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SUMMARY

Future wireless networks will be required to transmit real-time multimedia data
reliably with high speed and low latency. This demands new approaches to the design and
analysis of wireless networks. In this context, multiple antenna architectures are a promising
solution which provide wireless systems with a high degree of functionality, adaptability,
capacity, and robustness. However, efficient use of these systems is possible only by solving
a number of critical problems.
In this dissertation, we focus on coding and information theoretic aspects of multiple
antenna systems. Knowledge in these areas provides us with guidelines into analysis and
design of systems, reveals inherent limitations, pinpoints problems and opportunities for
improvement, and also allows for rigorous argument and justification of observations. We
present novel results on multiple antenna communication systems with both theoretical and
practical impacts. In the area of coding theory, performance limits and error bounds for
space-time codes will be discussed, along with guidelines for systematic design of space-time
codes in the presence of the channel correlation profile. In the area of information theory, a
unified approach to the capacity analysis of multiple antenna channels will be discussed. We
also present a novel partial ordering relation on fading channels that is helpful in information
theoretic analysis of compound and non-stationary channels.
The results of the dissertation can be generalized to multiple-user channels. This could
lead to a solid understanding of fundamental limits of wireless systems and opportunities
for opening new trends and paradigms for future generations of wireless networks.
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CHAPTER I

INTRODUCTION
1.1

Multiple Antenna Channels

Recent breakthroughs in wireless communication are driven by real-time applications that
require high data-rate with low latency. Multimedia applications that transmit both video
and speech require an increase in the data rate by two or three orders of magnitude over
the current rates. Hence, the problem of code design for reliable, high-speed wireless data
transmission is a challenging problem that has attracted a great deal of interest during the
past decade.
The fundamental phenomenon that makes reliable wireless transmission difficult is the
time-varying characteristic of the channel. Because of the time-varying nature of wireless
channels, sometimes the signals at the receiver are deeply faded such that the receiver can
not recover the transmitted signals from the received signals. This phenomenon is called
fading and the channels with this property are designated as as fading channels [110], [79],
[7].
Due to fading, a wireless system suffers from severe attenuation in the received signal
power. This makes it impossible for the receiver to determine the transmitted signal unless
some less attenuated replica of the transmitted signal is provided to the receiver. This is
generally done by a technique which is called diversity [110], [79]; i.e., by providing the
receiver with other replicas of the transmitted signal. Three main forms of diversity are
traditionally exploited in communication systems for fading channels: temporal, spectral,
and spatial diversity. However, not all the forms of diversity are affordable for a system.
Temporal diversity is effective when the fading is time-selective, or the application permits
a relatively large delay constraint. On the other hand, spectral (frequency) diversity is
effective when the fading is frequency-selective, or the available bandwidth for transmission
is large enough that individual multipath components can begin to be resolved. Finally,
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spatial (antenna) diversity is achieved when spatially separated or differently polarized
antennas are used at the receiver and/or the transmitter to allow the individual transmission
paths to experience effectively independent fading. This can be provided with no penalty in
bandwidth efficiency. The extent to which this form of diversity can be exploited depends
on issues such as cost and physical size constraints.
Employing several antennas at the receiver to provide diversity has been known for many
years [79]. This idea which is referred to as receiver diversity, is fairly easily exploited. In
essence, multiple copies of the transmitted stream are received, which can be efficiently
combined using the appropriate matched filter, i.e., maximal-ratio combining. As the number of antennas increases, the outage probability is driven to zero, and the effective channel
approaches an additive Gaussian noise channel [110], [79]. However, it was only in the mid
1990’s that the idea of using multiple antennas both in transmitter and receiver began to
attract a lot of interest. This is due to the fact that multiple antenna architectures not
only allow a high order of diversity, but also allow a higher data rate and channel capacity
[30], [99]. It is widely understood that in a multiple antenna system the spectral efficiency
can be greatly increased from that of the conventional single antenna channels, without
increasing the total transmitted power. Research shows that by using antenna arrays in
both the transmitter and receiver end, and by spreading the transmit power over all antennas, the performance of the system can be greatly improved, both in terms of improving
the reliability at a given data rate and in terms of supporting a much higher data rate.
However, in order to make efficient use of the resources, it is necessary to address a number
of critical problems.
In fading channels, since the channel state (realization) is random, the amount of prior
knowledge about the channel state plays an important role. In fact, the more we know
about the channel state, the better we can use the channel. In practice, obtaining channel
state information (CSI) requires some sort of training sequence. Thus, depending on the
application, we might have a range of scenarios from no CSI to full CSI. For example, for
slow fading channels where channel state varies slowly, the transmitter can periodically send
pilot signals to allow the receiver to estimate the state accurately. In fast fading channels,
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however, the channel sate changes quite rapidly and the estimation of channel parameters
becomes difficult, particularly in a system with a large number of antenna elements. In
this case, there may not be enough time to estimate the parameters accurately enough.
Also, the time one spends in sending pilot signals is not negligible, and the tradeoff between
sending more pilot signals to estimate the channel more accurately and using more time to
communicate to get more data through becomes an important factor affecting performance.
In such situations, one may also be interested in exploring schemes that do not need explicit
estimates of the fading coefficients. It is therefore of interest to understand the fundamental
limits of multiple antenna channels in different CSI scenarios.
Upon addressing these information-theoretic limits, it is essential to have guidelines for
the design and analysis of convenient coding schemes for multiple antenna channels that
enable us to approach the limits. As a result, after the introduction of space-time codes [98],
the study of efficient coding schemes for multiple antenna systems has been an active area of
research. Previous work in this area has been focused mainly on the idealistic assumption of
fading channels with independent identically distributed (i.i.d.) gains. In practice, however,
insufficient antenna spacing and lack of scattering cause spatial correlation among antennas.
In addition, low Doppler spread causes temporal correlation among fading blocks. Hence, to
establish a reliable and spectrally efficient communication system, codes should be analyzed
and designed considering the spatio-temporal correlation of the channel.

1.2

Organization and Contributions of the Dissertation

In this dissertation, after a brief background review in Chapter II, we present our contributions in two areas, coding theory in Chapters III and IV, and information theory in
Chapters V, VI, and VII.
In Chapter III, we present a novel sphere packing bound on average word error probability (WEP) to reflect the performance limits of space-time codes on Rayleigh block-fading
channels under delay and maximum energy constraints. Two simplified bounds, a looser
bound and an approximate bound, are also derived to provide intuition on how the system
parameters affect the performance limits. In addition, an upper bound on the achievable
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diversity of codes is derived. We show that the performance limits improve significantly for
space-time codes that span a larger number of fading blocks. We show that the block length
has a marginal effect on improving the performance limits, and it is not possible to achieve
arbitrarily small WEP by increasing the block length. In fact, as the block length grows to
infinity, the sphere packing bound converges to the outage probability, and the asymptotic
behavior of performance limits is determined by the outage probability. The results of this
work appeared in [38], [35].
In Chapter IV, we derive an upper bound for pairwise word error probability of spacetime codes and use it as a basis for a unified approach to analysis and design of space-time
codes over any flat, Rician or Rayleigh, block-fading channel. Based on the statistical
properties of a Rician channel, the high SNR behavior of the bound is either exponential or
rational. In the former case, design criteria for space-time codes are based on a Euclideandistance-like measure. However, in the latter case, design criteria are based on a rank
criterion together with a coding gain criterion. The analysis of the bound shows that
the performance of rank-deficient codes can be highly degraded in the presence of spatiotemporal correlation, but the performance degradation is not severe for full-rank codes.
These codes exhibit robustness against the channel correlation profile. Specifically, for
channels with a nonsingular covariance matrix, the asymptotic performance of a full-rank
code is proportional to its performance in the i.i.d. case.
We also show that, for a given energy constraint, the set of rank-deficient codes forms
a proper algebraic subset of measure zero in the affine space of space-time codes. Thus,
any randomly selected code is full-rank with probability one. This implies that, with just
an energy constraint, the main challenge in space-time coding is not maximizing diversity
but optimizing coding gain. In fact, optimizing the coding gain is NP-hard and there exists
no satisfactory algorithm to solve this problem in general. Thus, we need to use particular
algebraic coding methods such as group codes, lattice codes, or coset codes to make the
problem tractable. The results of this work appeared in [36], [37], [40].
In Chapter V, we introduce a framework for comparability of multiple antenna channels. Partial ordering relations, first developed by Shannon [86] and Csiszar [19] for discrete
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memoryless channels, can be used for comparing certain information-theoretic properties of
channels. In this chapter we extend their ideas to multiple antenna channels and introduce
three partial ordering relations that enable us to compare multiple antenna channels in
different senses, namely, strong sense, weak sense, and capability sense, that give insight
into the analytical behavior of mutual information and coding performance of these channels. We provide sufficient conditions for transitivity of all three relations for three classes
of channels: additive white Gaussian noise channels, flat-fading channels with full channels state information (CSI) at the receiver, and flat-fading channels with no CSI. These
conditions are easily expressed in terms of the channel parameters such as the line-of-sight
and scattering components of the channel. Moreover, these conditions show how the lineof-sight and scattering components of a channel affect the mutual information and coding
performance of the channel. For example, in the presence of CSI at the receiver, the mutual
information is monotonically increasing with respect to the variations of the line-of-sight
component in certain geometrical directions. The results of this work appeared in [34], [39].
In Chapter VI, we introduce a unified analytical framework for capacity analysis of
continuous alphabet channels with side information (at the receiver). We study the mutual
information function and some of its analytical properties such as strict concavity and
continuity. For this purpose, we introduce the weak* topology, and we establish necessary
and sufficient conditions for strict concavity and continuity of the mutual information based
on the weak* topology. We then raise the issue of capacity analysis and address issues
regarding the existence, uniqueness, and the expression of capacity achieving measure. The
results of this work appeared in [31], [32].
In Chapter VII, we consider the capacity analysis for multiple antenna channels for any
type of fading (Rician or Rayleigh) in the presence of any arbitrary correlation profile. We
apply the results of Chapter VI to a commonly known baseband, discrete-time multiple
antenna system where both the transmitter and receiver know the channel’s statistical law.
We analyze the capacity for additive white Gaussian (AWGN) channels, fading channels
with full channel state information (CSI) at the receiver, fading channels with no CSI, and
fading channels with partial CSI at the receiver. For each type of channel, we study the
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capacity value as well as issues such as the existence, uniqueness, and characterization of
the capacity-achieving measures for different types of moment constraints. These results are
applicable to any type of fading channels, Rician or Rayleigh, in the presence of arbitrary
line-of-sight and correlation profiles. The results of this work appeared in [33].
In Chapter VIII, we conclude with a recap of the material covered in this dissertation
along with some directions for future work. Appendices A, B, and C contain supplementary
materials for Chapters III, IV, and V, respectively.
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CHAPTER II

BACKGROUND REVIEW
2.1

Introduction

In communication systems, employing multiple antennas provides the systems a number of
benefits. First, for a point-to-point system in a rich scattering environment, it is known
that employing multiple antenna architectures both in the transmitter and the receiver
tremendously increases the capacity of the system [30], [99]. Second, because of the increased
degrees of freedom provided by multiple antenna architectures, array processing algorithms
can be employed for beam-forming, which increases the range of transmission. Moreover,
array processing can be used to enable a high-data rate but simple communication system
such as BLAST [29].
Multiple antenna systems can be also used to model multiple-user systems where there
might or might not be cooperation between users. More precisely, one can consider an
arbitrary partitioning of the transmit or receive antenna as different users with possible
cooperation or no cooperation between them. Moreover, in broadband applications, multiple
antenna architectures can be used to tremendously increase the data rate or reliability of
the system.
Recent advances in multiple user systems have shown that such systems are nontrivial
extensions of single user systems. However, to investigate different aspects of such systems,
we need the prerequisite of investigating single-user systems. In other words, investigations
on single-user systems lead us to better understanding of multiple-user systems. Moreover,
thanks to the invention of orthogonal frequency division multiplexing (OFDM) architectures, generalization of the results of narrowband applications to broadband applications
are possible with some considerations. As a result, with almost no loss of generality, we
constrain the scope of this dissertation to narrowband single-user systems. We establish
and develop all the results based on such a model. A direction for future research is to

7

generalize the results of this dissertation to multiple-user and broadband applications.
Our discussion in this dissertation is mostly on the theoretical level, and we assume that
at the application level things are perfect. This is an ideal assumption, but without this
assumption, the coding and information-theoretic analysis of multiple-input multiple-output
(MIMO) systems would be cumbersome and even impossible. For example, in applications,
there are issues such as imperfect phase recovery, imperfect synchronization, the nonlinear
effect of power amplifiers, imperfect matched-filtering, etc. There is a large amount of
research on removing or reducing the effects of such impairments. For example, power
amplifier linearizing techniques are used to cancel the effect of nonlinearity and memory
in the powers amplifiers. Precise phase-locked-loop and synchronization tools are used to
minimize the amount of jitter in the receiver. However, it is not possible to remove such
impairments completely. Any impairment in these subsystems has a negative effect on
the performance of the overall system and channel capacity. If the transmitter is aware
of characteristics of these impairments, coding and decoding strategies can be modified to
take them into account and to control the loss of performance. However, in the absence of
this information at the transmitter, the loss in performance is greater, and the decoding
problem and capacity issues should be studied as a problem of mismatched decoding [71].
Mismatched decoding introduces a realistic model when implementation constraints dictate
a certain metric different from the optimal one. The capacity and fundamental limits of
such systems can be studied as introduced in [18].
We assume that such impairments do not exist in the system. In short, we constrain ourselves to discrete-time MIMO flat-fading channels where both the transmitter and receiver
know the channel statistical law.
Theoretical research results for such system models are divided into five main categories:
1) Studying information-theoretic aspects such as performance limits, error probability of
codes, and the capacity of such systems; 2) Developing efficient coding schemes to approach
the information-theoretic limits; 3) Designing convenient modulation constellations and
demodulation blocks; 4) Studying signal processing aspects including issues such as channel
estimation and adaptation to the channel realization; 5) Addressing the system-theoretic
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Figure 1: Research issues in MIMO channels.
research issues such as the stability and the controllability of the system, which lies at the
center of all these sections. Figure 1 shows the interaction of these research areas.
In this dissertation, we discuss only the coding and information-theoretic aspects of
communication over MIMO flat-fading channels, i.e., the top and bottom boxes inside the
ellipsoid in Figure 1. Specifically, we discuss issues such as the following: 1) Depending on
the amount of available side information, or the characteristic of the fading, what are the
information-theoretic and capacity constraints of the system? 2) What strategies should be
taken toward efficient communication over these channels?
A great deal of research on these areas has been mainly focused on the assumption that
the fading coefficients are i.i.d.. Although there have been important results on channels
with spatial or temporal correlation, for the sake of simplicity in this chapter, we review
some of the work with i.i.d. fading. However, we will properly discuss some of the results
on correlated fading in its convenient place later in this dissertation.
We categorize the research issues by the amount of available knowledge about the channel state information (CSI) at the receiver and the transmitter. As shown in Figure 2, the
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Figure 2: Some known results on coding and information-theoretic aspects of MIMO channels.
CSI is considered to be in three statuses either full (F) or partial (P) or none (N), at either
the transmitter (T) or the receiver (R).
Since the introduction of the capacity of MIMO channels with FCSI-R [30], [99], efficient
coding techniques have been an area of active research. Efforts in this field include BLAST
introduced by Foschini [29], and space-time codes by Tarokh et al. [98], where a performance
bound and design criteria were also developed. Space-time coding is a bandwidth and power
efficient solution for communication over wireless Rayleigh or Rician fading channels. This
is reflected in Figure 2 denoted by the FCSI-R category.
In contrast, when the channel state information is completely available at both the
transmitter and the receiver, i.e., the case of FCSI-TR, beam forming can be done at the
transmitter to change the scenario of a multiple-input multiple-output channel to a parallel
bank of single-input single-output (SISO) channels. Then, an adaptive data and power
allocation algorithm (waterpouring) can be applied to these channels to raise the data rate
to the promised channel capacity of MIMO channels with FCSI-TR [46]. More detailed
results on these issues are obtainable by generalization of [44] [45], as shown in part in [46].
These issues are shown in Figure 2, designated by FCSI-TR. Other results that consider
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channels with memory with partial or perfect side information at the transmitter can be
found in [73], [109].
For the case of NCSI, such as applications where the fading changes rapidly, the strategy
is quite different. As we will discuss later in detail, the capacity and capacity-achieving
distributions for these channels in a general algebraic expression are still unknown even
for the Rayleigh case. However, in a sequence of papers [68], [56], [54], Hochwald and
Marzetta have addressed the capacity and coding schemes for Rayleigh channels under
certain assumptions on the SNR regime or the ratio of the number of transmitters to the
coherence time of the channels. Motivated by DPSK modulation schemes [79], the authors
of [55] established a modulation scheme for multiple antennas called “differential unitary
space-time codes.” These issues are shown in Figure 2, designated by NCSI. Note that the
dashed lines in Figure 2 indicate unsolved problems. For example, the capacity and the
optimal coding approaches for the Rician case are still unknown.

