that the chiral pitch, ρ is a
third of the vertical period.
The qtz/qzd system forms a continuous family of proper dual 3D nets with the crystallographic symmetry group P62 22 parametrized by the chiral pitch (up to uniform scaling)
– the magnitude of the translation performed during the action of a screw-axis rotational
symmetry group element. In case of the qtz/qzd system, the horizontal periods a and b
are equal and for simplicity we set these to one and refer to the chiral pitch ρ as the vertical
period c. Chiral triply-periodic minimal surfaces are extremely rare. Some examples are
the gyroid [104], the lidinoid [69] and the C(Y) surface [34].
Chiral structures that are present in the exoskeleton give rise to circular dichroic response in certain species of weevils [41, 127]. And the observation that structures at submicron length scale resembling triply-periodic minimal surface geometries act as biological
photonic crystals, we think that chiral triply-periodic surfaces can be used as design templates for making photonic crystals whose optical response depends on the polarization
of incident light. Moreover, being able to tune the chiral pitch is appealing as this degree of freedom can be exploited to fine tune the optical response over a few decades of
wavelengths.

2.1.3

Discrete triply-periodic surfaces constructed in Surface Evolver: numerical approximations to the QTZ-QZD surfaces

The following numerical protocol is used to construct a triply-periodic surface with the
minimum surface area locally and minimum mean curvature globally:
1. A pair of proper dual triply-periodic 3D nets is chosen, which in this case is a pair of
nets from the qtz/qzd system (a pair of such nets are shown in FIGURE 2.2(a)-(b)).
Such a pair completely determined by the chiral pitch, ρ up to a uniform scaling.
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(a) A triangulated tubular neighborhood of the qtz network. (b) An intermediate stage in the
minimization of the functional f in Surface Evolver. (c) An intermediate stage in the
minimization of the functional f after resolving the 2D mesh in (b). (d) The converged
triangulated three-periodic surface.

F IGURE 2.3: Four different stages illustrating the minimization of sum of the squares of the
point-wise mean curvature.

64

2.1. Computational methods and scheme
2. A triangulated surface data of an intersection-free tubular neighborhood of the qtz
net is generated. An example is shown in FIGURE 2.3(a).
3. This 2D mesh data is fed into Surface Evolver, where a conjugate gradient solver is
H
used to implement minimization of the following functional, f [S] = S ( H − H0 )2 dA,
where H is the point-wise mean curvature, H0 = 0 and S denotes a discrete surface
or a triangular 2D mesh. If the functional f attains the value zero (as its global minimum), then the converged 2D mesh or the triangulated surface is an approximation
of a triply-periodic minimal surface.
Minimization of the functional f is computationally expensive in comparison with surface area minimization as it involves computing point-wise mean curvature and their
gradients. However, the functional f is chosen for stability and convergence reasons.
In general, the area minimization implementation is stable given a fixed volume constraint, where the volumes enclosed within two sides of the surface are fixed (volumes
of labyrinths). The volumes of the two labyrinthine domains add up to the total volume
enclosed within the translational unit cell of the tiling generated by the space group.
Große-Brauckmann demonstrates the stability of surfaces obtained from surface area
minimization under fixed volume constraints for the gyroid surface and its constant mean
curvature relatives [51]. In case of the qtz/qzd system, the volume fractions are unknown, and a global minimum of the functional f is naturally stable without a volume
constraint. Numerical threshold to determine the convergence to a triply-periodic surface under global minimization of the functional f is set by f attaining a negligible value
up to numerical errors due to rounding-off, which depends on the machine precision. The
uniqueness of the triangulated surface obtained after convergence is not guaranteed by our
implementation and a detailed analysis of the uniqueness problem is beyond the scope of
this discussion.
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Im(z)

Im(√z)
Im(z)
branch cut

sheet #1

sheet #2

Re(z)

Re(z)





(a) A finite patch of the two-fold branched covering of the complex plane generated by the
algebraic √
equation, w2 − z = 0. (b) The contour plot of the imaginary part of the multivalued
function, z plotted in Mathematica. Notice the discontinuity in value of the function across
the dashed line, which in this case is also a branch cut.

F IGURE 2.4: An example multivalued function.

2.2

Numerical integration of multivalued functions

A regular, conformal parametrization of the QTZ-QZD surfaces is obtained using the
Weierstrass-Enneper representation. A detailed discussion about how this is achieved is explained in the next chapter. For now, without getting into too many details, it suffices
to say that parametrizing a triply-periodic minimal surface through Weierstrass-Enneper
formalism amounts to integrating multivalued functions defined on a Riemann surface
(or a branched covering of the complex projective space CP1 ). Due to lack of closed form
expressions for these path-dependent integrals, a systematic way of computing them is essential. To that end, the built-in function, NIntegrate implemented in Mathematica is used
to numerically evaluate integrals of multivalued functions. And the integral converges as
long as the integrand is finite almost everywhere along the chosen path between the limits
of integration or the end points of the path of integration (path of integration).
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(a)

(b)

(c)

(d)

(a) A top view of the branched covering. (b) A side view of the branched covering. (c) A top
view with a part of the upper sheet removed revealing the sheet just below. The highlighted
piecewise linear curves are integration paths for integrals in equation 2.6. (d) A side view
with a part of the upper sheet removed revealing the sheet just below. The highlighted
piecewise linear curves are integration paths for integrals in equation 2.6.

F IGURE 2.5: The three-sheeted branched covering of the complex plane described by the
algebraic equation 2.5

Consider a function F in two complex variables given by F (z, w) = wn − h(z)m , for
some algebraic function h(z) and a pair of non-zero co-prime natural numbers. The set
of roots of the algebraic equation F (z, w) = 0 is given by {z ∈ C : (z, h(z)m/n )} ⊂ C ×
C. Clearly, for a generic value of the variable z ∈ C, the function h(z)m/n takes on n
distinct complex values. Whilst evaluating such multivalued functions in Mathematica,
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it is important to be aware of curves on the complex plane across which the roots switch
between their multiple values. For instance, in case of the example above, the value of
nth root of mth power of the function h(z) jumps by e2iπ (m/n) across curves given by {z ∈
C|Im(h(z)) = 0, Re(h(z)) < 0}. We will refer to these curves as jump curves. When h(z) is
a polynomial, the jump curves form branch cuts.
Consider the function R± (z) given by
R± (ξ ) = p



1
g(z)

6

g(i )(1 + z ±

q

1/3
g(z))

12

g(z) =

∏(z − z j ) = z12 + (2 − g(i))z6 + 1,

(2.1)

j =1

The jump curves for the function R(z) for z ∈ C are given by the following equations:




z ∈ C|Im 1 + z ±
6

q


g(z)



6

= 0, Re 1 + z ±

q


g(z)



<0 ,

{z ∈ C|Im( g(ξ )) = 0, Re( g(ξ )) < 0}.
Across a curve determined by the roots of the equation 2.3, the sign of the function

(2.2)
(2.3)
p

g(z)

flips leading to a change in the value of the function R± (z). This is analogous to the example described above with the multivalued function h(z)m/n . In case of implicit curves
determined by equation 2.2, the function value jumps by a factor of e±i2π/3 . Note that
the set of curves determined by equation 2.3 and equation 2.2 are no longer branch cuts.
Branch cuts, although not unique, must obey some constraints that are not satisfied by the
jump curves in case of evaluation of the function R± (z) in Mathematica. A detailed discussion about finding branch cuts is omitted here as this work deals with computing integrals
in a simply connected domain (disk-like subset of the complex plane), and branch cuts are
only required while integration path winds around one or more branch points.
Let R(z) = z1 R+ (z) − z2 R− (z) be a multivalued function. The functions R± (z) are defined in equation 2.1, and the pair of unit magnitude complex numbers (z1 , z2 ) are chosen
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from the set

{(1, 1), (ei2π/3 , e−i2π/3 ), (ei4π/3 , ei2π/3 )}.

(2.4)

The function R is defined on the branched covering of the complex plane that is given by
the following algebraic equation
g(z) R3 + 3ζ 2 g(i )z2 R − 2ζ 3 g(i ) = 0.
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A jump curve of
the type 2.2
A jump curve of
the type 2.3

Anchor
point

Im(z)

Re(z)
Branch
points
A jump curve of
the type 2.2

Boundaries of the
integration domain
A contour plot of the solution function R to the algebraic equation 2.5. The
highlighted region, a semi-circular region of unit radius centered at the origin
is the integration domain used to generate the minimal patch shown in
FIGURE 3.7. The piece-wise linear curves highlighted in red, green and blue
correspond to integrals in equations 2.6. These also correspond to paths
highlighted on the branched covering shown in FIGURE 2.5. Red points are
the limits of integration, cyan points are the points where two lines of different
slope meet, and pink points are on the jump curves.

F IGURE 2.6: The integration domain, paths of integration and the jump curves.

This branched covering is shown in FIGURE 2.5. The parameter ζ is a complex number
of unit magnitude. The algebraic equation 2.5 is analyzed in detail in the next chapter. For

70

2.2. Numerical integration of multivalued functions
now, consider the following integrals:

X1 ( i ) =
X2 ( 1 ) =
X3 ( e

iπ/3

Z i
0

(1 − z2 ) R(z)dz

Z 1
0

)=

i (1 + z2 ) R(z)dz
Z eiπ/3
0

2zR(z)dz.

(2.6)

Integrals in equation 2.6 are computed using NIntegrate in Mathematica. A set of sample paths of integration for evaluating these integrals are shown in FIGURE 2.6. While
choosing a path of integration, the limits of integration are connected by a continuous
piece-wise linear curve, where the lines are joined by points highlighted in cyan in FIGURE 2.6. Some of these lines intersect jump curves at finitely many points. These points,
highlighted in pink in FIGURE 2.6, can be located approximately by plotting contours of
the real or the imaginary parts of functions R± and g. These points are computed by solving for the points of intersection between a line in the path of integration and a jump curve
using NSolve. While evaluating one of the integrals in equation 2.6, when encountered
with a pink point, the integrand must be multiplied by a factor of e±i2π/3 and ±1 to ac√
count for the jumps in the values of functions R± and g respectively. To be more specific,
the factor can be determined in the following way: if the path of integration is traversed
in an anti-clockwise direction (with respect to the origin) and a jump curve encountered
is of the type 2.2, then the functions R± must be multiplied by a factor of ei2π/3 . If the
integration path is traversed in the clock-wise sense and a jump curve encountered is of
the type 2.2 the functions must be multiplied by e−i2π/3 . When passing through a jump
p
curve of type 2.3, the functions g(z) must be multiplied by ±1, depending on whichever
choice agrees with a root of equation 2.5. Note that these factors accounting for a jump in
arguments of the integrand depends on the algebraic equation of interest.
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Most of our discussion about setting up a numerical integration scheme for the multivalued function R in Mathematica generalizes nicely to other multivalued functions (defined on other types of branched coverings), albeit the part on dealing with jump curves to
avoid spurious artifacts due to non-existent discontinuities. Also, the scheme above does
not address integration of a multivalued function over a loop enclosing a branch point. In
those cases, branch cuts are necessary, and choosing branch cuts depends on the branch
point structure i.e., number of branch points, their branching order or their ramification
index. As shown in FIGURE 2.4, the branch points of the square root function in complex
√
variables are zero and the point at infinity, and thus, while evaluating the function z covering all of its range, only one branch cut that runs between zero and the point at infinity
is required. Therefore, at least for multivalued functions equal to roots of a polynomial,
Mathematica readily computes branch cuts as jump curves.
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C HAPTER 3
W EIERSTRASS -E NNEPER REPRESENTATION FOR THE
QTZ-QZD SURFACE FAMILY

In this chapter, we describe parametrizing a triply-periodic minimal surface using the
Weierstarss-Enneper representation and the 2D mesh data of a discrete triply-periodic surface
constructed through Surface Evolver. Our method is based on techniques described by
A. Fogden and S. Hyde in a series of three papers [36, 37, 35]. The crux of this method
is that, the fundamental translational unit of an intersection-free triply-periodic minimal
surface is homeomorphic (topologically equivalent) to a Riemann surface, which in turn is
homeomorphic to a punctured genus g orientable surface.
First the general form of the Weiestrass-Enneper representation is restated with a brief
description of all of the essential parts of the parametrization. The only difference from the
Weierstrass-Enneper representation stated earlier in equation 1.2 is that the meromorphic
functions F and G are now given by

F ( z ) = R ( z );

G (z) = z,

where the function R is called the Weierstrass function. Therefore, the crucial step in finding the parametrization is finding the Weierstrass function R for the QTZ-QZD family of
surfaces.
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In order to calculate the Weietstrass function R(z) for the QTZ-QZD family of surfaces,
we start with the following algebraic equation in two complex variables, z,w,
3

∑

am (z; θ, δ, η )wm = 0,

(3.1)

m =0

where θ, δ, η are unknown parameters determined later by solving the period problem
and the Weiertstrass function R(z; θ, δ, η ) is given by the variable w. The polynomial equation 3.1 determines a punctured Riemann surface of genus four. To determine the polynomial equation 3.1, we calculate the coefficients an (z; θ, δ, η ) based on the action of the
elements of the space group (crystallographic symmetry group) P62 22 and the gaussian
curvature data extracted from the triply-periodic discrete surfaces generated in Surface
Evolver.
After calculating the coefficients an (z; θ, δ, η ) (up to parameters θ, δ and η), the polynomial equation is solved for the Weierstrass function, which again has three unknown
parameters θ ∈ [0, π/2], δ ∈ (π/6, π/6) and η ∈ (0, 1). Finally, in order to completely
determine the Weierstass function R, we formulate and solve the period problem of the
QTZ-QZD family of surfaces. We then solve the period problem to arrive at a finite number of solutions, and thus, a finite number of surfaces from the QTZ-QZD family. The
representative branch points parametrized by δ ∈ (π/6, π/6) and η ∈ (0, 1) are plotted in
FIGURE ??(a), and the Bonnet angle θ ∈ [0, π/2] is plotted vs the chiral pitch. Three different surfaces from the QTZ-QZD family, corresponding to three solutions of the period
problem, are shown in FIGURE 1.8.
Lack of closed form analytical expressions of the coordinate functions of the surfaces
determined through the Weierstrass-Enneper integrals means that we need an alternate
approach to finding the continuous family other than simply computing finite number of
solutions one by one. To that end, we show that, locally around a point in the parameter space that solves the period problem, the solution curves exist and are unique by the
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implicit function theorem.
Furthermore, based on our analysis, we conjecture that there exists a unique global solution curve constituting a single parameter continuous family of intersection-free triplyperiodic minimal surfaces along which all the local pieces of the solution curves around
isolated solutions are nicely stitched together. Below, we state this as a conjecture.
Conjecture 3.0.1. The set of QTZ-QZD surfaces form a single parameter continuous family of
triply-periodic embedded minimal surfaces determined by the parameter ρ, which is equal to the
ratio of the vertical translational period c to the horizontal translational period a.
The proof of this conjecture is work in progress. In brief, we are working on a proof based
on numerically estimating local Lipschitz constants by first showing that the solution curve
if it exists is Lipschitz continuous. The idea is to compute the local Lipschitz constants in
the one-dimensional neighborhoods of enough number of isolated points on the solution
curve such that these neighborhoods overlap and cover all of the preimage of the solution
curve establishing both its existence and uniqueness.

3.1

Triply-periodic minimal surfaces

We are interested in studying triply-periodic minimal surfaces that are embedded surfaces in euclidean three space. Embedded triply-periodic minimal surfaces divide the ambient space into two disjoint and connected interpenetrating three-dimensional labyrinthine
domains.
Let us denote the triply-periodic minimal surface by M. The set of isometries of R3
with standard euclidean metric preserving M forms a space group. Let us denote the
subgroup of translations by Λ. The surface patch enclosed inside the translational unit
cell R3 /Λ is the quotient of the surface M with respect to Λ. Therefore, the subgroup of
all the translational symmetry elements of Λ acting on M yields a quotient surface which
is denoted by MΛ , where MΛ ≡ M/Λ ⊂ R3 /Λ. The boundary components of MΛ
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are the curves of intersection of M with the boundary of the translational unit cell R3 /Λ.
Since the translational unit cell R3 /Λ is homeomorphic to a three-torus T3 , the surface

MΛ ⊂ (R3 /Λ) is closed, compact and has finite total Gaussian curvature.

3.1.1

Weierstrass-Enneper representation

According to Theorem A.0.1, there exists a conformal parametrization for the surface

MΛ ; from here onwards, we assert that all the functions defined on the surface, including
the coordinate functions and Gauss map restricted to MΛ are well defined and they can be
extended to the lift of MΛ in T 3 to M in R3 giving the Gauss map and the parametrisation
of M [54]. given by

W : D → MΛ ⊂ T3
 Z ξ

iθ
2
x1 (ξ ) = Re e
(1 − z ) R(z) dz ,
0
 Z ξ

iθ
2
x2 (ξ ) = Re e
i (1 + z ) R(z) dz ,
0
 Z ξ

iθ
x3 (ξ ) = Re e
2z R(z) dz .
0

(3.2)

This parametrisation is called the Weierstrass-Enneper representation. The function R is the
Weierstrass function for the minimal surface MΛ , θ is the Bonnet angle [13] and D ⊂ C is
a simply connected (disk-like) domain. The Weierstrass-Enneper representation of a minimal surface parametrizes a family of isometric surfaces, that are determined by the Bonnet
angle ranging from zero to π/2. This family of surfaces is called the associate family of

MΛ , and multiplication by the complex number eiθ is known as the Bonnet transformation.
Further, a pair of isometric minimal surfaces differing by a Bonnet angle of π/2 are said
to be conjugate or adjoint to each other. Two common examples of adjoint minimal surface
pairs are: 1) the catenoid & helicoid and 2) Schwarz’s P surface & Schwarz’s D surface. The
Bonnet transformation has proven to be a valuable tool in generating new triply-periodic
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Gauss map
S2

S̃
Weierstrass-Enneper
representation

N

W

C

σ

Stereographic
projection

A schematic diagram illustrating the key steps involved in parametrizing a
minimal surface. The Weierstrass-Enneper representation of the minimal
surface S̃ is obtained by solving the period problem formulated based on the
symmetries, the Gauss map and the curvature data of S ∗ . In our case, S̃ refers
to a surface from the QTZ-QZD surface family and the minimal surface, and in
this figure the helicoid is used as an example of a generic minimal surface.

F IGURE 3.1: Weierstrass-Enneper representation.

minimal surfaces [91, 59]. The gyroid [104] and the lidinoid [69] are contained in the associate family of Schwarz’s D surface and Schwarz’s H surface respectively.
The Gauss map N maps a point on the surface to the unit normal vector at that point.
Using the Gauss-Bonnet theorem, the number of sheets s in the image of the Gauss map,
which is a branched cover of S2 , can be related to the genus g of MΛ ⊂ T3 . Let K be the
gaussian curvature, and let χ be the Euler characteristic of MΛ . Then
I
MΛ

KdA = −s

I
S2

dA

2πχ = −4πs
g − 1 = s.
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The second equality in 3.3 results from the Gauss-Bonnet theorem [46, 12, 28]. Thus, by composing the Gauss map and the stereographic projection we get a ( g − 1)-sheeted branched
cover of the complex projective space CP1 . This covering space, in turn, is associated with
a compact Riemann surface.

3.1.2

The Weierstrass function

There are multiple embedded triply-periodic minimal surfaces with the same genus.
However, if two minimal surfaces with same Euler characteristic are not related through
a Bonnet transform, then their Weierstrass functions R(z) must be different. For example,
the lidinoid and the D-surface are both genus-three surfaces but are not in each other’s associate families. We seek to find Weierstrass functions that generate the genus-four QTZQZD family of surfaces. The problem of existence of the QTZ-QZD family surfaces as a
single parameter continuous family of embedded triply-periodic minimal surfaces is discussed in detail in 3.4.2.
The Weierstrass function R(z) is a multivalued a meromorphic function. Both the function R(ξ ) and its domain space are determined by: i) the number of sheets s in the image
of the Gauss map as a branched covering of CP1 , ii) the branch point structure deduced by
locating points of zero gaussian curvature approximately via

K (z) = −

4

(1 + |z|2 )4 | R(z)|2

.

(3.4)

3.4 is derived in A. Using the Riemann-Hurwitz formula [47], the total branch point order
W of the branched covering of the Gauss map (or the Weiestrass function R(z)) can be
expressed in terms of the number of sheets s as W = 4( g − 1) = 4s. Since the Gauss
map is compact, theorems (10-23) and (10-24) in [112] imply that there exists a polynomial
equation of the following form
s

∑

am (ξ ) Rm = 0,

m =0
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where am (ξ ) is a polynomial over C. The coefficient polynomials can be expressed as
n

am (ξ ) = αm Pm (ξ ) ∏(ξ − ξ i )qm,i ,

(3.6)

i =1

where qm,i ≥ 0 is an integer, Pm (ξ ) is a polynomial, αm is a complex constant for all m ∈

{0, 1, 2, ..., s} and {ξ i }in=1 is the set of branch points [36]. Using 3.4 we can infer a couple
of things about the polynomial coefficients in 3.5: (i) because of the Gauss-Bonnet theorem
the total integrated gaussian curvature is finite and since it is non-positive through out
the surface it must be finite everywhere, which implies R(ξ ) is non-zero for all ξ ∈ C.
Since a0 (ξ ) cannot vanish, a0 must be independent of ξ. Therefore a0 (ξ ) = α0 , where
α0 is a complex valued constant. (ii) The singularities of the Weierstrass function are its
branch points. Whenever R(ξ ) diverges the gaussian curvature vanishes, so the product
of the roots of 3.5 equal to the ratio of the polynomials as (ξ ) and a0 (ξ ) must vanish at the
branch points which implies that as (ξ ) must vanish at the branch points. Without loss of
generality we assert Ps (ξ ) = 1, which implies that as (ξ ) = αs ∏in=1 (ξ − ξ i )qs,i .
The limiting behavior at the branch points
In general, a branch point in the complex plane, C can have more than one branched
local neighborhood, distinct or non-distinct (with respect to the number of sheets pinned
at the branch point). This way every branch point ξ i ∈ C can be associated with a set
−1
Bi = {bij , Nij }sj=
0 subject to the constraints
s −1

∑ Nij (bij + 1) = s

j =0

n s −1

∑ ∑ Nij bij = W = 4s.

(3.7)

i =1 j =0

The set Bi gives the branch point structure in the neighborhood of the ith branch point,
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ξ i ∈ C. When viewed as part of the branched cover there are bij + 1 sheets pinned at
the jth copy of the ith branch point and there are Nij such copies amounting to a total of
∑ j Nij (bij + 1) sheets over ξ i ∈ C. A visualisation of the branched cover is shown in Figure
2 of the ESM. The approach followed here starting from 3.6 in the last section was originally introduced and systematized in a series of two papers by Fogden & Hyde from 1992
[36, 37]. They proposed an algorithm for obtaining the Weierstrass-Enneper representation
which lead to a classification scheme based on the branch point structure of the underlying
Riemann surface. They coined the term regular triply-periodic minimal surfaces for surfaces with MΛ homeomorphic to a Riemann surface with |Bi | = 1 for all i ∈ {1, 2, ..., n},
i.e. Ni =

s
bi + 1

=⇒ ∑in=1

bi
bi + 1

= 4. An extension of this formalism to irregular (TPMS

that are not regular according to the above notion) triply-periodic minimal surfaces was
given by Fogden in [35], where he considered branch point structures that are required
only to satisfy equations 3.7. The function R(ξ ) in the neighborhood of the jth copy of the
ith branch point can be written as
R(ξ ) ∼ γij (ξ − ξ i )−bij /(bij +1) ,

(3.8)

where bij is the branch point order [35]. In this notation j = 0 corresponds to an unbranched sheet, implying that bi0 equals zero. By substituting R(ξ ) from 3.8 and am (ξ )
from 3.6 into 3.5 we get for the mth term
m
am (ξ ) R(ξ )m ∼ αm Pm (ξ i )γi0
(ξ − ξ i )qm,i
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n

∏

k =1,k6=i

(ξ i − ξ k )qm,k .

(3.9)
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If there are Ni0 unbranched sheets then γi0 must take Ni0 distinct values one on each unbranched sheet. This implies in the limit ξ → ξ i
Ni0
(ξ − ξ i )q Ni0 ,i
α Ni0 PNi0 (ξ i )γi0
m
αm Pm (ξ i )γi0
(ξ − ξ i )qm,i
j

α j Pj (ξ i )γi0 (ξ − ξ i )q j,i

n

∏

(ξ i − ξ k )q Ni0 ,k ∼ α0 =⇒ q Ni0 ,i = 0.

∏

(ξ i − ξ k )qm,k ∼ O(1) =⇒ qm,i ≥ 0

∏

(ξ i − ξ k )q j,k ∼ 0 =⇒ q j,i > 0

k =1,k 6=i
n
k =1,k 6=i
n
k =1,k 6=i

(3.10)

for i ∈ {1, 2, ..., n}, m ∈ {1, 2, ..., Ni0 − 1} and j ∈ { Ni0 + 1, ..., s}.
The asymptotic behaviour
It follows from 3.4 that R(ξ ) must satisfy limξ →∞ R(ξ ) ∼ γ∞ |ξ |−4 . It is always possible
to ascertain that the function is finite at complex infinity. Therefore, in order to ensure the
existence of s distinct values of γ∞ in the limit ξ → ∞, we must have
as (ξ ) Rs (ξ ) + α0 ∼ O(1) =⇒

n

∑ qs,i = 4s.

(3.11)

i

The rest of the terms can either vanish or be of order one in the limit ξ → ∞, hence
n

∑ qm,i + deg( Pm ) ≤ 4m,
i

3.1.3

∀m ∈ {1, 2, ..., s − 1}.

(3.12)

Space group of the QTZ-QZD family of surfaces

The labyrinths of a triply-periodic minimal surface can be embedded with a unique
pair of dual, interpenetrating, three-dimensional networks called the skeletal graphs. By
definition, a triply-periodic minimal surface inherits the symmetries of its skeletal graphs
[104]. Therefore, the space group preserving the QTZ-QZD family of surfaces is P62 22.
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The surface MΛ ⊂ T 3 for the chiral pitch, ρ ≈ 1.The translational unit cell of
P62 22 space group lattice of height c and width a such that c/a = ρ ≈ 1 defines
the three torus.

F IGURE 3.2: A translational unit of a QTZQ-QZD surface.

The 62 represents a three-fold screw axis symmetry. The screw axis symmetry implies that
there are no mirror symmetries (planar reflection symmetries) and that it is chiral.
The primitive translational unit cell of an infinite crystallographic lattice can be generated using a smaller polyhedron with a minimal set of symmetry operations [88]. A
triply-periodic minimal surface endowed with a space group symmetry can be associated
with a minimal surface patch (more on this in section 3.33.4.1) enclosed within a minimal
generating polyhedron. The minimal generating polyhedron for the space group lattice
P62 22, shown in 3.7(a), is a triangular slab of thickness c/6 and equilateral base of length
a, where c is the vertical period and a is the horizontal period. The set of symmetry operations that act on the minimal surface patch to generate the translational unit MΛ shown
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in 3.2 consists of: (1) two two-fold rotational symmetries with nonintersecting axes parallel to the x1 x2 -plane and (2) two two-fold rotational symmetries with axes parallel to the
x3 -axis [26]. The action of these symmetries results in an effective three-fold screw axis
parallel to the x3 -axis.