2.2

System model and preliminaries

We assume a wireless communication system employing n transmit and m receive antennas.
The channel is assumed to be frequency nonselective, block fading with a coherence time
of Tcoh . We assume perfect synchronization, carrier recovery, and matched filtering at
the receiver, according to a discrete channel model shown in Figure 3. For each pair of
transmit and receive antennas, (s, r), the path from transmit antenna s to receive antenna
r is represented by a complex symbol hrs called the channel gain. Let H denote the m × n
matrix with hrs as its entries. This matrix is known as the channel realization matrix, which
remains unchanged throughout the duration of each fading block Tcoh , but it may change
from one fading block to another.
The codewords (words) are assumed to span K fading blocks, corresponding to a timedelay of KTcoh . In each fading block (fading interval), the channel is used L times, which is
called the block length of the code. At each channel use, all antennas are used simultaneously,
and n complex symbols are transmitted through n transmit antennas.
Let Xk be an n × L matrix representing the portion of a codeword (normalized to
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be contained in the unit ball) that is transmitted over the k-th fading block, for k =
0, 1, . . . , K − 1. Let K = {0, 1, . . . , K − 1} denote the ordered set of the indices of the fading
blocks spanned by a codeword. The received signals at the receiver are m × L matrices
described by the channel equation
Yk =

p

LKEs Hk Xk + Zk , ∀ k ∈ K

(1)

where Es is the average transmit energy per channel use and {Zk }k∈K is a sequence of
independent m × L noise matrices with independent, identically distributed (i.i.d.) complex
normal entries that have zero mean and variance σ 2 , i.e., CN (0, σ 2 ). The sequence {Hk }k∈K
denotes the m × n channel realization matrices over K fading blocks. They are multivariate
complex normal matrices characterized by their mean values µk = E (Hk ) and covariance
matrices Σp,q = cov (vec Hp , vec ′ Hq ) for all k, p, q ∈ K. Throughout the literature review
section, we assume that the fading coefficients are i.i.d. both temporally and spatially.
With the assumption that the channel is stationary and memoryless, we drop the indexing by k in our information-theoretic analysis. Let V stand for the CSI at the receiver and
U stand for the CSI at the transmitter, where U and V are random elements that are jointly
Gaussian with H. We also assume that the U is obtained from V by some deterministic
operator.
For the purpose of clarity, we give the following notation and definitions. To study the
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mutual information and the capacity of the above systems, it suffices to study it for the
case where the input and output are vectors. Hence, let us consider a vector channel where
the input is the vector X and the output is the vector Y .
Clearly, any input distribution on X induces a distribution on Y . Let FX be the distribution on X. Let FY |X,V,U be the conditional distribution of Y given X, V , and U . Since
FY |X,V,U and FY |V,U are absolutely continuous, they have bounded and continuous density
functions.1 Let fY |V,U (y|v, u) and fY |X,V,U (y|x, v, u) be the density functions of FY |V,U and
FY |X,V,U , respectively. The mutual information between X and Y given V is known to be
[14]
I(X; Y |V, u) = h(Y |V, u) − h(Y |X, V, u),

(2)

where h(Y |V, u) and h(Y |X, V, u) are the differential entropy and the conditional differential
entropy of Y |V, u.
Let
F (X ) ,



FX

Z

2

|x| dFX (x) ≤ Es



(3)

denote the set of all possible input distributions that satisfy the second moment constraint.
Proposition 2.2.1. Let U = g(V ) where g(·) is a deterministic operation from V to U .
Then, the channel capacity is given by
C=

Z

max I(X; Y |V, u)dFU (u)
FX|u

Note that in practice, this capacity can be achieved using an adaptive coding approach
that uses a multiplexed codebook scheme similar to the ideas of [44], [45]. For each value
U ∈ U, a codebook at a rate slightly less than I(X; Y |V, u) is generated according to the
probability distribution FX|u . For every message, a set of U codewords is selected, one
for each codebook. At each channel use, if U = u, the transmitter sends the first not yet
transmitted symbol of the u-th codeword. Then, the codewords are multiplexed according
1

A distribution function which has an absolutely integrable characteristic function is absolutely continuous. The inverse Fourier transform of the characteristic function determines the density function.
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to the CSIT sequence. If g(·) is deterministic, the receiver can demultiplex the received
sequence before decoding since it can perfectly recover the CSIT sequence from the CSIR
sequence. For more details, see [11], [85], [82], [27].

2.3

Information-Theoretic Aspects

Multiple-antenna wireless communication links promise very high data rates with low error
probabilities, especially when the wireless channel response is known at the receiver. The
channel capacity in a MIMO channel depends on the power and the amount of available
channel state information. The more information that we have about the channel state, the
better the system can be designed. In practice, knowledge of the channel is often obtained
by sending known training symbols to the receiver. Training affects the capacity problem of
a fading channel in two ways: too little training and the channel is improperly learned; too
much training and there is no time left for data transmission before the channel changes.
When the training data and power are allowed to vary, the optimal number of training
symbols is equal to the number of transmit antennas [53]. This number is also the smallest
training interval length that guarantees meaningful estimates of the channel matrix. In
contrast, when the training and data powers are instead required to be equal, the optimal
number of symbols may be larger than the number of antennas [53].
If the channel gain is known at the transmitter, the system can adapt to the channel
by using optimum power allocation and a higher capacity can be achieved. The tradeoff between the adaptive and nonadaptive techniques is therefore one of both capacity and
complexity. Assuming that the channel is estimated at the receiver, the adaptive techniques
require a feedback path between the transmitter and receiver. The optimal adaptive technique uses variable-rate and power transmission, and the complexity of its decoding technique is comparable to the complexity of decoding a sequence of additive white Gaussian
noise (AWGN) channels in parallel. For the nonadaptive technique, the code design must
make use of the channel correlation statistics, and the decoder complexity is proportional
to the channel decorrelation time. The optimal adaptive technique always has the highest
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capacity, but the increase relative to nonadaptive transmission using only receiver side information is small when the fading is approximately i.i.d. Suboptimal adaptive techniques
reduce complexity at a cost of decreased capacity. The channel inversion and truncated inversion policies use codes designed for AWGN channels, and are therefore the least complex
to implement, but in severe fading conditions they exhibit large capacity losses relative to
other techniques.
We consider the case where the receiver may have some channel state information (CSI)
from the insertion of training symbols in the transmitted signal. Moreover, the receiver
can wait until the end of transmission before decoding, so that it has CSI over the whole
received sequence. On the other hand, the transmitter may have access to the CSI only in
a causal way. As a result, we have the following cases.
2.3.1

Capacity for the case of FCSI-R

For the case of i.i.d. Rayleigh fading channels, the capacity-achieving distribution is Gaussian
with zero mean and the covariance matrix of identity matrix scaled by

1
n

of the total trans-

mit power [99]. The capacity is given by




Es
′
C = E log2 det Im +
HH
nσ 2
where Es denotes the total transmit power and σ 2 denote the noise power. If n ≥ m
(respectively n < m) the matrices {HH ′ } (respectively {H ′ H}) have Wishart distributions
[24]. Assume r = min(n, m), and let λ1 , λ2 , . . . , λr be the nonzero unordered eigenvalues
of the Wishart matrix H ′ H. Then, it can be verified that the capacity equation can be
rewritten as [99]
C=E

r
X
i=1

γ 
log2 1 + λi
n

!


γ 
= rE log2 1 + λ
n

(4)

where λ stands for any (non-zero) unordered eigenvalue of H ′ H [24].
2.3.2

Capacity for the case of FCSI-TR

In this case, the capacity-achieving distribution is again Gaussian with zero mean. However,
its covariance matrix should be adapted through time with respect to the channel realization
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H. The capacity is described as



′
C=E
max log2 det Im + HQH H
.
tr(QH )≤γ

(5)

It can be shown that by employing the singular value decomposition of H = U ΣV ′ , the

optimum selection of QH is QH = V DH V ′ , where DH is a diagonal matrix with diagonal
elements


1 +
Dii (H) = µH −
, i = 1, . . . , n,
λi

(6)

{λi }ni=1 are the eigenvalues of H ′ H, and µ is selected such that tr (DH ) = γ. Substituting
(6) into (5), we get the maximum channel capacity defined by
C=

r
X

log2 (1 + Dii λi ) =

i=1

r
X

[log2 (µλi )]+

(7)

i=1

Furthermore, the transmitter can consider suboptimal adaptation schemes, where channel state information is used to convert the fading channel into a family of ideal AWGN
channels. This is done by selecting the matrix QH to make HQH H ′ a diagonal matrix with
identical diagonal elements [44]. However, for a large number of antennas, this approach
can exhibit a large capacity penalty, specifically, in Rayleigh channels.
2.3.3

Capacity for the case of NCSI

Unfortunately, the capacity of fading channels in the absence of CSI is not as well explored
as the additive white Gaussian channels or channels with CSI. Efforts in this area started
from a conjecture [80] that the capacity-achieving input distribution for Rayleigh fading
channels is discrete. The conjecture was quite surprising for a channel with continuous
input alphabet. However, the conjecture got stronger when [92], [75], and [84] showed that
the capacity-achieving distribution on additive Gaussian channels (subject to average and
peak power constraints) is discrete with a finite number of mass points . Recently the
conjecture was proved to be true in [1]. The authors showed that the capacity-achieving
input distribution (subject to an average power constraint) for Rayleigh channel is discrete
with a finite number of mass points. Following [1], results were generalized to some extent
for Rayleigh MIMO channels in [76]. More results on Rayleigh MIMO channels appear in
[68], which shows that in an i.i.d Rayleigh fading (with no correlation) there is no point
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in making the number of transmitter antennas greater than the length of the coherence
interval. Additionally, [68] shows the existence of a capacity-achieving distribution that is
isotropically symmetric. However, the uniqueness and full characterization of the capacityachieving distribution are still unknown.
Unlike the Rayleigh channels, the capacity and capacity-achieving input distributions
for Rician channels in the absence of CSI are not known. For low signal-to-noise ratio, [48]
shows that the capacity-achieving input distribution subject to second-moment and fourthmoment constraints is discrete. Asymptotic upper and lower bounds for the capacity of
fading channels are derived in [64], subject to a maximum-power constraint.

2.4

Coding and Modulation Aspects

The previous section briefly reviewed some results on the capacity assessment of MIMO
channels in different CSI scenarios. This section describes some of the existing results on
developing efficient coding for such channels. As described earlier, the amount of available
CSI implies different information-theoretic limits and requires different coding schemes to
approach to these limits. In the following paragraphs, we briefly review some of the known
coding schemes for different scenarios. Here, by “coding”, we refer to coded-modulation, a
different coding paradigm in comparison of traditional coding over finite fields. Moreover,
because the fundamental results that are established in literature are for the K = 1 case,
we keep the same assumption here.
2.4.1

Coded-modulation for the case of FCSI-R

In 1988, Divsalar et al. [21], [22] generalized the idea of trellis-coded modulation (TCM)
over fading channels and introduced new design criteria for TCM over flat fading channels.
They showed that when trellis coded modulation is used on a fading channel and with
appropriate interleaving length (to make the fading coefficients uncorrelated), the design of
the code for optimum performance is guided by two criteria. The primary design criterion
for high SNR is maximizing the length of the shortest error event path. The secondary
criterion is maximizing the product of the branch distance along that path. Thus, for
coding over these channels, the longer the shortest error event path and the larger the
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product of the branch distances along that path, the better the performance of coding.
For the case of multiple antenna channels, space-time coding was introduced as a solution
for this problem by Tarokh and et al. [98] in 1998. The design criteria for these channels
are extensions of the results of [21]. As a result of this work, the authors have introduced
space-time trellis coding as an efficient coded modulation scheme to achieve high spectral
efficiency and maximum diversity.
Because of the complexity of encoder and decoder for trellis coding schemes for a large
number of antennas, a suboptimal coding scheme is suggested in [4], [95] and [96] that
achieves the maximum possible diversity in block fading channels, but does not yield the
same spectral efficiency as trellis space time codes do. Therefore, there is a trade-off between
spectral efficiency and complexity. Another scheme, called layered space-time coding, lying
somewhere between space-time block codes and trellis codes is introduced in [97], which is
a generalization of the BLAST algorithm [29].
Space-time trellis coding

Space-time trellis coding, first introduced by Tarokh [98], is

actually a multiple trellis coded modulation [23] where the multidimensional signal point
is transmitted across multiple antennas. Like the traditional TCM, the space-time trellis
encoder can be considered a finite-state machine combined with a mapping algorithm that
should satisfy the required design criteria introduced above. The value of the latest group
of information bits is used to determine where the transitions from the present state to the
next state. The result of this transition is a multidimensional signal, a space-time trellis
code. The maximum-likelihood decoder employing the Viterbi algorithm is then used to
decode the received signals. However, the decoding complexity of space-time trellis codes
increases exponentially with transmission rate and the number of antennas.
Space-time block coding

In addressing the issue of decoding complexity, Alamouti [4]

discovered a remarkable scheme for transmission using two transmit antennas. This scheme
is much less complex than space-time trellis coding for two transmit antennas, but there is a
loss in performance compared to space-time trellis codes. Despite this performance penalty,
Alamouti’s scheme is appealing in terms of simplicity and performance and it motivated a
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search for similar schemes using more than two transmit antennas.
Following [4], Tarokh et al. introduced space-time block codes (STBC) [96], [95]. The
novelty of STBC is its simple decoding system. Although the spectral efficiency of this
method is not as good as space-time trellis codes, the simplicity of the decoder motivates
its use in practical systems. Maximum-likelihood decoding is achieved in a simple way
through decoupling the signals transmitted from different antennas, rather than joint detection. This uses the orthogonal structure of the space-time block code and yields a simple
maximum-likelihood decoding algorithm. Space-time block codes are designed to maximize
the diversity order for a given number of transmit and receive antennas, subject to the
constraint of having a simple decoding algorithm.
Layered space-time coding

The layered processing approach to space-time coding is a

nontrivial generalization of BLAST [29]. Layered space-time coding demultiplexes information bits into individual streams in a hierarchal manner, which are then fed into individual
encoders. The outputs of the encoders are modulated and fed to separate antennas, from
which they are transmitted, using the same carrier frequency and symbol waveform. At
the receiver, a spatial beam-forming process is used at the front end to separate the individual coded streams, and feed them to their individual decoders. After decoding the most
important bits, they are used to decode less important bits and this goes on until all the
information is decoded [97].
Linear-dispersion space-time Codes A high-rate coding scheme that can handle any
configuration of transmit and receive antennas and that subsumes both V-BLAST and
many proposed space-time block codes as special cases is linear-dispersive space-time coding
scheme [52]. The basic idea of this scheme is to map the incoming data into the code matrices
in a linear fashion. This helps to reduce the complexity of the decoding process. It is known
that such structures break down the complexity of the decoding in the order of complexity
of the BLAST algorithm. The main challenge in this scheme is selecting a set of matrices
conveniently which forms the basis of the code, where the input data are linearly combined
to make the transmitting signal. Hence, the scheme transmits substreams of data in linear
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combinations over space and time.
2.4.2

Coded-modulation for the case of FCSI-TR

It is commonly known that communication systems over fading channels that are provided
with CSI at the transmitter can use the information and adapt to the state of the channels. Most modulation and coding techniques do not adapt to fading conditions. These
nonadaptive methods require a fixed link margin to maintain acceptable performance when
the channel quality is poor. Thus, these systems are effectively designed for the worst-case
channel conditions, resulting in insufficient utilization of the full channel capacity. Adapting
to the signal fading allows the channel to be used more efficiently since power and rate can
be allocated to take advantage of favorable channel conditions.
The basic idea behind adaptive transmission is to maintain a constant bit error rate by
varying the transmitted power level, symbol transmission rate, constellation size, coding
rate/scheme, or any combination of these parameters [45], [43]. Thus, without sacrificing
bit error rate (BER), these schemes provide high average spectral efficiency by transmitting
at high speeds under favorable channel, and reducing throughput as the channel degrades.
Adaptive coded modulation does not require interleaving since error bursts are eliminated
by adjusting the power, size, and duration of the transmitted signal constellation relative to
the channel fading. However, adaptive modulation does require accurate channel estimates
at the receiver, which are fed back to the transmitter with minimal latency.
Several practical constraints determine when adaptive modulation should be used. If
the channel is changing faster than it can be estimated and fed back to the transmitter,
adaptive techniques will perform poorly. Furthermore, hardware constraints and pulseshaping considerations may dictate how often the transmitter can change its rate and/or
power.
2.4.3