3.2
3.2.1

The flat points of the QTZ-QZD surface
The branch point structure

We find the genus of MΛ to be four both using the skeletal graphs and by applying
Gauss-Bonnet theorem to the discretised surface. Therefore, the number of sheets in the
branched cover of the sphere is three. By substituting s = 3 and W = 12 in 3.7, we get
n

2

2

∑ Nij (bij + 1) = 3 ; ∑ ∑ Nij bij = 12.

j =0

(3.13)

i =1 j =0

The above set of equations imply that

Ni2 6= 0 =⇒ Ni2 = 1 ; Ni0 = Ni1 = 0
Ni2 = 0 =⇒ Ni1 = Ni0 = 1.

(3.14)

Hence, the feasible solutions are {{0, 0}, {1, 0}, {2, 6}} and {{0, 12}, {1, 12}, {2, 0}}. In order to find the correct solution we compute the flat points approximately using the discretised surface obtained from the Surface Evolver.

3.2.2

Numerical computation of the flat points

The discretized surface consists of vertices, edges and planar faces. One of the ways to
associate a discrete gaussian curvature at a vertex is by calculating the difference between
the total angle subtended by all the faces meeting or coincident at that point and 2π, which
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is the total subtended angle when the surface is planar. Therefore, for a flat surface the
discrete gaussian curvature is zero. If the total angle at a vertex is more than 2π then the
discrete gaussian curvature at that point is less than zero indicating that around that point
the surface is saddle-like. And if the total angle is less than 2π meaning that the discrete
gaussian curvature is positive, then a small enough local surface patch is shaped like a
mountain or a valley. Although the deficit or excess angle essentially captures the local
nature of the surface as explained above, owing to the fact that the gaussian curvature
has dimension of inverse length squared we estimate the gaussian curvature of a discrete
surface at a vertex as the excess or deficit angle divided by the total area of all the triangles
concurrent at that vertex. A heat map of the discrete gaussian curvature estimate is shown
in FIGURE 3.3. The accuracy of this curvature estimation increases as the resolution of
the discretisation is increased. The discrete gaussian curvature that we use bears a close
resemblance to the following continuum expression,
3
K = lim
r →0 π
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2πr − Lr
r3


(3.15)

discrete gaussian curvature

3.2. The flat points of the QTZ-QZD surface

A heat map of the excess or deficit total angle at the vertices for a triply-periodic discrete
surface approximating a surface from the QTZ-QZD family of surfaces. There are isolated
points on the surface with considerably lower gaussian curvature compared to the rest of the
points on the surface. The values are scaled so that the color contrast is good enough to
approximately distinguish the flat points. The lower values of excess angles at the vertices on
the edges of the discretized surface is an artifact of the numerical procedure used to generate
the surface, and thus, the edges do not contain any flat points.

F IGURE 3.3: Partially locating the flat points using the discrete gaussian curvature data.

where Lr is the arc length of the image of a circle of radius r centered at the origin in the
tangent space at a point on the surface under the exponential map [18]. We are interested in
flat points, which have zero gaussian curvature. Thus, we look for vertices where |K | < ε.
However, the finer the discretisation, the more vertices satisfy this condition. In order
to find the actual zeros of gaussian curvature we compute the winding number of the
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(a) The Gauss map is computed for two simple piece-wise linear closed curves, one enclosing
a flat point and another enclosing a typical point with non-zero gaussian curvature. (b) The
winding number of the Gauss map projected on to S2 indicates that somewhere within the
disk bound by the red curve on the surface, there must be a point mapping to a branch point
in the branched covering of S2 .

F IGURE 3.4: Locating flat points using winding number of the Gauss map.

Gauss map. The flat points correspond to the branch points in the branched cover of S2 or
CP1 . Therefore, we can use the winding number data around the flat points to pin down
which vertices are the preimage of the branch points and which have a small but non-zero
gaussian curvature. We compute the winding number of the Gauss map along a closed
curve enclosing a small local neighborhood of a vertex with gaussian curvature less than
a chosen threshold ε > 0. An example of how curves winding around a typical point vs a
flat point differ is shown in FIGURE 3.4. If the winding number exceeds one then inside
this neighborhood lies a flat point. We can close in on the flat point further by decreasing
the radius of the neighborhood, ε. We repeat this process until we have found all the flat
points to a reasonable accuracy.
This method not only allows us to find the flat points but also to classify them according to Fogden & Hyde’s regularity condition [36]. We find that the winding number is

86

3.3. The Weierstrass function for the QTZ-QZD family
precisely two for every flat point implying all the branch points are of order one. Therefore the correct branch point structure is {{0, 12}, {1, 12}, {2, 0}}. Although this procedure
does not yield accurate locations of the flat points of the QTZ-QZD surface, it reveals the
correct branch point structure of the Weierstrass function without fail. There are twelve flat
points mapped to twelve branch points of order one. Since there is an unbranched sheet
going over every branch point the QTZ-QZD surface is classified as an irregular surface.
The branch points are given by
 
5
(2m + 1)π
(1 − δ) exp i
+η
;
6
m =0

 
5
1
(2m + 1)π
exp i
−η
,
(1 − δ )
6
m =0


(3.16)

where −π/6 < η < π/6 and 0 < δ < 1. We know from the surfaces generated using Surface Evolver that the parameters η and δ are not independent and that they are functions
of the ratio of crystallographic axes or the dimensionless chiral pitch ρ = c/a, where c is the
vertical period and a is the horizontal period of the space group lattice. We compute the
values of (δ, η ) by numerically solving the period problem to get a family of embedded
triply-periodic minimal surfaces.

3.3

The Weierstrass function for the QTZ-QZD family

Substituting s = 3 in 3.11 we get
12

∑ q3,i = 12.

(3.17)

i =1

12
And from 3.12 it follows that ∑12
i =1 q2,i + deg( P2 ) ≤ 8; ∑i =1 q1,i + deg( P1 ) ≤ 4. Since q3,i

is a non-zero positive integer and multiplicity of ξ i is one, 3.17 implies that q3,i = 1 for all
i ∈ {1, 2, ..., 12}. Finally, from 3.10, we have q0,i = q1,i = 0 ; q2,i > 0. Summarising all the
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results, we have obtained so far:
α2 =0

q1,i = 0

a0 ( ξ ) = α0

deg( P1 ) = 4

12

a3 ( ξ ) = α3 ∏ ( ξ − ξ i )

(3.18)

i =1

The set of points related to a point ξ ∈ C ∪ {∞} by group action is called the orbit of that
point. The orbits are closed under group action. The space group action of P62 22 can
give rise to orbits of maximum size twelve. For instance the orbit of a generic point in the
complex plane twelve. Among the fixed points of two-fold rotations, the orbits are given
by

{0, ∞},

{ei(mπ/3) }5m=0 and {ei((2m+1)π/6 }5m=0 .

(3.19)

The members of an orbit share the same set of properties i.e. if ξ 0 is a root of P1 (ξ ) then so
is any other point in the orbit of ξ 0 . According to 3.18 , the degree of P1 (ξ ) is equal to four,
which implies the number of zeros of P1 (ξ ) is four. Therefore, the zeros of P1 (ξ ) can only
be ξ 1,1 = 0, ξ 1,2 = 0, ξ 1,3 = ∞, ξ 1,4 = ∞ implying P1 (ξ ) = ξ 2 . This choice is consistent
 −2iφ 
−4iφ
= ξ 4 α1 e ξ 2 = α1 e−4iφ ξ 2 = e−4iφ a1 (ξ ).
with the symmetry requirements ξ 4 a1 e ξ

3.3.1

The discriminant zero points

Definition 3.3.1. ξ ∈ C is a discriminant zero point if and only if the discriminant of the polynomial equation 3.5 evaluated at ξ vanishes. This implies that the roots of the polynomial evaluated
at ξ are not distinct.
3

The discriminant zero equation for a cubic polynomial, ∑ φm zm = 0 is given by
m =0

φ3 (4φ3 φ13 − φ22 φ12 + 4φ23 φ0 + 27φ32 φ02 − 18φ3 φ2 φ1 φ0 ) = 0.

(3.20)

The zeros of φ3 (ξ ) are the branch points. Notice that the second factor is nontrivial or not
identically zero if and only if the triply-periodic minimal surface is irregular. We know
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from section 3.2 that the QTZ-QZD surface is an irregular surface, hence there are discriminant zero points other than the branch points. The second factor of the discriminant zero
equation 3.20 can be simplified to
12

4α31 ξ 6 + 27α20 α3 ∏(ξ − ξ i ) = 0.

(3.21)

i =1

This is a degree six equation and the six roots constitute the orbit of a fixed point. Therefore, the discriminant zero points must be either {e(2m+1)iπ/6 }5m=0 or {ei(mπ/3) }5m=0 . Let us
examine action of rotations fixing ξ = 1 and ξ = i. Since ξ = 1 is not a branch point,
it gets mapped to three distinct points under 3.2. There are three two-fold rotations each
fixing one of these points. These symmetry transformations act on the other two points
such that the points before and after the action differ by a lattice period vector. On the
contrary, in the case where ξ = i, one of the two-fold rotations fixes one point but maps
the other two points to each other. This implies that the two points that are related by a
symmetry transformation have the same normal vector and gaussian curvature. Hence

| R(i )2 | = | R(i )3 |, R(1)1 6= R(1)2 6= R(1)3 and due to the latter condition, {e(2m+1)iπ/6 }5m=0
are the discriminant zero points. Substituting ξ = i in 3.21 gives
12

12

j =1

j =1

− 4α31 + 27α20 α3 ∏(i − ξ j ) = 0 =⇒ β31 = β20 α3 ∏(i − ξ j ).

(3.22)

where α0 = ±2β 0 and α1 = 3β 1 .

3.3.2

The solution function

The final polynomial equation for the Weierstrass function of the QTZ-QZD surface is
given by
R3 + 3ζ 2 Q(ξ )ξ 2 R − 2ζ 3 Q(ξ ) = 0
89

(3.23)
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(a)

(b)

(c)

(d)

(a) Singly periodic Scherk surface: a top view. (b) Doubly periodic Scherk surface: a top
view. (c) Singly periodic Scherk surface: a side view. (d) Doubly periodic Scherk surface:
a side view.

F IGURE 3.5: The limiting members of the QTZ-QZD family of surfaces.

where ζ = β 0 /β 1 (without loss of generality we have chosen α0 = −2β 0 ) and Q(ξ ) =
∏12
i =1 (i − ξ i ) / ( ξ − ξ i ). For each ξ ∈ C ∪ { ∞ } equation 3.23 is a degree three polynomial in
R. The solution is given by
"



R(ξ ) = ζQ(ξ )1/3 z1 1 +

q

1 + ξ 6 Q(ξ )

1/3



− z2 −1 +

q

1 + ξ 6 Q(ξ )

1/3 #
,

(3.24)

where z1 , z2 are a pair of cube roots of unity satisfying z1 z2 = 1. The solution can be further
simplified to R(ξ ) = z1 R+ (ξ ) − z2 R− (ξ ), where
R+ (ξ ) = p
R− (ξ ) = p

ζ



g(ξ )

q

6

q

g(i )(1 + ξ +

g(ξ )
ζ

6



g(i )(1 + ξ −
90

1/3
g(ξ ))

;
1/3

g(ξ ))

.

(3.25)

3.3. The Weierstrass function for the QTZ-QZD family
The polynomial g(ξ ) is equal to ∏12
i =1 ( ξ − ξ i ) with g (1) + g (i ) = 4, and the complex number pair (z1 , z2 ) take values from the set, {(1, 1), (ei2π/3 , ei4π/3 ), (ei4π/3 , ei2π/3 )}.
Therefore, the Weierstrass function is of the form

Ru ( ξ ) = R1 ( ξ ) − R2 ( ξ )
Rb1 (ξ ) = ei(2π/3) R1 (ξ ) − ei(4π/3) R2 (ξ )
Rb2 (ξ ) = ei(4π/3) R1 (ξ ) − ei(2π/3) R2 (ξ ).

(3.26)

corresponding to three branches in the branched cover or the Riemann surface of interest. The labels branched (denoted by “Rb ") and unbranched (“Ru ") concern only the branch
points, for e.g. Ru (ξ ) evaluated at ξ = ξ i is finite for all i ∈ {1, 2, ..., 12}. There is no unique
way to demarcate a boundary that separates the unbranched and branched sheets. A set of
branch cuts chosen arbitrarily up to branch points can be thought of as virtual boundaries
between different sheets.
The finite valued solution of the polynomial equation 3.23 at the branch points ξ i gives
R(ξ i ) =

−2ζ
.
3ξ i2

(3.27)

It can be shown that Ru evaluates to 3.27 and Rb1 , Rb2 are singular at every branch point.
The limiting members of the QTZ-QZD family of surfaces are the sheared singly periodic and the sheared doubly periodic Scherk surfaces [103]. To see this substitute {eim(π/3) }5m=0
for the branch points (with multiplicity two) in Ru (ξ ) from 3.26 yielding

((ξ 6 + 1) + (ξ 6 − 1))1/3 − ((ξ 6 + 1) − (ξ 6 − 1))1/3
=4
( ξ 6 − 1)
2
2
= 4
= 2
2
2iπ/3
ξ +ξ +1
(ξ − e
)(ξ 2 − e−2iπ/3 )
2i
.
Rls (ξ ) = 4
ξ + ξ2 + 1

Rld (ξ )

1/3
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N

(1, 0, 0)
equator
The equator and the geodesic passing through the north pole and the point (1,0,0) on the unit
sphere are mapped to the red and green curves on the QTZ-QZD surface. These two closed
curves are elements of the fundamental group of M/Λ (non-contractible loops on the
minimal surface). The Weierstrass-Enneper integral along the red curve gives the vertical
period c and the integral along green curve evaluates to the horizontal period a.

F IGURE 3.6: The vertical period, c and the horizontal period, a of the QTZ-QZD surface.

The functions Rld (ξ ) and Rls (ξ ) are the Weierstrass functions for the doubly periodic sheared
Scherk surface and the singly periodic sheared Scherk surface respectively; in this case the
angle between the two ends of the singly periodic sheared Scherk surface extending to ∞
is 2π/3. If we substitute {eim(π/3) }5m=0 for the branch points in Rb1 (ξ ) and Rb2 (ξ ), we get
functions that give rise to surfaces rotated by −2π/3 and 2π/3 (with respect to the surfaces obtained from Rl+ and Rl− ) respectively. The minimal surfaces generated using Rl+ (ξ )
and Rl− (ξ ) are shown in 3.5. Note that the limiting members of the QTZ-QZD family of
surfaces are conjugate or adjoint to each other. If at the very beginning of this section, we
had chosen +2ζ 3 in 3.23 then the solution function is − R. The Weierstrass-Enneper representation with − R parametrises an inversion of the QTZ-QZD surface about the origin. It
can be shown that inverting a chiral surface about any point leads to its chiral counterpart.
Therefore − R is the Weierstrass function for the QTZ-QZD surface with left handed screw
axes symmetries.
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(a) The equilateral prism shown here is a primitive cell of the translational unit cell of the
P62 22 lattice (shown in FIGURE 3.2) and it encloses a minimal patch highlighted in pink. (b)
A minimal patch bound by geodesics is highlighted in pink.

F IGURE 3.7: Minimal patches of the QTZ-QZD surface with the chiral pitch, ρ ≈ 1.

3.4
3.4.1

The period problem of the QTZ-QZD surfaces
The minimal asymmetric patch

The minimal asymmetric patch, also known as the fundamental domain, is defined as the
smallest part of a triply-periodic minimal surface that can generate the entire surface under
the repeated application of the space group elements. We obtain a minimal asymmetric
patch by integrating the Weierstrass function over a suitably chosen simply connected
subset of the branched cover. The minimal asymmetric patch is also called the minimal
generating patch, we shall refer to it as the minimal patch for brevity. To find the minimal
patch we look for the surface patch enclosed within the primitive cell, M/Γ, where Γ are
the generators of the group P62 22.
The minimal patch plays a crucial role in constructing a triply-periodic minimal surface. In [65] Koch & Fischer list several triply-periodic minimal surfaces of non-cubic symmetry that are generated from the minimal patches bounded by linear asymptotes including HS1 a genus-seven triply-periodic minimal surface with the space group symmetry
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P62 22. Note that this surface is distinct from the QTZ-QZD family of surfaces, as the QTZQZD family has genus four and lacks linear asymptotes.
The surface patch within the equilateral prism shown in 3.7(a) is a minimal patch for
the QTZ-QZD surface. The prism has dimensions of c/6, a occupying one twelfth of the
volume of a translational unit cell of the lattice. Hence, the area of a minimal patch is one
twelfth of the area of MΛ , and it contains exactly one flat point. Additionally, all symmetry
axes incident to a minimal patch must intersect the patch only on its boundary. In order
to compute this patch via numerical integration of 3.2, we need to know what part of the
complex plane (domain of integration) generates it. For a discretized surface patch with
arbitrary boundary curves, it would be impossible to find its exact preimage, so we look
for a minimal patch with its boundaries mapped to parts of great circles on the unit sphere
that pass through the images of fixed points of symmetries.
Since the image of the Gauss map of the surface forms a three-sheeted branched cover
of the unit sphere, a minimal patch is mapped to a region on the sphere covering an area
of π. Therefore, we compute this new minimal patch by choosing an appropriate portion
on the complex plane that covers an area of π on the unit sphere under the inverse stereographic projection. A unit-radius semi-circular region centered at the origin satisfies all the
essential properties: the boundary components are mapped to geodesics that pass through
the fixed points of symmetries on the surface and two branched sheets are spanned (covering one flat point on the surface). A minimal patch thus obtained is shown in 3.7(b) and
the corresponding domain of integration is shown in 2.6.
The Weierstrass-Enneper representation guarantees that the minimal asymmetric patch
of the surface generated from 3.2 is minimal. Therefore, for a choice of (θ, η, δ), we get a
solution function (the Weierstrass function, R) of the algebraic 3.23, and this solution function when plugged in 3.2 gives raise to a minimal immersion in R3 . In general, this surface
may fail to be triply-periodic meaning that the surface constructed by acting elements from
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β1

α1
β2

α2
β3

α3

β4

α4

A genus four orientable surface with the elements of the canonical basis of first homology
group highlighted. Notice that each α curve intersects only a single β curve. The intersecting
pairs (αi , β i ) are said to be dual to each other.

F IGURE 3.8: Orientable surface of genus four.

the space group on the minimal patch may not be consistent with the underlying translational symmetries. Thus, solving for parameters (θ, η, δ) in the Weierstrass function so that
the resulting minimal immersion into R3 is consistent with the periods of the space group
defines the period problem. In other words, a solution to the period problem leads to a twodimensional minimal immersion into R3 that is triply-periodic, and thus consistent with a
given set of space group symmetries including translational symmetries. In the next two
sections, we first set up the period problem and then describe a way of solving it to determine the QTZ-QZD family of surfaces. The solution to the period problem is only partially
complete, and its completion is a work in progress.
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3.4.2

The period problem of the QTZ-QZD surfaces: formulation

Let F be a degree n polynomial in w ∈ C with coefficients in the ring of complex polynomials in z, C[z], given by
F (z, w) = an (z)wn + an−1 (z)wn−1 + ... + a0 (z).

(3.29)

mj

The coefficient function, a j (z) = ∑ aij zi is a degree m j polynomial in z ∈ C with complex
i =0

coefficients, aij ∈ C for all j ∈ {0, 1, · · · n}. The leading polynomial coefficient, an (z) is
not equal to zero. The polynomial F is irreducible meaning that it cannot be written as a
product of two non-constant polynomial factors in complex coefficients.
Let Z, W, Y ∈ C be complex variables so that z = Z/Y and w = W/Y. Now, it follows
that F ( Z, W, Y ) is a degree d homogenous polynomial given by

F̃ ( Z, W, Y ) = F

Z W
,
Y Y


,

(3.30)

where d = max j {m j + j} is the combined degree of the algebraic function, F (z, w) =
∑ Aij zi w j with Aij ∈ C. Let Γ be the roots of the equation F̃ ( Z, W, Y ) = 0. Then
i,j

Γ = {( Z, W, Y ) ∈ CP2 : F̃ ( Z, W, Y ) = 0}

= {( Z, W, 1) : F̃ ( Z, W, 1) = 0; Z, W ∈ C} ∪ {( Z, W, 0) : F̃ ( Z, W, 0) = 0; Z, W ∈ C}/ ∼,
(3.31)
where ( Z1 , W1 , 0) ∼ ( Z2 , W2 , 0) if there exists some complex number λ 6= 0 such that

( Z2 , W2 , 0) = λ( Z1 , W1 , 0). Notice that, for every non-zero values of Z, W ∈ C, the triplet
( Z, W, 1) ∈ Γ corresponds to a point (z, w) ∈ C × C, and the triplet ( Z, W, 0), up to the
equivalence relation defined above, corresponds to a point (z, w) at infinity. Further, the
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set of points (z, w) defined by

∂ Z F̃ ( Z, W, Y ) = ∂W ( F̃ ( Z, W, Y )) = ∂Y ( F̃ ( Z, W, Y )) = 0 & F̃ ( Z, W, Y ) = 0

(3.32)

correspond to the singular points in Γ. Removing the singular points and the discriminant
zero points – the set of points z, w ∈ C such that F (z, w) = 0 reduces to an algebraic equation of degree less than n – from the space Γ yields a one-dimensional complex analytic
manifold or a Riemann surface. From here onwards, we denote this Riemann surface by Γ F .
The analytic 2-manifold Γ F is connected because F (z, w) is irreducible, and it is orientable.
The Riemann surface Γ F is connected and orientable implying that it is homeomorphic
to the boundary of a genus g handlebody with punctures. As a result, the first homology
2g

group of Γ F is isomorphic to ⊕i=1 Gi ⊕ Pj=−11 G̃j where, Gi is isomorphic to Z and it is generated by a non-contractable loop γi that winds around a handle of Γ F . And G̃j is isomorphic
to Z and it is generated by a non-contractable γ̃ j that winds around a puncture for all
i ∈ {1, 2g} and j ∈ {1, P − 1}. We have given a definition of the concept of first homology
group and given some examples in section A.1.2. In general, it is possible to construct n-th
homology group for an m-dimensional manifold.
As shown in FIGURE 3.2, the QTZ-QZD surfaces are closed genus four surfaces (with
no punctures) embedded in three torus. We can calculate the genus of the three sheeted
branched covering of S2 ∼
= CP1 , that corresponds to a QTZ-QZD surface, using RiemannHurwitz theorem [11]. This, as expected, is equal to four, and the branched covering is
obtained by adding in the punctured points of the 2-manifold Γ F . Given a closed orientable surface, there exists a canonical choice for the basis of the first homology group.
For the boundary of a genus four handlebody, the canonical homology basis is shown
in FIGURE 3.8. In case of the QTZ-QZD surfaces, which are genus four surfaces, let

{αi }4i=1 ∪ { β j }4j=1 be the canonical basis of the first homology group. Six of these basis
elements are shown in FIGURE 3.9, and the rest are shown in FIGURE 3.10.
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Six elements of the canonical basis for the first homology group of the Riemann surface (Γ F ),
H1 (Γ F , Z), we denote this set by {αi , β i }3i=1 . Projections of numerically constructed surface
on xz plane along the directions (a) (0, ∞, 0) and (b) (0, −∞, 0), on yz plane along (c) (∞, 0, 0)
and (d) (−∞, 0, 0), on xy plane along (e) (0, 0, −∞) and (f) (0, 0, ∞).

F IGURE 3.9: Six elements in the canonical basis of the first homology of QTZ-QZD surfaces.
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A pair of cycles in the canonical basis of the first homology group of the QTZ-QZD surfaces
as missing in FIGURE 3.9.

F IGURE 3.10: The elements α4 and β 4 of the canonical basis of the group H1 (Γ F , Z).
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Let F be the polynomial in 3.23. Then, the space Γ F defined by the following algebraic
equation
F (z, w; ζ, η, δ) = g(z; η, δ)w3 + 3ζ 2 g(i; η, δ)z2 w − 2ζ 3 g(i; η, δ) = 0,

(3.33)

is homeomorphic to the boundary of a genus four handlebody ( g = 4) with eighteen punctures (P = 18), corresponding to the discriminant zero points. Recall that the WeierstrassEnnepper representation of a minimal surface patch from 3.2 is given by:

W : D ∈ C → C3

x1 (0, ξ; θ, r, φ) =Re ( X1 (0, ξ; θ, r, φ)) = Re eiθ

Zξ
0


x2 (0, ξ; θ, r, φ) =Re ( X2 (0, ξ; θ, r, φ)) = Re eiθ

Zξ



(1 − z2 ) R(z; η, δ)dz

i (1 + z2 ) R(z; η, δ)dz

0


x3 (0, ξ; θ, r, φ) =Re ( X3 (0, ξ; θ, r, φ)) = Re eiθ

Zξ


2zR(z; η, δ)dz ,

(3.34)

0

where η ∈ (0, 1), δ ∈ (−π/6, π/6) and ζ is equal to eiθ for θ ∈ [0, π/2]. The Weierstrass
function R(z; ζ, η, δ) is solved for using the equation: F (z, R(z); ζ, η, δ) = 0.
Suppose for some triplet of parameter values (θ0 , η0 , δ0 ), the map W in equation 3.34
gives a parametrization of a triply-periodic minimal surface, a discrete approximation of
which is the triangulated surface shown in FIGURE 3.9. We calculate the loop integrals
of all the three integrals in equation 3.34 along the closed curves {αi }4i=1 and { β i }4i=1 that
are highlighted in FIGURE 3.9 and FIGURE 3.10 and lie on the surface of interest. This
procedure will lead us to the period problem because the equations derived by looking
at the integrals along the inessential or non-contractable loops on a triply-periodic surface
(a solution) provide a set of constraints (for the generic case) on the coordinate functions
from equation 3.34 forming a sufficient condition to be a triply-periodic surface.
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First, we notice that for the closed curve α1,2,3 that goes around a handle, the real parts
of the integrals dX1,2,3 vanish. Therefore, we have

Re



I

= 0 for k = 1, 2, 3 & j = 1, 2, 3

dXk

(3.35)

αj

For the closed curve β 1,2,3 , due to the periodicity of the surface along the horizontal directions, the z-coordinate must vanish. Thus,

Re

I


dX3

= 0 for j = 1, 2, 3.

(3.36)

βj

Along the curve β 1,2 , the x and y-coordinates must satisfy

Re



I

= 0,

dX1

(3.37)

β1



I

= a,
√
I

3a
Re
dX1 =
, and
2
β2
I

a
Re
dX2 = ,
2
β2
Re

dX2

(3.38)

β1
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(3.39)
(3.40)

3.4. The period problem of the QTZ-QZD surfaces
where a is the magnitude of the shortest horizontal period vector. Upon careful examination, for the curve β 3 , we get

Re



I

dX1

= Re

Z

q2
q1

β3

dX1 +

Z q4
q3


dX1

= Re(( X1 (q4 ) − X1 (q1 ))) + Re(( X1 (q2 ) − X1 (q3 )))
√
√
3a
3a
= 0−
=−
,
2
I 2 

Z q2
Z q4
Re
dX2 = Re
dX1 +
dX1
q1

β3

(3.41)

q3

= Re(( X1 (q4 ) − X1 (q1 ))) + Re(( X1 (q2 ) − X1 (q3 )))
= −a +

a
a
=− .
2
2

(3.42)

The equations written down so far correspond to integrals over curves α1,2,3 and β 1,2,3 and
they follow from FIGURE 3.9.
The loops α4 and β 4 , which are shown in FIGURE 3.10, are slightly different compared
to the rest of the basis elements of the first homology. Along the curve α4 , the integrals
associated with the x and y coordinates must satisfy

Re



I

= 0 for k = 1, 2.

dXk

(3.43)

α4

The z-coordinate must satisfy

Re

I


dX3

=0

(3.44)

= c,

(3.45)

β4

Re

I


dX3
α4

where c is the magnitude of the shortest vertical periodicity vector.
As shown in FIGURE 3.10, the closed curve β 4 is split into four segments in cyan. By
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taking horizontal periodicity into account, for the integrals associated with the x and ycoordinates we get

Re

I



= Re

dX1

p2

Z

p1

β4

dX1 +

Z p4
p3

dX1 +

Z p6
p5

dX1 +

Z p8
p7


dX1

= Re(( X1 ( p8 ) − X1 ( p1 )) + Re(( X1 ( p2 ) − X1 ( p3 )))
+ Re(( X1 ( p4 ) − X1 ( p5 ))) + Re(( X1 ( p6 ) − X1 ( p7 )))
√
√
3a
3a
= 0+
+0−
= 0,
2
2

Re



I

dX2
β4

= Re

p2

Z

p1

dX2 +

Z p4
p3

dX2 +

Z p6
p5

dX2 +

(3.46)

Z p8
p7


dX2

= Re(( X2 ( p8 ) − X2 ( p1 )) + Re(( X2 ( p2 ) − X2 ( p3 )))
+ Re(( X2 ( p4 ) − X2 ( p5 ))) + Re(( X2 ( p6 ) − X2 ( p7 )))
= −a +

a
a
+ a − = 0.
2
2

(3.47)

Since the triplet of parameter values given by (θ0 , η0 , δ0 ) leads to a triply-periodic minimal
surface, the corresponding solution function R(z; θ0 , η0 , δ0 ) is such that equations 3.35-3.47
governing the integrals in equation 3.34 must hold. Therefore, the equations 3.35-3.47 together form a sufficient condition for the map W to parametrize a triply-periodic minimal
surface. However, exploiting the space group symmetries we can arrive at a minimal set
of independent integral equations that need to be solved, and this set of equations form
both a necessary and a sufficient condition defining the period problem.
Before discussing the details of how to arrive at the minimal set of equations defining
the period problem, we should address, at least briefly, how the integrals around punctures come into play in solving the period problem. There are eighteen punctures in total
located at the discriminant zero points of the polynomial equation 3.23. The space group
action partitions the discriminant zero points into two sets and the points within each set
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are mutually related by the action of a symmetry operation. The triangulated surface generated through Surface Evolver, which is an approximation of the fundamental translational unit of a triply-periodic minimal surface, is an intersection-free genus four discrete
surface embedded in a three torus. Therefore, the minimal surface that it represents is a
closed genus four surface embedded inside a three torus and has no ends. As a result, the
surface that we seek is obtained only when the real parts of integrals in equation 3.34 are
zero when calculated along any loop around any puncture on the Riemann surface, Γ F . In
other words, it is a condition that has to be satisfied by the coordinate functions from equation 3.34 so that the parametrization yields an intersection-free surface embedded inside a
three torus.
In order to find the aforementioned minimal set of integral equations constituting the
period problem, we will obtain a relation between the integrals dX1,2,3 from equation 3.34
integrated along closed curves highlighted in FIGURE 3.11(a)-(f). The closed curves in
cyan and red are along a pair of handles, one relatively bigger (cyan) than the other, and
the green and blue closed curves lie along the vertical periodicity vector. We choose a pair
g

b )) and Re(W ( ω ));
of points both on the green and the blue curve given by Re(W (ω1,2
1,2
g,b

the map W is given in equation 3.34 and ω1,2 ∈ C. Now, the sum of integrals of dX1,2,3
over the cyan and red loops can be written as follows:
I
cyan

dXk +

I
red

dXk =

+

Z ωg
1
0

=

g

dXk +

Z ∞

ω1

Z 0
g

dXk +

I

ω1

+

Z ωg
2

dXk +

Z ωb
2
∞

I
blue

dXk +
dXk +

Cε

ω2b

Z ωg
2
∞

ω2

dXk +

Z ωb
1

g

dXk +

Z ωb
1
0

dXk +

I
green

dXk +

Z 0

dXk +

ω1b

Z ωb
2

dXk +

I
Cε

ω1b

I

dXk +

Cε0

dXk +

Z ωg
1
g

dXk

ω2

dXk +

Z ∞
ω2b

dXk

dXk

I
Cε0

dXk ,

(3.48)

g

b (located on the blue loop) are
where k = 1, 2, 3, ω1,2 (located on the green loop) and ω1,2

end points of the segments highlighted in black in FIGURE 3.11(a)-(f). The loops Cε and Cε0
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The sum (concatenation) of the cyan and red curves is homologous to the sum of the green
and the blue curves up to two closed loops each enclosing a flat point whose preimage is a
branch point.

F IGURE 3.11: Formulation of the period problem

are small circles of radius ε > 0 enclosing the branch points η −1 ei(π/2+δ) and η −1 ei(−π/2+δ)
respectively. Further, the Bonnet angle θ ∈ [0, π/2] can be chosen so that
Re

1

Z
0


dX2

= 0.

(3.49)

Then the two-fold rotational symmetries with axes normally incident on Re(W (1)) and
Re(W (0)) yield
Re

I


dXk
α1

= 0 ⇐⇒ Re
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I


red

dXk

= 0,

(3.50)
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Re(W(Ĉɛ))

z
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y x
Re(W(ω2))
Re(W(ω1))
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The sum (concatenation) of curves r1 and r2 is homologous to the sum of curves b1 and b2 up
to two closed loops each enclosing a flat point whose preimage under Weierstrass-Enneper
representation is a branch point.

F IGURE 3.12: Formulation of the period problem

where k = 1, 2, 3. The red loop is homotopy equivalent to a loop passing through Re(W (i )).
As a result,
Re

i

Z
0


dX1

= 0.

(3.51)

If equation 3.51 does not hold then Re(W (i )) maps to more than one point on the surface,
which we know is not true for the triply-periodic surface.
Now by using two fold rotational symmetries with axes incident on Re(W (i )) and
Re(W (0)) we obtain
Re

I


cyan

dXk

= 0 for k = 1, 2, 3.

(3.52)

Using homotopy equivalence of integration paths and single valuedness of Re(W (±i )),
Re(W (0)) and Re(W (∞)), we conclude that integrating dX1,2,3 along the loops Cε and Cε0
evaluates to complex numbers with zero real parts. Therefore, for the integral of dX3 we
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obtain
Re

I


green

+ Re

dX3

I


blue

= c − c = 0,

dX3

(3.53)

where c is the magnitude of the shortest vertical periodicity vector. Thus, equation 3.53
is consistent with equation 3.50 and equation 3.52. For the integrals of dX1 and dX2 , consistency with two-fold rotational symmetries requires that their real parts vanish as illustrated below:

Re

I


green

dXk
I

+ Re

I


blue

dXk

=0



=0

I
dXk = 0
=⇒ −2Re
blue


I
I
dXk = 0
dXk = 0 and Re
=⇒ Re
green
blue

I
dXk = 0.
=⇒ Re
=⇒ 2Re

green

dXk

(3.54)

α4

Consider the two black closed curves and the two red closed curves shown in FIGURE 3.12. Notice that one of the black closed curves is equivalent to the element β 2 in the
canonical basis of the first homology group of the Riemann surface, Γ F . And the other black
loop is related to the loop β 2 by a two-fold rotational symmetry with along z-direction. Let
us denote the black loops by b1,2 and Re(W (ω1,2 )) be the points of intersection of the blue
segment (passing through Re(W (0))) and the black loops.
I
r1

dXk +

I
r2

dXk =

+
=
=

Z ω1
0

I
b2

I
b1

I
b1

dXk +

dXk +

I
b1

Z 0

dXk +

dXk +

I
b2

I
b2
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dXk +
dXk ,

dXk +

Z ω2
0

ω1

I
Cε

ω2

dXk +

Z 0

dXk +

I
C̃ε

dXk +
dXk +

I
Cε0

I
C̃ε0

dXk

dXk
dXk
(3.55)
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where k = 1, 2, 3, and the loops C̃ε and C̃ε0 are small circles of radius ε > 0 enclosing the
branch points η −1 ei(π/6+δ) and η −1 ei(−5π/6+δ) respectively. Earlier, we argued how the real
parts of the integrals of dX1,2,3 over small loops enclosing the branch points η −1 ei(π/2+δ)
and η −1 ei(−π/2+δ) vanishes given that equation 3.49 holds. As a result, the screw-axis symmetry implies that the integrals of dX1,2,3 over C̃ε and C̃ε0 vanish. Therefore,
I
r1

dXk +

I
r2

dXk =

I
b1

dXk +

I
b2

dXk .

(3.56)

For the integral of dX1,2 , the two-fold rotational symmetry about an axis along the z-axis
and normal to the surface implies that

Re
Re



I
r1

+ Re

dXk


I
b1

+ Re

dXk

I


r

I 2
b2

=0

dXk


= 0,

dXk

(3.57)

which are consistent with equation 3.56. The integral of dX3 over the loops b1 and b2 ,
however, must vanish individually. Thus, we require that

Re



I
r1

+ Re

dX3



I
r2

dX3

= 0.

(3.58)

Based on two-fold rotation symmetry about an axis passing through Re(W (e−iπ/3 )) and
normally incident on to the surface, the equation above yields

Re

Z e−iπ/3
0

!
dX3

= 0.

(3.59)

We know xk (0, ξ; θ, η, δ) = Re( Xk (0, ξ; θ, η, δ)). Therefore, from equation 3.51, equation 3.49
and equstion 3.59 we obtain
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(a) The Bonnet angle θ (ρ) determines the parameter ζ in 3.23 there by completely
determining the Weierstrass function for a set of branch points. (b) The branch point
corresponding to m = 1 (as per the notation used in equation 3.16 in section 3.2.2). The
chiral pitch ρ increases monotonically with Re(ω1 ).

F IGURE 3.13: Numeric solution to the period problem of the QTZ-QZD family of TPMS.

x1 (0, i; θ, η, δ) = x1 (0, 0; θ, η, δ) = 0
x2 (0, 1; θ, η, δ) = x2 (0, 0; θ, η, δ) = 0
x3 (0, e−iπ/3 ; θ, η, δ) = x3 (0, 0; θ, η, δ) = 0.

(3.60)

Furthermore, the parameters determining the chiral pitch (ρ) namely, c, a (the translational
periods) are given by
x3 ( i ) − x3 (0)
c
= ,
2
6
√
√
a
3(| x1 (e−iπ/3 ) + ( x2 (e−iπ/3 )/ 3)| + x1 (0)) = .
2
x3 (e−iπ/3 ) − x3 (1) = x3 (0) − x3 (1) =

(3.61)

In our previous analysis, we were able to show that the first two equations in the set of
equations 3.60 are not independent, and that a set of parameters satisfying the second
equation also satisfy the first one. Below, we reformulate these equations so that we end
up having to solve for just one equation in two unknown parameters.
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The integrals in equation 3.34 are complex valued functions or two real valued functions (real and imaginary parts) for each Xi in complex variable ξ, and a triplet of parameters, (θ, η, δ) determines the map W . By fixing δ, η and ξ, we see that real and imaginary
parts vary sinusoidally with respect to the parameter θ. Therefore, we can rewrite the
functions { Xi }3i=1 as
X1 (0, ξ; θ, η, δ) = A1 (0, ξ; η, δ)ei(θ +ψ1 (0,ξ;η,δ))
X2 (0, ξ; θ, η, δ) = A2 (0, ξ; η, δ)ei(θ +ψ2 (0,ξ;η,δ))
X3 (0, ξ; θ, η, δ) = A3 (0, ξ; η, δ)ei(θ +ψ3 (0,ξ;η,δ))

(3.62)

where { Ai }3i=1 are amplitudes and {θ + ψi }3i=1 are arguments of { Xi }3i=1 . Combining equation 3.60 and equation 3.62 we obtain

A1 (0, i; η, δ) cos (θ + ψ1 (0, i; η, δ)) = 0
A2 (0, 1; η, δ) cos (θ + ψ2 (0, 1; η, δ)) = 0
A3 (0, e−iπ/3 ; η, δ) cos (θ + ψ3 (0, e−iπ/3 ; η, δ)) = 0.

(3.63)

Since ( x (0), y(0), z(0)) = (0, 0, 0) is independent of θ and the amplitudes A1 (0, i; η, δ),
A2 (0, 1; η, δ) and A3 (0, e−iπ/3 ; η, δ) are all non-zero, equations in 3.63 imply
θ + ψ1 (0, i; η, δ) = (2n + 1)π/2
θ + ψ2 (0, 1; η, δ) = (2m + 1)π/2
θ + ψ3 (0, e−iπ/3 ; η, δ) = (2o + 1)π/2
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where n, m, o ∈ Z. Equivalently
ψ1 (0, i; η, δ) − ψ2 (0, 1; η, δ) = pπ

=⇒ sin (ψ1 (0, i; η, δ) − ψ2 (0, 1; η, δ)) = 0
ψ3 (0, e−iπ/3 ; η, δ) − ψ2 (0, 1; η, δ) = qπ

=⇒ sin (ψ3 (0, e−iπ/3 ; η, δ) − ψ2 (0, 1; η, δ)) = 0

(3.65)

for some p, q ∈ Z. The first equation above always holds because the first two equations in
the set of equations 3.60 are not independent but rather are related by the action of symmetry operations. Therefore, we need to solve for (η, δ) satisfying the second equation 3.65.
And when all the three arguments, ψ1 (0, i; η, δ), ψ2 (0, 1; η, δ) and ψ3 (0, e−iπ/3 ; η, δ) simultaneously satisfy equations 3.65, θ is chosen such that the set of equations 3.64 hold.

3.4.3

The period problem of the QTZ-QZD surfaces: solution

Based on the numerically generated triangulated triply-periodic surfaces with a range
of values of chiral pitch, ρ = c/a, and the branch point structure (invariant under a set
of symmetry operations induced by the space group symmetry of the surface), which is
described in section 3.2, we hypothesize that there exists a QTZ-QZD surface for every δ ∈

(−π/6, π/6). Subsequently, we find points on the solution curve to the period problem
by varying the parameter η ∈ (0, 1), whilst fixing the parameter δ ∈ (−π/6, π/6). As a
result, we are able to compute finitely many points on the solution curve which is plotted
as a piecewise linear curve in FIGURE 3.13(b); the surfaces corresponding to three points
on the solution curve are generated using Weierstrass-Enneper representation and they
are shown in FIGURE 1.8. However, our claim that the QTZ-QZD surfaces form a single
parameter continuous family of triply-periodic minimal surfaces, where each surface is determined
by the value of its chiral pitch ρ = c/a, does not follow by this computation. Below we
describe lay out a way of approaching the proof of the Conjecture 3.0.1.
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The solution curve, if it exists, is determined by the zero of the function h(η, δ) given
by
sin (ψ3 (0, e−iπ/3 ; η, δ) − ψ2 (0, 1; η, δ)).

(3.66)

Let (η0 , δ0 ) be a point in the parameter space that satisfies the equation h = 0. Using implicit
function theorem it follows that, if the partial derivatives of the function h(η, δ) at the point

(η0 , δ0 ) are non-zero, then there exists a unique local solution curve in a non-empty neighborhood around the point (η0 , δ0 ). In other words, the solution can be extended locally to
a curve passing through the point (η0 , δ0 ). Now, if there exists a unique global solution
curve in the space of parameters defined by θ ∈ [0, π/2], δ ∈ (−π/6, π/6) and η ∈ (0, 1)
(which when projected on to (η, δ) space looks like the curve shown in FIGURE 3.13(b)),
then the local extension of the solution around the point (η0 , δ0 ) must be contained in the
global solution curve. Therefore, having enough points on the solution curve such that the
corresponding local extensions are unique and overlap gives us a unique global solution
curve, and that would prove the Conjecture 3.0.1.
The above strategy can only work given that the function h is smooth enough to be
Lipschitz continuous at least in a neighborhood of the solution curve. Therefore, first we
will show that the function h is Lipschitz continuous.
Definition 3.4.1 (Lipschitz continuous). Let f : Rn → R be a continuous real valued function.
Then f is said to be Lipschitz continuous if there exists a real constant K ≥ 0 such that

| f (y) − f ( x )| ≤ K ||y − x ||

(3.67)

for all x, y ∈ Rn , where K is called the Lipschitz constant.
If the function f is differentiable then Lipschitz continuity bounds the partial derivatives of f and if the function f is defined on an interval ( a, b) ∈ R then the maximum value
attained by the first order derivative of f is a Lipschitz constant of f . For us, calculating
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the Lipschitz constant of the function h is the key to solving the period problem. To that
end, we have to first show that h is indeed Lipschitz continuous. We rewrite the function
h as shown below:
log



X3 X2
X2 X3



ψ3 (0, e−iπ/3 ; η, δ) − ψ2 (0, 1; η, δ) =
2i



−
iπ/3
X3 (0,e
;η,δ) X2 (0,1;η,δ)
 log X2 (0,1;η,δ)X3 (0,e−iπ/3 ;η,δ) 
,
=⇒ h(η, δ) = sin 


2i

(3.68)

where z denotes the complex conjugate of a complex number z. The functions X2,3 are
given by

X2 (0, ξ; θ, η, δ) = e

iθ

X3 (0, ξ; θ, η, δ) = eiθ

Z ξ
0

Z ξ
0

i (1 + z2 ) R(z; η, δ)dz
2zR(z; η, δ)dz,

(3.69)

where

R ( z ) = z1 R + ( z ) − z2 R − ( z ),
R± (z) = p

1

g(z)

( g(i )(1 + z6 ±

q

g(z)))1/3 ,

z1 z2 = 1; (z1 , z2 ) ∈ {(1, 1), (e2iπ/3 , ei4π/3 ), (e4iπ/3 , ei2π/3 )}.

(3.70)

The functions X2 and X3 are continuous in η and δ because the integrands are piecewise
continuous and bounded on the Riemann surface Γ F . The punctures in the Riemann surface Γ F correspond to the points in the complex plane at which the Weierstrass function R
diverges and its singularities, both of which in total are finite in number and isolated.
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The partial derivatives of X2,3 with respect to the parameters δ can be written as follows:
ξ
∂X2
∂R(z; η, δ)
= eiθ
i (1 + z2 )
dz
∂δ
∂δ
0
Z ξ
∂R(z; η, δ)
∂X3
= eiθ
2z
dz.
∂δ
∂δ
0

Z

(3.71)

The partial derivatives of the function X2,3 with respect to η are same as above except δ
is replaced by η. Calculating the partial derivatives of the Weierstrass function R with
respect to parameters δ and η yields
∂R(z; η, δ)
∂( g(z; η, δ) g(i; η, δ)) R(z; η, δ)(2eiθ − 3z2 R(z; η, δ))
=
∂δ
∂δ
eiθ − z2 R(z; η, δ)

∂R(z; η, δ)
∂( g(z; η, δ) g(i; η, δ)) R(z; η, δ)(2eiθ − 3z2 R(z; η, δ))
,
=
∂η
∂η
eiθ − z2 R(z; η, δ)

(3.72)

It is evident from the above expressions, and further by substituting for the function
R(z; η, δ) by eiθ /z2 in the algebraic equation 3.24, that the partial derivatives of the function
R diverge only at finitely many points. Combining piecewise continuity and boundedness
of the integrands it follows that the functions

∂X2,3
∂η

and

∂X2,3
∂δ

are continuous.

Based on the observations that the function h and its first order partial derivatives are
continuous, where the latter follows from the continuity of the functions

∂X2,3
∂η

and

∂X2,3
∂δ , and

the following lemma we show that the restriction of the function h along any continuously
differentiable (one-dimensional) curve is Lipschitz continuous.
Lemma 3.4.1 ([53]). A continuous real-valued function defined on a closed interval i.e. [ a, b] ∈ R,
having a continuous first derivative, is Lipschitz continuous.
Theorem 3.4.1. Let α be a continuous curve with a continuous first order derivative given by α :

[0, 1] → (0, 1) × (−π/6, π/6). Then the function h ◦ α : [0, 1] → [0, 1] is Lipschitz continuous.
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Proof. : We showed that the functions X2 and X3 and their first order partial derivatives
with respect to η and δ are continuous for all (η, δ) ∈ (0, 1) × (−π/6, π/6). Therefore,
the function h(η, δ) described in equation 4.1 is continuous, which implies that the function h ◦ α is continuous as well. Moreover, the first order derivative of the function h ◦ α
is continuous because the first order derivative of the curve α and the first order partial
derivatives of function h are continuous. Thus, it follows from Lemma 3.4.1 that the function h ◦ α is Lipschitz continuous.
We have shown that the function h (as a function of η, δ) is Lipschitz continuous along
any continuously differentiable curve contained in the 2-manifold described by the graph
of h(η, δ). However, the form of the function h is not tractable enough that a Lipschitz
constant can be calculated analytically. Therefore, we resort to estimating local Lipschitz
constants numerically using the Matlab package, LibLip [8]. The LibLip package provides
a method to interpolate multivariate scattered point data of a Lipschitz continuous function by estimating local Lipschitz constants. Since we already know how to generate data
in our case, the LibLip package can be used to determine the solution curve (to the period
problem) by computing the 2-manifold determined by the function h(η, δ). This part of the
work is still in progress.
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C HAPTER 4
D OUBLY- PERIODIC WEFT- KNITTED FABRICS & TEXTILE
LINKS

In this chapter we start by introducing the fundamentals of the framework that is used
to study the topological aspects of weft-knitted textiles under the ideal setting of twoperiodic weft-knitted textiles (or equivalently two-periodic weft-knitted fabrics). Under
this framework, every two-periodic weft-knitted textile is associated with a unique link
or a unique knot in the thickened torus. To characterize links that arise as repeating motifs (links inside fundamental translational unit) in two-periodic weft-knitted textiles, we
introduce the notion of swatches. We arrive at the concept of a swatch described in the
Definition 4.1.7, by realizing that slip knots result from tying knots into the bight, which
is topologically equivalent to manipulating the active strand of yarn through ambient isotopies. Tying knots into the bight means manipulating an interior segment of a string
without having access to the ends, including not being able to threading the ends through
a finite collection of loops.
Classifying two-periodic weft-knitted textiles based on their topology entails classification of swatches. The topological invariants of swatches, which are links in thickened tori
are hard to compute and less accessible through computational softwares such as SnapPy
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[23]. Therefore, we introduce a mapping between links in thickened tori to links in 3sphere, S3 , without having to lose any topological information. Such a mapping is obtained by partially Dehn-filling the link complements of swatches meaning, given a swatch
L ⊂ T 2 × [0, 1], the two boundary tori of the 3-manifold, T 2 × [0, 1] \ T L , namely T 2 × {0}
and T 2 × {1} are filled with solid tori; the 3-manifold T L denotes a tubular neighborhood
of L ⊂ T 2 × [0, 1]. As a result, we obtain a correspondence between n-component swatches
and (n + 2)-component links in S3 .
We write down a parametrization, f described in equation 4.2, for the above correspondence determined through Dehn-filling, so that the link in S3 corresponding to a swatch
L ⊂ T 2 × [0, 1] is of the form H ∪ f ( L). The link denoted by H is the Hopf link, which is
shown in FIGURE 4.3. Next, we introduce the idea of ribbon links as the property of being
ribbon is satisfied by the link f ( L) ⊂ S3 , whenever L ⊂ T 2 × [0, 1] is a swatch. We state
this result in the following theorem:

Theorem 4.1.1: Let S be a two-periodic weft-knitted fabric, and let LS ⊂ T 2 × I be the
corresponding n-component textile link. Then the link f ( LS ) ⊂ S3 is a ribbon link.
The proof of the Theorem 4.1.1 follows from two observations. First, the textile link LS
in the theorem can be constructed as a swatch. Second, given any swatch, there exists a
collection of annuli with only slit like intersections (ribbon singularities), whose boundaries consists of a component of the swatch and a non-contractible curve on one of the
boundary tori. These annuli, after Dehn-filling, lead to disks with ribbon singularities.
Thus, the link f ( LS ) is shown to be a ribbon link. We end the discussion on the relation
between ribbon links and swatches by showing that the converse of Theorem 4.1.1 is not
true through a counterexample.
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The bulk portion of a reverse

The bulk portion of a 1 × 1 rib textile

stockinette textile sample.

sample.

The bulk portion of a garter textile

The bulk portion of a seed textile

sample.

sample

F IGURE 4.1: Images of the bulk portion of four weft-knitted textiles made from knit and
purl stitches and their two-periodic versions as planar diagrams. The x and y axes denote
the course direction and the wale direction respectively.

4.1

Two-periodic weft-knitted fabrics: construction of swatches

Although sweaters and socks may be the most recognizable knitted objects, commercial
knitted textiles come in large bolts and are comprised of many repeating configurations.
Ignoring the boundaries is a convenient way to capture the entanglement and knottiness
of the strands of yarn in the bulk fabric. The process of knitting acts on a square lattice. All
knitted textiles with translationally symmetric configurations can be extended to infinite
two-periodic knitted textiles or two-periodic knitted fabrics. By tracing the core of the yarn in
a two-periodic knitted textile, we obtain a countably infinite collection of infinitely long,
embedded space curves. Since we are interested in the topological properties, we need
only consider these space curves up to ambient isotopy – a continuous family of homeomorphisms of the ambient space.
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4.1.1

Fundamental translational units and Textile links

(a) The bulk of stockinette fabric. (b) A space curve representation of a finite patch of the
two-periodic knit projected orthogonally on to the xy-plane. The block in red is the
fundamental translational unit and the symbol k denotes the repeating motifs known as knits.
(c) The planar diagram of the corresponding textile knot in a thickened torus. Course
direction is also referred to as weft direction, and wale direction is alternately referred to as
warp direction.

F IGURE 4.2: A swatch: the smallest repeating motif in a knitted textile.