Coded-modulation for the case of NCSI

Marzetta and Hochwald [68] analyzed the capacity of multiple-antenna communication systems under the assumption that the channel is unknown at the receiver. They showed that
the channel capacity increases with the number of transmit and receive antennas, although
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the increase in capacity is somewhat smaller than the case of CSI-R. Nevertheless, the potential increase in capacity is still significant, and yields a strong motivation for studying
signaling schemes that can achieve a large fraction of the promised capacity at a reasonable
complexity.
Following [68], Hochwald and Marzetta [56] advocated the use of unitary space-time
constellations over such channels. They showed that under some mild conditions, systems
using unitary space-time constellations in conjunction with coding can achieve channel capacity. They showed that there is no point in making the number of transmitter antennas
greater than the duration of the coherence interval. Moreover, when the duration of the
coherence interval is significantly greater than the number of transmitter antennas, the
capacity achieving signals are unitary [68]. They have justified the optimality of unitary
space-time modulation in the case of NCSI, when either the coherence time is much bigger
than the number of transmitters or the SNR is very large. Surprisingly, they showed that
if the former case holds, this modulation is asymptotically optimal for the case when the
receiver knows the channel. Knowledge of the channel, however, mandates different criteria
for designing a signal constellation [56]. Some successful unitary space-time constellations
are designed and demonstrated in [56] but the techniques used therein is not readily extended to large constellations or to signals of high dimension. Hence, in a sequel work
[54], Hochwald et al. present some systematic algorithms for designing effective unitary
constellations.
Differential modulation

Unitary space-time signals are suited particularly well to quasi-

static fading models. A suitable candidate modification when the fading changes continuously called “differential unitary space-time modulation” follows from the idea of DPSK.
It is easily implemented and achieves full diversity [55]. The differential framework intimately connects signal design for unknown channels to design for channels that are known
at the receiver [98]. This leads naturally to constellations of matrices that form groups, and
eventually to constellations of so-called diagonal signals, where at any given time only one
antenna is active [55].
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Remarkably, the channel realization matrix does not appear in the fundamental differential receiver equation. In fact, formally, this action converts the channel to a fading channel
where CSI is known to the receiver, but the additive noise has twice the variance. This
corresponds to the well-known result that standard single-antenna differential modulation
suffers from approximately a 3 dB performance loss in effective SNR when the channel is
unknown versus when it is known [54].
The problem is how to find a set of unitary matrices that optimize the design criteria.
Because of the inherent difficulties in this problem several approaches are introduced in [90],
[51], and [2]:
• Representation theory codes: Because any abstract finite group has a representation in unitary matrices, the authors [90] search for groups that have representations
with full diversity. They completely characterize the class of unitary matrices that
provides full diversity and forms a group.
• Cayley codes: Hassibi [51] proposed a class of Cayley codes that works with any
number of antennas and has efficient encoding and decoding at any rate. The codes are
named for their use of the Cayley transform, which maps the highly nonlinear Stiefel
manifold of unitary matrices to the linear space of skew-Hermitian matrices. This
transformation leads to a simple linear constellation structure in the Cayley transform
domain and to an information-theoretic design criterion based on emulating a Cauchy
random matrix. Moreover, the resulting Cayley codes allow polynomial-time nearmaximum-likelihood decoding based on either successive nulling/cancelling or sphere
decoding [51].
• Grassmanian space packing: The problem of designing such unitary space-time
constellations is related to the problem of packing with large minimum distance in
complex Grassmannian space [2]. For a small number of transmit antennas, maximum correlation between two distinct signal points is a good figure of merit for
unitary space-time constellations. Constellations that optimize this figure of merit
also have low overall probability of error. Moreover, this figure of merit provides a
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connection between good unitary space-time constellations and dense packings in the
complex Grassmannian space. As a result, the problem of designing unitary spacetime constellations with a good figure of merit is the same as the problem of finding
packings in complex Grassmannian space with large minimum distance [2].
2.4.4

Space-time autocoding

Usual treatments of space-time communications in fading channels assume that the channel
coding covers either one fading interval, in which case there is a nonzero outage capacity,
or multiple fading intervals, in which case there is a nonzero Shannon capacity. Hochwald
[57] established conditions under which channel codes span only one fading interval and yet
are arbitrarily reliable. In short, space-time signals are their own channel codes. Hochwald
called this phenomenon space-time autocoding, and the accompanying capacity the spacetime autocapacity [57]. As a result, arbitrarily reliable communication can be achieved
within a single coherence interval if the duration of the coherence interval and the number
of transmitter antennas simultaneously increase without limit.

2.5

Summary

In this Chapter, we briefly reviewed some of the existing results in the areas of coding and
information-theoretic aspects of multiple antenna channels. Despite these advances, systematic space-time coding is still an area of interest, specifically, studying and investigating the
application of certain algebraic and combinatorial phenomena such as Grassmanian spaces,
matrix groups, lie algebras, lie groups, and combinatorial designs, to coding and modulation
over multiple antenna channels. On information-theoretic aspects, the capacity-analysis of
channels with no CSI and partial CSI is still on early stages and remains open for future
research, as we will discuss it in future chapters in more details.
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CHAPTER III

PERFORMANCE LIMITS
3.1

Introduction

In this chapter, a sphere packing bound (SPB) is derived on the average word error probability (WEP) of codes over Rayleigh block-fading multiple-input multiple-output (MIMO)
channels. The SPB defines a bound on the performance (in an average WEP sense) of all
possible codes satisfying the design constraints. Thus, it can be used to specify the merit
of a code in a sense that how far the code performs from the performance limits. Moreover,
it can be used to obtain some intuition on how system parameters affect the performance
limits. Because the SPB does not have a closed form, inequalities are used to obtain two
other bounds with explicit expressions, namely a looser bound and a tight approximate
bound.
The results presented here show that for data rates less than the ergodic capacity [99],
the performance limits improve significantly if a code spans a larger number of fading
blocks. On the other hand, increasing the block length (length of portion of the code within
one block) improves the performance limits marginally. In fact, as block length grows to
infinity, the SPB converges to the outage probability (see [7] and [6] for definition); and the
asymptotic behavior of performance limits of space-time codes are determined by the outage
probability. Hence, for large block lengths, the SPB determines the outage probability.
To show how effective the SPB is in determining the performance, it is shown that for
a 2 × 2 MIMO system, the 64-state space-time trellis-coded modulation developed in [98],
performs 2.5 dB and 1.4 dB away from the performance limits for data rates of 3 bits/s/Hz
and 2 bits/s/Hz, respectively.
In Section II, the system model is introduced. In Section III, it is shown that for
sufficiently large dimension, the received signal space is bounded within a hyperellipsoid
with an arbitrarily high probability. The derivation of the three sphere packing lower
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bounds is given in Section IV. In Section V, it is shown that outage probability determines
the asymptotic behavior of the performance limits. Finally, we conclude in Section VI.

3.2

System Model

We assume a wireless communication system employing n transmit and m receive antennas.
The channel is assumed to be memoryless, multiple-input multiple-output (MIMO) block
fading. The channel gains remain constant throughout the duration of each fading block,
but they change independently from one block to another. The fading is assumed to be
Rayleigh, where the channel gains are independent, identically distributed (i.i.d.) complex
normal with zero mean and unit variance.
It is assumed that the delay constraint is equal to the duration of K fading blocks
(fading intervals), and the codewords (words) span K fading blocks. In each fading block,
the channel is used L times, which is called the block length of the code. At each channel
use, all antennas are used simultaneously, and n complex symbols are transmitted through
n transmit antennas.
Let Xk be an n × L matrix denoting the nL symbols that are transmitted over the k-th
fading block. The channel output is described as
Yk = Hk Xk + Zk ,

k = 0, . . . , K − 1

(8)

K−1
where {Hk ∼ CN (0m×n , Imn )}k=0
is a sequence of multivariate i.i.d. complex-normal
K−1
m × n channel matrices over K fading blocks. The noise {Zk ∼ CN (0m×L , σ 2 ImL )}k=0
is

a sequence of multivariate i.i.d. complex normal m × L noise matrices.
To simplify the notation of the channel equation, we define
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Thus, (76) can be rewritten as

Y = HX + Z,
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(9)

where X is an nK × L matrix of symbols denoting the transmitted word. The dimension
of the code is 2nLK and the data rate is R bits/dimension; thus, the code, Xs , consists of
M = ⌈22nLKR ⌉ equiprobable codewords X0 , X1 , . . . XM −1 . The codewords are constrained
to have a maximum energy of LKEs , where Es denotes the average transmit energy per
channel use. In other words, the code is considered to be a set of M points contained in
√
an (nLK)-hypersphere in CnLK which is centered at the origin with a radius of LKEs ,
√
denoted by BnLK (0, LKEs ).

3.3

Maximum-Likelihood Decoder and The Bounding Region

Under the assumption that the channel realization matrix is known at the receiver and the
code has M equiprobable codewords, the maximum-likelihood decoder (MLD) is described
as follows. Suppose that codeword Xi ∈ Xs is transmitted. The probability density function
of the received signal, Y, conditioned on H and Xi is
i 2

p(Y|Xi , H) =

kY−HX kF
1
σ2
e−
,
mLK
2mLK
π
σ

(10)

where kAk2F , tr (A′ A) (the Frobenius norm). The MLD decodes the received signal Y to
Xi if
∀ j ∈ {0, . . . , M − 1} − {i},

log

p(Y|Xi , H)
≥ 0.
p(Y|Xj , H)

(11)

The set of all received signals that satisfy (11) form the Voronoi region of codeword Xi ,
which is denoted by Λi,Xs (H) ∈ CmLK . By computing the Voronoi regions for all of the
codewords, the MLD partitions the received signal space, CmLK , into M disjoint regions
−1
mLK is decomposed into a finite number of disjoint regions, the
{Λi,Xs (H)}M
i=0 . Because C

Voronoi regions of some of the codewords are unbounded. To obtain the sphere packing
bound, the Voronoi regions have to be bounded. This requires the received signal space to
be within a bounded region. In the following, it is shown that for any 0 < ǫ < 1 and any
δ > 0 there exists a bounding region, Sδ (H), such that for sufficiently large dimension, the
received signals are contained in this region with an arbitrarily high probability (> 1 − ǫ).
As a result, all Voronoi regions are considered to be bounded by their intersections with
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limδ→0 Sδ (H). For the sake of completeness, two results on derivation of the bounding region
are stated. These results are direct extensions of the results for single-input single-output
(SISO) AWGN channels, proved in [110].
Lemma 3.3.1. For any δ > 0 and any 0 < ǫ < 1, there exists an N such that for all

′)
2
mLK ≥ N , P tr(ZZ
mLK − σ < δ > 1 − ǫ.

Proof. The proof is virtually identical to the one given in [110, chapter 5.5].

Lemma 3.3.1 states that if the dimension of Xs is large enough, then with an arbitrarily
high probability (> 1 − ǫ), the normalized norm of the noise lies in a δ-distance from σ 2 .
Now, using Lemma 3.3.1, the following theorem is stated and proven.
Theorem 3.3.1. For any 0 < ǫ < 1 and any δ > 0 there exists an N such that for all
mLK ≥ N , P (Y ∈ Sδ (H)) > 1 − ǫ, where Sδ (H) is defined by
Sδ (H) , {Y ∈ C

mLK



′

2

| tr Y (mLK(σ + δ)ImK


mLKEs
′ −1
+
HH ) Y ≤ 1}.
n

(12)

Proof. See Appendix A.1.
This theorem states that if the dimension of Xs is large enough, then with an arbitrarily high probability, the received signals lie inside an (mLK)-hyperellipsoid Sδ (H) ∈
CmLK . Similar to the discussions in [110, chapter 5.5], we take δ → 0 and define S(H) ,
limδ→0 Sδ (H). The volume of S(H) is [70]
K−1

L
Y
π mLK
Es
2 mLK
′
Vol(S(H)) =
(mLKσ )
det Im +
H
H
.
k
k
(mLK)!
nσ 2

(13)

k=0

From now on, the received signal space is considered to be contained in S(H), and all of
the Voronoi regions are modified and bounded by their intersection with S(H). Therefore,
the summation of their volumes is equal to the volume of S(H).
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3.4

Derivation of the Sphere Packing Bound

For a given code, Xs , the average WEP is determined by the ensemble average of the
conditional WEP given H, i.e.,
PXs (ε) = E (PXs (ε|H)) ,

(14)

where PXs (ε|H) denotes the conditional WEP for code Xs given H. Taking the minimum
of both sides of (14) over Xs , we clearly obtain


min PXs (ε) ≥ E min PXs (ε|H) .
Xs

(15)

Xs

This means that the minimum of the average WEP is lower-bounded by the expectation
of the minimum conditional WEP, where the minimization is applied over all possible
codes satisfying the design constraints. Assuming all the codewords in Xs are equiprobable, PXs (ε|H) is described as
PXs (ε|H) =

M −1
1 X
PXs (ε|Xi , H),
M

(16)

i=0

where PXs (ε|Xi , H) denotes the conditional WEP given Xi and H. An error occurs when
Xi is transmitted and the received signal, Y, lies outside the Voronoi region of Xi , Λi,Xs (H).
Hence, PXs (ε|Xi , H) is written as
i

PXs (ε|X , H) =

Z

p(Y|Xi , H)dY.

(17)

Y∈Λ
/ i,Xs (H)

For most codes, Xs , a closed-form expression for (42) is unattainable. However, since
p(Y|Xi , H) is monotonically decreasing with respect to kY − HXi kF , and it has spherical
symmetry around HXi , we find a simple lower bound on (42) as justified in [78].
Lemma 3.4.1. Let BmLK (HXi , ri,Xs (H)) be an (mLK)-hypersphere centered at HXi with
a radius of ri,Xs (H), where ri,Xs (H), the equivalent radius of Λi,Xs (H), is selected such that
Λi,Xs (H) and BmLK (HXi , ri,Xs (H)) have the same volume. By substituting Λi,Xs (H) with
BmLK (HXi , ri,Xs (H)), PXs (ε|Xi , H) is lower bounded by
r2
(H)
− i,Xs2
σ

PXs (ε|Xi , H) ≥ e

mLK−1
X
k=0
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1
k!

2 (H)
ri,X
s

σ2

!k

.

(18)

Proof. See Appendix A.2.
Applying Lemma 3.4.1 to (16) and taking the minimum over all feasible codes, i.e.,
√
Xs ⊂ BnLK (0, LKEs ), we obtain
2
M −1
1 X − ri,Xs2(H)
σ
min PXs (ε|H) ≥ min
e
Xs
Xs M

i=0

mLK−1
X
k=0

2 (H)
ri,X
s

1
k!

σ2

!k

.

(19)

Because the Voronoi regions are disjoint and bounded inside S(H), the minimization of the
RHS of (19) is subject to a volume constraint as follows.
Theorem 3.4.1. The minimum of
mLK−1
X

2
M −1
1 X − ri,Xs2(H)
σ
e
M

i=0

k=0

1
k!

2 (H)
ri,X
s

σ2

!k

−1
with respect to the equivalent radiuses {ri,Xs (H)}M
i=0 , subject to the volume constraint
M
−1
X

Vol(BmLK (HXi , ri,Xs (H))) = Vol(S(H)),

(20)

i=0

occurs when all ri,Xs (H)’s are equal; i.e., all of the Voronoi regions have the same volume, equal to

1
M

of the volume of the bounding region S(H). The optimum (minimizing)

equivalent square radius is
1
"K−1
# mK
Y

Es
det Im +
Hk Hk′
nσ 2

− 2n
R
m

ro2 (H) = mLKσ 2 2

(21)

k=0

Proof. See Appendix A.3.
Applying Theorem 3.4.1 to (19) with some straightforward manipulations results in
−

min PXs (ε|H) ≥ e
Xs

2 (H)
ro
σ2

mLK−1
X
k=0

1
k!



ro2 (H)
σ2

k

,

(22)

where ro2 (H) is given by (21). The RHS of (22) expresses the conditional sphere packing

2
bound. For future reference, we denote the conditional SPB by Psp mLK, roσ(H)
.
2
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3.4.1

SP-Bound 1

Applying (22) to (15) results in the derivation of the sphere packing bound on average word
error probability


min PXs (ε) ≥ E Psp
Xs


ro2 (H) 
mLK, 2
,
σ

(23)
(1)

where the RHS of (23) is the SPB, called SP-Bound 1 and denoted by P̄sp (n, m, L, K, R).
SP-Bound 1 defines a lower bound on the average WEP of all the codes satisfying the design
constraints. The expectation in the RHS of (23) can be numerically computed and used to
determine the performance limits of codes.
Example: Figure 4 shows SP-Bound 1 in comparison with the average WEP of the 64state trellis coded modulation (TCM) that was developed in [98]. SP-Bound 1 is computed
using a Monte Carlo simulation with 105 repetitions. The graphs are shown for a system
with n = 2, K = 1, and L = 30 for data rates of 2 bits/s/Hz and 3 bits/s/Hz. It is observed
that for an average WEP of 10−2 at a data rate of 2 bits/s/Hz, the mentioned code is about
1.4 dB away from SP-Bound 1, and at a data rate of 3 bits/s/Hz, it is 2.5 dB away from
SP-Bound 1.
This example shows that SPB is useful in determining how far a code performs from
the limits. However, since (23) does not have a closed-form expression, it is difficult to
understand how the system parameters affect the performance limits. Therefore, it is of
interest to obtain simplified closed-form expressions for (23).
K−1
K−1
If n ≥ m (respectively n < m) the matrices {Hk Hk′ }k=0
(respectively {Hk′ Hk }k=0
) have

Wishart distributions [24]. The moment generating function of the Wishart distribution
motivates the approximation of the determinant functions in (23) with trace functions to
obtain closed form expressions for (23). Therefore, two explicit bounds are found, namely
SP-Bound 2 and SP-Bound 3.
3.4.2

SP-Bound 2


2
Because Psp mLK, roσ(H)
is monotonically decreasing with respect to ro2 (H), the following
2
inequality is used to obtain an explicit lower bound for SP-Bound 1.
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Figure 4: The average WEP of a 64-state TCM developed in [4] compared with SP-Bound
1 (23). The results are shown for a system with n = 2 for two data rates of 2 bits/s/Hz and
3 bits/s/Hz.
Proposition 3.4.1. Based on the inequality between the geometric average and the arithmetic average, the following inequality holds
"K−1
Y
k=0

1
# mK

′

Es
det Im +
Hk Hk
nσ 2

1
≤1+
mK

"K−1
X

tr

k=0



Es
Hk Hk′
nσ 2

#

.