The process of making a ”stitch" in hand-knitting starts by taking loop on the left needle
then using the right needle to pull a loop of working yarn through the loop on the left
needle. This loop is then secured on the right needle. The process repeats with the next
loop on the left needle. All of the new loops created on the right needle are held by the
loops that were on the left needle. In case of stockinette textile, the making of which is
described in FIGURE 1.10(A)-(B) and FIGURE 1.11(A)-(B), the repeating motif in which
one loop is held by a loop in the row immediately below is roughly what one means by a
stitch. In a general context, the notion of stitch is nuanced as it is used in different contexts
in different communities of scholars. However, restricting to two-periodic textiles, we can
associate a unique knot or link to a knitted textile.
Given a two-periodic weft-knitted fabric, there is an average horizontal direction along
which infinitely long strands of yarn are situated. This direction in knitting literature is
called the course direction (or weft direction). And joining approximate centers of two or
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more interlocked bights across adjacent rows yields another average direction, called the
wale direction (or warp direction). The course and the wale directions are linearly independent and span a plane. A distinguishing feature between the wale and the course
directions is, while bights in the course direction belong to a single string or a space curve,
bights in the wale direction are parts of distinct space curves. The course and wale directions for five different fabric samples are shown in FIGURE 4.1and FIGURE 4.2.
The weft and wale directions together give a natural choice of coordinate axes. Without loss of generality, we choose the positive x-axis and y-axis to point along the weft and
the wale directions respectively. The orientation of the z-axis follows from the right hand
rule. The periodicity due to the underlying translational symmetries induces a quotient
map yielding possibly a fundamental translational unit or a tile, which is homeomorphic
to the 3-manifold T 2 × R. We will call the curve traced by an edge parallel to the y-axis
(aligned along the wale direction) on T 2 a meridian, and one that is parallel to the x-axis
(aligned along the weft direction) is called a longitude. This protocol is described in FIGURE 4.2 for the stockinette fabric, where the symbol k denotes a single knit motif within
the square block. By identifying the boundary edges of the block, we realize that the ambient 3-manifold is homeomorphic to the 3-manifold T 2 × R, and equivalently homeomorphic to the 3-manifold T 2 × (0, 1). Similarly, the fundamental translational units of reverse
stockinette (stockinette fabric viewed from the back side), one by one rib fabric, garter fabric and seed fabric are shown in FIGURE 4.1(a)-(d), respectively. The symbol p denotes
a purl motif. Since two-periodic weft-knitted fabrics extend only a finite amount in the
z-direction, we choose to describe the tiling units by the 3-manifold T 2 × [0, 1]. By doing
so we are able to conveniently think of the ambient space of textile links to be compact but
equivalent to 3-manifold T 2 × (0, 1) in all other aspects. The 3-manifold T 2 × [0, 1] is called
the thickened torus. Throughout the rest of the chapter we will be denoting the thickened
torus as T 2 × I.
The restriction of the quotient map to the corresponding collection of embedded space
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(a) The Hopf link, H ⊂ R3 along with four open sliced 2-tori embedded in R3 \ H. (b) The
tubular neighborhood of the Hopf link, T H . The meridians of the boundary tori are
highlighted.

F IGURE 4.3: The Hopf link.

curves yields a knot (or a link) – an embedding of a circle (or a finite collection of circles)
into a 3-manifold. We will call links in T 2 × I generated by this procedure as textile links
[73]. Now that we have established a correspondence between two-periodic knits and
textile links, we can study topological properties of the former by analyzing topological
invariants of the latter. Many standard computational knot theory software packages (eg.
SnapPy [23] and Knottheory [115]) are designed to work with knots and links in S3 . Therefore, we seek a mapping that takes textile links in T 2 × I to links in S3 .

4.1.2

A correspondence between links in T 2 × I and S3

Definition 4.1.1 (Link complement). Given an n-component link L ⊂ S3 , let T L be an open
tubular neighborhood around the link L. We call the 3-manifold S3 \ T L the link complement of L.
The Hopf link is the link consisting of two unknots that link with each other as shown
in FIGURE 4.3. A tubular neighborhood of the Hopf link is given by a collection of disjoint
tubular neighborhoods of its two components.
Remark 4.1.1. As illustrated in FIGURE 4.3, the link complement of the Hopf link in S3 is homeomorphic to the thickened torus T 2 × I.

120

4.1. Two-periodic weft-knitted fabrics: construction of swatches
As a result, the embedding space of textile links is homeomorphic to the link complement of the Hopf link in S3 . This prompts us to embed the link complement of a textile link
into S3 using maps determined through Dehn-filling the boundary components of T 2 × I.
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(a) A tubular neighborhood of a textile knot K, TK ⊂ T 2 × I. The green (left-right) and red
(top-bottom) surfaces in T 2 × I are a pair of annuli that meet along a single line. The
horizontal and vertical markings denote meridians of the two boundary components (2-tori)
that are decorated with checkered purple and orange rectangles at the front and rear. (b) The
tubular neighborhood of the link H ∪ f (K ) ⊂ S3 , where H = l ∪ m is the Hopf link. (c) The
link f (K ) ⊂ S3 ; using the mapping specified by the slopes of the purple and orange markings
in panels (a) and (b), the 3-manifold ( T 2 × I ) \ TK , which is shown in panel (a), is Dehn-filled
to obtain S3 \ T f (K ) . (d) The link H ∪ f (K ) ⊂ S3 . According to Remark 4.1.1, the 3-manifold
shown in panel (a) is homeomorphic to the 3-manifold, S3 \ T H ∪ f (K ) . Thus, given a textile link
L ⊂ T 2 × I, we obtain a link f ( L) ⊂ S3 through Dehn-filling, which in turn yields a link
H ∪ f ( L) ⊂ S3 whose link complement is homeomorphic to the link complement of the textile
link, ( T 2 × I ) \ T L .

F IGURE 4.4: The Dehn-filling of T 2 × I and the correspondence between links in T 2 × I and
links in S3 .
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Definition 4.1.2 (Dehn Surgery [99]). Let M be a 3-manifold with or without boundary, and
let L ⊂ M be an n-component link in the interior of M, where Ki for i ∈ {1, 2, ..., n} are the
components of the link L. Consider a closed tubular neighborhood of the link L, denoted by T L .
Thus, 3-manifold T L is a collection of disjoint closed tubular neighborhoods of the components
Ki ⊂ L that are contained in the interior of the manifold M. In addition, specify a set of simple
closed curves γi ∈ ∂Ti , one for each component in the tubular neighborhood T L . In this setting, the
3-manifold given by
M0 = ( M − (int(T1 ) ∪ ... ∪ int(Tn ))) ∪h (T1 ∪ ... ∪ Tn )

(4.1)

is said to be the result of Dehn surgery on the 3-manifold M along the link L with surgery instructions specified by the set of curves γi . The map h is a union of homeomorphisms hi : ∂Ti → ∂Ti ⊂
M such that h(γi ) = mi , where mi is the meridian curve on the boundary torus ∂Ti . The procedure
of filling in the tunnels created by drilling out int(T L ) is called a Dehn-filling of the 3-manifold M.
Note that, the 3-manifold M0 in the above definition is unique up to homeomorphism with
respect to the choice of homomorphism h in equation 4.1 and tubular neighborhoods.
Consider the link complement of an n-component textile link L ⊂ T 2 × I. This 3manifold consists of (n + 2) boundary components (tori), two of which are associated with
the boundary components of the ambient space of textile links, T 2 × I. Such a 3-manifold
is shown in FIGURE 4.4(a) for a textile knot (n = 1). Dehn-filling T 2 × I by identifying the
boundary tori of two solid tori with the marked boundary tori of T 2 × I yields a unique
map from the link complement of the link L ⊂ T 2 × I, ( T 2 × I ) \ T L to the link complement
of the link f ( L) ⊂ S3 , S3 \ T f ( L) . The map f is any homeomorphism between T 2 × I and
the link complement of the Hopf link in S3 , S3 \ T H such that the purple and the orange
curves marking the boundary tori of T 2 × I (shown in FIGURE 4.4) are mapped to the
meridians of the solid tori components in a tubular neighborhood of the Hopf link in S3 ,

T H ⊂ S3 . Although we do not need to construct the map f explicitly, the Dehn-filling along
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(a) Reidemeister moves (b) Link equivalence. (c) An illustration of the progression in making
the knit motif in the planar diagram notation (shown in bottom panels of FIGURE 1.10 and
FIGURE 1.11).

F IGURE 4.5: Knot and link equivalence.

the purple and the orange curves (shown in FIGURE 4.4) yields the following embedding
of T 2 × I into S3 :

o
n
f : T 2 × [0, 1] ,→ ( x, y, z, w) ∈ R4 : r12 ≤ x2 + y2 ≤ r22 ⊂ S3

( θ1 , θ2 , t ) 7 →

(r2 t + (1 − t)r1 ) cos θ1 , (r2 t + (1 − t)r1 ) sin θ1 ,
q



1 − (r2 t + (1 − t)r1 )2 cos θ2 ,

q



!

1 − (r2 t + (1 − t)r1 )2 sin θ2 ,

(4.2)

where S3 is equal to the topological space {( x, y, z, w) ∈ R4 : x2 + y2 + z2 + w2 = 1},
0 < r1 < r2 < 1, θ1 , θ2 ∈ [0, 2π ] and t ∈ [0, 1]. A pair markings (loops) on the inner torus,
T 2 × {0} and the outer torus, T 2 × {1} are respectively given by {(θ1 , θ2 , t) : 0 ≤ θ1 ≤
2π, θ2 = θ0 ∈ [0, 2π ], 0} and {(θ1 , θ2 , t) : θ1 = θ00 ∈ [0, 2π ], 0 ≤ θ2 ≤ 2π, 0}.
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Given a two-periodic weft-knitted fabric, the basis vectors along the course (weft) and
the wale (warp) directions are used to obtain a translational unit. The translational units
tessellate the two-periodic knitted fabric pattern giving rise to an integer lattice. It turns
out any parallelogram of unit area with its vertices in this integer lattice tiles the twoperiodic knitted fabric pattern. Let the vectors {( p1 , q1 ), ( p2 , q2 )} define such a parallelogram tiling. By definition, p1 , p2 , q1 , q2 ∈ Z are subject to the unit area condition,
p1 q2 − p2 q1 = 1. The thickened torus given by identifying the edges of the parallelogram, like the standard one (when p1 , q2 = 1, p2 , q1 = 0), can be Dehn filled using the
same map as the one that is associated with the purple and the orange curves shown in
FIGURE 4.4. Notice that in the basis {(1, 0), (0, 1)}, Dehn-filling T 2 × I with the square
base along curves of slopes p1 /q1 and q2 /p2 is identical to the Dehn-filling T 2 × I with
the parallelogram base, {( p1 , q1 ), ( p2 , q2 )}, along curves of slopes equal to 1/0. Therefore,
without loss of generality we can stick with the latter procedure so that the Dehn-filling
curves are fixed and given by the purple and the orange curves shown in FIGURE 4.4
independent of the unit area tiling that is chosen.
Remark 4.1.2. Any matrix chosen from the group SL(2, Z) gives rise to an area and orientation
preserving automorphism of T 2 × I.
The group SL(2, Z) is the group of determinant one two by two matrices with integer
entries.
The map f specified in equation 4.2 is an instance of the map determined by the Dehnfilling. Since Dehn-filling is determined up to homeomorphisms by slopes of the filling
curves on the boundary tori, fixing those curves to be the purple and orange loops shown
in FIGURE 4.4(a)-(c) determines a mapping between the link complements of textile links
L ⊂ T 2 × I and the link complements of links H ∪ f ( L) ⊂ S3 . From the Remark 4.1.2 and a
fixed pair of Dehn-filling curves, it follows that the mapping is independent of the choice
of the fundamental tile.
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4.1.3

Swatches

Two knots in a 3-manifold are said to be topologically equivalent if one can be continuously transformed into the other without cutting and pasting any segment of the associated space curve or without passing a pair of segments through each other. Such a
transformation yields a continuous deformation of the ambient 3-manifold called an ambient isotopy, which is a continuous family of homeomorphisms from the ambient space to
itself.
Definition 4.1.3 (Knot equivalence). A pair of knots K1 , K2 in a 3-manifold M are said to be
topologically equivalent if they are ambient isotopic to each other. That is, there exists a continuous
map F : M × [0, 1] → M with a homeomorphism F (◦, t) = Ft (◦) for all t ∈ [0, 1] such that,
F (K1 , 0) = id M (K1 ) = K1 and F (K1 , 1) = K2 .
Consequently, given two links L1 and L2 in a 3-manifold M, the link L1 ⊂ M is equivalent to the link L2 ⊂ M if there exists an isotopy of M whose restriction to the submanifold
L1 ⊂ M deforms it to the submanifold L2 ⊂ M through a continuous family of homeomorphisms. If M is either S3 , R3 , or Σ × I for some oriented closed 2-manifold Σ, then an
isotopy of M acting on links is equivalent to performing a finite number of local moves on
the link diagrams [98, 3] up to planar isotopies. These moves shown in FIGURE 4.5(a) are
called the Reidemeister moves [98]. An ambient isotopy between two links in S3 in terms of
Reidemeister moves (RM moves) and planar isotopies acting on link diagrams is shown in
FIGURE 4.5(b).
Recall that, while knitting a stockinette fabric, a new bight is constructed in the following four steps: 1) Push the right needle into the bight closest to the end of the left needle,
2) wrap the working end of the yarn around the right needle in clockwise direction (when
facing into the page), 3) pull the right needle along with the wrapped segment of yarn
through the bight on the left needle, and 4) slip the left needle out of the bight it is holding.
The local motifs shown in FIGURE 1.10 and FIGURE 1.11 illustrating the above steps are
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shown again in FIGURE 4.5(c) without the illustrated needle placements. We note by an
inspection of FIGURE 4.5(a) and FIGURE 4.5(c) that making a bight while knitting stockinette fabric is equivalent to simply performing two consecutive RM2 moves. Therefore,
at this stage in the description of weft-knitting, the motif resulting from the local construction of a bight, which is shown at the bottom of FIGURE 4.5(c), is topologically trivial. In
order to arrive at a non-trivial textile link starting from this topologically trivial motif, we
use the technique of band surgery. To illustrate this transition from a topological trivial
configurations of strands of yarn to a textile link, we need concepts of unlinks, unknits and
band surgeries.

Two planar diagrams of an m by n (m × n) unknit. The colored edges indicate that they are
identified such that the resulting manifold is the thickened torus, and as a result both the
planar diagram represent the same link in thickened tori.

F IGURE 4.6: An unknit.

Definition 4.1.4 (Unlink). Let L be an n-component link in S3 . We call the link L ⊂ S3 an
n-component unlink if it is ambient isotopic to the n-component trivial link. Equivalently, it is a
collection of n disjoint unknots or trivial knots.
Definition 4.1.5 (m × n Unknit). An m by n unknit is an (m+n)-component unlink in T 2 × I,
where m of the (m + n) components are contractable loops (or homotopic to a point), and the rest
are homotopic to a longitude of the base torus.
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Planar diagrams of an unknit are shown in FIGURE 4.6. From now on through out the paper, whenever we refer to an unknit drawn as a planar diagram, we specifically mean link
diagrams of the kind shown in FIGURE 4.6. Also, we will often refer to non-contractible
components of an unknit as longitudinal components.









(a) An m × n unknit begins with n disjoint, unlinked longitudinal circles and m disjoint
circles with trivial homology. (b) Ambient isotopy between bights of the disjoint circles and
the longitudinal circles. (c) Band surgery joins the m disjoint circles to one of the n
longitudinal circles. (d) An m × n swatch in T 2 × I. The colored edges indicate that they are
identified such that the resulting manifold is the thickened torus.

F IGURE 4.7: Construction of an m × n swatch.

A schematic of our method to describe textile links, in terms of link diagrams is illustrated in FIGURE 4.7(a)-(d). A finite number of Reidemeister moves and planar isotopies
are performed on a finite subset of longitudinal components of an unknit. This is shown in
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(a) The configuration of knots and bands before band surgery. T, E denote the right handed
trefoil knot and the figure eight knot respectively. (b) The knot bT#b0 E ⊂ S3 after the band
surgery is the connect sum of knots T, E ⊂ S3 .

F IGURE 4.8: Band surgery.

FIGURE 4.7(a). The objective or goal of this step is to construct all the local motifs present
in the target link, which is shown in FIGURE 4.7(b). At this stage, the configuration of the
longitudinal components is analogous to the configuration of arcs in FIGURE 1.11(B). The
final step, shown in FIGURE 4.7(c) and FIGURE 4.7(d), is called a band surgery. During
the band surgery step, every contractable loop gets connected to one of the longitudinal
components changing the unknit in FIGURE 4.7(a) into the target link in FIGURE 4.7(d).
Definition 4.1.6 (Band surgery, [118]). Let L be a link in a 3-manifold M, which can be S3 ,
R3 or Σ × I, where Σ is an oriented closed 2-manifold. And let b : [0, 1] × [0, 1] → M be an
embedding, referred to as a band. The band b ⊂ M is said to be compatible with the link L ⊂ M
if b([0, 1] × [0, 1]) ∩ L = b([0, 1] × {0}) ∪ b([0, 1] × {1}) meaning, two non-adjacent boundary
components of the band b overlap with the link L in two disjoint arcs. In this case the link ( L −
b([0, 1] × {0}) ∪ b([0, 1] × {1})) ∪ b({0} × [0, 1]) ∪ b({1} × [0, 1]) will be denoted by bL, and
it is the link obtained by the band surgery of link L ⊂ M with respect to band b ⊂ M.
A band surgery involving a single band between a pair of knots in R3 separated by a
disjoint plane is called the connect sum of those two knots. The connect sum operation
between the right handed trefoil knot and the figure eight knot is illustrated in FIGURE 4.8.
Using the concept of RM moves and band surgery, we give the definition of an m × n
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swatch. The idea is to encapsulate what it means for a textile link to be realized as a
fundamental repeating unit of a two-periodic weft-knitted fabric, in terms of concepts from
the theory of knots and links.

(a) Local motifs that make up band diagrams. (b) A ribbon knot. (c) A two component ribbon
link.

F IGURE 4.9: Band diagrams and ribbon links.

Definition 4.1.7 (Swatch [73]). Let L ⊂ T 2 × I be an m × n unknit for some m, n ∈ {1, 2, · · · },
similar to the link shown in FIGURE 4.7(a). Let A be an annulus contained in T 2 × {0}. Now, a
finite number of Reidemeister moves and planar isotopies act on the non-contractible components
130

4.1. Two-periodic weft-knitted fabrics: construction of swatches
of the unknit L as illustrated in FIGURE 4.7(b). It is necessary that the RM moves and the planar
isotopies are restricted to the 3-manifold ( T 2 × I ) \ ( A × I ); for example, in FIGURE 4.7(b), RM
moves and planar isotopies are restricted to the region outside the grey shaded annular strip. Let

{bi : [0, 1] × [0, 1] → T 2 × I }im=1 be a set of m bands in knitting position. We say that a finite
collection of bands is in knitting position if the following hold:
1. The bands are mutually disjoint, unknotted and simple meaning that there are no crossings
involving the bands and the components of the unknit when drawn as a planar diagram.
2. All the bands cut through the lower boundary of the 3-manifold A × I i.e., if A is given by

[0, 1] × S1 , then the bands intersect (pass through) the surface ({0} × S1 ) × I exactly once.
3. All the bands are compatible with the components of the unknit L ⊂ T 2 × I such that every
band overlaps with a contractable component and a longitudinal component of the unknit.
The cyan bands shown in FIGURE 4.7(c) are in knitting position. Then, after the band surgeries
with respect to bands {bi }im=1 , we obtain an n-component link given by bm (· · · (b2 (b1 L))) ⊂ T 2 ×
I. The order in which the band surgeries are done is immaterial, and the final link is called an m × n
swatch. Thus, the link shown in FIGURE 4.7(d) is a swatch.
Definition 4.1.8 (n-component trivial swatch). In the definition of a swatch given above, in the
special case of not performing any RM moves on the unknit before doing the band surgeries, the only
possibility is attaching all the contractable components to the uppermost longitudinal component.
Then the m × n unknit turns into the n-component trivial swatch.
The construction of textile links corresponding to stockinette and reverse stockinette fabrics starting from 1 × 1 swatches is illustrated in FIGURE 4.12. The formulation of the
concept of a swatch is directly adopted from and motivated by the process and the mechanics of weft-knitting.
Remark 4.1.3. Given any two-periodic weft-knitted fabric, the corresponding textile link can be
constructed as a non-trivial m × n swatch for some m, n ∈ {1, 2, · · · }.
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However, it is not clear how to decide whether or not an arbitrary non-trivial swatch corresponds to a two-periodic weft-knitted fabric due to a lack of a rigorous notion of weftknitability.
Remark 4.1.4. Given a swatch, rotating it about the y-axis yields an equivalent swatch in the sense
that both the swatch and its rotated version generate two sides of the same two-periodic fabric.
For example, the knit swatch and the purl swatch generate two sides of the stockinette
fabric. Nevertheless, it is necessary to distinguish between such pairs of swatches because,
one by one rib, garter, seed and stockinette fabric, all give rise to topologically distinct
textile links.

4.1.4

Two-periodic weft-knitted fabrics and ribbon links

Next to 1 × 1 swatches in FIGURE 4.12, a 3D rendering of a pair of immersed surfaces
with knit and purl swatches as one of their boundary components is shown. Notice that
the geometry of the self-intersection of these immersed surfaces is identical to that of a slit
(dashed arc) cut open by a ribbon (yellow annulus) passing through the interior of itself.
Such self-intersections or in general intersections between a pair of surfaces of such nature
are called ribbon singularities. Some links in S3 and R3 lie along the boundaries of immersed
surfaces (oriented or otherwise) consisting of intersections of only the ribbon type [29].
Consequently, these links can be associated with band diagrams and ribbon surfaces.
Definition 4.1.9 (Band diagrams & ribbon surfaces, [29]). A planar diagram of a link L in
S3 that is composed of only the local motifs shown in FIGURE 4.9(a), is called a band diagram of
L ⊂ S3 . As a result, there exists a surface S L ⊂ S3 whose boundary is given by the link L, ∂S L ∼
= L.
The surface S L ⊂ S3 is called a ribbon surface.
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The ribbon surfaces need not be orientable. However, for a ribbon knot, as we define below,
the ribbon surface must be a disk, and thus, a ribbon knot bounds an orientable ribbon
surface.
Definition 4.1.10 (Ribbon knot & ribbon links). If a knot in S3 admits a band diagram such
that the corresponding ribbon surface is homeomorphic to a disk immersed in S3 , then the knot is
a ribbon knot and the disk is a ribbon disk. Similarly, given an n-component link L ⊂ S3 , if all of
its components are ribbon knots and the only intersections of the corresponding collection of ribbon
disks are ribbon singularities, then the link L is a ribbon link.
Band diagrams of a ribbon knot and a ribbon link in R3 are shown in FIGURE 4.9(b) and
FIGURE 4.9(c) respectively. A ribbon singularity occurring between a pair of components
of a ribbon surface is called a mixed ribbon singularity, otherwise it is called a pure ribbon
singularity [29].
There is no notion of ribbon knots and links for knots and link in T 2 × I. We would
like to set criteria for knots and links in T 2 × I that lead to ribbon knots and links in S3
under the Dehn-filling of T 2 × I. Again, as shown in FIGURE 4.4, we refer to the Dehnfilling which is specified by the homeomorphism that maps the meridians of the filling
solid tori to the purple and orange markings on the boundary of T 2 × I. To that end,
based on the correspondence given by a map such as f described in equation 4.2, which is
equivalent to the one obtained by Dehn-filling with the marked boundary tori as discussed
in section 4.1.1, we make the following definition.
Definition 4.1.11. Consider the Dehn-filling of T 2 × I with respect to the orange and purple curves
shown in FIGURE 4.4, under which an n-component link L = K1 ∪ ... ∪ Kn ⊂ T 2 × I is mapped
to the link f ( L) ⊂ S3 . The former is said to be a precursor of an n-component ribbon link if the
following hold:
1. for every component Ki ⊂ L that is contractable or homotopic to a point, there exists a disk
Di ⊂ T 2 × I such that ∂Di = Ki .
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2. for every component K j ⊂ L that is non-contractible, there exists an annulus A j ⊂ T 2 × I
such that ∂A j = K j ∪ α j , where αi is a simple closed curve on T 2 × {0} that is homotopic
either to the longitude or to the meridian of the base torus.
Furthermore, if the link L ⊂ T 2 × I is a precursor of a ribbon link f ( L) ⊂ S3 , then the 2-manifold
S

j

Aj

S

i

Di ⊂ T 2 × I is a precursor to a collection of n ribbon disks in S3 with their boundary

along f ( L).
In the above Definition 4.1.11, for reference, we use the map f from equation 4.2. The
property of being a precursor of a ribbon link, however, is independent of the map f , and
it is determined by the slopes of the curves defining the quotient map of the Dehn-filling.
Theorem 4.1.1 (Textile links corresponding to two-periodic weft-knitted fabrics are ribbon). Let S be a two-periodic weft-knitted fabric, and let LS ⊂ T 2 × I be the corresponding ncomponent textile link. Then the link L ⊂ T 2 × I is a precursor to an n-component ribbon link
f ( L S ) ⊂ S3 .
Let L ⊂ T 2 × I be an m × n unknit for some m ∈ {1, 2, · · · }. According to Definition 4.1.5, the link L has (m + n) components among which m of them are contractable
unknots {ui }im=1 . The rest of the n components are essential unknotted loops {l j }nj=1 that
wind around the meridian of the base torus once. As a result, there exists a disjoint collection of m disks and n annuli, { Di }im=1 and { A j }nj=1 , such that ∂Di = ui and ∂A j = l j ∪ α j ,
where α j are n simple mutually disjoint longitudinal curves on T 2 × {0}. Let Σ0mn be the
multicomponent 2-manifold consisting of (m + n) path-connected, mutually disjoint components given by

m
S
i =1

Di

n
S
j =1

A j ⊂ T 2 × I.

The 2-manifold Σ0mn can be thought of as the union of a set of m disjoint copies of flat
two disks lying on a plane parallel to the xy-plane and a set of n disjoint copies of flat
annuli lying on planes positioned at different heights (y coordinates) parallel to the zxplane. An example of such a 2-manifold for the 2 × 3 unknit is shown in FIGURE 4.10(b)
next to its planar diagram shown in FIGURE 4.10(a). From Definition 4.1.11, it follows
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that the m × n unknit is a precursor of an n-component unlink in S3 , which is ribbon. After
Dehn-filling, the 2-manifold Σ0mn ⊂ T 2 × I yields a collection of n ribbon disks, which we
denote by Σ̃0mn ⊂ S3 .

y
x


z



(a) A planar diagram for 2 × 3 unknit. The colored edges indicate that they are identified
such that the resulting manifold is the thickened torus. (b) The bold lines and the arcs denote
the 2 × 3 unknit. The three annuli with the components of 2 × 3 unknit as one of their
boundary components meet the torus at the back, T 2 × {0}. The surface Σ023 consists of three
annuli and two discs.

F IGURE 4.10: 2×3 Unknit.