(24)

Applying Proposition 3.4.1 to (23) results in derivation of a looser lower bound for
average WEP, which is described by (see Appendix A.4)
(2)
min PXs (ε) ≥ P̄sp
(n, m, L, K, R) ,
Xs
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where
− 2n
mR

e−mLK2

(2)
P̄sp
(n,m,L,K,R),

mLK−1
X

2n

(mLK2− m R )k

− 2n
mR

(1 + 2 nσ2LEs )nmK k=0

i
2n
k
2− m R LEs
X
2
nσ


·
2n
2− m R LEs
− 2n
R
m
(1 +
)(mLK2
)
i=0
nσ2
(nmK + i − 1)!
·
i!(k − i)!(nmK − 1)!

denotes SP-Bound 2. For the case that R ≫

m
2n

(25)

2n

log2 (mLK) and

2− m R LEs
nσ2

≫ 1, (25) is

simplified to
− 2n
mR

(2)
P̄sp
(n, m, L, K, R)

≈

e−mLK2
2n

(1 +

2− m R LEs nmK
)
nσ2




nmK + mLK − 1
.
mLK − 1

(26)

SP-Bound 2 is looser than SP-Bound 1 in all situations, but its advantage is its explicit
expression, which is helpful to understand the effect of system parameters on performance
limits.
3.4.2.1

SP-Bound 3

A tight approximate lower bound is obtained by using the following proposition.
Proposition 3.4.2. Let r = min(n, m). Then, one can apply the approximate inequality
"K−1
Y
k=0


Es
det Im +
Hk Hk′
2
nσ

1
# mK

1
/
rK

"K−1
X

tr

k=0



Es
Hk Hk′
nσ 2

#

(27)

to (23) and obtain a tight approximate lower bound for SP-Bound 1 in high signal-to-noise
ratio (SNR).
Proof. See Appendix A.5.
By applying Proposition 3.4.2 to (23), we obtain the following approximate lower bound
for average WEP in high SNR regimes (see Appendix A.6).
(3)
min PXs (ε) ' P̄sp
(n, m, L, K, R) ,
Xs

where
(3)
P̄sp
(n, m, L, K, R) ,

1
(1 +

− 2n
mR

2

mLK−1
X

mLEs nmK
)
k=0
rnσ2

32



2n

2− m R mLEs
rnσ2

(k + nmK − 1)! 
k!(nmK − 1)!
1+

2n

2− m R mLEs
rnσ2

k

(28)

denotes SP-Bound 3, which is tighter than SP-Bound 2 (25) in all situations. In the case
2n

of

2− m R mLEs
rnσ2

≫ 1, SP-Bound 3 is simplified to

(3)
P̄sp
(n, m, L, K, R)

≈

1
2n

(1 +

2− m R mLEs nmK
)
rnσ2




nmK + mLK − 1
.
mLK − 1

(29)

Comparing (26) and (29) shows that SP-Bound 2 and SP-Bound 3 have similar asymptotic
behaviors.

3.5

Asymptotic Performance Limits of Space-Time Codes

It was shown in previous section that the minimum conditional WEP is lower bounded by
the conditional SPB, where the equivalent square radius of all the Voronoi regions are equal
to ro2 (H) (Theorem 3.4.1). Lemma 3.3.1 states that for sufficiently large dimension, the
√
additive noise lies around the surface of an (mLK)-hypersphere with radius mLKσ 2 with
an arbitrarily high probability. Using these two statements, similar to [110, chapter 5.5],
we state the following proposition.
Proposition 3.5.1. If ro2 (H) < mLKσ 2 , the conditional SPB converges to one as the
dimension of the code increases, and an error will occur with high probability. On the
other hand, if ro2 (H) ≥ mLKσ 2 , the conditional SPB converges to zero uniformly and the
probability of error is negligible.
To obtain more intuition on this issue, let us rewrite ro2 (H) using two new variables,
namely
C(Hk ) ,

1
Es ′ 
log2 det In +
H Hk
2n
nσ 2 k

bits/dim,

(30)

which is the instantaneous channel capacity of k-th fading block [99], and
K−1
1 X
C(H) ,
C(Hk ) bits/dim
K

(31)

k=0

which denotes the average of the C(Hk )’s over K consecutive fading blocks. Noting the fact


Es
Es
′
′
that det Im + nσ
2 Hk Hk = det In + nσ 2 Hk Hk , we rewrite (21) using (31). Hence,
2n

ro2 (H) = mLKσ 2 2 m (C(H)−R) .
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(32)

Because C(H) is a random variable, we partition the range of C(H) into two parts using
the test function C(H) R R. This imposes the following decomposition on SPB (23)


ro2 (H) 
(1)
P̄sp (n, m, L, K, R) = P (C(H) ≥ R)E Psp mLK, 2
C(H) ≥ R
(33)
σ


ro2 (H) 
C(H) < R
(34)
+P (C(H) < R)E Psp mLK, 2
σ

where P (C(H) < R) is the outage probability [7], [6]. Suppose n, m, and K are fixed.

From Proposition 3.5.1 and (32), it follows that as the block length L grows to infinity,

2
the conditional SPB, Psp mLK, roσ(H)
, converges to one (respectively to zero) if C(H) < R
2

2
over all H with C(H) < R
(respectively C(H) ≥ R). Hence, the average of Psp mLK, roσ(H)
2

(respectively C(H) ≥ R) goes to one (respectively to zero). Therefore, as L grows to
infinity, the first term of (34) converges to zero and the second term converges to the
outage probability. Hence, we have
(1)
lim P̄sp
(n, m, L, K, R) = P (C(H) < R).

L→∞

(35)

In other words, as the block length increases, the SPB converges to the outage probability.
Because L does not incorporate in the expression of the outage probability, it is not possible
to obtain an arbitrarily small average WEP by increasing L. This is also observable from
(28) which consists of two multiplicative terms, where the first term is of order O(L−nmK ),
and the second term is of order O(LnmK ). Thus, (28) is of order O(1) with respect to L.
To improve the performance, we have to change a parameter that reduces P (C(H) < R).
Because the p.d.f. of C(H) is not explicitly known, the probability of outage does not have
an explicit expression; although, it can be to computed numerically. However, we can obtain
helpful intuition by studying the mean and variance of C(H). Recalling that the channel
realization matrices are i.i.d. in all fading blocks and all subchannels, we have



1
Es ′ 
E (C(H)) = E
log2 det In +
HH
,
2n
nσ 2

(36)

which is called the ergodic capacity [99], [6]. It is clearly seen that the parameter K does
not contribute in the expression of the mean value of the capacity. However, it plays an
important role in the variance of the capacity as follows



1
1
Es ′ 
var (C(H)) = var
H
H
.
log2 det In +
K
2n
nσ 2
34

(37)

It is seen that increasing K does not affect E (C(H)), but it decreases var (C(H)) and
concentrates C(H) around its mean. Because the variance of C(H) goes to zero with
increasing K, if R ≤ E (C(H)), then limK→∞ P (C(H) < R) = 0. This indicates that if
the data rate is smaller than the ergodic capacity, the outage probability goes to zero as K
increases, which enhances the performance limits of space-time codes dramatically.

3.6

Summary

The performance limits of space-time codes over Rayleigh MIMO channels were addressed
using a sphere packing bound approach. Three sphere packing lower bounds were derived
on average word error probability of space-time codes. The results show that as codes span
a larger number of fading blocks, the performance limits improve dramatically. Moreover,
it was shown that the performance limits improve marginally as L grows. In fact, as L
grows to infinity, the sphere packing bound converges to the outage probability, and the
asymptotic behavior of the performance limits is determined by outage probability.
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CHAPTER IV

CODING IN THE PRESENCE OF CORRELATION
4.1

Introduction

Since the introduction of space-time codes [98], the study of efficient coding schemes for
multiple antenna systems has been an active area of research. Previous work in this area
has been focused mainly on the idealistic assumption of fading channels with independent
identically distributed (i.i.d.) gains. In practice, however, insufficient antenna spacing and
lack of scattering cause spatial correlation among antennas. In addition, low Doppler spread
causes temporal correlation among fading blocks.
To establish a reliable and spectrally efficient communication system, codes should be
analyzed and designed considering the spatio-temporal correlation of the channel. This
problem has been addressed to some extent for Rayleigh block-fading channels in the presence of spatial correlation [58], [47], [81]. Spatial correlation changes the distributions of
the eigenvalues of the channel realization matrix [89] and reduces channel capacity. It
also causes performance degradation by decreasing the diversity order and the coding gain
[9]. For the case when some channel state information is available in the transmitter, it
is shown in [60] that the correlated fading can be used advantageously and actually may
lead to higher channel capacity than uncorrelated fading. More results on the capacity of
multiple antenna spatially correlated channels can be found in [12], [72], and [87]. In [94]
and [103], the authors investigate the impact of spatial correlation on error performance of
the codes by deriving an exact pairwise error probability evaluated with numerical computations. In [35], a lower bound on the error performance of space-time codes is derived,
and it is shown that by using codes that span more fading blocks, the performance limits
improve dramatically. However, this requires some guidelines for the analysis and design of
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the codes in the presence of spatio-temporal correlation. In [91], [25], the authors use fullrank codes1 to increase the robustness of the codes against spatial correlation. An algebraic
approach to space-time coding to exploit the spatial and temporal correlation in Rayleigh
channels is addressed in [26]. In [49], the authors propose design methods for space-time
codes using a phase shift keying (PSK) constellation.
In this chapter, we consider the problem of space-time coding over Rician channels in
the presence of spatio-temporal correlation. Assuming that full channel state information is
available at the receiver, we derive an upper bound for the pairwise word error probability
of space-time codes over flat-fading Rician channels. The bound is used as a basis for
a unified approach to the analysis and design of space-time codes over any flat, Rician
or Rayleigh, block-fading channel. Based on the statistical properties of a channel, the
high SNR behavior of the bound is either exponential or rational. More precisely, if the
spatio-temporal covariance matrix of a channel (representing the scattering component) is
singular and the vector form of the mean value of the channel (representing the line of
sight component) does not lie in the row space of the covariance matrix, then the high
SNR behavior of the bound is exponential; otherwise, it is rational. In the exponential
case, the performance of the code in high SNR regime is specified by a Euclidean-distancelike measure, and the analysis and the design of the code are similar to the procedures for
nonfading channels. However, in the rational case, the performance of the code is determined
by a Hamming-distance-like measure accompanied by a nonquadratic measure, namely, rank
criterion and determinant criterion, respectively. In this case, the performance of rankdeficient (nonfull-rank) codes can be highly degraded in the presence of spatio-temporal
correlation with a singular covariance matrix. However, for full-rank codes, the performance
degradation is not severe, and these codes are robust against the channel covariance matrix.
This implies that full-rank codes are sensible solutions when the channel covariance matrix
is not (perfectly) known. Specifically, for channels with nonsingular covariance matrices,
their asymptotic performance is proportional to their asymptotic performance in the i.i.d.
case. However, the performance of the code at medium to low SNR is affected by the
1

Codes that achieve full diversity in i.i.d. channels.
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channel covariance matrix in a more complex way.
In the case when the only constraint on codewords is a maximum energy constraint, we
show that any randomly selected code (with finitely large number of codewords) is full-rank
with probability one, by showing that the set of all rank-deficient (nonfull-rank) codes forms
a proper affine subvariety of measure zero (in the Zariski topology) on the affine space of
space-time codes. Thus, any randomly selected code lies outside this set with probability
one, which means that it is full-rank. This indicates that, in this case, the main challenge
in space-time coding is not the rank criterion but the coding gain criterion. However,
optimizing for coding gain requires solving a system of multivariate polynomials, which is
a computationally hard problem, and there exists no satisfactory algorithm to solve such
problems in general. On the other hand, for cases where the codewords are from a finite
alphabet or they are required to satisfy particular algebraic structures, e.g., group codes,
lattice codes, or coset codes, the problem might be tractable. In this case, a satisfactory
algorithm must exploit that structure and use it to simplify the problem. However, this
advantage is gained at the expense that rank-deficient codes might be highly probable at
high spectral efficiency.
The organization of this chapter is as follows. In Section II, the system model is introduced. In Section III, conditional pairwise word error probability of the maximum-likelihood
decoder is introduced and a Bhattacharyya upper bound is derived. A performance criterion
for space-time codes in the presence of spatio-temporal correlation is given in Section IV.
In Section V, design criteria for space-time codes are proposed. In Section VI, we discuss
the design criteria of space-time codes. Specifically, we show that with just an energy constraint, any randomly selected code satisfies the full-rank property with probability one. We
also discuss the complexity of optimizing the coding gain. Finally, conclusions are drawn
in Section VII. Appendix I contains the properties of vector mapping and the Kroneker
product. The proofs of the equations, theorems, and corollaries comprise Appendix II.

4.2

Notation

Throughout this chapter, the following notation is used frequently:
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• In denotes the identity matrix of size n.
• (·)′ and (·)† denote the conjugate transpose, and the pseudo-inverse of a matrix respectively.
• diag (·) denotes a block diagonal matrix formed by assigning the elements of the input
set to the diagonal elements of the matrix in order.
• pdet (·) denotes the product of the nonzero eigenvalues of a matrix. In analogy to
pseudo-inverse, we call this the pseudo-determinant.
• k · k2F denotes the Frobenius norm of a matrix.
• ⊗ denotes the Kronecker product of two matrices. See Appendix B.1 for details.
• vec (·) denotes the vector operator that concatenates the columns of an n × m matrix
respectively into an nm × 1 vector. By vec ′ (·), we mean the conjugate transpose of
vec (·). See Appendix B.1 for details.
• SVD is the acronym used for singular value decomposition of a matrix. It is assumed
that the singular values are sorted in descending order. Two forms of decompositions
are considered, the complete form (includes all the singular values) and the short form
(excludes the zero singular values). Throughout the chapter, by SVD we mean the
short form unless we state it explicitly. Note that for semi-positive definite matrices
the singular values are the eigenvalues.

4.3

System Model

We assume a wireless communication system employing n transmit and m receive antennas.
The channel is assumed to be frequency-nonselective, block-fading with a coherence time
of tcoh . We assume perfect synchronization, carrier recovery, and matched filtering at the
receiver, according to a discrete channel model shown in Fig. 3. For each pair of transmit
and receive antennas, (s, r), the path from transmit antenna s to receive antenna r is
represented by a complex symbol hrs called the channel gain. Let H denote the m × n
matrix with hrs ’s as its entries. This matrix is known as the channel realization matrix,
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which remains unchanged throughout the duration of each fading block tcoh , but it may
change from one fading block to another.
The codewords (words) are assumed to span K fading blocks, corresponding to a timedelay of Ktcoh . In each fading block (fading interval), the channel is used L times, which is
called the block length of the code. At each channel use, all antennas are used simultaneously,
and n complex symbols are transmitted through n transmit antennas. Therefore, each word
consists of nLK complex symbols, and the code Xs is a set of M points in CnLK . These
assumptions are reflected in part in Fig. 3, which depicts a schematic illustration of the
system setup. The channel model for such a system is described as follows.
Let Xk be an n × L matrix representing the portion of a codeword (normalized to
be contained in the unit ball) that is transmitted over the k-th fading block, for k =
0, 1, . . . , K − 1. Let K = {0, 1, . . . , K − 1} denote the ordered set of the indices of the fading
blocks spanned by a codeword. The received signals at the receiver are m × L matrices
described by the channel equation
Yk =

p

LKEs Hk Xk + Zk , ∀ k ∈ K

(38)

where Es is the average transmit energy per channel use and {Zk }k∈K is a sequence of
independent m × L noise matrices with independent, identically distributed (i.i.d.) complex
normal entries that have zero mean and variance σ 2 , i.e., CN (0, σ 2 ). The sequence {Hk }k∈K
denotes the m × n channel realization matrices over K fading blocks. They are multivariate
complex normal matrices characterized by their mean values µk = E (Hk ) and covariance
matrices Σp,q = cov (vec Hp , vec ′ Hq ) for all k, p, q ∈ K. We assume that the fading is
wide-sense cyclostationary with a period of K fading blocks. In other words, the statistical
properties of the fading are the same for all M codewords.
To represent the channel description more compactly, we define
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and rewrite (76) as
Y=

p

LKEs HX + Z,

(39)

where X is an nK × L matrix of complex symbols denoting a codeword. The code, Xs ,
consists of M equiprobable codewords X0 , X1 , . . . XM −1 which are contained in the unit
ball in CnLK .