Recall from Remark 4.1.3, that any textile link corresponding to a two-periodic weftknitted fabric can be realized as a swatch. By Definition 4.1.7, a swatch is constructed
by applying RM moves and planar isotopies, followed by a band surgery. Therefore, first
we use induction to show that the ribbon surface Σ̃0mn after being acted upon by a finite
number of RM moves and planar isotopies along its boundary (the link f ( L) ⊂ S3 ) remains
a ribbon surface. This is done by tracking the changes in the surface Σ̃0mn at each step while
constructing the n-component textile link LS ⊂ T 2 × I as a swatch starting from the m × n
unknit L ⊂ T 2 × I. The last step of making a swatch involves a band surgery with respect
to a set of bands in a knitting position. After this final stage, the collection of (m + n) disks
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turns into a set of n disks without giving rise to any more intersections. Thus, the final
collection of n disks is again a ribbon surface whose boundary is the link f ( LS ) ⊂ S3 .
Since all of the intermediate stages of swatch construction correspond to ambient isotopies, we induct on the number of RM moves denoted by k ∈ N. Starting with the surface
Σ̃0mn , we construct a sequence of surfaces Σ̃kmn by acting with one RM move on the boundary of the preceding surface in the sequence. First, we show that the surface Σ̃1mn is a ribbon
surface, establishing the base case of applying a single RM move on the surface Σ̃0mn . Next,
−1 is a ribthe surface Σ̃kmn is shown to be a ribbon surface by assuming that the surface Σ̃kmn

bon surface. Note that the intersections in the surface caused due to planar isotopies are
avoided using boundary preserving ambient isotopies of surfaces.
Proof of Theorem 4.1.1. During the first induction step corresponding to k = 1, a single RM1
or RM2 acts on the link

n
S
j =1

l j , which is part of the boundary of the surface Σ̃0mn . An RM1

move leads to a single half twist as shown in FIGURE 4.11(a), and thus, the surface Σ̃1mn
is isotopic to the surface Σ̃0mn . An RM2 move may or may not lead to a ribbon singularity
depending on the prior configuration of the annuli which is illustrated in FIGURE 4.11(b).
We do not consider RM3 move to begin with because the local motif on which RM3 is
performed does not arise in the planar diagrams of unknits that we begin with. Therefore,
after a single RM move either there are no intersections implying that the surface Σ̃1mn
is isotopic to the surface Σ̃0mn or a single ribbon singularity arises due to an RM2 move
implying that Σ̃1mn is not isotopic to Σ̃0mn but it is still a ribbon surface.
k −1 is a ribbon surface. If the k th RM move is an RM1
Now we assert that the surface Σ̃mn

move, then causing an intersection can be avoided by restricting the action of the move to a
small 3-ball of some positive radius enclosing only a small portion of the surface resulting
in a local twist as shown in FIGURE 4.11(a). If the kth move is an RM2 move, then again
by using a localized action, we get at most one more ribbon singularity as illustrated in
−1 . When
FIGURE 4.11(b) depending on the prior configuration of annuli in the surface Σ̃kmn
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−1 , essentially four distinct scenarios emerge all of which
RM3 move is performed on Σ̃kmn
−1 . These possibilities are shown in FIGURE 4.11(c).
are isotopies of the ribbon surface Σ̃kmn

Thus, the surface Σ̃kmn is a ribbon surface for k ∈ N. By the principle of mathematical
N is a ribbon surface for all N ∈ N.
induction, it follows that the surface Σ̃mn

137

Chapter 4. Doubly-periodic weft-knitted fabrics & textile links

A planar diagram based illustration of the localized actions of RM moves on the surface Σkmn
for m, n, k ∈ N. (a) An RM1 move causes a single twist and no intersection. (b) An RM2
move may or may not give rise to an intersection, and if a resulting intersection will be a
ribbon singularity as shown in the (a) & (b). (c) An RM3 move leads to two possible
scenarios: 1. modification of an existing intersection while preserving its ribbon nature, and
2. an isotopy of the surface Σkmn without leading to an additional intersection.

F IGURE 4.11: The local motifs in the band diagrams of the ribbon surfaces occurring while
making a swatch.
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(a) A purl swatch and its ribbon surface. (b) A knit swatch and its ribbon surface. The colored
edges indicate that they are identified such that the resulting manifold is the thickened torus.

F IGURE 4.12: Constructing a knit and a purl swatch.

The final step in the construction of an m × n swatch is a band surgery involving m
bands, which is illustrated in FIGURE 4.7(c)-(d). By definition, the bands in knitting poN
sition do not give rise to intersections after band surgery, instead the ribbon surface Σ̃mn

with (m + n) disks reduces to a ribbon surface with n disks. Hence proved.
The converse of Theorem 4.1.1 stating that a ribbon link in T 2 × I corresponds to a textile link of a two-periodic weft-knitted fabric is in general not true. To prove this, it suffices
to give a counterexample – a ribbon link in a thickened torus that cannot be constructed
as a swatch. To that end we show below that the link shown in FIGURE 4.13(a) is not a
swatch.
Lemma 4.1.1. There exist links in T 2 × I that are not swatches but give rise to ribbon links under
the mapping f .
Proof. Consider the link L = K1 ∪ K2 ⊂ T 2 × I resulting from the band surgery with respect
to cyan bands as shown in FIGURE 4.13(a). We claim that this link cannot be constructed
as a swatch. To see this, note that every component of an m × n swatch L0 ⊂ T 2 × I is an
unknot that winds around the meridian of the base torus once unless the following is the
case: one or more ribbon disks with their boundaries in f ( L0 ) ⊂ S3 consist of pure ribbon
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singularities. Furthermore, if a component f (K ) ⊂ f ( L0 ) bounds a ribbon disk that has a
pure ribbon singularity, then the sublink f (K ) ∪ l ⊂ H ∪ f ( L0 ) in S3 is not split; the link
H = l ∪ m is the Hopf link, where l (longitude), m (meridian) are equivalent to the curves
along the central arc of the purple and the orange tori in FIGURE 4.4. In other words, there
exists no S2 ⊂ S3 such that on one side it encloses the component f (K ) ⊂ f ( L0 ) and on the
other side lies the component l of the Hopf link.

(a) A precursor to a ribbon link in S3 , given by L = K1 ∪ K2 ⊂ T 2 × I. The link L is
constructed through band surgery with respect to the highlighted bands. (b) Knot K2 is the
0 × 1 unknit, the trivial swatch with a single component. (c) Knot K1 is not an unknit.

F IGURE 4.13: An example of a link that is precursor to a ribbon link in S3 but not a swatch.

Going back to the link L ⊂ T 2 × I shown in FIG 4.13(a), one of the ribbon disks with a
component of the link f ( L) ⊂ S3 as its boundary gives rise to two pure ribbon singularities.
Specifically, as shown in FIGURE 4.13(b) the component K2 ⊂ L is equivalent to an unknot
in T 2 × I, and as shown in FIGURE 4.13(c), the component K1 ⊂ L with a pair of pure
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ribbon singularities is not equivalent to an unknot. Therefore, for the link L ⊂ T 2 × I to
be a swatch, we expect that the sublink f (K1 ) ∪ l ⊂ H ∪ f ( L) is not split in S3 . On the
contrary, as shown in FIGURE 4.13(c), the knot K1 lies within a longitudinal annular strip
implying that the sublink f (K1 ) ∪ l ⊂ H ∪ f ( L) is split in S3 . Thus, even though the link
f ( L) ⊂ S3 is ribbon, the link L ⊂ T 2 × I is not a swatch.
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C HAPTER 5
S WATCHES :

LINK INVARIANTS AND COMBINATORIAL

COMPLEXITY

In this chapter we begin by describing basic topological properties of swatches through
the concept of algebraic linking, which is quantified by the pairwise linking number. These
characteristic features of swatches form a set of necessary conditions to be satisfied by a
link in T 2 × I that arises as a motif in a knitted textile. Based on this set of fundamental
features of swatches, we propose and hand knit a novel stitch motif into textiles. A sample
of the bulk of a textile with these motifs is shown in FIGURE 5.1 along with the planar diagram of the swatch. We call this stitch the cow-hitch stitch and the corresponding swatch a
cow-hitch swatch. In fact, there are several other stitch motifs that conform with the basic
rules provided in list 5.1 and plausibly hand knitable.
Based on our preliminary observations through numerical experiments with SnapPy,
we explore the question of whether or not swatches lead to hyperbolic links (as the link H ∪
f ( L) ⊂ S3 given a swatch L ⊂ T 2 × I), and whether or not swatches lead to brunnian links
(as the link f ( L) ⊂ S3 given a swatch L ⊂ T 2 × I). We deduce that the property of being
hyperbolic is not universal by finding a counterexample, and that it holds true consistently
among the swatches composed of only the knit swatches and the purl swatches.
The property of being brunnian is observed among a considerable majority of links in
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S3 associated with swatches. This is intuitive because of the slip knot structure of weftknitted textiles. In general, given a swatch, the subsets of its components (sublinks) can be
grouped such that each sublink individually gives rise to a brunnian link under the Dehnfilling. And whenever such a partition leads to a single sublink, we obtain a brunnian link
from a swatch.
The concept of annulus sums is discussed in detail in this chapter. The meridional annulus sum is used to define an associative binary operation acting on the set of all swatches
with a fixed number of components. The trivial swatch is the identity element under this
operation, and thus, the set of all swatches with equal number of components forms a
monoid. The generating set of the monoid is composed of irreducible swatches, which are
countably infinite in number if we include both hand and machine weft-knitting. However, if we restrict to machine-knitting, due to the limited number of mechanical degrees
of freedom of the knitting machine, the number of irreducible swatches generating the
monoid are finite.
Since given any swatch either it is reducible or not, it is apt to say that the irreducible
swatches make up the dictionary of two-periodic weft-knitted textiles. Based on the combinatorics of dividing a rectangle into subrectangles of integer dimensions in the units of
stitch size, we give an expression for an upper bound on the number of ways a swatch of
a certain size can be decomposed or constructed. This expression contains only partially
determined terms as the complete information needs details about the knitting machine
used.
We compute link invariants namely, multivariable Alexander polynomial, hyperbolic
volume, cusp shapes, Jones polynomial and link determinant. Analyzing the link invariants data, we propose the following conjectures on hyperbolicity, hyperbolic volume and
multivariable Alexander polynomial.

Conjecture 5.6.1 [Hyperbolic swatches]: Let L ⊂ T 2 × I be a swatch obtained through an
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annulus sum 5.5.1 of the link complements of a finite number of knit and purl swatches.
Then the link H ∪ f ( L) ⊂ S3 is hyperbolic.
We have a proof of the Conjecture 5.6.1 for a single component swatch. However, the
idea does not extend to swatches with two or more components.

Conjecture 5.6.2 [Hyperbolic volume of one-component hyperbolic swatches]: Given two
three-component hyperbolic links H ∪ f ( L1 ) ⊂ S3 and H ∪ f ( L2 ) ⊂ S3 corresponding to
swatches L1 ⊂ T 2 × I and L2 ⊂ T 2 × I, the hyperbolic volume of the three component link
H ∪ f ( L1 ∗m L2 ) ⊂ S3 corresponding to the swatch L1 ∗m L2 ⊂ T 2 × [0, 1] is equal to the
sum of the hyperbolic volumes of links H ∪ f ( L1 ) ⊂ S3 and H ∪ f ( L2 ) ⊂ S3 .
The Conjecture 5.6.2 is completely open, and we restrict it to three-component links because the link corresponding to the seed swatch does not satisfy the proposed relation.

Conjecture 5.6.3 [MVA of links corresponding to swatches]: Let L1 , L2 ⊂ T 2 × I be two
n-component links that arise as swatches. Let H ∪ f ( L1 ) ⊂ S3 and H ∪ f ( L2 ) ⊂ S3 be
the corresponding (n + 2)-component links. The multivariable Alexander polynomial of
the (n + 2)-component link H ∪ f ( L1 ∗m L2 ) ⊂ S3 is given by the product of multivariable Alexander polynomials of H ∪ f ( L1 ) ⊂ S3 and H ∪ f ( L2 ) ⊂ S3 divided by the factor

(t1 − 1)n . The variable t1 is associated with the component of the Hopf link, around which
the components of sublinks f ( L1 ) and f ( L2 ) wind around once.

We have a proof of Conjecture 5.6.3 for three-component links, and the idea seems to
be extendible to links with more number of components.
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5.1

Topological properties of swatches

Let L ⊂ T 2 × I be an n-component textile link corresponding to a two-periodic weftknitted fabric, and let knots Ki for i ∈ {1, 2, · · · , n} be its components. The (n + 2)component link H ∪ f ( L) ⊂ S3 is obtained by embedding the link L ⊂ T 2 × I into S3
using the map f given by equation 4.2, where H = l ∪ m is the Hopf link. Based on Remark 4.1.3, the link L is an m × n swatch for some m ∈ {1, 2, · · · }. As a result, the link
L ⊂ T 2 × I and the link H ∪ f ( L) ⊂ S3 have the following properties:
1. The link f ( L) ⊂ S3 is ribbon, and as a result, the link L ⊂ T 2 × I is a precursor of a
ribbon link.
2. Let [K ] denote the homotopy class of a curve K ⊂ T 2 × I. Then the homotopy class of
each and every component of the link L is given by [Ki ] = 0.[m] + 1.[l ] = [l ], where
m and l are the meridian and the longitude of the base torus of T 2 × I respectively.
3. For n ≥ 2, every pair of components of the link f ( L) ⊂ S3 are algebraically unlinked
implying the same for the link L ⊂ T 2 × I.
4. Despite of every component of the link L being homotopic to the longitude, the sublink f ( L) ∪ l ⊂ H ∪ f ( L) ⊂ S3 is not split meaning that, there does not exist any
2-sphere, S2 separating the component l and the link f ( L) in S3 . Equivalently, the
link f ( L) and the component l are algebraically unlinked in H ∪ f ( L) ⊂ S3 , but not
split.
5. Consider the ribbon disks with the components of the link f ( L) ⊂ S3 as their boundaries. The disks consisting of only mixed ribbon ribbon singularities have boundaries that are equivalent to unknots that are mutually split with the component l of
the Hopf link. In contrast, the ribbon disks that contain pure ribbon singularities
have boundaries that are neither necessarily unknotted nor mutually split with the
component l of the Hopf link.
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The cow-hitch swatch, and a fabric sample with a few scattered cow hitch motifs.

F IGURE 5.1: The cow-hitch swatch

Based on the first two properties above, we were able to discover a new swatch that
can be hand knitted. The open loop structure of the bight is replaced by a slightly more
complicated structure, resembling the cow hitch [4]. The resulting swatch and a picture of
a hand knitted fabric sample highlighting the cow hitch motif are shown in FIGURE 5.1.
Let the set of all swatches and the set of all textile links corresponding to two-periodic
weft-knitted fabrics be W and F respectively. Let the set of all links in T 2 × I for which
properties one to four in list 5.1 hold be L. The set of all swatches W is a proper subset
of the set L because, we showed in Lemma 4.1.1 that there exist ribbon links in T 2 × I
that are not swatches. However, it is not known if F is a proper subset of W as there is
no mathematically well defined notion of weft-knitability that includes all the techniques
used in hand-knitting, and perhaps given the nature of hand-knitting it is impossible to
deduce whether F ⊆ W or not. In conclusion, the following relation holds: F ⊆ W ( L.
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5.2

The linking number & algebraic linking

Before defining the concept of linking number and algebraic linking, it is worth mentioning that there are many notions of linking in the literature for links in S3 (or R3 ) due to
Milnor, called the Milnor linking numbers [78]. Among these, the concept of algebraic linking,
which is associated with the pairwise linking number defined below, is the most basic and
widely used.
Definition 5.2.1. (The linking number) Let L = K1 ∪ ... ∪ Kn ⊂ S3 be an n-component link. The
linking number between the components Ki and K j is given by

lk(Ki , K j ) =

1 N
ek ,
2 k∑
=1

(5.1)

where ek = ±1 is assigned to kth crossing based on the local orientation of under and over strands
at that crossing as per the convention in described in FIGURE 5.2(a).
Consider a map defined on the set of all links in S3 . If the image of this map is preserved
under ambient isotopies, then the map defines a topological invariant of links in S3 or a
link invariant. The linking number between two components of a link in S3 , is preserved
under an ambient isotopy. Thus, for an n-component link K1 ∪ ... ∪ Kn ⊂ S3 , the set of
pairwise linking numbers is a link invariant. Let us consider the following simple cases:
1) the linking number of the Hopf link which is shown in FIG 5.2(b) is equal to one, and
therefore, it is not equivalent to the two-component unlink in S3 . 2) the linking number
between any pair of components in the borromean rings, shown in FIGURE 5.2(c), is zero,
which is same as that of the three component unlink in S3 . However, the latter is not
equivalent to borromean rings. This illustrates the fact that, a pair of links with identical
sets of pairwise linking numbers are not necessarily equivalent. Therefore, even though
the linking number between two components of a link, as given in equation 5.1, is easy to
compute, it yields a rather weak link invariant.
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(a) A convention for assigning signs to crossings. e = +1 for the crossing motifs that
resemble one on the left, and e = −1 for the rest. (b) The Hopf link: lk(u1 , u2 ) = 1. (c) The
Borromean rings: lk(vi , v j ) = 0 for all i, j ∈ {1, 2, 3} such that i 6= j.

F IGURE 5.2: Linking number and examples.

Definition 5.2.2 (Split links).

Given an n-component link L ⊂ S3 with n ≥ 2. If there exists a

2-sphere that does not intersect the link but separates it into two non-empty subsets of components
or sublinks, then the link L ⊂ S3 is said to be split.
We say a two-component sublink in a link algebraically linked if the linking number
is non-zero. Note that the property of algebraically unlinking is weaker than being split.
For example, all three pairs of components of Borromean rings shown in FIGURE 5.2(c)
are algebraically unlinked but the link itself is not split.
Let L ⊂ T 2 × I be the n-component textile link corresponding to a two-periodic weftknitted fabric. The map f from equation 4.2 from section 4.1.1 combined with the second
property in the list 5.1 about the homotopy of the components of a swatch imply that the
linking numbers lk(l, f (Ki )) and lk(m, f (Ki )) are zero and one respectively for all components Ki ⊂ L. The component l and the components of the sublink f ( L) are algebraically
unlinked, but they are not split, which is stated as the fourth property in the list 5.1. Similarly, consistent with the third property in the list 5.1 the linking number lk(Ki , K j ) = 0
for all pairs of components Ki , K j ⊂ L. Thus, the components Ki and K j of the link L are
algebraically unlinked, but may not be split for all i, j ∈ {1, 2, · · · , n}.
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5.3

Hyperbolic swatches

Another property that appears to hold for swatches consisting of only the knit and the
purl motifs is hyperbolicity. Whenever the link complement admits a metric of constant
negative sectional curvature, the corresponding link is said to be hyperbolic. Extending this
notion to swatches, we say an n-component link L ⊂ T 2 × I is a hyperbolic swatch if the

(n + 2)-component link H ∪ f ( L) ⊂ S3 is hyperbolic. The SnapPy [23] software is used to
check whether a given link is hyperbolic or not based on the attribute .solution_type() of
the link complements as 3-manifolds.
Admittance of hyperbolic structure is quite useful because, many more link invariants
follow from the hyperbolic geometry of the link complement such as a representation of
the fundamental group of the link complement, hyperbolic volume, invariant trace field, cusp
shapes etc. We will discuss each of these separately in section 5.6. Our data, based on
computations in SnapPy [23], indicates that there are many more hyperbolic swatches apart
from just those consisting of the knit and the purl motifs. However, in contrast to the
characteristic property of being ribbon stated in Theorem 4.1.1, hyperbolicity does not hold
for all the swatches including a few that lead to two-periodic weft-knitted fabrics.
Remark 5.3.1. The swatches giving rise to layered fabrics are not hyperbolic, because the planes
of separation in between the layers yield an essential splitting tori [94], which separate the swatch
into sublinks corresponding to different layers in the fabric [79].

5.4

Brunnian swatches

Many textile links arising as swatches, have the following property: deletion of any
component of the link leads to a trivial swatch. For such links, everyone of their proper
sublinks is a trivial swatch. As a result, given an m × n swatch L ⊂ T 2 × I with the above
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(a) An example of a Brunnian link f ( L) ⊂ S3 corresponding to the Brunnian swatch which is
shown within the dotted rectangular block. (b) Link f ( L) ⊂ S3 corresponding to the swatch
which is shown within the dotted rectangular block is not Brunnian.

F IGURE 5.3: A brunnian swatch and a non-brunnian swatch.

property, every proper sublink of the corresponding n-component link f ( L) ⊂ S3 is an
unlink. These type of links in S3 are called Brunnian links [17].
Definition 5.4.1 (Brunnian links & Brunnian swatches). Let L =

n
S
i =1

Ki ⊂ S3 be an n-

component link, where Ki are the components of the link L. If the (n − 1)-component sublink L j =
L \ Kj =

S
i6= j

Ki ⊂ L ⊂ S3 is equivalent the (n − 1)-component unlink for all j ∈ {1, 2, ..., n}, then

the link L is said to be Brunnian. Similarly, let L0 =

n
S
i =1

Ki0 ⊂ T 2 × I be an m × n swatch, where

Ki0 are its components. If the (n − 1)-component sublink L0j = L0 \ K 0j =

S
i6= j

Ki0 ⊂ L0 ⊂ T 2 × I

is equivalent to the (n − 1)-component trivial swatch for all j ∈ {1, 2, ..., n}, then we say that the
swatch L0 is Brunnian.
The Borromean rings, shown in FIGURE 5.2(c), is a well known Brunnian link. A Brunnian swatch and a non-Brunnian swatch are shown within dashed rectangular blocks in
FIGURE 5.3(a) and FIGURE 5.3(b) respectively. The latter results when a weft-knitted fabric is constructed by slipping every other bight on the left needle without pulling a new
bight through it. In reference to the repetitive four-step mechanical procedure of making a
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knit stitch, this amounts to alternatively skipping step two shown in FIGURE 1.10(B) and
step three shown in FIGURE 1.11(A).
The special nature of Brunnian swatches is reflected in their values of the topological
invariants. For instance, every proper sublink of a Brunnian link is an unlink implying all
the proper sublinks are split, and thus, the ordered list of linking numbers is an n-tuple of
zeros. Furthermore, all the components of a Brunnian link are unknots. In section 5.6.3 on
the multivariable Alexander polynomial – a multivariable Laurent polynomial link invariant – we will see that this Laurent polynomial invariant simplifies to a reduced form given
by equation 5.9 for the links in S3 corresponding to Brunnian swatches.

5.5

Syntax of weft-knitting: annulus sum of the link complements
of irreducible swatches

5.5.1

The meridional & the longitudinal annulus sums

In weft-knitting, a common technique of making complex patterns of yarn embeddings
is combining motifs of simple ones in some chosen order. This, in terms of textile links
and swatches, translates to cutting two or more thickened 2-tori, followed by consistently
gluing them. The consistency here refers to matching the number of punctures while gluing the cut link complements of swatches. Two distinct ways of gluing the knit and the
purl swatch yields the one by one rib swatch and the garter swatch, which are shown in
FIGURE 5.4(a) and FIGURE 5.4(b) respectively. These cutting and gluing operations acting on links in S3 occur as band surgeries, which are illustrated in FIGURE 5.5(c)-(d) and
FIGURE 5.5(g)-(h).
The ambient space of swatches, T 2 × I, has two kinds of cross-sections based on their
homotopy type namely, meridional and longitudinal. The meridional and the longitudinal cross-sections are shown in FIGURE 5.5(a) and FIGURE 5.5(e) respectively. In fact,
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these correspond to the two ways in which the knit swatch and the purl swatch are glued
leading to the one by one rib swatch (meridional) and the garter swatch (longitudinal).
However, given a pair of swatches, the total number of ways of cutting the link complements and gluing them with each other along their cross-sections ranges from zero to more
than one. To see this, let L1 , L2 ⊂ T 2 × I be an m × n and an m0 × n0 swatches respectively.
In order to be able to consistently cut and glue the swatches L1 and L2 , we need to find a
pair of meridional or longitudinal cross-sections to cut across the link complements with
equal number of punctures. This is possible as long as one of the n − n0 and m − m0 is an
even integer, and thus, there can be multiple ways to cut and glue the link complements
of L1 , L2 ⊂ T 2 × I. But we are only interested in cases that yield link complements of
swatches, in which case we require that either n equal n0 (for meridional annulus sum) or
m equals m0 (for longitudinal annulus sum). For example, if we let L1 and L2 be the knit
swatch and the purl swatch, there are at least four distinct ways to cut and glue along the
meridional cross-section, but only one of those four combinations yields the link complement of the one by one rib swatch. Similarly, there are at least two distinct ways to cut and
glue along the longitudinal cross-section, but only one of those choices leads to the link
complement of the garter swatch.
Definition 5.5.1 (Annulus sum). Let L1 ⊂ T 2 × I and L2 ⊂ T 2 × I be m × n and m0 × n
swatches respectively. Consider the link complements of L1 and L2 denoted by X L1 and X L2 respectively. Now slice or cut the 3-manifolds X L1 and X L2 along their meridional cross-sections to obtain
boundary annuli with equal number of punctures. And glue them by identifying their punctured
annular boundaries as shown in FIGURE 5.5(a)-(b). The resulting 3-manifold, X L1 ∗m L2 is the link
complement of an (m + m0 ) × n swatch L1 ∗m L2 ⊂ T 2 × I. This procedure of cutting, followed by
gluing link complements along a meridional annular cross-section is called the meridional annulus
sum.
Let L20 be an m × n0 swatch. Now slicing or cutting the 3-manifolds X L1 and X L20 along their
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( A ) Gluing a knit swatch and a purl
swatch along their meridional
annular cross-section yields a 1×1
rib swatch.

( B ) Gluing a knit swatch and a purl
swatch along their longitudinal
annular cross-section yields a
garter swatch.

F IGURE 5.4: Examples of the swatches obtained through meridional annulus sum and the
longitudinal annulus sum.

longitudinal cross-sections to obtain boundary annuli with equal number of punctures. And glue
them by identifying their punctured annular boundaries as shown in FIGURE 5.5(e)-(f). We denote
the resulting 3-manifold by X L1 ∗l L20 meaning that it is the link complement of an m × (n + n0 )
swatch L1 ∗l L2 ⊂ T 2 × I. This protocol of cutting, followed by gluing link complements along a
meridional annular cross-section is called the longitudinal annulus sum.
It is inherent in Definition 5.5.1 that the end product of the annulus sums is the link
complement of a swatch, which does not necessarily follow by just having annuli with
equal number of disks removed. One can use Definition 4.1.7 to check if the end result
of gluing is a swatch, but it is easier to first check if this link of interest satisfies all the
properties listed in 5.1, since if it fails to do so it is not a swatch. The meridional and the
longitudinal annulus sums translate to performing band surgeries on the corresponding
links in S3 . Again, the bands must be chosen such that the link obtained through band
surgery must be associated with a swatch. Examples of this are shown in FIGURE 5.5(c)(d) and FIGURE 5.5(g)-(h) respectively.
Annulus sums prescribe ways of combining multiple swatches to generate a bigger
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swatch. However, given a pair of swatches an annulus sum can lead to topologically distinct swatches depending on how the boundaries (of the cut link complements) are glued
or identified. Therefore, we have to specify more information in order to generate a unique
end product. Suppose L ⊂ T 2 × I be an m × n swatch. Let the link complement of L be
X L ⊂ T 2 × I. Annulus sum requires that the link complement, X L be cut along an appropriate pairs of meridional and a longitudinal annular cross-section. The allowed choices
for annular cross-sections are determined by the following criteria: 1) the cuts must be
straight across, and hence, they must be straight lines going across the tori in the planar
diagram notation of swatches. 2) The meridional annulus must have exactly n disks removed and the longitudinal annulus musta have 2m disks removed. It can be shown that
at least one pair of annulus cross-sections satisfying 1) and 2) exist up to ambient isotopy
(or up to planar isotopy and RM moves acting on planar diagrams).
Let the 3-manifold obtained by cutting X L along a pair of annuli satisfying the above
constraints be X̃ L . Since L is a swatch, by construction, the components of link L can be ordered by labelling them with entries from the n-tuple (1, 2, ..., n) from bottom to top (along
positive y-axis). As a result, the removed disks on the meridional annulus boundaries
are ordered. Similarly, the removed disks on the longitudinal annulus boundaries can be
ordered by labelling the contractable components of the m × n unknit from left to right.
Under this setting, given two swatches L1 and L2 and their cut link complements, X̃ L1 and
X̃ L2 , an annulus sum is uniquely determined by gluing the punctures on the meridional
(longitudinal) annular boundaries of X̃ L1 to the punctures on the meridional (longitudinal)
annular boundaries of X̃ L2 with a cyclic shift. In addition, a valid longitudinal annulus sum
necessitates that the glued pairs of punctures must be related by two cyclic shifts.
Remark 5.5.1. Let Li ⊂ T 2 × I be an mi × n swatch for i ∈ {1, 2, · · · , N1 }. The swatches
Lσ1 (1) ∗m Lσ1 (2) ∗m · · · ∗m Lσ1 ( N1 ) ⊂ T 2 × I and Lσ2 (1) ∗m Lσ2 (2) ∗m · · · ∗m Lσ2 ( N1 ) ⊂ T 2 × I are
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identical, where (σ1,2 (1), σ1,2 (2), · · · , σ1,2 ( N1 )) denote a pair of cyclic permutations of the N1 tuple (1, 2, · · · , N1 ). Similarly, if Li0 ⊂ T 2 × I is an m × ni swatch for i ∈ {1, 2, · · · , N2 }. Then
the swatches L0σ1 (1) ∗l L0σ1 (2) ∗l · · · ∗l L0σ1 ( N2 ) ⊂ T 2 × I and L0σ2 (1) ∗l L0σ2 (2) ∗l · · · ∗l L0σ2 ( N2 ) ⊂ T 2 × I
are identical, where (σ1,2 (1), σ1,2 (2), · · · , σ1,2 ( N2 )) denote a pair of cyclic permutations of the N2 tuple (1, 2, · · · , N2 ).
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( A ) Combining

( B ) The cut

( C ) In the S3

( D ) 1 × 1 ribbing

swatches

3-manifolds are

picture, this can

from a

horizontally by

then glued

be algebraically

meridional

cutting 2-tori

together along

realized using

annulus sum.

along their

the boundary

band surgery.

meridional

annuli.

cross-section.