4.4

An Upper Bound on Conditional Pairwise Word Error
Probability

Assuming that the channel realization matrices are completely known at the receiver for all
fading blocks, the maximum-likelihood decoder (MLD) is described as follows. Let codeword
Xi ∈ Xs be transmitted and let Xj ∈ Xs be another codeword. The probability density
function (p.d.f.) of the received signal, Y, conditioned on H and Xi is described by
i 2

p(Y|Xi , H) =

kY−HX kF
1
σ2
e−
,
mLK
2mLK
π
σ

(40)

which is known as the likelihood function of Xi . The MLD compares the likelihood functions
of Xi and Xj and decides in favor of Xj over Xi , if the received signal Y lies in the half-space
Lij (H) = {Y ∈ C2mLK | kY −

p

LKEs HXj k2F ≤ kY −

p

LKEs HXi k2F },

(41)

which is called the dominance region of Xj over Xi . Let ILij (H) (·) denote the indicator
function of Lij (H) (41). Using the method of integration with respect to matrix arguments
[69], the conditional pairwise word error probability between Xi and Xj is given by
P(Xi 7→ Xj |H) =

Z

ILij (H) (Y)p(Y|Xi , H)dY = Q

√


γkHXi − HXj kF ,

where Q(·) denotes the area under the tail of the Gaussian p.d.f. [79], and γ ,

LKEs
4σ2

(42)
is the

signal-to-noise ratio (SNR).
Taking the average of (42) with respect to H to find the pairwise word error probability
(PWEP), P(Xi 7→ Xj ), does not yield an explicit expression. Hence, we bound the indiq
p(Y|Xj ,H)
cator function ILij (H) (Y) in (42) with the function
, which is larger than the
p(Y|Xi ,H)
indicator function for all Y ∈ CmLK . Thus, we obtain an upper bound for the conditional
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pairwise word error probability, which is commonly referred to as the Bhattacharyya bound,
expressed as

P(Xi 7→ Xj |H) ≤ exp −γkHXi − HXj k2F .

(43)

Now, taking the average of (43) over H, we obtain a closed-form upper bound for P(Xi 7→
Xj ). For this purpose, we rewrite (43) in a more suitable form to simplify the derivation.
Abusing the definition of the vector operator, we define the vector form of H as


 vec H0 


..
,
vec H , 
.




vec HK−1

where vec Hk is the vector form of the channel realization at k-th fading block. Let M =
{0, 1, . . . , M − 1} be the set of the indices of the codewords, and let Q = {(i, j) | i, j ∈
M, i 6= j} denote the set of unordered pairs of indices of distinct codewords. Let us define2
ψk (i, j) , (Xki − Xkj )(Xki − Xkj )′ ,
Ψk (i, j) , ψk (i, j) ⊗ Im ,

(44)

Ψ(i, j) , diag ({Ψk (i, j)}k∈K ) ,
for all k ∈ K and (i, j) ∈ Q. It is shown in Appendix B.2.1 that (43) can be rewritten as

P(Xi 7→ Xj |H) ≤ exp −γvec ′ H Ψ(i, j) vec H , ∀ (i, j) ∈ Q

(45)

where vec ′ H = (vec H)′ . In the following section, we will use (45) to obtain an explicit
upper bound for the pairwise word error probability P(Xi 7→ Xj ).

4.5

A Performance Criterion for Space-Time Codes

In this section, we introduce a performance criterion for space-time codes by deriving an
upper bound for pairwise word error probability of the codes. For this purpose, we take the
average of (45) with respect to vec H to derive the bound for a generic Rician channel model
in the presence of spatio-temporal correlation. Then, we simplify the bound to express it
for special cases of channels with more practical constraints.
2

The reason for such notation is that later in the chapter, we consider special cases where either spatial
or temporal correlation are absent. Thus, we use Ψ, Ψ, ψ to distinguish between these cases.
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4.5.1

Rician fading with spatio-temporal correlation

The vector form of the channel matrix, vec H, is a multivariate complex normal vector that
is characterized by the following mean value and the spatio-temporal covariance matrix:




 vec µ0 
 Σ0,0 · · · Σ0,K−1 




.
..
..
 , Σ = cov (vec H, vec H) =  ...
.
..
vec µ = E (vec H) = 
.
.








vec µK−1
ΣK−1,0 · · · ΣK−1,K−1

If Σ is nonsingular, the probability density function (p.d.f.) of H is uniquely specified.

However, if it is singular, the p.d.f. of H does not exist. To bypass this problem, let
′ denote the singular value decomposition (SVD) of Σ, where Λ is a positive
Σ = UΣ ΛΣ UΣ
Σ
′ U
definite diagonal matrix of rank ρ ≤ mnK, and UΣ
Σ = Iρ . We define an auxiliary

multivariate complex normal vector H with the p.d.f. of
p(H) =


1
′ −1
exp
−H
Λ
H
,
Σ
π ρ det (ΛΣ )

(46)

such that vec H = UΣ H + vec µ. Now, we rewrite (45) as

P(Xi 7→ Xj |H) ≤ exp −γ(UΣ H + vec µ)′ Ψ(i, j)(UΣ H + vec µ) ,

(47)

and take the average of (47) with respect to H (with the p.d.f. (46)) to obtain the following
theorem.
Theorem 4.5.1. Let Xi and Xj be a pair of distinct codewords in Xs , Ψ(i, j) be defined
′
as (44), and VΨ(i,j) ΛΨ(i,j) VΨ(i,j)
denote the SVD of Ψ(i, j). Suppose that the channel is

characterized by the mean value vec µ (vector form) and the spatio-temporal covariance
matrix Σ. The pairwise word error probability is upper bounded by the average of (47) as
follows
P(Xi 7→ Xj ) ≤



−1 ′
′
exp −vec ′ µVΨ(i,j) VΨ(i,j)
(γ −1 Ψ(i, j)† + Σ)VΨ(i,j)
VΨ(i,j) vec µ
det (ImnK + γΣΨ(i, j))

Proof. See Appendix B.2.2.2.
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. (48)

The bound (48) consists of two terms, an exponential term, which is mainly induced
by the line-of-sight component of the channel, represented by vec µ, and a rational term,
which is purely the result of the scattering component of the channel, represented by Σ. It
can be trivially verified that if Σ or vec µ diminishes, the expression in (48) will result in
the correponding bounds for nonfading channels or purely Rayleigh channels, respectively.
To explore the effect of Ψ(i, j) on the bound (48), which is quite useful in designing codes,
the following two propositions are helpful.
Proposition 4.5.1. Let λmax (·) and λmin (·) denote the maximum and minimum eigenvalues
of a matrix. The numerator of (48) is lower bounded as


−1 ′
′
(γ −1 Ψ(i, j)† + Σ)VΨ(i,j)
VΨ(i,j) vec µ
exp −vec ′ µVΨ(i,j) VΨ(i,j)
!
′
kVΨ(i,j)
vec µk2F
≥ exp − −1 −1
,
′
γ λmax (Ψ(i, j)) + λmin (VΨ(i,j)
ΣVΨ(i,j) )
′
where the equality occurs if VΨ(i,j)
ΣVΨ(i,j) is a diagonal matrix and its elements are in
′
ascending order, i.e., the eigenvalues of VΨ(i,j)
ΣVΨ(i,j) and ΛΨ(i,j) coincide in reverse order.

Proof. See Appendix B.2.3.
It follows from Proposition 4.5.1 that to minimize the error exponent in (48), Ψ(i, j)
should be chosen such that the equality in Proposition 4.5.1 is met. In that case, as γ goes
to infinity, the asymptotic error exponent is closely related to the minimum eigenvalue of
′
VΨ(i,j)
ΣVΨ(i,j) . Specifically, if Σ is singular, then VΨ(i,j) should be chosen to maintain as
′
many zero eigenvalues of VΨ(i,j)
ΣVΨ(i,j) as possible.
′
′ denote the complete form SVDs
Proposition 4.5.2. Let ṼΨ(i,j) Λ̃Ψ(i,j) ṼΨ(i,j)
and ŨΣ Λ̃Σ ŨΣ

of Ψ(i, j) and Σ, respectively. The denominator of (48) is upper bounded as
det (ImnK + γΣΨ(i, j)) ≤ det (ImnK + γ Λ̃Ψ(i,j) Λ̃Σ ),
where the equality occurs if ṼΨ(i,j) = ŨΣ .
Proof. See [107].
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Proposition 4.5.2 implies that to maximize the denominator in (48), Ψ(i, j) should be
selected such that Ψ(i, j) and Σ commute and their eigenvalues coincide with each other in
the same order. Note that because of the block diagonal structure of Ψ(i, j), the equalities
in Propositions 4.5.1 and 4.5.2 are not attainable in general, except for the special case of
a channel where Σ has a structure similar to Ψ(i, j) in (44).
In the analysis of space-time codes, it is also of interest to obtain the asymptotic behavior
of (48) at high SNR and low SNR.
4.5.1.1

High SNR regime

For large values of γ, the denominator of (48) is easily expressible as the product of nonzero
eigenvalues of γΣΨ(i, j), i.e., pdet (γΣΨ(i, j)). However, evaluation of the numerator in
the high SNR regime is more complicated. If vec µ lies in the row space of Σ, then in
the high SNR regime, the numerator converges to a nonzero positive value; otherwise, it
may converge to zero exponentially for certain codes (See Appendix B.2.2.2). In the latter
case, the asymptotic behavior of the numerator is highly dependent to the choice of Ψ(i, j),
′
′
in the sense that if VΨ(i,j)
vec µ does not lie in the row space of VΨ(i,j)
ΣVΨ(i,j) , then the

numerator exponentially converges to zero. Otherwise, it converges to a nonzero value. In
′
′
summary, if VΨ(i,j)
vec µ lies in the row space of VΨ(i,j)
ΣVΨ(i,j) , the high SNR behavior of

the upper bound (48) is rational (with respect to γ) which is expressed as


′
′
ΣVΨ(i,j) )† VΨ(i,j)
vec µ
exp −vec ′ µVΨ(i,j) (VΨ(i,j)
P(Xi 7→ Xj ) ≤
.
pdet (γΣΨ(i, j))

(49)

Otherwise, it converges to zero exponentially. Note that the numerator of (49) is not

affected by the eigenvalues of the Ψ(i, j), and its minimum value, exp −vec ′ µΣ† vec µ , is

obtained when VΨ(i,j) is nonsingular.
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4.5.1.2

Low SNR regime

It is shown in Appendix B.2.2.2 that at low SNR, (47) is expressible as
exp (−γvec ′ µΨ(i, j)vec µ)
1 + γtr (ΣΨ(i, j))


PK−1
exp −γ k=0
vec ′ µk Ψk (i, j)vec µk
=
PK−1
1 + γ k=0
tr (Σk,k Ψk (i, j))


PK−1
exp −γ k=0 tr (µk ψk (i, j)µk ′ )
.
=
PK−1
1 + γ k=0
tr (Σk,k Ψk (i, j))

P(Xi 7→ Xj ) ≤

(50)

The exponential term of (50) can be viewed as a Bhattacharya upper bound for the PWEP
between {Xki }k∈K and {Xkj }k∈K over nonfading channels with channel realization matrices
{µk }k∈K . Neither temporal correlation nor spatial correlation affects the numerator of
(50). Also, the denominator depends only on the spatial covariance matrices {Σk,k }k∈K and
temporal correlation has no effect on it. This indicates that the temporal correlation does
not affect the upper bound in the low SNR regime.
4.5.2

Rician fading in the absence of temporal correlation

In this subsection, we present a simpler expression for (48) in the absence of temporal correlation among fading blocks. Specifically, we assume that the channel realization matrices,
{Hk }k∈K , are not correlated with each other. Hence, we assume Σ to be a block diagonal
matrix with {Σk,k }k∈K as its diagonal elements. Based on this assumption, Theorem 4.5.1
is simplified to the following corollary.
Corollary 4.5.1. Let Xi and Xj be a pair of distinct codewords in Xs , {Ψk (i, j)}k∈K be
defined as (44), and {VΨk (i,j) ΛΨk (i,j) VΨ′ k (i,j) }k∈K denote the SVD’s of {Ψk (i, j)}k∈K , respectively. Suppose that the channel is characterized by the mean values {µk }k∈K and the spatial
covariance matrices {Σk,k }k∈K in the absence of temporal correlation. The pairwise word
error probability is upper bounded by the average of (47) as follows:
P(Xi 7→ Xj ) ≤
K−1
Y
k=0



exp −vec ′ µk VΨk (i,j) (VΨ′ k (i,j) (γ −1 Ψk (i, j)† + Σk,k )VΨk (i,j) )−1 VΨ′ k (i,j) vec µk
(51)
det (Imn + γΣk,k Ψk (i, j))
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Proof. See Appendix B.2.4.2.
The upper bound (51) is the product of the Bhattacharya upper bounds for the PWEP
between Xki and Xkj for all k ∈ K. This is due to the fact that in the absence of temporal
correlation, the upper bounds for the PWEP of different blocks are not affected by each
other. Similar results to Propositions 4.5.1 and 4.5.2 can be trivially verified for each of the
blocks indexed by K.
4.5.2.1

High SNR regime

For each k ∈ K, the high SNR behavior of its associated term in the denominator of (51) is
expressible as the product of nonzero eigen-values of γΣk,k Ψk (i, j), i.e., pdet (γΣk,k Ψk (i, j)).
If vec µk lies in the row space of Σk,k , then in the high SNR regime, the numerator converges
to a nonzero positive value; otherwise, it may converge to zero exponentially for certain codes
(See Appendix B.2.4.2). In the latter case, the asymptotic behavior of the numerator of
(51) is highly dependent on the choice of Ψk (i, j), in the sense that if VΨ′ k (i,j) vec µk does not
lie in the row space of VΨ′ k (i,j) Σk,k VΨk (i,j) , then the numerator is exponentially converging
to zero; otherwise, it converges to a nonzero value. In summary, if VΨ′ k (i,j) vec µk lies in the
row space of VΨ′ k (i,j) Σk,k VΨk (i,j) for all k, the high SNR behavior of the upper bound (51)
is rational and it is expressed as


K−1
Y exp −vec ′ µk VΨk (i,j) (VΨ′ k (i,j) Σk,k VΨk (i,j) )† VΨ′ k (i,j) vec µk
P(Xi 7→ Xj ) ≤
,
pdet (γΣk,k Ψk (i, j))

(52)

k=0

otherwise, the upper bound converges to zero exponentially. The properties that were
mentioned for (49) can be deduced for (52) trivially.
4.5.2.2

Low SNR regime

As was mentioned in Section 4.5.1.2, in the low SNR regime, the temporal correlation does
not affect the upper bound. Therefore, the behavior of (51) for low SNR is described by
(50), which is also shown in Appendix B.2.4.2.
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4.5.3

Rician fading with spatial correlation among transmit antennas only

Now, we constrain the channel correlation profile by assuming that there exists no temporal
correlation among fading blocks and no spatial correlation among the receive antennas.
More precisely, we assume that the channel realization matrices, {Hk }k∈K , are not correlated
with each other, and for each Hk , two elements are correlated only if they are within the
same row. In other words, only those channel gains incident with the same receive antenna
are correlated with each other, and there exists no correlation among the channel gains
for different receive antennas. Moreover, we assume that the covariance matrix for all the
rows of Hk are identical, denoted by Ck (an n × n nonnegative definite matrix). Hence,
the covariance matrix in each fading block is expressed as Σk,k = Ck ⊗ Im . With this
assumption, we proceed to simplify (51) to obtain the following result.
Corollary 4.5.2. Let Xi and Xj be a pair of distinct codewords in Xs , {ψk (i, j)}k∈K be
defined as (44), and {Vψk (i,j) Λψk (i,j) Vψ′ k (i,j) }k∈K denote the SVD’s of {ψk (i, j)}k∈K respectively. Suppose the channel is characterized by {vec µk }k∈K and {Ck }k∈K in the absence of
temporal correlation and spatial correlation among the receive antennas. The pairwise word
error probability is upper bounded by
P(Xi 7→ Xj ) ≤
K−1
Y
k=0




exp −tr µk Vψk (i,j) (Vψ′ k (i,j) (γ −1 ψk (i, j)† + Ck )Vψk (i,j) )−1 Vψ′ k (i,j) µ′k
det (In + γCk ψk (i, j))m