( E ) Combining

( F ) The cut

( G ) In the S3

( H ) Garter stitch

swatches

3-manifolds are
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then glued
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longitudinal
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together along
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F IGURE 5.5: The meridional annulus sum and the longitudinal annulus sum.

5.5.2

Partitioning the set of all swatches W

The set of all swatches can be partitioned into subsets indexed by the number of components such that each partition by itself is a closed set with the meridional annulus sum
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as the associative binary operation. A meridional annulus sum acting on an m × n swatch
and the n-component trivial swatch leaves the m × n swatch unaltered, and therefore, each
closed subset in the partition has an identity element with respect to meridional annulus
sums. The closure property and the existence of identity element implies that the set of
all m × n swatches (where n ∈ N is fixed and m ∈ N is arbitrary) with the meridional
annulus sum is a monoid.
Definition 5.5.2 (A monoid & a semigroup). A Semigroup is a set closed under an associative
binary operation. A Monoid is a semigroup with an identity element.
Let W and Pn be the set of all swatches and the set of all m × n swatches for some fixed
n ∈ N and arbitrary m ∈ N respectively. Then as a result of the partitioning we have

W=

∞
[
n =1

Pn .

(5.2)

To get some insight into the composition of the monoid (Pn , ∗m ) for some n ∈ N, we start
by enumerating the elements in a submonoid of (P1 , ∗m ). Suppose e, k and p denote the
one-component trivial swatch, the knit swatch and the purl swatch respectively. Then the
set of strings of letters in k and p generated using concatenation as the associative binary
operation, which are referred to as words, is a monoid. The generating set is given by

{k, p} (the alphabet) and the identity element or the empty word is given by e. Then
ke = ek = k
pe = ep = p,

and thus, we obtain the free monoid M1 = {e, k, p, kk, kp, pk, pp, kkk, kkp, ...}. The generators or the generating elements of a set are the elements in the set that do not admit any
non-trivial decomposition with respect to the underlying binary operation.
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(a) The cow-hitch swatch. (b) A purl-like swatch with two twists at the base of the bight. (c)
A knit-like swatch with a bight that requires all three Reidemeister moves.

F IGURE 5.6: Three 1 × 1 swatches in the generating set of P1 that are distinct from knit and
purl swatches.

The m × 1 swatches corresponding to the elements of the free monoid M1 are not
all distinct. The redundancies in swatches are associated with the words related in the
following manner: 1) words with the same repeating unit of letters, and 2) words related
by cyclic permutations in the order of concatenation of letters. Let M̃1 ⊂ M1 be the
set obtained by modding out the free monoid M1 with respect to an equivalence relation
defined based on the points 1) and 2) above. Then the set M̃1 is a submonoid of the set of
all m × 1 swatches P1 .
The submonoid M̃1 ⊆ P1 does not account for all the elements in P1 . To see this,
note that both the elements in the generating set {k, p} denote 1 × 1 swatches, and there
exist m × 1 swatches, like the one shown in FIGURE 5.8(b) that cannot be generated by the
meridional annulus sum because it is not reducible. Moreover, as shown in FIGURE 5.6(a)(c) there exist 1 × 1 swatches in the generating set that are distinct from the knit swatch and
the purl swatch.
There are countably infinitely many number of ways of tying knots into bights, and as
a result, the number of generating swatches of the set of all m × 1 swatches, P1 is countably
infinite. However, unlike hand knitting, the number of elementary mechanical operations
a weft-knitting machine is capable of performing is limited. Therefore, the generating set
is finite and weft-knitted textiles consisting of 1 × 1 swatches shown in FIGURE 5.6(a)-(c)
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(a) A 2 × 3 swatch composed of (1, 1) blocks consisting of 1 × 1 swatches. (b) The partition of
a 2 × 2 swatch (seed stitch) is consistent with its decomposition using annulus sums. The
integers along the row (top most) and the column (extreme left) of an m × n swatch indicate
the corresponding partition of m and n respectively.

F IGURE 5.7: Reduction of compound swatches into irreducible swatches.

cannot be made using a typical weft-knitting machine.
Based on similar arguments as above, one can conclude that the set of generating
swatches of the set of all m × 2 swatches P2 consists of countably infinitely many distinct 1 × 2 swatches. And in addition, there exist m × 2 swatches with m ≥ 2 that cannot
be constructed by the action of meridional annulus sums on 1 × 2 swatches, and therefore,
are generating swatches themselves. A subset of 1 × 2 swatches in the generating set of the
set of all m × 2 swatches P2 is obtained by the longitudinal annulus sum acting on 1 × 1
swatches. In particular, the set {k ∗l k, k ∗l p, p ∗l p} consists of generators composed of
only the knit and the purl swatches. Since the longitudinal annulus sum acting on a pair
of m × 1 swatches yields an m × 2 swatch, it is clear that the set P1 ∗l P1 is contained in
the set of all m × 2 swatches P2 . Further, the 1 × 2 swatch shown in FIGURE 5.8(b) implies
that the set P2 is strictly bigger than the set P1 ∗l P1 . In general, if ∑ ni = n such that
i ∈I

mi , n ∈ N for all i ∈ I := {1, 2, ..., k }, then

Pn1 ∗l Pn2 ∗l ... ∗l Pnk ⊂ Pn .

(5.3)

Indeed this must be the case because as we add more number of components, the entanglement complexity in terms of knottiness and linking increases.
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(a) 1 × 1 cable: a 2 × 1 irreducible swatch. (b) A 1 × 2 swatch with a
knit-forward-backward motif and a knit-two-together motif. (c) A 3 × 3
swatch with a slip-slip-knit motif and a
knit-forward-backward-forward motif.

F IGURE 5.8: Irreducible swatches

Irreducible swatches
A trivial swatch can be constructed by applying no RM moves but doing only band
surgeries (with respect to a set of bands in knitting position). Therefore, the protocol or
the procedure of constructing a swatch is unique up to making the trivial swatch with the
same number of components and redundant ambient isotopies. As a result, it is possible
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that a non-empty subset of contractable loops in an unknit do not effect the topology of
a given target swatch, in which case that swatch may be realized as an m × n swatch for
infinitely many choices of m ∈ {1, 2, · · · }. We would like to address this ambiguity as we
want to be able to get an estimate of number of distinct of ways of constructing an m × n
swatch.
Definition 5.5.3 (Irreducible and compound swatches). An m × n swatch is irreducible if the
following hold:
• When constructing the swatch, just before the band surgery, none of the m contractable loops
can be split from the rest of the unknit without having to pass those loops through the interior
of the bands while keeping rest of the unknit fixed, including the segments that overlap with
the bands.
• The swatch cannot be divided into a set of non-trivial swatches using the longitudinal and
the meridional annulus sums.
A swatch that is not irreducible is called a compound swatch.
Clearly, all the non-trivial 1 × 1 swatches are irreducible. In what follows, we briefly describe some knitting operations leading to a few higher order m × n irreducible swatches
(for m, n ≥ 2) that are frequently encountered in the knitting literature. [27, 109, 14]:
1. Cables or cross-overs: The simplest instance of cable swatch with a single cross-over is
shown in FIGURE 5.8(a). In general a cable swatch consists of cross overs involving
shift of l bights to the left and r bights to the right, where each bight is shifted by one
block in a given a single row. Here, by bights in a row we mean the bights belonging
to the same yarn, which are aligned along the weft axis of a two-periodic weft-knitted
fabric.
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2. Stitch increases and decreases: The swatch in FIGURE 5.8(b) is obtained by increasing
and decreasing the number of bights by one in successive rows. In this case, an increase in the number of bights is achieved by knitting through front followed knitting
through back before pushing the bight off of the left needle. A decrease in the number of bights results from knitting two or more loops together before pushing them
off of the left needle. As illustrated in FIGURE 5.8(c), the increase and the decrease
need not happen in adjacent rows or in the same column of bights (aligned along the
wale axis of a two-periodic weft-knitted fabric), and the increase and the decrease in
the number of bights within a row can be more than one as long as they match when
counted over the whole swatch.
3. Stitch decreases and yarn-overs: In FIGURE 5.9, the 2 × 1 swatch within the larger 4 × 2
swatch illustrates another way of increasing the number of bights called the yarnover. In this case, the extra bight has the form of a right-leaning twisted knit motif.
The decrease in the number of bights is again achieved by knitting more than two
loops together before taking it off the left needle. Similar to the irreducible swatches
in 2. above, the increase and the decrease in the number of bights within a row can
be more than one as long as they match when counted over the whole swatch.
4. Slipping stitches: A bight can be slipped over to the right needle from the left needle
without pulling another bight through it, and this can be repeated over multiple rows
before taking it off both the needles by after through another bight (or equivalently
after knitting it). The swatch shown in both FIGURE 5.10(b) and FIGURE 5.3(b) is
made by slipping bights alternatively exactly once. This operation is essential for
constructing non trivial non-Brunnian swatches.
We allow for dual roles for some irreducible swatches as they appear in different forms in
decomposition of compound swatches. This we state as a remark below.
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Remark 5.5.2. In the decomposition of a compound swatch, the irreducible swatches discussed in
item number two above can arise in two forms. For example, the swatch shown in FIGURE 5.8(a)
can be constructed as a 1 × 2 swatch and a 2 × 2 swatch, and the one shown in FIGURE 5.8(c) can
be generated as a 1 × 3 swatch and a 3 × 3 swatch.
Total number of m × n swatches
In what follows, we use the concept of irreducible swatches to obtain an estimate for
the total number of m × n swatches for some fixed m, n ∈ N. An m × n swatch is either
an irreducible swatch or a compound swatch. If it is the latter, then there exists a unique
way to divide the rectangle of width m and height n into a finite number of subrectangles
of width ai and height bi such that the ( ai , bi ) subrectangle embeds an ai × bi irreducible
swatch for all ai ≤ m and bi ≤ n. The decomposition is based on the meridional and the
longitudinal annulus sums. For example, the decomposition in FIGURE 5.7(a)-(b) show a
division into subrectangles of unit height and unit width. Furthermore, the construction
of the 2 × 2 swatch corresponding to the seed fabric, starting with the knit swatch and the
purl swatch is illustrated in FIGURE 5.7(b). In FIGURE 5.9, a 3 × 2 swatch is decomposed
into a set four (1, 1) swatches and a (2, 1) irreducible swatch. And in FIGURE 5.10, a pair
of identical 2 × 1 irreducible swatches make up a pair of 2 × 2 compound swatches.
Based on counting the number ways of dividing a rectangle of width m and height n
into subrectangles, the following expression can be written down for an upper bound for
the number of m × n swatches:
(m)

Pn
(m)

where Pn

=

N

mn

j =1

i =1

∑ Pj ∏ N (ai , bi )Qj (ai ,bi ) ,

(5.4)

denotes the number of m × n swatches, N denotes the total number of such

divisions, N ( x, y) denotes the number of x × y irreducible swatches, Pj denotes the total
number of ways of gluing (under annulus sums) the jth set of irreducible swatches leading
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A 4 × 2 swatch consisting of a 2 × 1 irreducible
swatch resulting from a stitch decrease by knitting two
together followed by a right-leaning twisted yarn over.

F IGURE 5.9: A compound swatch composed of a 2 × 1 irreducible swatch.

to an m × n swatch and Q j ( x, y) is the total number of ( x, y) subrectangles in the jth division
or partition of an (m, n) rectangle.
Due to the existence of countably infinitely many ways of tying knots in the bight,
equation 5.4 is not of much use if we consider hand knitting. However, in case of the machine weft-knitting, the total number of irreducible swatches N ( x, y) is finite for all finite
values of x, y ∈ N. The rest of the unknown parameters in equation 5.4 are finite valued as
long as the width (m) and the height (n) of the rectangle corresponding to the base torus
of T 2 × I containing the compound swatch are finite. An example computation is illustrated in TABLE 5.1 in reference to the decompositions of 3 × 2 swatches depicted in FIGURE 5.11. While enumerating all the possible divisions in FIGURE 5.11, the redundancies
due to the cyclic permutational symmetry in the gluing order of swatches are taken into
account. This idea of decomposing a compound swatch in terms of irreducible swatches
fits in very well with the anatomy of knitting charts, which are stitch-wise symbolic representations of knitted fabric patterns [109, 14]. The method proposed above leading to
the decomposition of a swatch does not directly translate to the knitting charts of a twoperiodic fabric. However, a knitting chart can be examined to deduce and identify the
irreducible swatches making up the textile link in the fundamental translational unit of
the underlying two-periodic weft-knitted fabric.
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(a) Two equivalent 1 × 2 swatches with a slip-stitch motif. (b) A 2 × 4 swatch obtained by a
meridional annulus sum of the link complements of swatches in (a). Notice that the link
complement of the 1 × 2 irreducible swatch shown in panel (a) glued to itself, without a
vertical shift, yields a 2 × 4 swatch that is different from the swatch shown in panel (b).

F IGURE 5.10: An illustration of constructing two distinct swatches through two different
ways of gluing the link complements of the same set of swatches.

(j)
(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)

Pj
1
3
4
4
2
4
8
6
4
2
4
1
1
2
1

Q j (1, 1)
0
0
0
0
2
2
0
1
2
2
2
4
3
4
6

Q j (1, 2)
0
0
3
1
0
0
1
0
0
0
2
1
0
0
0

Q j (2, 1)
0
0
0
0
0
2
2
1
2
2
0
0
0
1
0

Q j (2, 2)
0
0
0
1
1
0
0
0
0
0
0
0
0
0
0

Q j (3, 1)
0
2
0
0
0
0
0
1
0
0
0
0
1
0
0

Q j (3, 2)
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0

TABLE 5.1: The table of values of the total number of ways of adding the jth set of link
complements of irreducible swatches leading to a 3 × 2 swatch denoted by Pj . The total
number of subrectangles of width x and height y in the jth partition of a rectangle of width
three and height two denoted by Q j ( x, y). These are calculated using the list of divisions in
FIGURE 5.11.
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(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)

All possible ways to reduce a 3 × 2 swatch into its irreducible
components (swatches) through annulus sums . The following color
scheme of rectangles used above indicates the types of the irreducible
swatches: gray - 3 × 2, white - 3 × 1, green - 1 × 2, cyan - 2 × 2, red 1 × 1 and yellow - 2 × 1. The big colored dots are used to account for
the internal degrees of freedom in gluing the cut link complements of a
given pair of irreducible swatches. The number of motifs in the jth row
gives the value of Pj , and the number of irreducible swatches of kind
a × b in a motif in the jth row, denoted by Q j ( a, b), is computed using
any motif in that row.

F IGURE 5.11: Reduction of 3 × 2 compound swatch into irreducible swatches.

167

Chapter 5. Swatches: link invariants and combinatorial complexity

5.5.3

Complexity of a swatch

For an m by n irreducible swatch, in part, the complexity can be attributed to the values
of m, n ∈ N in the sense that, higher the values of m, n higher is its complexity. The
other part of the complexity is associated with the nature of knot tying mechanism used in
making the bights. For instance, in case of a typical weft-knitting machine, the only ways
of making bights corresponds to the mechanisms used in constructing the knit swatch and
the purl swatch as opposed to the cow hitch swatch which can only be realized through
hand knitting techniques. Both of these notions of complexity can be quantified using link
invariants such as the hyperbolic volume. In TABLE 5.3, if we compare the hyperbolic
volumes of the the knit swatch and the knit-like cow hitch swatch, the latter is higher
implying that the latter is more complex. And as expected, the hyperbolic volume of the
1 × 1 cable swatch – a 2 × 1 irreducible swatch shown in FIGURE 5.8(a) – is greater than
the hyperbolic volume of each and every 1 × 1 swatch listed in TABLE 5.3.
Our brief analysis of the origin of complexity in irreducible swatches naturally carries
over to the compound swatches in the following sense: the complexity of a compound
swatch is roughly the ‘sum’ of complexities of all the irreducible swatches that it is composed of. For example, in TABLE 5.3, the hyperbolic volume of the link corresponding
to 1 × 1 rib swatch FIGURE 5.4(a) is equal to the sum of the hyperbolic volumes of links
corresponding to the knit swatch and the purl swatch. And we also observe that the multivariable Alexander polynomial of the link associated with 1 × 1 rib swatch is equal to
the product of the multivariable Alexander polynomials of links associated with the knit
swatch and the purl swatch divided by a factor of (t1 − 1) (see TABLE 5.3). Both in case
of the hyperbolic volume and the multivariable Alexander polynomial, these above stated
properties appear to hold true for all the m × 1 compound swatches, which prompted us
to propose conjecture 5.6.3 and conjecture 5.6.1.
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5.6

Topological invariants of swatches

We use link invariants, and the correspondence between textile links and the links in S3
to classify and characterize two-periodic weft-knitted fabrics. A link invariant is the image
of a map defined on the set of all links, as ordered sets of knots in S3 , which is preserved
under ambient isotopies. We particularly seek link invariants that conform with the properties of two-periodic weft-knitted fabrics and swatches. Here’s one such property. Given
a two-periodic weft-knitted fabric, although there exists a unique textile link sitting inside
the fundamental translational unit, the quotient map can be chosen to yield a tiling unit
consisting of more than one copy of the fundamental translational unit leading to a textile link which is not equivalent to the one embedded inside the fundamental translational
unit. Thus, one of the properties of an ideal link invariant for classifying two-periodic
weft-knitted fabrics is that it is independent of the number of copies of the minimal swatch
– the swatch inside the fundamental translational unit. Due to the rarity of such link invariants in the literature, instead we study the algebra induced by the annulus sums on a link
invariant to gauge and account for its dependency on the number of copies of minimal
swatches.
Recall from Remark 5.5.1 that the decomposition of a compound swatch into a given
set of smaller swatches is determined only up to cyclic permutations in the gluing order of
their cut link complements. However, the annulus sums are non-commutative. For instance,
using the notation from section 5.5.2, the 4 × 1 swatch corresponding to the word kkpp
is equivalent to swatches denoted by the words pkkp, ppkk, kppk, but not equivalent to
the one denoted by kpkp. This is because the word kpkp is obtained by swapping the
letters k and p in the second and third positions of the original word kkpp, which is not
a cyclic transposition. Therefore, the gluing order under the annulus sums are cyclically
permutable but non-commutative. Thus, in conclusion, we seek link invariants which
are independent of the number of copies of the minimal swatches, non-commutative with
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(a) A planar diagram of the right handed trefoil and the figure eight knot. (b) A planar
diagram of the knot obtained from band surgery, where the band intersects the separating
sphere in a simple arc. In both (a) & (b), the colored arcs denote over-strands, and the labels
are the letters constituting the alphabet of corresponding Wirtinger presentation. (c) A
scheme for computing relations in the Wirtinger presentation.

F IGURE 5.12

respect to the gluing order, and unique only up to the cyclic permutations of the gluing
order.

5.6.1

Fundamental group of the link complement

The link complement, which is introduced in Definition 4.1.1 is a 3-manifold link invariant, and as a result, the fundamental group of the link complement denoted by π1 is a
link invariant. The fundamental group of a manifold is the set of all loops with a common base point in the manifold partitioned by the homotopy equivalence. The underlying
group operation is the concatenation of based loops. The definition and a few examples
are provided in section A.1.1.
Since the link complement of the Hopf link in S3 is homeomorphic to T 2 × I, the link
complement of an (n + 2)-component link H ∪ f ( L) ⊂ S3 is homeomorphic to the link
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complement of the n-component link L ⊂ T 2 × I. Recall that the link f ( L) ⊂ S3 is obtained
by Dehn-filling L ⊂ T 2 × I, where the map f is described in equation 4.2. Therefore, any
topological attribute of the link complement S3 \ ( H ∪ f ( L)) is a topological invariant of
L ⊂ T 2 × I including its fundamental group. The fundamental group of a link complement
admits a group presentation which is computed using the following lemma.
Lemma 5.6.1 (Wirtinger presentation [99]). If D ( L) is an oriented link diagram of a link L with
arcs x1 , x2 ..., xn and crossings c1 , c2 ..., cn , then
π1 ( X L ) ∼
= F [{ x1 , x2 , ..., xn }]/N [{r1 , r2 , ..., rn−1 }] =

h x1 , x2 ..., xn |r1 , r2 ..., rn−1 i,

(5.5)

where each crossing ci gives a relation among the generators given by either xi+1 xk−1 xi−1 xk or
xi+1 xk xi−1 xk−1 according to the relative configuration of the under strand and the over strand.
F [ X ] denotes the free group generated by the set X = { x1 , · · · , xn } with X ∪ X −1 =

{ x1 , · · · , xn , x1−1 , · · · , xn−1 } as the alphabet. The generating set given by X consists of letters
denoting the over-strands. As shown in FIGURE 5.12(c), each element in the set of relations denoted as {r1 , · · · , rn−1 } is obtained by following the arcs at a crossing in the counter
clockwise direction, and N [{r1 , r2 , · · · , rn−1 }] denotes the smallest normal subgroup of the
free group F [ X ], containing the set of relations {r1 , r2 , · · · , rn−1 }. These concepts are discussed in a bit more detail in section A.1.4.
The Wirtinger presentations based on the planar diagrams of the right handed trefoil
knot, the figure eight knot and their connect sum, which are shown in FIGURE 5.12(a)-(b)
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are given as follows:
π1 ( S3 \ T ) ∼
= F [{ x, y, z}]/N [{yx −1 zx, xz−1 y−1 z}] = h x, y, z|yx −1 zx, xz−1 y−1 zi
π1 ( S3 \ E ) ∼
= F [{ a, b, c}]/N [{bc−1 ac, da−1 c−1 a, cd−1 b−1 d}]

= h a, b, c, d|bc−1 ac, da−1 c−1 a, cd−1 b−1 di
π1 (S3 \ ( T#E)) ∼
= h x, y, z, a, b, c, d|yx −1 zx, xz−1 y−1 z, bc−1 ac, da−1 c−1 a, cd−1 b−1 d, xa−1 i
(5.6)
The generators of the presentation of π1 (S3 \ ( T#E)) is the union of the generators
of the Wirtinger presentations of π1 (S3 \ T ) and π1 (S3 \ E). Further, the set of relations
is also given by the union, but with one extra relation resulting from the band surgery
or the connect-sum. Similarly, we intend to compute the Wirtinger presentations for the
fundamental groups of the link complements of textile links resulting from adding the
link complements of a pair of swatches under the annulus sums. Although computing
Wirtinger presentations of complicated non-alternating links with higher minimal crossing number can be quite tedious by hand, it is readily done in SnapPy [23] in the sagemath
[116] environment by command .knot_group(). Below, we demonstrate how to compute
presentations of π1 (S3 \ H ∪ f (k ∗m p)) and π1 (S3 \ H ∪ f (k ∗l p)) using Wirtinger presentations of π1 (S3 \ H ∪ f (k )) and π1 (S3 \ H ∪ f ( p)).
By labelling arcs in the link diagram using the scheme of assigning distinct labels to different over-strands, we get the following Wirtinger presentations of the links corresponding to the knit and the purl swatch:
π1 (S3 \ H ∪ f (k )) ∼
= F [ X ]/N [ Rk ]
π1 (S3 \ H ∪ f ( p)) ∼
= F [Y ]/N [ R p ]
π1 (S3 \ H ∪ f (k ∗m p)) ∼
= F [ X ∪ Y ]/N [ Rr ],
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(a) The link in a 3-sphere corresponding to the knit swatch and the purl swatch. (b) The link
corresponding to the 1 × 1 rib swatch. (c) The link corresponding to the garter swatch. The
over-strands are labelled and the relations resulting from the band surgery are provided adjacent
to the bands.

F IGURE 5.13: The Wirtinger presentations of the fundamental groups of the links
corresponding to the 1 × 1 rib and the garter swatches.

173

Chapter 5. Swatches: link invariants and combinatorial complexity
where X =

Sn

i =1 { x i } ,

Y =

Sm

j =1 { y j }

and Rr = Rk ∪ R p ∪ {y4 , y5 , x1 y1−1 x6 y6−1 }. The rela-

tions y4 = 1, y5 = 1 combined with the relations associated with the crossings involving
the green component of the link H ∪ f ( p) ⊂ S3 imply that, y1 = y2 and y6 = y12 . Similarly,
for the presentation of the fundamental group of the link complement S3 \ ( H ∪ f (k ∗l p))
−1
given as F [ X ∪ Y ]/N [ R g ], the set of relations is R g = Rk ∪ R p ∪ {y1 , y2 , y3 , x4 y4−1 x11 y10
x9 y7−1 },

where y1 = y2 = y3 = 1 implies that y4 = y5 , y7 = y8 and y10 = y11 due to deletion of the
red component of the link H ∪ f ( p).
The abelianzation of the fundamental group of a manifold yields the first homology
group of the manifold. Thus, the first homology group denoted by H1 (S3 \ H ∪ f (k ∗m p))
is isomorphic to the abelianization of the presentation F [ X ∪ Y ]/N [ Rr ]. In fact, it is easy
to verify that the latter is isomorphic to the Abelian group Z ⊕ Z ⊕ Z, which turns out to
be the case as long as the link has three components; the corresponding generators are the
meridians of the components of the boundary of the link complement.
Given a swatch L ⊂ T 2 × I, the linking number lk( f ( L), l ) = 0, but the sublink f ( L) ∪ l
is not split. This non-split property of the sublink f ( L) ∪ l ⊂ S3 can be understood by looking at the presentations of the knots f ( L) and l in the Wirtinger presentations of the groups
π1 (S3 \ l ) and π1 (S3 \ f ( L)) respectively. If f ( L) ∪ l ⊂ S3 is split, then f ( L) ⊂ π1 (S3 \ l )
and l ⊂ π1 (S3 \ f ( L)) are both contractable or homotopic to a point (null-homotopic). We
can see this play out by analyzing the link diagrams corresponding to the knit and the purl
swatches shown in 5.13(a). In both of these cases, while the knot f ( L) ⊂ π1 (S3 \ l ) is null
homotopic, the knot l ⊂ π1 (S3 \ f ( L)) is not implying that the sublink f ( L) ∪ l ⊂ S3 is not
split.
As with any link invariant, showing fundamental groups of two links are not isomorphic implies the links are not equivalent or not ambient isotopic, but in general the group
isomorphism problem is rather difficult. However, when these links are hyperbolic, the
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geometry of the interior of the link complement is completely determined by the fundamental group [80, 93]. Therefore, even if a single geometric invariant differs for two hyperbolic links, the links are inequivalent. One such geometric invariant is the hyperbolic
volume, which is discussed next.

5.6.2

Invariants derived from the hyperbolicity of swatches

A swatch L ⊂ T 2 × I is said to be hyperbolic if the complement of the link H ∪ f ( L) ⊂ S3
admits a metric with constant negative sectional curvature. For a 3-manifold, admitting a
hyperbolic structure implies existence of a triangulation by ideal tetrahedra glued together
consistently; a tetrahedron is ideal if its vertices are on the boundary sphere at infinity
in the Poincaré disk model of H3 . Here, the conditions of consistency in gluing yield a
finite number of nonlinear equations in an equal number of unknowns, which characterize
the ideal tetrahedra. These equations are called the gluing equations, and the solutions to
the gluing equations describe a hyperbolic 3-manifold. Using the upper half-space model of
hyperbolic 3-space H3 , in which it is parametrized as the space C2 × (0, ∞), the solution
to the gluing equations can be expressed as a finite set of complex numbers describing the
shapes of ideal tetrahedra in the triangulation of the underlying hyperbolic manifold [94].
Conjecture 5.6.1 (Hyperbolic swatches). An (n+2)-component link H ∪ f ( L) ⊂ S3 corresponding to an m × n swatch L ⊂ T 2 × I, where the latter is reducible in terms of knit swatches and purl
swatches (using annulus sums) is hyperbolic.

Hyperbolic volume (vol)
The hyperbolic volume of a complete finite volume hyperbolic 3-manifold is simply
the sum of the volumes of the ideal tetrahedra, which are calculated using the hyperbolic
metric defined by a solution to the underlying set of gluing equations. Hyperbolic volume
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is a link invariant due to the Mostow Rigidity theorem, which states that an isomorphism between the fundamental groups of a pair of complete finite volume hyperbolic 3-manifolds
induces a unique isometry [80, 93]. On the basis of our computation of hyperbolic volumes
in SnapPy [23], we observe that the induced algebra due to the meridional annulus sum is
additive for the three component links, or equivalently for m × 1 swatches. And as a result,
we propose the following conjecture:
Conjecture 5.6.2 (Hyperbolic volume of one-component hyperbolic swatches). Let H ∪
f ( L1 ) ⊂ S3 and H ∪ f ( L2 ) ⊂ S3 be the three-component hyperbolic links corresponding to
swatches L1 ⊂ T 2 × I and L2 ⊂ T 2 × I. If the link H ∪ f ( L1 ∗m L2 ) ⊂ S3 corresponding to
the swatch L1 ∗m L2 ⊂ T 2 × I is hyperbolic, then its hyperbolic volume is equal to the sum of the
hyperbolic volumes of links H ∪ f ( L1 ) ⊂ S3 and H ∪ f ( L2 ) ⊂ S3 .
The hyperbolic volumes for several swatches computed in SnapPy are reported in tables
5.3, 5.4, 5.5 and 5.6. From this data, we conclude that the volume is not additive with
respect to the meridional annulus sums for m × n swatches for n ≥ 2. For instance, the
hyperbolic volume of the four component link corresponding to the seed swatch shown in
FIGURE 5.7(b), is not equal to the sum of hyperbolic volumes of the four component links
corresponding to the swatches denoted by k ∗l p and p ∗l k.
The hyperbolic volume is independent of the order in which the meridional annulus
sum is performed. For example, SnapPy yields same values for the hyperbolic volume
of 4 × 1 swatches denoted by kkpp and kpkp. These swatches are not related by cyclic
permutation of the order in which the cut link complements of pairs of knit and purl
swatches are glued. Therefore, the hyperbolic volume is equal for links corresponding
to compound swatches related by cyclic permutations in the gluing order but fails to be
non-commutative. It depends on the number of copies of the minimal swatch constituting
a textile link embedded inside a tiling unit of a two-periodic weft-knitted fabric. However,
it is not yet understood how the hyperbolic volume changes with respect to the number of
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copies of the minimal swatch, as it is unclear how exactly the hyperbolic volume changes
when swatches are acted upon by both the meridional and longitudinal annulus sums.
The fundamental translational units of boundary horospheres: the cusp shapes
The universal cover of the interior of the link complement of a hyperbolic link is H3 ,
and therefore, the boundary tori in the link complement tessellate the horospheres. The
horospheres are isometric to euclidean planes R2 , which can be tiled by parallelograms.
Since the horospheres corresponding to each boundary torus form a continuous family,
the corresponding tiles can be assigned a shape parameter, which is equal to the ratio of the
longitude and the meridian of the torus corresponding to the edges of the tile. The shape
parameter has the same value for any horosphere in the continuous family because the tiles
are similar, and thus, an ordered collection of shape parameters of the boundary tori with
the same ordering as the ordered link is a link invariant. This link invariant is called the
cusp shapes. We compute cusp shapes of hyperbolic links using SnapPy [23]. Qualitatively,
with regard to our criteria for an ideal invariant for describing two-periodic weft-knitted
fabrics, cusp shapes behaves similar to the hyperbolic volume except we do not have a
conjecture about the induced algebraic structure on a closed subset of m by one swatches,
as in Conjecture 5.6.2 for the hyperbolic volume.
Trace fields & Invariant trace fields
Due to a well known fact from the theory of covering spaces, an element in the fundamental group of the link complement of a hyperbolic link corresponds to an isometry
of the universal cover H3 . It is also known that the isometries of H3 are parametrized by
elements of PSL(2, C) – projective space of 2 × 2 matrices with complex entries of determinant one. As a result, the fundamental group of the link complement of a hyperbolic link
has a representation in terms of elements in PSL(2, C) [94], which we call Γ ⊂ PSL(2, C).
This representation of the fundamental group can be lifted to its double cover Γ̃ ⊂ SL(2, C)
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to associate two matrices in SL(2, C) for every matrix in Γ ⊂ PSL(2, C). The number field
obtained by extending the field of rational numbers by the traces of the matrices from Γ̃ is
a topological invariant [72, 21]. This field is known as the trace field.
We are interested in a link invariant which is independent of the quotient map so that,
swatches denoted by k, kk or an m × 1 swatch obtained by the meridional annulus sum
of m knit swatches admit the same value. Such an invariant is called a commensurability
invariant. It turns out that the number field resulting by extension of the field of rational
numbers by the traces of the square of the matrices from Γ̃ is a commensurability invariant
[72, 21], which is called the invariant trace field. Invariant trace field is of great interest to us
since it is the only invariant, known to us so far, which satisfies all the properties required
to be a good invariant of two-periodic knits. However, SnapPy’s computation of invariant
trace field is only an approximation, and we have not been able to verify in our analysis
the fact that swatches denoted by k and kk evaluate to the same value of invariant trace
field. Working towards being able to accurately compute invariant trace field to desired
degree of precision is a crucial step towards finding an ideal invariant of two-periodic
weft-knitted fabrics.

5.6.3

Multivariable Alexander polynomial (MVA L )

Multivariable Alexander polynomial is a multivariable Laurent polynomial invariant
of links in S3 as ordered sets. Each component of the link is associated with a variable,
and this correspondence need not be one to one. R. H. Fox devised an algorithm for calculating Alexander matrices [2] using the Wirtinger presentations of the fundamental groups
of the link complements. Based on this algorithm and Fox calculus [38], he then generalized the Alexander polynomial (a Laurent polynomial in single variable) of links in S3
to the multivariable Alexander polynomial. We use SnapPy [23] and KnotTheory [115] – a
Mathematica package – to compute these polynomials. Based on our data we propose the
following conjecture:
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Conjecture 5.6.3 (MVA of links corresponding to swatches). Let L1 ⊂ T 2 × I and L2 ⊂ T 2 ×
I be an m1 × n swatch and an m2 × n swatch respectively. Let H ∪ f ( L1 ) ⊂ S3 and H ∪ f ( L2 ) ⊂
S3 be the corresponding (n+2)-component links. The multivariable Alexander polynomial of the
(n+2)-component link H ∪ f ( L1 ∗m L2 ) ⊂ S3 is given by the product of multivariable Alexander
polynomials of H ∪ f ( L1 ) ⊂ S3 and H ∪ f ( L2 ) ⊂ S3 divided by the factor (t1 − 1)n . The variable
t1 is associated with the component m ⊂ H of the Hopf link and m1 , m2 , n ∈ {1, 2, · · · }.
Here follows an example of such trio of swatches demonstrating the content of conjecture
5.6.3:

MVA H ∪ f ( p∗l p) (t1 , t2 , t3 , t4 ) = (t1 − 1)2 (t2 t3 t4 − t3 t4 + t3 + t4 − 1)

( t2 t3 t4 − t2 t3 − t2 t4 + t2 − 1)
MVA H ∪ f (k∗l p) (t1 , t2 , t3 , t4 ) = (t1 − 1)2 (t3 t4 + t2 − t3 − t4 + 1)

( t2 t3 t4 − t2 t3 − t2 t4 + t3 t4 + t2 )
MVA H ∪ f (( pp)∗l (kp)) (t1 , t2 , t3 , t4 ) = MVA H ∪ f (( p∗l p)(k∗l p)) (t1 , t2 , t3 , t4 )

= MVA H ∪ f ( p∗l p) (t1 , t2 , t3 , t4 )MVA H ∪ f (k∗l p) (t1 , t2 , t3 , t4 )/(t1 − 1)2 ,

(5.7)

where ti is associated with the ith component of an ordered n-component link. More examples are listed in tables 5.3, 5.4, 5.5 and 5.6. A disadvantage of the multiplicative structure
of the multivariable Alexander polynomials of m × n swatches for fixed n is that, all the
links corresponding to swatches obtained by meridional annulus sum of an identical set
of swatches evaluate to the same Laurent polynomial. In other words, this invariant is
independent of the order in which the annulus sum is performed. Given below is the
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multivariable Alexander polynomial of 4×1 swatches kkpp and kpkp.
MVA H ∪ f (kkpp) (t1 , t2 , t3 ) = MVA H ∪ f (kpkp) (t1 , t2 , t3 )

= (t3 − 1)(t22 + t1 − t2 )2 (−t1 t2 + t22 + t1 )2
( t1 t2 − t2 + 1)2 ( t1 t2 − t1 + 1)2 .

(5.8)

Even though these swatches are distinct because of the non-commutative action of meridional annulus sum, their multivariable Alexander polynomials are equal.
Remark 5.6.1. The multivariable Alexander polynomial of a (k + 2)-component link H ∪ f ( L) ⊂
S3 corresponding to Brunnian swatch L ⊂ T 2 × I takes the following special form:
MVA H ∪ f ( L) (t1 , ..., tk+2 ) =
k +2

∏ tim

(1 − t1 ) k

i =1

k +2

i

+ p(t2 , ..., tk+2 ) ∏ (1 − t j )n j

!
,

(5.9)

j =3

where mi ∈ Z & n j ∈ N for all 1 ≤ i, j ≤ (k + 2), and the variables t1 , t2 are associated with the
components m, l ⊂ H of the Hopf link respectively.
Remark 5.6.1 follows from the Torres formula [117], which for an n-component link
L0 =

n
S
i =1

Ki ⊂ S3 gives the following relation:
MVA L0 (t1 , ..., ti−1 , 1, ti+1 , ..., tn ) =
!
lk(Ki ,K j )

1 − ∏ tj
j 6 =i

MVA L0 \Ki (t1 , ..., ti−1 , ti+1 , ..., tn ).

(5.10)

Also, as long as the multivariable Alexander polynomial of the sublink L0 \ Ki ⊂ L0 given
by MVA L0 \Ki (t1 , ..., ti−1 , ti+1 , ..., tn ) is non-zero, equation 5.10 can be used to compute linking numbers. Note that a swatch obtained by acting the meridional annulus sum on a pair
of Brunnian swatches is Brunnian, and the form of corresponding multivariable Alexander
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polynomials in equation 5.9 is consistent with this observation. Therefore, we conclude
that the set of m by n Brunnian swatches forms a closed subset of the set of all m by n
swatches Pn under the action of the meridional annulus sum, for arbitrary m ∈ {1, 2, · · · }
and fixed n ∈ {1, 2, · · · }.

5.6.4

Jones polynomial (V L )

Jones polynomial is a Laurent polynomial in a single variable with integer coefficients.
Jones polynomial can be defined in terms of the bracket polynomial. Given a link L ⊂ S3 , its
bracket polynomial is denoted by h Li. The bracket polynomial of a link in S3 is calculated
using the following set of local rules applied to each crossing in a link diagram successively
as shown in FIGURE 5.14:

( A ) Skein relation for
the bracket
polynomial.

( B ) Crossing motifs
with positive sign
(left) and negative
sign (right)

F IGURE 5.14: The elements of computation of the Jones polynomial of a link in a 3-sphere.

1. h

i = 1.

2. If L ⊂ S3 is a link in a 3-sphere, then h Li, h L0 i and h L1 i which differ locally as shown
in FIGURE 5.14(a) are related to each other by,

h L i = h L0 i − q h L1 i.
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3. h

∪ Li = (q + q−1 )h Li.

Definition 5.6.1 (Jones polynomial). The Jones polynomial of a link L ⊂ S3 is given by
V L (q, q−1 ) = (−1)n− qn+ −2n− h Li,

(5.11)

where the integers n+ , n− denote the total number of positive, negative crossings assigned as per
the convention depicted in FIGURE 5.14(b).
Jones polynomial is not multiplicative with respect to the meridional annulus sum.
Nevertheless, it is independent of the order in which the cut link complements are added.
It depends on the quotient map, or on the number of copies of the minimal swatch constituting a textile link. An advantage of using Jones polynomial to describe textile links lies in
the fact that it is able to distinguish between links which have equal values for every other
link invariant in our study. For example, the value of invariants listed in TABLE 5.4 indicate that, except the cusp shapes and Jones polynomials of two versions of the cow hitch
swatch, every other link invariant is identical. Since cusp shapes are non-zero for only hyperbolic links, having Jones polynomial to distinguish between seemingly identical (but
distinct) swatches is useful.

5.6.5

Link determinant (det)

The link determinant is an integer valued link invariant that can be derived from the
multivariable Alexander polynomial according to the following definition.
Definition 5.6.2 (Link determinant, [99]). The positive integer given by |MVA L (−1, ..., −1)| is
called the link determinant of a link L ⊂ S3 , which is denoted by det(L).
Naturally, the link determinant is weaker than the multivariable Alexander polynomial
because some information is lost when the latter is reduced by substitution. It is worth
mentioning that the link determinant is also weaker than the Jones polynomial since it can
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be obtained by evaluating Jones polynomial at q = −1. Based on our Conjecture 5.6.3
about the multivariable Alexander polynomial, it follows that

2 N det( H ∪ f ( L1 ∗m L2 ∗m ... ∗m L N ) = det( H ∪ f ( L1 ))det( H ∪ f ( L2 ))...det( H ∪ f ( L N )),
(5.12)
where L j ⊂ T 2 × I is an m j × n swatch, for all j ∈ {1, 2, · · · , N }. The relation in equation 5.12 is consistent with the values of the link determinant in tables 5.3, 5.4 and 5.5.
We summarize our analysis of link invariants of two-periodic weft-knitted fabrics in the
following table 5.6.5:
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f ( L ) ⊂ H ∪ f ( L ) ⊂ S3 .

respectively. The rest, numbered starting from the top in the swatch, are associated with the components of sublink

The boundary torus of a neighborhood of the meridian m ⊂ H and the longitude are denoted by cusp#0 and cusp#1

The invariants listed after link determinant (det) are the cusp shapes. The numbering scheme is fixed throughout.
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0.02098504..+

i3.5331243..

−0.2749292..+

32.3533147753432.. 32.3533147 753432..

p ∗l k ∗l pt
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C HAPTER 6
C ONCLUSION AND FUTURE DIRECTIONS

6.1

Triply-periodic minimal surfaces

The QTZ-QZD family of surfaces is a special set of triply-periodic minimal surfaces.
Like the gyroid and the lidinoid, they lack mirror symmetries and in-surface two-fold
rotation axes. Yet, the absence of planar reflection symmetry implies that they are chiral
as well. Since a priori we do not know anything about the boundaries of a minimal patch,
it is not possible to prove the existence using the bottom-up approach starting from its
minimal patch. Instead, we have described a novel algorithm to find the WeierstrassEnneper representation of the QTZ-QZD family of surfaces by solving the period problem
numerically. Our method involves using a numeric approximation to discern the complex
character of the Gauss map coupled with numeric solutions to the period problem to show
that this family of surfaces has a single continuous degree of freedom related to the ratio
of the lattice periods referred to as the dimensionless chiral pitch.
Particularly, we propose an algorithm that can generate triply-periodic minimal surfaces based on their skeletal graphs. We find a parametrization (a smooth map from C
to R3 ) based on the Weierstrass-Enneper representation and numerically solve the period
problem to create an embedding. The techniques used here are general and the triplyperiodic minimal surfaces with in-surface symmetry lines can be treated as special cases.
The relevance of this work (beyond its mathematical impact) is underpinned by the
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fact that triply-periodic minimal surfaces already have a plethora of applications in the
natural sciences and engineering disciplines [102, 77, 107, 126, 41, 127, 89, 71, 22]: expanding the repository of known structures, while at the same time contributing to a thorough
understanding of the former, can be influential in developing accurate laboratory models
for experimentation. The gyroid, for example, lends itself to self-assembly and has its own
story of success in the photonic crystal and metamaterial communities [71]. Chiral metamaterials more generally provide a route to negative refraction [89], a key ingredient for
next generation lenses and cloaking devices [22]. In this context, the new hexagonal QTZQZD family with a freely tunable pitch provides a new opportunity to engineer on-chip
chiral photonic devices such as beamsplitters [129, 119], optical rotators [62] or chemical
sensors [130].
Photonic crystals based upon the QTZ-QZD surface will further give rise to a number
of deterministically induced Weyl points in the photonic band structure: these are symmetry induced band degeneracies with an associated non-trivial topological invariant that
leads to unique and exotic phases of light that has been recently discovered for a chiral
cubic P21 3 sphere packing [100]. The P62 22 symmetry of the QTZ-QZD surface is one of
a handful of space groups that supports genuine deterministic Weyl points [100]. Further
progress in this area, however, heavily relies on concrete geometries that are well understood and can be realized in practice. To this end, the analytical representation provided
here can be very useful in the development of accurate triply-periodic minimal surface
samples at sub-micron length scales using 3D printing and methods of self-assembly in
soft matter systems such as diblock copolymers and lyotropic liquid crystals.
In relation to QTZ-QZD surfaces and construction of triply-periodic minimal surfaces,
some of the problems and topics to be studied and explored in future are the following:
1. Implementation of numerical estimation of local Lipschitz constants and completing
the proof of existence of the QTZ-QZD family of surfaces.
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2. The limiting surfaces, according to the computed Weierstrass function for the QTZQZD family of surfaces, are sheared singly and doubly periodic Scherk surfaces.
Scherk surfaces are topologically speaking vey different from a QTZ-QZD surface.
This limiting behavior where a typical surface of the family (a triply-periodic minimal surface) degenerates to Scherk surfaces is seen in many other intersection-free
TPMS families as well. We would like to explore the nature of these topological transitions of surfaces close to the end points of embedded TPMS families.
3. We would like to develop a pipeline for constructing new embedded triply-periodic
minimal surfaces with a predetermined set of symmetries and genus.
4. The applications of triply-periodic minimal surface geometry in material sciences requires designing and producing them efficiently at submicron length scales. Some
examples are photonic crystals, PBG (photonic band gap) materials, optical circuits
and waveguides, bone scaffold designs based on intersection-free TPMS templates.
Self-assembly of periodic structures resembling the shapes of triply-periodic minimal surfaces is a common occurrence in soft-matter systems such as lyotropic liquid
crystals, diblock copolymers, lipid water mixtures. However, we have not yet seen or
able to realize a self-assembled periodic structure resembling a chiral triply-periodic
minimal surface. We are interested in understanding which set of parameters (of the
self-assembling system) need to be tuned to achieve chiral ordered phases resembling triply-periodic minimal surfaces efficiently. A recent work by Schönhöfer et
al explores the idea of using pear shaped particles to form the gyroid through selfassembly [105, 106].

201

Chapter 6. Conclusion and future directions

6.2

Doubly periodic knitted textiles

In this thesis, the ribbon property of textile links corresponding to two-periodic weftknitted fabrics is stated as a theorem in Theorem 4.1.1 followed by a proof. The proof
brings in a novel method of constructing a special class of links in a thickened torus with
the ribbon property called swatches. Since all of weft-knitting is about different ways of
tying knots into the bight [4], which is at the core of swatch construction, we are able
to conclude that the textile links corresponding to two-periodic weft-knitted fabrics are
swatches.
By analyzing different topological properties of swatches, we are able to extract new,
interesting aspects of weft-knitted fabrics namely, algebraically unlinked but not split, the
Brunnian property and the hyperbolic property. The last two properties do not hold for all
the swatches. Studying swatches for which these properties fail is insightful. The data obtained from computation of link invariants using SnapPy [23] indicates that the underlying
reason for existence of a major portion of non-hyperbolic swatches is the usage of fingers
while mechanically making the bights in hand knitting protocols as opposed to using only
the knitting needles in machine knitting protocols. Non-Brunnian swatches arise whenever a slip stitch move is involved. An example of a non-Brunninan swatch is shown in
FIGURE 5.10(b), which is the same one as the one shown in FIGURE 5.3(b).
In an attempt at developing a universal formal language for describing weft-knitting
charts, we look at the letters in the weft-knitting alphabet. We partition the set of all swatches
by assigning an index to each partition equal to the number of components 5.2 in swatches
contained in that partition. These partitions form monoids, and therefore, the letters in the
knitting alphabet are the set of generating swatches where the associative binary operation
is the meridional cut and glue operations. The cardinality of the alphabet associated with
an individual partition turns out to be at least countably infinite, unless the complexity of
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mechanical moves is limited by specifying a machine knitting protocol. In fact, programming languages with a finite alphabet custom built for machine weft-knitting already exist
[74].
The simple syntax of stacking swatches side by side and one below the other referred
to as the meridional and the longitudinal cut and glue operations are discussed, which
on the level of letters and words (denoting swatches) is simply string concatenation. We
briefly describe few complex ‘grammatical’ structures such as, cabling, yarn overs, stitch
increases and decreases, slipping a stitch all of which give rise to higher order irreducible
swatches – m × n swatches with m, n > 1. We also delve into how the complexity of a
swatch can be quantified by associating the notion of complexity with some observable
features of swatches, which can be summarized as follows.
Naturally, a compound swatch is more complex than each and every irreducible swatch
constituting it, and the combined measure of complexity is roughly the sum total of measures of complexity of those irreducible swatches. This is briefly illustrated by taking the
example of the hyperbolic volume. The other notion of complexity is associated with the
mechanics of knitting the irreducible swatches of two-periodic knits. For instance, making a fabric with the cow hitch swatch as the minimal swatch requires more complicated
mechanical moves than making a fabric with just knit and purl swatches. The former can
be achieved only with hand knitting while the latter can be constructed using both the
machine weft-knitting and the hand weft-knitting.
We briefly discuss our analysis seeking suitable link invariants for describing twoperiodic weft-knitted fabrics, where the goal is two-fold: classification and characterization. The invariant trace field, which is a commensurability invariant fits the required
criteria to be an ideal invariant of two-periodic knits. However, SnapPy’s algorithm can
only yield an approximation for the invariant trace fields using which we are not able to
verify that swatches denoted by k and kk admit the same value of invariant trace field as
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expected. Despite not being able to find a computable good link invariant to effectively describe two-periodic weft-knitted fabrics, we are able to make few interesting observations
while examining the algebraic structure induced on the link invariants by the action of the
meridional cut and glue operations on swatches. Some of these observations are proposed
as conjectures.
1. In Chapter 5, we proposed three conjectures. Among these, we have a proof of the
Conjecture 5.6.1 for three-component links. This proof is based on the classification
of arborescent links as hyperbolic and non-hyperbolic links [40]. However, the same
idea is not applicable to links with more than three components.
2. We have a proof of the Conjecture 5.6.3 for three-component links. The proof is based
on calculating multivariable Alexander polynomial using an extension of the notion
of Seifert surfaces, which is called the generalized Seifert surface or the C-complex [20].
This proof can be extended to links with more than three components.
3. The proof of the Conjecture 5.6.2 is still pending and we would like to pursue its
proof for three component links as having a proof of Conjecture 5.6.1 guarantees the
hyperbolicity of the links of interest.
4. We would like to compute some of the commensurability invariants, which are the
ideal topological invariants for doubly-periodic weft-knitted textiles. For example,
invariant trace field (briefly discussed in Chapter 5) can be computed for a hyperbolic
swatch. However, there is a lack of numerical tools to compute such invariants to a
degree of accuracy needed for them to be used in classification of links associated
with doubly-periodic weft-knitted textiles.
5. Using this theoretical framework, we seek to find relationships between suitable link
invariants and observed stress-strain curves of finite patches of two-periodic weftknitted textiles. For instance, the link invariant, minimal crossing number might be a
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direct indicator of the number of interlocking regions in a swatch, which are crucial
in understanding the behavior of the fabric under uniaxial stretching experiments.
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A.0.1

Some basic concepts from the differential geometry of minimal surfaces

In order to set up some ground work for the Weierstrass-Enneper representation we need
to introduce several concepts from differential geometry of surfaces immersed in euclidean
three-space. Here, we give a pedagogical overview of these concepts. This account is
neither complete nor self contained but conveys the essential idea to a reader familiar with
the basic matrix operations and some concepts related to continuous and differentiable
maps. Consider a surface patch Ω ⊂ M of an immmersed surface M ⊂ R3 with the
following parametrisation:
x : D ⊂ R2 → Ω ⊂ R3

(u, v) 7→ ( x1 , x2 , x3 ).

(A.1)

The tangent plane at a point p ∈ Ω is denoted by Tp Ω. We choose the following basis:
B = {∂u x | p , ∂v x | p }
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for the tangent plane Tp Ω. The first fundamental form I p is given by
I p : Tp Ω × Tp Ω → R

(w1 , w2 ) 7→ w1 · w2 = w1t Î p w2 ,

(A.3)

where Î p is the following matrix




∂u x · ∂u x ∂u x · ∂v x 
Î p = 

∂v x · ∂u x ∂v x · ∂v x

t 

= ( Dx ) p (u, v) ( Dx ) p (u, v)

= g(u, v).