. (53)

Proof. See Appendix B.2.5.2.
From the exponent of the denominator of (53), it appears that the receiver diversity
gain is fully exploited regardless of the properties of the code.
Remark 4.5.1. The bound in (53) is an extension of results of [98] to the case where the
code spans K fading blocks. Specifically, taking K = 1 and Ck = In , (53) is simplified to
the performance criterion for i.i.d. Rician channels derived in [98].
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4.5.3.1

High SNR regime

For each k ∈ K, the high SNR behavior of the corresponding term in denominator of (53) is
the m-th power of the product of nonzero eigenvalues of γCk ψk (i, j), i.e., pdet (γCk ψk (i, j))m .
If the row space of µk lies in the row space of Ck , then in the high SNR regime, the numerator converges to a nonzero positive value; otherwise, it may converge to zero exponentially
for certain codes (See Appendix B.2.5.2). In the latter case, the asymptotic behavior of the
numerator is highly dependent on the choice of ψk (i, j) in the sense that if the column space
of Vψ′ k (i,j) µ′k (row space of µk Vψk (i,j) ) does not lie in the row space of Vψ′ k (i,j) Ck Vψk (i,j) , then
the numerator exponentially converges to zero, otherwise, it converges to a nonzero value. In
summary, if the column space of Vψ′ k (i,j) µ′k is contained in the row space of Vψ′ k (i,j) Ck Vψk (i,j)
for all k, the high SNR behavior of the upper bound



K−1
Y exp −tr µk Vψk (i,j) (Vψ′ k (i,j) (γ −1 ψk (i, j)† + Ck )Vψk (i,j) )† Vψ′ k (i,j) µ′k
P(Xi 7→ Xj ) ≤
(54)
pdet (γCk ψk (i, j))m
k=0

otherwise, the upper bound converges to zero exponentially. The properties that are mentioned for (49) and (52) and can be deduced for (54) trivially.
4.5.3.2

Low SNR regime

In the low SNR, the upper bound (53) simplifies to


PK−1
tr (µk ψk (i, j)µ′k )
exp −γ k=0
P(Xi 7→ Xj ) ≤
PK−1
1 + γm k=0
tr (Ck ψk (i, j))

(55)

Similar to (50), the product of the exponential terms of (55) can be viewed as a Bhattacharya
upper bound for the PWEP between {Xki }k∈K and {Xkj }k∈K over nonfading channels with

channel realization matrices {µk }k∈K .
4.5.4

Rayleigh fading

By cancelling the line-of-sight component of the channel, i.e., setting µk = 0, ∀k ∈ K, in any
of the previous bounds, we obtain the corresponding bound for the Rayleigh channel. This
is done by omitting the exponential terms from the bounds, which results in a degradation
in performance of the codes in comparison to their performance over Rician channels.
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4.6

Design Criteria for Space-Time Codes

In this section, we propose some design guidelines for space-time codes in different channel
correlation profiles. These guidelines are based on the bounds introduced in the previous
section, and we follow the same order in which the bounds appeared in the previous section.
The novelty of these guidelines is that they address both Rician and Rayleigh channels in
a unified manner, and they reduce to the previously known results for the case of Rayleigh
channels; see for example [9], [91], and [25]. In this chapter, we constrain ourselves to the intellectual merits of these criteria and their effectiveness in practice needs to be demonstrated
in future work.
4.6.1

Design criteria in the presence of spatio-temporal correlation

It is in the high SNR regime that the upper bound (48) is a tight bound for the pairwise
word error probability of the codes. In Section 4.6.1.1, it was shown that the asymptotic
behavior of (48) at high SNR is either exponential or rational. More specifically, for a given
channel specified by vec µ and Σ, if vec µ does not lie in the row space of Σ , then the
asymptotic behavior of (48) is exponential (depending on the code); otherwise, it would be
rational. We denote channels in the former class as E-class channels and channels in the
latter class as R-class channels. A necessary property for E-class channels is that Σ must
be singular. Obviously, different design approaches need to be taken for these two classes
of channels.
4.6.1.1

Design criteria for E-class channels

An optimal approach for designing codes is to minimize the maximum of (48) among all
distinct pairs of codeword indices in Q. However, this optimization is very complicated
in general, because both the numerator and the denominator of (48) should be optimized
jointly. Motivated by Propositions 4.5.1 and 4.5.2, simplified suboptimal approaches can be
used if either the numerator or the denominator is the dominant term in (48). Note that
the exponential term is asymptotically the dominant term. However, in practice where the
SNR is limited, the effect of the denominator could dominate the effect of the numerator for
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channels with small

⊥ vec µk2
kPΣ
F
tr(Σ)

⊥ denotes the projection matrix of the null space
, where PΣ

of Σ. Thus, we address three different scenarios according to the size of
Dominant denominator: For channels with

⊥ vec µk2
kPΣ
F

tr(Σ)

⊥ vec µk2
kPΣ
F
tr(Σ)

.

≪ 1, the denominator is dominant

and design criteria are maximizing the diversity and the coding gain as follows:
• Rank criterion: Suppose a target diversity of d is required. Then the codewords have
to be chosen such that d = min(i,j)∈Q rank(Σ Ψ(i, j)).
• Determinant criterion: Let Qd denote the subset of all those pairs of Q that attain a
diversity of d. The coding gain is optimized by choosing the codewords to maximize
min(i,j)∈Qd pdet (ΣΨ(i, j)), subject to kXi k2F ≤ 1, ∀ i ∈ M.
Remark 4.6.1. Because
max(rank(Ψ(i, j)) + rank(Σ) − mnK, 0) ≤ rank(Σ Ψ(i, j)) ≤ min(rank(Ψ(i, j)), rank(Σ)),
there is a large variation in the rank of Σ Ψ(i, j). Specifically, for channels with singular
Σ, if we design rank-deficient codes improperly, the diversity order is lost severely, and
the performance degrades greatly. However, using full-rank codes, the diversity order is
fixed to rank(Σ) and the performance does not degrade as much. Because rank(Ψ(i, j)) =
PK−1
rank(ψk (i, j)), not every arbitrary diversity gain in the range d ≤ rank(Σ) < mnK
m k=0

is attainable in the rank criterion.

Dominant numerator: For channels with

⊥ vec µk2
kPΣ
F
tr(Σ)

≫ 1, the numerator is dominant and

the optimal approach is obtained by minimizing the exponential term of (48) among all
distinct pairs of indices (i, j) ∈ Q. However, this is very difficult in general. An easier, but
suboptimal approach, is obtained by using the result of Proposition 4.5.1 for the high SNR
regime. More specifically, because Σ is singular, the codewords must be chosen such that
′
the minimum number of zero eigenvalues of VΨ(i,j)
ΣVΨ(i,j) is as large as possible among all

(i, j) ∈ Q.
• Singularity criterion: Suppose it is required that Ψ(i, j) have a minimum rank of d
among all (i, j) ∈ Q. The codewords must be chosen such that min(i,j)∈Q (nmK −
′
rank(VΨ(i,j)
ΣVΨ(i,j))) is maximized. Denote this maximum by z.
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• Euclidean distance criterion: Let Qz denote the set of those pairs in Q that satisfy the
previous criterion. Then, maximize the asymptotic error exponent among the pairs in
⊥ Ψ(i, j) P ⊥ vec µ, subject to kXi k2 ≤ 1, ∀ i ∈
Qz by maximizing min(i,j)∈Qz vec ′ µPΣ
Σ
F

M.
The terminology “Euclidean distance criterion” was first introduced in [59], where the
author proposes some modification to original criteria [98], which provides more intuition
in designing good space-time codes.
No dominant term: For the first case, it follows from Proposition 4.5.2 that the optimal
solution occurs when Ψ(i, j) and Σ commute and the eigenvalues of Ψ(i, j) in descending
order align with the eigenvalues of Σ in the same order. On the other hand, for the
second case, it follows from Proposition 4.5.1 that the optimal solution occurs when this
alignment is in reverse order. This implies that optimizing the numerator and optimizing
the denominator contradict each other. Thus, for the case when neither the numerator nor
the denominator is dominant, a reasonable approach is to make the code full-rank with
small condition numbers.
• Full-rank criterion: The codewords must be chosen to make Ψ(i, j) nonsingular for
all (i, j) ∈ Q. In other words, rank(ψk (i, j)) = n, ∀ k ∈ K, ∀ (i, j) ∈ Q.
• Determinant criterion: The eigenvalues of Ψ(i, j) are maintained as close as possible
to each other by maximizing min(i,j)∈Q det (Ψ(i, j)), subject to kXi k2F ≤ 1, ∀ i ∈ M.
Remark 4.6.2. These two criteria result in designing space-time codes that are robust
against the channel correlation profile. Regardless of whether the covariance matrix is perfectly known or not, or whether it is singular or nonsingular, the codes designed by these
criteria perform reasonably. We recall that for the case of Rayleigh channels, this idea was
observed in [91] and [25]. For the sake of convenience, we call these two criteria robust design criteria. We emphasize that these criteria can be also used to design robust space-time
codes for R-class channels.
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4.6.1.2

Design criteria for R-class channels

For this class of channels, the error probability in the high SNR regime is upper bounded
by (49). Because the numerator of (49) is not a function of SNR, the bound has a rational
behavior with respect to SNR. The main goal is to enlarge the degree of the monomial (with
respect to γ) in the denominator of (49). However, the numerator provides an extra coding
gain that must be considered in optimizing the coding gain.
• Rank criterion: Suppose a target diversity order of d is required. The codewords must
be selected such that d = min(i,j)∈Q rank(Σ Ψ(i, j)). (Note that it is not possible to
obtain any arbitrary diversity in the range d ≤ mnK.)
• Coding gain criterion: Let Qd denote the set of all those pairs in Q that obtain
a diversity order of d. The
coding gain is optimized by choosing
the codewords to


minimize max(i,j)∈Qd

′
′
exp −vec ′ µVΨ(i,j) (VΨ(i,j)
ΣVΨ(i,j) )† VΨ(i,j)
vec µ

pdet(ΣΨ(i,j))

, subject to kXi k2F ≤

1, ∀ i ∈ M.
For Rayleigh channels and for those channels with relatively weak line-of-sight components (small vec ′ µΣ† vec µ), the effect of the numerator in coding gain optimization can
be neglected. Hence, the coding gain criterion is simplified to the determinant criterion of
maximizing min(i,j)∈Qd pdet (ΣΨ(i, j)).
Remark 4.6.3. If Ψ(i, j) is nonsingular for all (i, j) ∈ Q, then VΨ(i,j) is full-rank and

the numerator gain is simplified to exp −vec ′ µΣ† vec µ . Thus, the coding gain criterion

reduces to the previously mentioned determinant criterion. This approach provides a robust

coding design. Specifically, if Σ is nonsingular, the effect of coding is separable from the
channel correlation profile, i.e., pdet (ΣΨ(i, j)) = det(ΣΨ(i, j)) = det(Σ) det(Ψ(i, j)), and
the optimization problem is simplified to maximizing min(i,j)∈Q det(Ψ(i, j)).
In the remainder of this subsection, we address some special cases of channels and show
how the design criteria are simplified in these cases.
Special case 4.6.1 (Factorable temporal and spatial correlation). In this case, we assume
that fading is stationary in the sense that the channel realization matrices, {Hk }k∈K , have
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identical covariance matrices, i.e., Σk,k = Σspatial for all k ∈ K, where Σspatial is an nm×nm
matrix representing the spatial correlation among channel gains. Moreover, we assume
that the temporal correlation is factorable from the the spatial correlation such that Σ =
Σtemporal ⊗ Σspatial , where Σtemporal is a K × K matrix represents the temporal correlation
among fading blocks. These assumptions do not change the design criteria very much.
However, if Σtemporal is nonsingular, then the rank criterion is simplified to maximizing
PK−1
k=0 rank(Σspatial Ψk (i, j)) for all (i, j) ∈ Q.

Special case 4.6.2 (Rayleigh channels). As was mentioned earlier, for Rayleigh channels
we have vec µ = 0. Therefore, Rayleigh channels are considered R-class channels; and their

design criteria have already been shown above. Note that the effect of the numerator is
cancelled here and the coding gain criterion is simplified to the determinant criterion.
Special case 4.6.3 (Fast fading channels with L = 1, or L < n). In these cases, the
maximum rank of the matrices {ψk (i, j)}k∈K is limited by L, which means that the maximum
diversity is mLK < mnK. Specifically, by taking L = 1 in the introduced design criteria,
one obtains design rules for fast-fading channels. In this case, if K = 1, then the design
criteria are simplified to the results of [98] for fast fading channels.
4.6.2

Rician fading in the absence of temporal correlation

In the absence of temporal correlation, simpler design criteria are possible for space-time
codes. For each fading block k ∈ Q, the asymptotic behavior of its associated term in (51),
could be either exponential or rational. More precisely, if vec µk does not lie in the row
space of Σk,k then the asymptotic behavior of its associated term in (51) is exponential;
otherwise, it is rational. Respectively, the subchannel at k-th fading block belongs to Eclass channels, or R-class channels. Accordingly, the set of indices of fading blocks, K,
is partitioned into two disjoint subsets KE and KR . For designing space-time codes, two
approaches can be taken here. First, optimizing the code over each subchannel individually,
which results in a less efficient but simpler approach. Second, performing the optimization
for all the subchannels in each partition, KE and KR , jointly. Here, we address the second
approach, and the criteria for the first approach can be trivially exploited from the second
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approach.
4.6.2.1

Joint design criteria for E-class subchannels

The joint optimization for KE must be done on the product of those terms in (48) that
are indexed by the elements of KE . Similar to the discussion provided in Section 4.6.1.1,
we divide the subchannels indexed by KE into three disjoint subclasses as follows. Let
(1)

(2)

(3)

KE , KE , and KE

denote the subsets of the indices of the subchannels indexed KE with

dominant numerator, dominant denominator, and no dominant term respectively. This
partitioning is accomplished by using the size of

⊥
kPΣ

k,k

vec µk k2F

tr(Σk,k )

as test functions, where PΣ⊥k,k

denotes the projection matrix of the null space of Σk,k for k ∈ KE .

⊥
kPΣ

k,k

Dominant denominator: For those subchannels indexed by KE with

vec µk k2F

tr(Σk,k )

≪ 1,

(1)

the denominator is dominant and their indices belong to KE . The design criteria are
maximizing the diversity and coding gain as follows:
• Rank criterion: Suppose a target diversity of dE is required over the subchannels
P
(1)
indexed by KE . Then dE = min(i,j)∈Q k∈K(1) rank(Σk,k Ψk (i, j)).
E

• Determinant criterion: Let QdE denote the subset of all those pairs of Q that sat-

isfy the above criterion. The coding gain is optimized by choosing the codewords
Q
P
i 2
to maximize min(i,j)∈Qd
(1) pdet (Σk,k Ψk (i, j)), subject to
(1) kXk kF ≤
k∈K
k∈K
E

(1)

|KE |
K ,

E

E

∀ i ∈ M.

Dominant numerator: For those subchannels indexed by KE with

⊥
kPΣ

k,k

vec µk k2F

tr(Σk,k )

≫ 1, the

(2)

numerator is dominant and their indices belong to KE . The optimal approach is ob(2)

tained by minimizing the product of those exponential terms in (51) indexed by KE

among all (i, j) ∈ Q. However, this is still too complicated. An easier, but suboptimal
approach, follows from Proposition 4.5.1 (similar to Section 4.6.1.1), which states as γ
goes to infinity, the asymptotic error exponent is defined by the minimum eigenvalue of
{VΨ′ k (i,j) Σk,k VΨk (i,j) }k∈K(2) . Thus, we should maximize the number of its zero eigenvalues.
E

55

• Singularity criterion: Suppose it is required that

P

(2)

k∈KE

rank(Ψk (i, j)) have a mini-

mum value of dE among all (i, j) ∈ Q. Then, the codewords must be chosen to maxiP
(2)
mize min(i,j)∈Q (nm|KE |− k∈K(2) rank(VΨk (i,j) Σk,k VΨ′ k (i,j) )). Denote this maximum
E

by z.

• Euclidean distance criterion: Let Qz denote the set of those pairs in Q that satisfy the
P
′
⊥ Ψ (i, j)P ⊥ vec µ ,
above criterion, then maximize min(i,j)∈Qz
(2) vec µk PΣ
k
k
Σk,k
k,k
k∈KE
(2)
P
|K |
subject to k∈K(2) kXki k2F ≤ KE , ∀ i ∈ M.
E

(1)

No dominant terms: Similar to Section 4.6.1.1, for those subchannels indexed by KE ,
the optimal solution occurs if Ψk (i, j) and Σk,k commute and the eigenvalues of Ψk (i, j)
(1)

in descending order align with the eigenvalues of Σk,k in the same order for all k ∈ KE .
(2)

On the other hand, for those subchannels in KE , the optimal solution occurs when this
(3)

alignment is in reverse order. This implies that for those channels indexed by KE , where
neither the numerator nor the denominator is dominant, a reasonable approach is obtained
as follows.
• Full-rank criterion: The codewords should be selected such that rank(Ψk (i, j)) = mn
(3)

(rank(ψk (i, j)) = n) for all k ∈ KE and for all (i, j) ∈ Q.
Q
• Determinant criterion: By maximizing min(i,j)∈Q k∈K(3) det (Ψk (i, j)), subject to
E
(3)
P
|K |
the constraint k∈K(3) kXki k2F ≤ KE , ∀ i ∈ M, the coding gain is maximized.
E

Remark 4.6.4. These two criteria result in space-time codes that are robust for subchannels
(3)

indexed by KE . They can be used to design robust space-time codes for R-class channels,
(3)

if we use KR instead of KE .
4.6.2.2

Joint design criteria for R-class subchannels

In this case, the high SNR performance is described by (52). It is seen that the numerator
is not a function of SNR, and it does not have any effect on the slope of the error curve on
a log-log diagram. However, we are able to make it smaller by taking a convenient VΨk (i,j) .
Similar to Section 4.6.1.2, we have the following design criteria for this case:
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• Rank criterion: Suppose a target diversity of dR is required from the portion of the
codewords transmitted over subchannels indexed by KR . The codewords must be
P
chosen such that dR = min(i,j)∈Q k∈KR rank(Σk,k Ψk (i, j)).

• Coding gain criterion: Let QdR denote the set of all those pairs in Q that result in

a diversity gain of dR . The coding
gain is optimized by choosing the codewords
to


′µ V
′
†V ′
exp
−vec
(V
Σ
V
)
vec
µ
Q
k Ψk (i,j) Ψ (i,j) k,k Ψk (i,j)
k
Ψk (i,j)
k
minimize max(i,j)∈Qd
, subk∈KR
pdet(Σk,k Ψk (i,j))
R
P
ject to the constraint k∈KR kXki k2F ≤ |KKR | , ∀ i ∈ M.

For Rayleigh subchannels and for those subchannels with relatively weak line-of-sight com-

ponents (small vec ′ µk Σk,k vec µk ), the effect of the numerator in coding gain optimization
P
can be neglected. Also, if the target diversity is the maximum possible, i.e., k∈KR rank(Σk,k ),
we need to have {Ψk (i, j)}k∈KR nonsingular for all (i, j) ∈ Q. In this case, {VΨk (i,j) }k∈KR are


Q
full-rank and the numerator gain is a constant k∈KR exp −vec ′ µk Σ†k,k vec µk . Thus, the
coding gain criterion reduces to the above mentioned determinant criterion. This approach

provides a robust coding design that is better justified when {Σk,k }k∈KR are nonsingular.
Here, the effect of coding is separable from the channel correlation profile, i.e.,
Y

pdet (Σk,k Ψk (i, j)) =

k∈KR

Y

det(Σk,k ) det(Ψk (i, j)),

k∈KR

and the optimization problem is simplified to maximizing min(i,j)∈Q

Q

k∈KR

det(Ψ(i, j)),

which is similar to the design criteria in the absence of spatial correlation.
4.6.3

Rician fading with spatial correlation among transmit antennas only

In the absence of temporal correlation and spatial correlation among receive antennas, the
design criteria can be expressed in a more simplified form. In fact, the design criteria for
this case are basically the same as the results in Section 4.6.2 with some basic simplification
due to the structure of correlation profile.
For each fading block indexed by k ∈ K, the asymptotic behavior of its associated term
in (53), could be either exponential or rational. If the row space of µk does not lie in the
row space of Ck then the asymptotic behavior of its associated term in (53) is exponential;
otherwise, it would be rational. Respectively, the subchannel at k-th fading block belongs
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to E-class channels, or R-class channels. Similar to Section 4.6.2, the set of indices of fading
blocks, J, is partitioned into two disjoint subsets KE and KR . Moreover, we define a new
(1)

(2)

(3)

level of partitioning of KE into three subsets KE , KE , and KE
⊥ µ′ k2
kPC
k F
k

mtr(Ck )

using the test functions

, where PC⊥k denotes the projection matrix of the null space of Ck for all k ∈ KE .

This partitioning is achieved by the value of

⊥ µ′ k2
kPC
k F
k

mtr(Ck )

exactly similar to the process in

Section 4.6.2.1.
By using the bound (53) instead of (51) in the results of Section 4.6.2, one obtains the
(1)

(2)

(3)

design criteria for each of the disjoint subsets KE , KE , KE , and KR . The results can be
simplified more by using the properties of the vector operator and the Kronecker product
as introduced in Appendix B.1.

4.7

Remarks on Design Criteria

So far, we have derived upper bounds on pairwise word error probability under different
scenarios of the spatio-temporal correlation profile of the channel. Moreover, we proposed
some design criteria for space-time coding based on the derived bounds. We discussed
that full-rank codes, i.e., Ψ(i, j) is nonsingular for all (i, j) ∈ Q, are robust against the
channel correlation profile. More precisely, if the covariance matrix of the channel is not
(perfectly) known or if it is not known whether it is singular or not, full-rank codes attain
a reasonable performance in all circumstances. Specifically, for channels with nonsingular
spatio-temporal covariance matrix, their high SNR performance is factorable from the effect
of channel covariance matrix, and the coding gain is maximized by minimizing the condition
value of Ψ(i, j) for all (i, j) ∈ Q. This implies that utilizing the multiple antenna system
with full-rank codes having small condition number is a robust coding approach for different
channel correlation profiles.
In this section, we want to address how difficult is that to find full-rank codes. In the
case that the only constraint on codewords is a maximum energy constraint, we show that
the set of rank-deficient codes is an affine subvariety of the set of all codes (which is an affine
space). It thus has measure zero with respect to the standard Euclidean metric on an affine
space. This indicates that any randomly selected code is full-rank with probability one.
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Thus, in this case, the main problem of space-time coding is optimizing the coding gain.
Moreover, we discuss the coding gain optimization which is a hard problem in general, and
there exists no satisfactory algorithm to solve this problem in general. On the other hand,
when we constrain codewords to be from a finite alphabet or to satisfy particular algebraic
structures, e.g. group codes, lattice codes, or coset codes, the problem might be tractable,
but rank-deficient codes might be highly probable at high spectral efficiency.
We recall that the assumption of just a maximum energy constraint is equivalent to
considering a uniform probability measure over the unit ball in CnLK , where the measure is
induced from Lebesgue-measure. As a result, the probability distribution function has no
mass point. Throughout the first two following subsections, we proceed in consideration of
this remark. However, in the last subsection, we present some discussion for the case that
codewords are subject to some additional constraints.
4.7.1

A glance at algebraic geometry

An affine space over the field C (or R), is a vector space Cn (or Rn ) for any positive
integer n. Let Cn be equipped with linear coordinates z1 , . . . , zn . A monomial of variables
z1 , . . . , zn is a product of the form z1α1 · · · znαn , where all of the exponents α1 , . . . , αn are
P
nonnegative integers. The degree of this monomial is i αi . A polynomial f of variables
z1 , . . . , zn over C is a finite linear combination of monomials with coefficients in C. The
degree of a polynomial f is the maximum degree among its monomials. A polynomial f
is called homogeneous, if all of its monomials have the same degree. The zero set (in the
ground field) of a collection of polynomials f1 , f2 , . . . , fk in Cn is called an affine variety
and is denoted by V(f1 , f2 , . . . , fk ). Figure 5 depicts two affine varieties V(z − x2 − y 2 ) and
V(z − x2 + xy + y 2 ) over the affine space R3 . The intersection of a number of affine varieties
is a variety as well as the union of a finite number of them [50].
The standard topology on Cn is that induced from the Euclidean metric. However, there
is another topology on Cn which we use here, called the Zariski topology [50]. The affine
varieties form a basis for the closed sets in the Zariski topology. The Zariski topology is
coarser than the standard topology, in the sense that every nonempty open set in the Zariski

59

50
45

40

z = x2 + y 2

30

40

z = x2 − xy − y 2

20
35

10

30
25

0

20

−10

15

−20

10

−30
5

−40
5

0
5
0

x-axis

−5

5

3

4

2

1

2

0

−1

−2

−3

−4

−5

0

x-axis

y-axis

2

−5

4

5

3

2

1

0

−1

−2

−3

−4

−5

y-axis

2

(b) V(z − x + xy + y 2 )

(a) V(z − x − y )

Figure 5: Two affine varieties in R3 which are the zero sets of two polynomials a) z = x2 +y 2
and b) z = x2 − xy − y 2 . They are both closed subsets in the Zariski topology with zero
measure.

topology is also an open set in the standard topology, but not conversely. In particular,
every point x of every open subset U in the Zariski topology is contained in a ball Bǫ of
radius ǫ for some ǫ > 0, with x ∈ Bǫ ⊂ U.
After this very brief review of necessary definitions from algebraic geometry, now we express the rank criterion of space-time codes in this framework, and prove that any randomly
selected code is full-rank with probability one.
4.7.2

Full-rank property for space-time codes

Suppose that the codewords are just subject to a maximum energy constraint. As mentioned
earlier, a code Xs = {X0 , X1 , · · · , XM −1 } is called full-rank, if Ψ(i, j) is nonsingular for all
(i, j) ∈ Q. Because of the specific structure of Ψ(i, j)’s (44), this condition simplifies to the
condition that ψk (i, j) is nonsingular for all k ∈ K and (i, j) ∈ Q. Hence, without the loss
of generality we fix k and focus on ψk (i, j) for all (i, j) ∈ Q. Because the results hold for
all k ∈ K, for clarity we drop the subscript k. Thus, we want to show that any arbitrarily
selected set {X 0 , X 1 , · · · , X M −1 } in the space of n × L matrices Mn×L (C) is full-rank with
probability one. In other words, with probability one there exists no (i, j) ∈ Q such that
(X i − X j )(X i − X j )′ is rank deficient, i.e., det((X i − X j )(X i − X j )′ ) = 0. Note that n ≤ L.
Let X = Mn×L (C), and let W = XM be the space of M -tuples (X 0 , X 1 , · · · , X M −1 ).
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We determine the subset of W for which the full-rank property fails and show that it is an
affine variety which is a closed subset in Zarisky topology with zero measure. Let
V(i,j) = {(X 0 , . . . , X M −1 ) ∈ W| det((X i − X j )(X i − X j )′ ) = 0},
and let V =

S

(i,j)∈Q V(i,j)

which is the set of of all M -tuples in

W that do not satisfy the

full-rank criterion. As presented, we claim V is an algebraic affine variety. The claim can be
justified by the observation that det((Xi −Xj )(Xi −Xj )′ ) = 0 if and only if rank(Xi −Xj ) <
n. This means that any set of n columns out of L columns of Xi − Xj is linearly dependent.
Thus, the determinants of all n × n minors of Xi − Xj are zero, which forms a collection

of Ln homogeneous polynomials of degree n. Thus, V(i,j) is an affine variety formed by the

intersection of Ln affine varieties defined by the determinant of n × n minors of Xi − Xj .

S
Because V = (i,j)∈Q V(i,j) is a finite union of M
affine varieties, each of codimension
2
L − n + 1 in

W (see, e.g., [50] for the codimension and degree calculation) and relatively low

degree, V itself is of codimension L− n + 1 and degree

M
2

times the degree of a component.

This shows that not only V is of measure zero, but also an ǫ neighborhood of V is of small
measure, and one could make precise estimates on the probability of avoiding the set of
codewords where det((Xi − Xj )(Xi − Xj )′ ) is small. In summary:
Proposition 4.7.1. The subset V is a proper affine variety in W ≃ CnLM . In particular,
if W is endowed with the Euclidean metric structure, V will have measure zero, so any
randomly selected M -tuples in W will, with probability one, satisfy the full-rank property.
Due to the fact that V is defined by homogeneous polynomials, its properties do not
change with scaling. This strengthens the above proposition, because by adding the norm
constraint to the M -tuples the assertion still holds. In other words, any randomly selected
set of M matrices inside the unit ball in Mn×L (C) satisfies the full-rank property with
probability one. These results are independent of M as long as M is finitely large. This
implies that the number of codewords (data rate) does not affect the above assertions as long
as it is finitely large. Generalizing these results for the set of codewords {X0 , . . . , XM −1 }
we obtain:
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Proposition 4.7.2. Consider a set of codewords Xs = {X0 , X1 , . . . , XM −1 } in CnLK with


′
constraint tr Xi Xi ≤ 1 for all i ∈ A. The set of M -tuples (X0 , X1 , . . . , XM −1 ) that are

rank-deficient, i.e., ∃(i, j) ∈ Q such that det(Ψ(i, j)) = 0, is an affine variety in CnLKM ,

which is a closed Zariski subset of dimension nLKM − (L − n + 1) in CnLKM with measure
zero. Thus, any randomly selected code Xs of M codewords is full-rank with probability one.
4.7.3

Optimizing the coding gain

Unfortunately, for the case that codewords are just subject to a maximum energy constraint,
the optimization problems addressed as determinant criterion, Euclidean distance criterion,
or coding gain criterion in Section 4.5.1 are not tractable problems by currently known
algorithms. Efforts to solve these problems are merged into solving systems of multivariate
polynomial equations. For a small number of variables, extensive computer search is used
to solve the problem, however, for a large number of variables, no satisfactory algorithm
for solving systems of polynomial equations is presently known and it is not clear whether
such an algorithm can possibly exist. In fact, this problem is computationally hard (for a
comprehensive study on hard problems see [42]) even if all the equations are quadratic over
the the field GF (2).
The classical algorithm for solving such a system is by constructing Gröbner bases [15].
The algorithm orders the monomials (typically in lexicographic order), and eliminates the
top monomial by combining two equations with appropriate polynomial coefficients. This
process is repeated until all but one of the variables is eliminated, and then solves the
remaining univariate polynomial equation. Unfortunately, the degrees of the remaining
monomials increase rapidly during the elimination process, and thus the time complexity
of the algorithm makes it often impractical even for a modest number of variables. In
practice, this algorithm cannot handle systems of quadratic equations with more than about
15 variables [13].
Although, the problem is computationally hard in its generic case, it might be tractable
for special case of applications where the codes are subject to additional constraints. For
examples, if it is required that the codewords are from a finite alphabet or they are required
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to have a particular structure, e.g. group codes or lattice codes. However, we obtain this
easiness in optimizing the coding gain, in the cost that obtaining full-rank codes might not
be possible at high spectral efficiency. To clarify the above assertions, let us consider the
following case.
Let K = 1, i.e., the codewords span just one fading block. Suppose L ≥ n and the
elements of the codewords are required to be from a finite alphabet A ⊂ C. As an example,
this could be a case where the codewords are over a finite and discrete set of signal points
such as PSK or QAM. Let q , |A|. Then, the number of all possible codewords are
nL 
limited to q nL . Since, we assumed the number of codewords is M , there are at most qM
nL 
codebooks. Since, qM ≤ q nLM , an algorithm that finds the code with optimal coding gain
has a complexity of order o(q nLM ), which is a polynomial time algorithm with respect to

the size of the alphabet, and hence computationally easy. We recall that this simplification
is obtained in the cost of a reduction in the probability of full-rank codes at high spectral
efficiency. We assume a uniform probability distribution on the space of codebooks and
justify this statement by deriving a lower bound on the probability of full-rank codes of size
M.
We may assume M ≤ q L−n+1 ; otherwise, we may consider a concatenation of r symbols such that M ≤ q r , where r is the minimum positive integer satisfying the condiQ −1 L
tion. For selection of the first row of the codeword matrices, we have M
i=0 (q − i)
ordered choices such that there exists no pair of codewords with their first row match

each other. By induction, for selection of the j-th row of the codewords, we have at least
QM −1 L
j
i=0 (q − i q ) ordered choices such that there exists no pair of codewords where the dif-

ference of their first j-th rows has a rank of less than j. As a result, it can be inspected that
Q
−1 L
there are at least j=n−1,i=M
(q − i q j ) ordered choices for selecting such a codebook
j=0,i=0

of size M . This implies that the number of full-rank codebooks (unordered) is at least
1 Qj=n−1,i=M −1 L
(q − i q j ). Recalling that the maximum number of codebooks of size M
j=0,i=0
M!
nL 
is qM , with some simple manipulation, it can be verified that the probability of full-rank

nM
M −1
codes is lower bounded by 1 − qL−n+1
. From this lower bound, it can be expected that

as M increases, the probability of full-rank codes decreases. On the other hand, as q or L
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increases, the probability of full-rank codes increases, and asymptotically the probability
grows to one. Informally, this could be considered as a verification of our discussion in the
previous subsection.
We conjecture that in the case that the codes are required to be from a lattice or another
discrete algebraic structure, similar discussions can be provided. We conclude this section
by stating that what we have shown here is just a discussion on different types of challenges
in space-time coding. However, the problem of designing codes in consideration of the above
discussion and the proof of the mentioned conjecture remain open to be addressed in future
work and research.