(A.4)

The three by two matrix ( Dx ) p (u, v) is called the derivative matrix, the transpose of a
vector or a matrix is denoted by the superscript t, and g(u, v) is the metric on Ω induced
by the standard euclidean metric on R3 .
The line and area elements and other intrinsic properties of the surface are determined
by the metric. The mean curvature is extrinsic, as it depends on how a two-manifold sits
in a higher dimensional space (in this case R3 ). To quantify the curvatures, intrinsic and
extrinsic at a point p ∈ Ω, we must compute the variation in the normal vector along the
basis vectors of Tp Ω at that point. The unit normal vector at a point p ∈ Ω is given by
n( p) =

∂u x × ∂v x
.
||∂u x × ∂v x ||

(A.5)

We define the Gauss map as the unit normal vector field on Ω,
N : Ω → S2
p 7→ n( p) based at p.
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From the above equation A.6, it follows that
dN : Tp Ω → TN ( p) S2
w 7→( DN ) p w ∈ TN ( p) S2 ∼
= Tp Ω.

(A.7)

The Shape operator, also known as Weingarten map, is defined as
S p : Tp Ω → Tp Ω
w 7→ −( DN ) p (w) = S p (w).

(A.8)

Therefore, the operator S p acting on w ∈ Tp Ω quantifies the variation in the unit normal
vector field along w at p, and it can be expressed as the following two by two matrix




∂u x · S p (∂u x ) ∂u x · S p (∂v x ) 
Ŝ p = 

∂ v x · S p ( ∂ u x ) ∂ v x · S p ( ∂ v x ).

(A.9)

The matrix Ŝ p is real and symmetric since
∂ v x · S p ( ∂ u x ) = ∂ u x · S p ( ∂ v x ).
And thus, it is diagonalisable with real eigenvalues. The eigenvalues are called the principal
curvatures, and the Gaussian curvature and the mean curvature are given by

K ( p) = Det(Ŝ p )
H ( p) = Trace(Ŝ p ),
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respectively. To recast the Gaussian curvature and mean curvature at a point on the surface
in a different form, we need the second fundamental form, which is defined as follows
IˆI p : Tp Ω × Tp Ω → R
t

(w1 , w2 ) 7→ S p (w1 ) · w2 = Ŝ p w1 w2 .

(A.11)

Furthermore, the second fundamental form can be computed by introducing the matrix
IˆI p given by




 N · ∂uu x N · ∂uv x 
IˆI p = 

N · ∂vu x N · ∂vv x


S p (∂u x ) · ∂u x S p (∂u x ) · ∂v x 
=

S p (∂v x ) · ∂u x S p (∂v x ) · ∂v x

= b(u, v).

(A.12)

In terms of first and second fundamental forms, the shape operator is given by
Ŝ p Î p = IˆI p
Ŝ p = IˆI p Î p−1 .

(A.13)

Taking the determinant on both sides of the above equation A.13 we can rewrite the Gaussian curvature and the mean curvature as
Det(b)
Det( g)

(A.14)

1 g22 N · ∂vv x − 2g12 N · ∂uv x + g11 N · ∂uu x
.
2
Det( g)

(A.15)

K (u, v) =

and
H (u, v) =
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A minimal surface is a critical point of the area functional defining the total surface area
of a compact surface with a fixed closed space curve as its boundary [76]. This means
that the first variation of the area functional with respect to normal variations fixing the
boundary curve be zero, which is equivalent to the condition that the mean curvature is
zero at every point on the surface. Thus, the right hand side of the equation A.15 implies
that
g22 N · ∂vv x + g11 N · ∂uu x − 2g12 N · ∂uv x = 0.

(A.16)

Further, a regular parametrisation with Det( g) 6= 0 is said to be isothermal or conformal
when the induced metric g as given by equation A.4 satisfies

gij = λδij ,

(A.17)

where λ ≡ λ(u, v). Therefore, if equation A.1 is a conformal parametrisation of a minimal
surface, then we have
∂vv x + ∂uu x = 0,

(A.18)

which implies that the isothermal coordinates of a minimal surface are harmonic functions.
In other words, they satisfy the Laplace equation in two variables.
Lemma A.0.1 ([86]). Let M be a minimal surface. Every regular point of M has a neighbourhood
in which there exists a re-parametrisation of M in terms of isothermal parameters.
Lemma A.0.2 ([86]). Let x (u, v) ∈ C2 (R) be the isothermal coordinates of a disk-like regular
surface patch of a minimal surface M. Then the condition that the coordinate functions x (u, v) are
harmonic is necessary and sufficient for M to be a minimal surface.
The set C2 (R) denotes the space of all twice differentiable real-valued functions. Lemma A.0.2
follows from Lemma A.0.1 and equation A.18. Consider the set of complex holomorphic
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functions given by
φk (ξ ) =

∂xk
∂x
− i k ; ξ = u + iv.
∂u
∂v

(A.19)

Since the parametrisation xk (u, v) is isothermal and regular, the functions φk (ξ ) satisfy the
following conditions:
3

∑ φk (ξ )2 = g11 − g22 + 2ig12 = 0

k =1
3

∑ |φk (ξ )|2 = g11 + g22 6= 0.

(A.20)

k =1

Furthermore, the coordinate functions xk (u, v) are harmonic which implies that the complex functions φk (ξ ) satisfy the Cauchy-Riemann conditions for holomorphic functions
given as follows
1 ∂(φk (ξ ) − φk (ξ )∗ )
∂(φk (ξ ) + φk (ξ )∗ )
=−
∂u
i
∂v
1 ∂(φk (ξ ) − φk (ξ )∗ )
∂(φk (ξ ) + φk (ξ )∗ )
=
.
∂v
i
∂u

(A.21)

Lemma A.0.3 ([86]). Let D ⊂ C ∪ {∞} be simply connected, and let G and F be a meromorphic
function and an holomorphic function defined on D respectively. The functions G and F are such
that every pole of the function G of degree m is also a zero of the function F of degree at least 2m.
Then the functions given by

φ1 =

1
F (1 − G 2 ),
2

φ2 =

i
F (1 + G 2 ),
2

φ3 = FG

(A.22)

will be holomorphic in the set D ⊂ C ∪ {∞} and satisfy equation A.20 and equation A.21.
Conversely every triple of functions holomorphic in the set D satisfying equation A.20 and equation A.21 can be expressed in the form equation A.22, except for φ1 ≡ iφ2 and φ3 ≡ 0.
Lemma A.0.3 follows from the definition of holomorphic and meromorphic functions. Next,
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we state the theorem that gives a two dimensional minimal immersion in R3 parametrised
by a set of conformal coordinates.
Theorem A.0.1 (Generalised Weierstrass-Enneper representation [75]). Any minimal surface M ⊂ R3 can be parametrised up to the set of translations in R3 as

W1 : D ⊂ R → M ⊂ R3
W1 ( ξ ) 7 → ( x1 , x2 , x3 )
Z

φk (z)dz ,
xk (ξ ) = Re
ξ

where the complex functions φk (z) satisfy the properties stated in equation A.20 and equation A.21,
and they are given by equation A.22. Conversely, the map W1 defined as above using the set of
holomorphic functions {φk }3k=1 gives a conformal parametrisation of a minimal immersion in R3 .
The domain space R is a punctured Riemann surface that is homeomorphic to its image under W1
i.e. the minimal surface M. If M is triply-periodic with generators of a translational group Λ,
then the surface ( T 3 )Λ ∼
= R3 /Λ is the fundamental translational unit defined by the generators of

the group Λ. In this case, xk (ξ ) parametrizes the quotient surface MΛ immersed in the three torus
R
( T 3 )Λ given that the set of periodicity vectors P = { γ (φ1 , φ2 , φ3 )|γ ∈ H1 (M, Z)} is contained
in the group Λ ⊂ R3 .
Similarly, for singly and doubly periodic minimal surfaces, the Weierstrass-Enneper representation parametrizes their fundamental translational units that are immersed in S1 × R2
and T 2 × R respectively.
There is a natural way to relate the meromorphic function G to the Gauss map using
the stereographic projection map from the unit two sphere onto the complex plane.
σ : S2 − {(0, 0, 1)} → C

( Nx , Ny , Nz ) 7→

Ny
Nx
+i
1 − Nz
1 − Nz
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Lemma A.0.4. The meromorphic function G is the Gauss map N composed with the stereographic
projection σ.
From Lemma A.0.4 we get
σ−1 : C → S2 − {(0, 0, 1)}


2Re( G ) 2Im( G ) | G |2 − 1
−1
σ (u, v) =
,
,
.
| G |2 + 1 | G |2 + 1 | G |2 + 1

(A.24)

The function G is called the holomorphic Gauss map. The gaussian curvature of a minimal
surface can be expressed in terms of the functions F and G as
1
K (ξ ) = − 2
| F|



2
2
|G| + 1

4

dG (ξ )
dξ

2

.

Given below is a derivation of this relation.
Lemma A.0.5. The Gauss map of a minimal surface is anti-conformal.
This is easily shown by looking at the metric induced by the Gauss map.

( DN ) p (w1 ) · ( DN ) p (w2 ) = S p (w1 ) · S p (w2 )

t
= Ŝ p w1 Î p Ŝ p w2
= w1t Ŝtp Î p Ŝ p w2
= w1t Ŝ p Ŝ p Î p w2 .
A minimal surface has zero mean curvature. Hence, the shape operator is of the form






a b 

2
Ŝ p = 
 =⇒ Ŝ p = 
b −a
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+ b2
0

0
a2

+ b2
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Therefore

( DN ) p (w1 ) · ( DN ) p (w2 ) = ( a2 + b2 )w1t Î p w2
= −Det(Ŝ p )w1 .w2 .

(A.25)

We can express the gaussian curvature in terms of F (ξ ) and G (ξ ). The parametrisation given by Theorem A.0.1 is conformal. Therefore, combining Lemma A.0.3 and equation A.20 we obtain

3

g11 + g22 =

∑ |φk |2

k =1

2g11 = | F |2 | G |2 +
g11 =


1 2
| F | (1 − G2 )(1 − G ∗ 2 ) + | F |2 (1 + G2 )(1 + G ∗ 2 )
4

| F |2
(| G |2 + 1)2 .
4

Using the form of the metric on S2 in spherical coordinates we get

| G |2 − 1
Det( g N ) = 1 −
| G |2 + 1
4| G |2
.
=
(1 + | G |2 )2


2

From equation A.25, it follows that

K (ξ ) = Det(Ŝ p )
4

1
dG (ξ )
2
=− 2
2
| F|
|G| + 1
dξ
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where x (ξ ) = p. We use one of the forms of Weierstrass-Enneper representation [122, 30,
84] where
F (ξ ) = 2R(ξ ) ; G (ξ ) = ξ.
By substituting for F and G from above in equation A.26, we get

K (ξ ) = −

4

(1 + |ξ |2 )4 | R(ξ )|2

.

(A.27)

Weierstrass function for Schwarz’s P and D surface and the gyroid is given by
R(z) = √

1
z8

− 14z4 + 1

.

(A.28)

All three surfaces have genus three and they belong to the same associate family of minimal surfaces. Schwarz’s P and D surfaces are conjugate to each other with the Bonnet
angle equal to π/2 and zero respectively. The Bonnet angle for the gyroid is equal to
38.0147 degrees [42, 43].

A.0.2

The transformation of the Weierstrass function under rotation

Two-fold rotational symmetries along the vertical direction
The transformation of the holomorphic Gauss map follows from the action of the rotation
matrix on the Gauss map N. If we let N = ( xn , yn , zn ) then


xn0 (ξ )



 y0 (ξ )
 n

z0n (ξ )







  cos(θ ) sin(θ ) 0  xn (ξ )
 

 = − sin(θ ) cos(θ ) 0  y (ξ )
 n
 

 
0
0
1
zn (ξ )
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(ξ 0 )

  xn
 
 =  y (ξ 0 )
  n
 
zn (ξ 0 )








(A.29)
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Substituting θ = π and using stereographic projection of ( xn0 , y0n , z0n ), we get
xn0
y0n
+
i
1 − z0n
1 − z0n
−yn
− xn
+i
=
1 − zn
1 − zn

ξ0 =

= −ξ.

(A.30)

Using the rotation matrix given above and assuming that the base of the axis is at (0, 0, 0) ∈

MΛ ⊂ R3 we get for the z-coordinate
Re

Z

ξ
0


2ωR(ω )dω

= Re
= Re

−ξ

Z
0

Z

ξ
0


2ωR(ω )dω


2ωR(−ω )dω

(A.31)

A rotational symmetry about an axis normal to the surface is preserved under the Bonnet
transformation. Therefore, both the real and the imaginary parts transform the same way.

Im

Z

ξ
0


2ωR(ω )dω

= Im

Z

ξ
0


2ωR(−ω )dω .

(A.32)

Combining the real and imaginary parts from the above equations, we get

R(ξ ) = R(−ξ ).

(A.33)

From equation 3.8 in the main text and the above equation A.33, we conclude that the sets
of branch points with identical branch point structure must remain invariant. Therefore,
for the case of the QTZ-QZD surface, we get
12
{ξ i }12
i =1 = {− ξ i }i =1 .

217

(A.34)

Appendix A. Appendix
The invariance of the polynomial equation governing R and equation A.33 imply

am (ξ ) = am (−ξ ).

(A.35)

The form of am (ξ ) given by equation 3.6 from the main text imposes the following constraints

{ξ m,i } = {−ξ m,i }
n

(−1)

deg( Pm )+ ∑ qm,i
i =1

= 1,

(A.36)

where {ξ m,i } are the zeros of Pm (ξ ).
Two-fold rotational symmetries along the horizontal directions
There are in total six distinct two-fold rotation symmetries of M up to translation such
that the symmetry axes lie on the xy-plane. Let us denote the direction of one such axis by
a unit vector (n x , ny , 0) such that tan((π/2) + φ) = ny /n x . The transformation of the unit
normal vector ( xn (ξ ), yn (ξ ), zn (ξ )) is given by




 cos(2φ) − sin(2φ) 0   xn (ξ )


− sin(2φ) − cos(2φ) 0   y (ξ )

 n


0
0
−1
zn (ξ )





(ξ 0 )

  xn
 
 =  y (ξ 0 )
  n
 
zn (ξ 0 )








(A.37)

Therefore
xn0
y0n
+
i
1 − z0n
1 − z0n
(cos 2φ − i sin 2φ) xn (ξ )
(− cos 2φ − i sin 2φ)yn (ξ )
=
+i
1 + zn (ξ )
1 + zn (ξ )
exp (−2iφ)
=
.
ξ

ξ0 =
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The last equality follows from (1 + z)/(1 − z) = |ξ |2 which is obtained using the fact that

( xn (ξ ), yn (ξ ), zn (ξ )) is a unit vector and |ξ |2 = ( xn2 + y2n )/(1 + zn )2 . Let the base of the
chosen axis be at ( xs , ys , zs ) ∈ MΛ ⊂ R3 . Then we have




 cos(2φ) − sin(2φ) 0   x (ξ ) − xs


− sin(2φ) − cos(2φ) 0   y(ξ ) − y
s




0
0
−1
z(ξ ) − zs





x (ξ 0 ) −

xs
 
 
 =  y(ξ 0 ) − y
s
 
 
z(ξ 0 ) − zs








(A.39)

The transformation of the z-coordinate gives

Re

Z

ξ
0

Z



= 2zs − Re

2ωR(ω )dω


ξ

Z

ξ1

e−2iφ
ξ

Z
0

!
2ωR(ω )dω


2ωR(ω )dω
2ωR(ω )dω = 2Re
0
Z ξ −2iφ  −2iφ  −2iφ 
2e
e
e
+ Re
R
dω
ω
ω
ω2
∞

Z ξ
2ωR(ω )dω
Re
ξ1
 Z ξ
 −2iφ  −2iφ 
1 2e −2iφ
e
e
= Re −
dω
R
ω
ω
ω2
∞
Z ξ −2iφ  −2iφ  −2iφ 
2e
e
e
+ Re
R
dω
ω
ω
ω2
∞
Z ξ −2iφ  −2iφ  −2iφ 
2e
e
e
dω ,
= Re
R
ω
ω
ω2
ξ1

Re

0

(A.40)

where ( x (ξ 1 ), y(ξ 1 ), z(ξ 1 )) = ( xs , ys , zs ) and ξ 12 = e−2iφ . Since a symmetry transformation
with the axis of rotation along a normal to the surface holds for all the surfaces in the
associate family, we have
Z

ξ



2ωR(ω )dω
Z ξ −2iφ  −2iφ  −2iφ 
2e
e
e
= Im
R
dω .
ω
ω
ω2
ξ1

Im

ξ1
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Combining the real and imaginary parts from the above two equations, we get
ξ 4 R(ξ ) = e−4iφ R(e−2iφ /ξ ).

(A.42)

As before, the branch points get mapped to the other branch points,
−2iφ
{ξ i }12
/ξ i }12
i =1 = { e
i =1 .

(A.43)

The polynomial equation must be invariant so that the solution function obtained generates the original surface, which implies
n

∑

am (ξ ) R(ξ )m =

m =0

n

∑

am (ξ 0 ) R(ξ 0 )m .

(A.44)

m =0

Now by equating the transformed polynomial and the original one term by term, we get a
transformation rule for the coefficient functions
am (ξ ) R(ξ )m = am (ξ 0 ) R(ξ 0 )m
am (ξ )(ξ −4 e−4iφ R(e−2iφ /ξ ))m = am (e−2iφ /ξ ) R(e−2iφ /ξ )m
am (e−2iφ /ξ ) = ξ −4m e−4iφm am (ξ ).

(A.45)

Substituting e−2iφ /ξ as the argument of am in equation 3.6 in the main text and simplifying
the left hand side of equation A.45, we get
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αm

deg( Pm )  −2iφ
e

∏

ξ

i =1



− ξ m,i
12

= (−1)

deg( Pm )+ ∑ qm,i

12

∏



i =1

e−2iφ
− ξi
ξ
!

deg( Pm )

i =1

∏

ξ m,i

i =1

qm,i

12

∏
i =1

!

am (ξ )

q
ξ i m,i

12

deg( Pm )+ ∑ qm,i
i =1

ξ

= rhs of equation (1.14) = ξ −4m e−4iφm am (ξ ).

(A.46)

The last equality follows if and only if
n

4m = deg( Pm ) + ∑ qm,i
i =1

12

1 = (−1)

deg( Pm )+ ∑ qm,i
i =1

n

exp(4iφm)

∏
i =1

{ξ m,i } = {exp(−2iφ)/ξ m,i }

!
q
ξ i m,i

deg( Pm )

∏

!
ξ m,i

j =1

(A.47)

for all m ∈ {0, 1, ..., s}. In general, equations A.31 and A.32 which lead to equation A.33, are
not true for all the choice of paths between the limits of integration but one. Similarly, for
an arbitrary choice of parameters (θ, η, δ), equations A.40 and A.41 are not true for all the
paths on the Riemann surface between the limits of integration but one. In fact, satisfying
equations A.31 and A.40 independent of the chosen path of integration is a necessary to
get a QTZ-QZD surface.
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A.1

Appendix II

A.1.1

The fundamental group

Definition A.1.1 (Based homotopy of loops). Given a topological space X and

γ0 : [0, 1] → X
γ1 : [0, 1] → X
such that γ0 (0) = γ0 (1) = x0 and γ1 (0) = γ1 (1) = x0 for some x0 ∈ X. We say γ0 is homotopic
to γ1 if there exists a continuous map
H : [0, 1] × [0, 1] → X
where H (t, s) = Ht (s) = γt (s) defines a set of loops based at x0 i.e Ht (0) = Ht (1) = x0 for all
t ∈ [0, 1], x0 ∈ X is called the base point.
The property of based homotopy between two closed curves is an equivalence relation.
We denote an equivalence class formed under homotopy by [γ] where γ is a representative
closed curve based at x0 ∈ X. Given two loops γ1 and γ2 based at some point x0 ∈ X we
define concatenation of loops as

γ(s) = γ1 ∗ γ2 =




γ1 (2s)


γ2 (2s − 1)

s ∈ [0, 1/2]
s ∈ [1/2, 1]

The operation of concatenation as defined above is well defined. To see this let’s consider
two representative loops from two classes α1 , α2 ∈ [α] and β 1 , β 2 ∈ [ β]. Suppose concatenation of α1 and β 1 belongs [γ], now we claim that concatenation of α2 and β 2 belongs to
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[γ] as well, then
[ α2 ∗ β 2 ] = [ α2 ] ∗ [ β 2 ]
= [ α1 ] ∗ [ β 1 ]
= [ α1 ∗ β 1 ]
= [γ]

Definition A.1.2 (Fundamental group). The set of based homotopy equivalence classes of loops
in a topological space forms a group with concatenation as the group operation.
The fundamental group of X denoted by π1 ( X, x0 ), where x0 is the base point. The
identity element of the group is the constant function, γ(s) = x0 for all s ∈ [0, 1]. The
inverse of a loop γ is given by γ where

γ∗γ =




γ(2s)

s ∈ [0, 1/2]



γ(2 − 2s)

s ∈ [1/2, 1]

It can be shown that γ ∗ γ is homotopic to a constant loop, and thus, belongs to the equivalence class of identity element. If the underlying topological space is path connected =⇒
fundamental group is independent of the choice of base point. Here are some examples of
fundamental groups for some path connected topological spaces.
1. For n > 1
π 1 (Rn ) = { 0 }
2. Let Sn be the n-sphere, then

π1 ( S n ) =




(Z, +)

n=1



{0}

n>1
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g

3. Let Sg be the genus g closed orientable surface, and let { ai , bi }i=1 be the generating
set of its fundamental group. Then
1 −1
π1 (Sg ) = h a1 , b1 , ..., a g , bg | a1 b1 a−1 b1−1 ...a g bg a−
g b g i,

where g ∈ {0, 1, ...}. Therefore, the fundamental group of a 2-torus, T 2 is isomorphic
to Z ⊕ Z.
4. The n-manifold T n is the n-torus, and it is defined as the cartesian product of n copies
of the circle, S1 . Therefore, π1 ( T n ) ∼
= ⊕in=1 Z, where n ∈ {1, 2, ...}.
5. Let the 2-manifold A be an Annulus. Then we have, π1 ( A) ∼
= (Z, +).

A.1.2

The first homology group of compact orientable surfaces

As we are interested only in compact orientable surfaces with a single path connected component, we will drop any reference to a base point while using the concept of fundamental
group in the discussion below.
Definition A.1.3. Given an n-manifold M with a single path connected component, the first
homology group is given by
H1 (M) = π1 (M)/G,

(A.48)

where π1 (M) is the fundamental group, and G is the smallest normal subgroup containing all the
commutators i.e. elements of the form aba−1 b−1 for some a, b ∈ π1 (M).
Therefore, the first homology group is obtained by abelianizing its fundamental group.
Let Sg be the closed orientable surface of genus g, then
2g
H1 (Sg ) ∼
= ⊕i=1 Z,
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where g ∈ {0, 1, ...}. Particularly, any two essential curves lying homologous to the meridian and the longitude form two generators of the first homology group of a 2-torus. Let
Sg,b denote a compact orientable surface of genus g with b disks removed. Then
2g+b−1
H1 (Sg,b ) ∼
= ⊕i=1 Z,

(A.50)

where b ∈ {1, 2, ...}. A 2-disk is homeomorphic to a 2-sphere with a disk-like region removed. Therefore, for a 2-disk, we have b = 1 and g = 0 and its first homology group is
trivial.

A.1.3

Homotopy of maps

In general, the concept of homotopy can be used to partition the space of continuous
maps from one topological space to the other. For example, an embedding of a disk into
euclidean plane is homotopic to a point, and thus, the disk is said to be contractable. An
embedding of an annulus into euclidean plane is homotopic to a closed loop. In contrast,
an annulus can be embedded in three distinct ways into a 2-torus: an annulus embedded in
a 2-torus is either homotopic to a non-contractable loop (the meridian and the longitude)
or it is homotopic to a contractable loop. The fact that an embedding of an annulus is
homotopic to a closed loop, and an embedding of a disk is homotopic to a point indicates
that the notion of homotopy is weaker than the concept homeomorphism. Therefore, if two
spaces homeomorphic, then they are homotopy equivalent. But the converse is not true.
Definition A.1.4. Let X and Y be topological spaces. Let f and g be two continuous maps from
space X to space Y, then the map f is said to be homotopic to map g if there exists a continuous
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map

F : X × [0, 1] → Y

(s, t) 7→ F (s, t) = Ft (s),
where F0 (s) = f : X → Y and F1 (s) = g : X → Y.
On the other hand, a homeomorphism is a continuous bijective map from topological
space X to topological space Y with a continuous inverse i.e. a bicontinuous map from
space X to space Y. For example, a smooth embedding of an unknot and a smooth embedding of a trefoil knot are homeomorphic. In fact, any smooth embedding of any knot
is homeomorphic to a circle.

A.1.4

Group presentations

Definition A.1.5 (Alphabet). An alphabet X consists a finite set of symbols or letters.
Definition A.1.6 (Syllable). A syllable is a symbol of the form an for a ∈ X where X is an alphabet
and n ∈ Z.
Definition A.1.7 (Word). A word is a finite ordered sequence of syllables i.e. a word consists of a
finite number of syllables placed next to each other.
Example: If X = { a, b, c, t}, then a3 a−1 b0 b2 c−1 t is a word. Note that syllables are words
of length one and a word with no syllable is denoted by 1 and called the empty word. We
use concatenation to combine two words. Given the words w1 , w2 from the alphabet X,
w1 w2 , w2 w1 are also words from X; w1 w2 is not necessarily equal to w2 w1 .
Definition A.1.8 (Reduced word). We define two operations of contracting words: (i) w1 a p aq w2 ∼
w1 a p+q w2 , (ii) w1 a0 w2 ∼ w1 w2 . The words w1 a p+q w2 , w1 w2 are called reduced words.
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Here u ∼ v denotes that u and v are equivalent. Given an alphabet X. The set of all
reduced words F [ X ] forms a group with concatenation of words as the group multiplication, F [ X ] is called the free group generated by X [83]. For example, F [ x ] is the free group
of single generator.
Definition A.1.9 (Group homomorphism). Given two groups G1 , G2 , a mapping h between G1
and G2 is called a homomorphism if it preserves group multiplication i.e., h( g1 · g2 ) = h( g1 ) ∗
h( g2 ). A bijective homomorphism is called an isomorphism.
Let { g1 , g2 , ..., gn } be a generating set for a group G. Let X be an alphabet and f be an
onto map from X to { g1 , g2 , ..., gn }. Let h be the natural extension of f from the free group
on X, F [ X ] to G. Then it can be shown that the kernel of h given by

ker(h) = { g ∈ F ( X ) : h( g) = e}

(A.51)

is a normal subgroup of F [ X ], where e ∈ G is the identity element. Moreover, using the
group isomorphism property, it follows that the quotient group F [ X ]/ker (h) is isomorphic to the image of h, Im(h) = G. In this setting, a group presentation of G is given by,

h x1 , x2 , ..., xk i/hr1 , r2 , ..., rm i where hr1 , r2 , ..., rm i = ker (h) denotes the smallest normal subgroup of F [ X ] consisting of {ri }im=1 , called the set of relations and h x1 , x2 , ..., xk i denotes the
free group F [ X ] on X = { x1 , x2 , ..., xk }.
Examples:
• Infinite cyclic group, Z ∼
= F [{ x }] := h x i
• Finite cyclic group of order n, Zn ∼
= F [{ x }]/h x n i := h x | x n i
• Dihedral group of order n, Dn ∼
= h x, y| x n , y2 , xyxyi
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