4.8

Summary

In this chapter, we considered the problem of space-time coding over Rician channels in the
presence spatio-temporal correlation. We derived an upper bound for pairwise word error
probability of space-time codes, which has a closed form expression, and can be used as the
basis for a unified approach to analysis and design of space-time codes over any flat, Rician
or Rayleigh, block-fading channel. We addressed the theoretical and intellectual merits of
this approach, and its effectiveness in practice needs to be demonstrated in future work.
The results indicate that the performance of rank-deficient codes can be highly degraded
in the presence of spatio-temporal correlation with singular covariance matrix. But, for
full-rank codes, the performance degradation is not severe. Specifically, for channels with
nonsingular covariance matrices, full-rank codes exhibit robustness to the channel covariance
matrix, and their asymptotic performance is in proportion to their performance in the i.i.d.
case. If the channel’s covariance matrix is nonsingular, then by using full-rank codes, the
performance of the code is invariant to the statistics of the channel at high SNR. In fact, a
full-rank code which is optimal for i.i.d. channels, it is optimal (in high SNR) for all of the
channels with a nonsingular covariance matrix, as it was observed before for the Rayleigh
case [25], [81]. However, one should note that the code performs differently in medium and
low SNR. Although the code demonstrates a certain robustness to covariance matrix at high
SNR, this does not imply that it is robust at medium and low SNR regimes.
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Finally, it was shown that with just a maximum energy constraint, the set of rankdeficient codes forms an algebraic variety which is a closed subset in the Zariski topology
with zero measure. Thus, any randomly selected code lies outside this set with probability one, which means that any randomly selected code is full-rank with probability one.
Hence, the main problem in space-time coding is not the rank criterion, but the coding gain
criterion. However, optimizing the coding gain requires solving a system of multivariate
polynomials which is considered to be an hard problem and there exists no satisfactory algorithm to solve it in general. This problem (in its generic form) remains an open problem,
although, for special cases where the codes are over a finite alphabet or they are required
to have particular algebraic structures, it might be tractable. However, we showed that this
advantage comes in the expense of loosing the probability of having full-rank codes.
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CHAPTER V

ON COMPARABILITY OF MULTIPLE ANTENNA
CHANNELS
5.1

Introduction

A common channel model for mobile communications is a stationary flat-fading channel.
In theses channels the introduced impairments on the transmitted signal are in two forms:
1) an additive noise, which is Gaussian distributed, that models the effect of thermal noise
and interference, 2) a multiplicative noise, which is the effect of propagation from the
transmitter to the receiver. By the central limit theorem, the multiplicative noise is modelled
as Gaussian, where the mean value represents the line-of-sight component of the channel
and its standard deviation represents the scattering component of the channel. If the lineof-sight component is zero, the channel is called Rayleigh, otherwise, it is called Rician.
Because of the time-varying behavior of these channels, the information theoretic properties and optimal coding strategies depend on the amount of available channel state information (CSI) either at the transmitter or at the receiver. For example, if full channel
state information (FCSI) is available at both the transmitter and the receiver, then the
capacity-achieving input distribution is Gaussian, and the optimal encoder employs a power
adaptation algorithm (water pouring), see e.g. [44], [43], and [45]. In contrast, if FCSI is
just available at the receiver, the capacity of the channel is known to be the average capacity of a family of additive white Gaussian noise (AWGN) channels which are parameterized
by the channel gain. The capacity-achieving input distribution for such channels is also
Gaussian [7], [11], where the encoder uses the same average power over all time instances.
Generalizations of the above results to multiple antenna channels are well known [46], [99]
and [30].
The capacity and capacity-achieving distributions of fading channels with no channel
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state information (NCSI) are largely unknown. To the best of our knowledge, [1] was
the first rigorous result in this area that addressed the capacity-achieving input distribution (subject to an average power constraint) for Rayleigh channels. A generalization for
Rayleigh multiple antenna channels can be found in [76], along with asymptotic analysis
which are provided in [68] and [111]. For Rician channels with NCSI, less in known about
capacity. For low signal-to-noise ratio, [48] showed that the capacity-achieving input distribution (subject to second and fourth moment constraints) is discrete. Asymptotic upper
bounds and lower bounds for the capacity are derived in [64], subject to a maximum-power
constraint. A novel bounding technique for the capacity of fading channels is also introduced
in [63].
Despite these advances in capacity assessment of fading channels, the effect of fading
parameters (such as the line-of-sight and scattering components) on the capacity of fading
channels is not completely known. For example, if the capacity of a specific fading channel is known, what can one say about the capacity for some other fading channel? Such
investigations are known for discrete memoryless channels [86] and AWGN channels. For
example, in binary symmetric channels, as the crossover probability increases to .5, the
channel degrades and the capacity of the channel decreases. Likewise, as the channel gain
of AWGN channels decreases, the channel degrades in the above sense. For fading channels, however, the only related work is [61], where the authors present a discussion on the
non-centrality parameter of Wishart distribution to show that the capacity of a multiple
antenna flat-fading channel is non-decreasing with respect to the line-of-sight component of
the channel with FCSI at the receiver.
In this chapter, we address the effect of line-of-sight and scattering components on
overall capability and capacity of multiple antenna channels. To do this, we introduce
three partial ordering relations to compare multiple antenna channels, namely, comparison
in strong sense, weak sense, and capability sense. These relations were first developed by
Shannon [86] and Csiszar [19, page 116] for discrete memoryless channels, which we adopt
them here for multiple antenna channels. We provide sufficient conditions for transitivity
of all three relations for three classes of channels: additive white Gaussian noise channels,
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flat-fading channels with FCSI at the receiver, and flat-fading channels with NCSI.
We assume that the channel is Rician or Rayleigh distributed where the transmitter has
no knowledge of the channel state information, but the receiver could have either perfect or
no CSI. The channel statistical law that maps the input alphabet to the output alphabet
is assumed to be known at both the transmitter and the receiver. We derive sufficient
conditions for the transitivity of the partial ordering relations of the channels with respect to
the channel’s line-of-sight and scattering components. These conditions are easily expressed
in terms of the channel parameters such as the line-of-sight and scattering components of
the channel statistical law. More precisely, these conditions enable us to verify whether two
channels are comparable only by a simple investigation on their line-of-sight and scattering
components. We believe that these results could also be helpful in information theoretic
analysis of compound channels or non-stationary channels [108], [17], [16], and [65].
The organization of this chapter is as follows. In Section 2, we present the setup, some
preliminary definitions, and the goal of this chapter. The partial ordering of additive white
Gaussian channels, flat-fading channels with FCSI at the receiver, and flat-fading channels
with NCSI are presented in Sections 3, 4, and 5, respectively. Finally, Section 6 presents
some concluding remarks.

5.2

Setup and Preliminary

5.2.1

System model

We consider a narrowband wireless multiple-input multiple-output (MIMO) communication
system employing n transmit and m receive antennas. We assume the channel is memoryless
and the receiver is equipped with perfect synchronization, carrier recovery, and matched
filtering components. As a result, the baseband model of the channel is described by a
discrete-time model as follows. For each pair of transmit and receive antennas, (s, r), the
path from transmit antenna s to receive antenna r is represented by a complex symbol hrs
called the path gain. Let H ∈ Cm×n denote an m × n matrix with hrs ’s as its entries which
is known as the channel state or channel realization.
In each channel use, all antennas are used simultaneously, and n complex symbols are
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transmitted through n transmit antennas. Let X = Cn and Y = Cm denote the space
of input and output alphabets, respectively, At each time instance k, a vector xk ∈ X is
transmitted through the transmit antennas and a vector yk ∈ Y is received in receiver which
is described by
yk = Hk xk + zk ,

(56)

where zk ∈ Cm×L denotes the additive noise and at k-th channel use. We assume that
the noise vectors are temporally independent, with identically distributed (i.i.d.) complex
normal entries which have zero mean and unit variance σ 2 = 1, i.e., CN (0, 1).
A K-length block code for the channel (76) is a pair of mapping (f, φ) where f maps
some finite message set M into X K and φ maps Y K to M′ . The mapping f is called the
encoder and the image of M under f is the codebook. Correspondingly, the mapping φ is
the decoder [19]. Note that the structure of encoder and decoder could be dependent on
the amount of channel state information (CSI). The channel coding problem is to make the
message set M (the rate) large while keeping the average probability of error arbitrarily
low, subject to some constraints on the codebook.
We assume that each codeword is an K-sequence from X and there exists a nonnegative
continuous function g : X → R+ and a positive value Γ > 0 such that the codewords
1 PK
are chosen to satisfy K
k=1 g(xk ) ≤ Γ. Motivated by practical scenarios, we consider
g(x) = kxk22 (the Frobenius norm) where Γ is the average transmit energy. By the Law

of Large Numbers [88, p. 325], as K grows to infinity, this is equivalent to assuming that
the empirical measures of codes are obtained from a set of input probability measures as
follows:
Z
n
o
PΓ (X) = P ∈ P(X) |
kxk22 dP ≤ Γ .

(57)

A non-negative rate R for this channel is an ǫ-achievable rate, if for every δ > 0 and
every sufficiently large n there exist n-length codes of rate exceeding R − δ and probability
of error less than ǫ. Correspondingly, the rate R is an achievable rate if it is ǫ-achievable
for all 0 < ǫ < 1. The supremum of the achievable rates is called the channel capacity.
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5.2.2

Comparability of channels

Consider a collection of channels of the form (76) which are parameterized by some parameter of interest θ which belongs to a set A. Hence, for each θ ∈ A, let W (θ)1 be the channel
which is parameterized by it. Consider a set of parameters Θ ⊆ A, and let
W(Θ) , {W (θ) | θ ∈ Θ}

(58)

denote the collection of channels from X to Y corresponding to Θ.
Sometimes it is of interest to compare the performance of a collection of channels in
certain information-theoretic aspects. For instance, one might be interested to know that
for a given coding scheme, how it performs over a set of channels. As an example, for an
additive white Gaussian channel, as the channel gain increases, the error probability of any
code reduces. In this part, we introduce three notions for comparison of channels which are
applied to multiple-input multiple-output (MIMO) channels in the later sections. Inspired
by earlier results of [86] and [19, page 116] for discrete memoryless channels (DMCs), we
present these notions based on partial ordering relations. Hence, we briefly review some
definitions.
Definition 5.2.1 (Partially ordered sets). Let X be a nonempty set and  a binary relation
on it, with the following properties
• Reflexive: x  x for all x ∈ X .
• Antisymmetry: if x  y and y  x, then x ≃ y.
• Transitivity: if x  y and y  z, then x  y.
Then, the relation  is called an equivalence relation and the tuple (X , ) is called a partially
ordered set (poset). Also, two elements x and y are said comparable if either x  y or x  y.

Using Definition 5.2.1, we introduce some equivalence relations on W(Θ) and establish
partial orderings of channels with respect to these relations. Here, we adopt the results of
1

For the sake of clarity in establishing the results in this part, we drop any other indexing in notation of
the channels.
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[19, p. 116] to define partial ordering for continuous alphabet channels with side information.
Hence, considering the family of channels in (58), we define three different notions for
comparison of channels.
Definition 5.2.2 (Strong sense). Let W (θ) and W (θ̃) be two channels in W(A). We say
channel W (θ) is better than W (θ̃) in strong sense if for every n-length block code (f, φ̃)
for the channel W (θ̃) there exists an n-length block code (f, φ) for the channel W (θ) with
s

smaller average error probability. We denote this by W (θ̃)  W (θ).
In other words, for every n-length block code for channel W (θ̃) there exists an n-length
block code for channel W (θ) with the same encoder such that the average error probability
in W (θ) is at most equal to the average error probability of channel W (θ̃) [19]. Two channels
W (θ) and W (θ̃) such that one of them is larger than the other one in the strong sense are said
comparable in strong sense. With this notion of comparison, the problem of interest is the
existence of some simple necessary and sufficient conditions to verify comparability of two
given channels. For an additive white Gaussian noise channel (AWGN), as the channel gain
increases the channel improves in strong sense. One can observe that this can be justified
since the channel with smaller channel gain can be considered as a noisy observation of the
channel with higher gain. As a result, we can define the following sufficient condition for
comparability of channels in strong sense.
Let W (θ) and W (θ̃) be two channels in W(A). We say a channel W (θ̃) is called a
degraded version of W (θ) if there exists a channel U : Y → Y such that W (θ̃) is the cascade
s

of W (θ) and U . In that case, it can be verified that W (θ̃)  W (θ) [19, p. 116]. In the
following sections, we use the definition of degraded channels and establish simple conditions
for comparability of MIMO flat-fading channels with respect to the fading parameters.
A weaker notion for comparison is established in [86] and [19, p. 116]. For the sake of
convenience in presentation, we call it as comparison in weak sense defined as follows.
Definition 5.2.3 (Weak sense). We say the channel W (θ) is better than W (θ̃) in weak
sense if for every n-length block code for W (θ̃) there exists an n-length block code for W (θ)
with the same message set and not larger average error probability. We denote this by
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w

W (θ̃)  W (θ).
As an example, if there exists channels U : X̃ → X and V : Y → Ỹ such that W (θ̃) is the
w

cascade channel in the form V W (θ)U , then W (θ̃)  W (θ). We note that the comparison
in strong sense implies the comparison in weak sense, but not vice versa.
So far, we have established two notions for comparison of channels. However, there
exists another notion for comparison [19, p. 116] known as comparison in capability sense
as defined as follows.
Definition 5.2.4 (Capability sense). Let PA (X) ⊆ PΓ (X) denote a convex collection
of input measures. We say that channel W (θ) is more capable than channel W (θ̃) over
PA (X), if for every probability measure in PA (X) the mutual information of channel
W (θ) is greater than or equal to the mutual information of channel W (θ̃).
One can easily verify that comparability in the strong sense implies comparability in the
capability sense. This also implies that if W (θ̃)  W (θ) in any of the above senses, then
the capacity of W (θ̃) is smaller than or equal to the capacity of W (θ) over PA (X).
Having these different notions, the main problem is how to verify whether two channels
are comparable in practice. For this purpose, it suffices to find some simple rules with
respect to the parameter θ that can determine the comparability of channels. For some
classes of channels, it is possible to find simple rules, e.g., for a class of discrete memoryless
channels (DMCs) in [86], and for single-input single-output (SISO) Gaussian channels since
they are degraded version of each other [14]. In general, such simple rules are not possible,
as we shall see for flat-fading MIMO channels.

5.3

Additive White Gaussian Noise Channels

In this section, we consider a class of wireless channels where the physical media between
the transmitter and receiver remains unchanged throughout the communication. In this
case, we assume that the channel is governed by a linear model as (76), where the channel
states (realizations) are Hk = H̄ for all time instances, where H̄ is known both at the
transmitter and receiver [99]. Thus, we characterize the channel just by the matrix H̄ and
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to emphasize that a channel is Gaussian, we use a subscript “G”, i.e. WG (H̄).
We address how the channel gain H̄ affects certain information-theoretic properties of
the channel. In [14], it is shown that given to single-input single-output AWGN channels,
one of them is a degraded version of the other one. Here, we introduce similar results for
MIMO channels. For this purpose, we state our results in the partial ordering framework
which was introduced in the previous section.
We establish the partial ordering relation among AWGN channels with the same size
of channel realization matrix. That is, we assume that the channel realizations are m × n
matrices, and all the channels have i.i.d. additive Gaussian noise with the same variance.
Moreover, we constrain ourselves to a set of channels with finite, as follows

WG = {WG (H̄)|tr H̄ H̄ ′ < ∞}.
The results of this section could be helpful in studying multiple antenna Gaussian broadcast
channels [101], [106], and [105].
5.3.1

Comparison in strong sense
s

Let (WG , ) denote partial ordering of WG in strong sense, where “s” is used as a designation
for “strong sense”.
s

Proposition 5.3.1. Given a pair of channels WG (H̄1 ) and WG (H̄2 ), WG (H̄1 )  WG (H̄2 )
if and only if H̄2′ H̄2 − H̄1′ H̄1 is positive definite.
Proof. To prove the necessity, we proceed as follows. By Definition (5.2.2), for every 1-length
block code of size 2 for the channel WG (H̄1 ), there exists an 1-length block code of size 2
for the channel WG (H̄2 ) with the same codewords (but perhaps a different decoder) and
a lower or equal average error probability. Suppose that we have taken {x, −x} for some
x ∈ X as our equiprobable codewords. It can be verified that the maximum-likelihood
s

decoder is the optimal decoder for both channels. Since WG (H̄1 )  WG (H̄2 ), we deduce
that kH̄1 xk22 ≤ kH̄2 xk22 for all x ∈ X. But this is equivalent to say H̄2′ H̄2 − H̄1′ H̄1 is positive
definite.
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For the reverse part, we multiply the received signals of WG (H̄2 ) by H̄1 H̄2† to obtain
ŷ = H̄1 H̄2† y = H̄1 H̄2† H̄2 x + H̄1 H̄2† z.
Since H̄2′ H̄2 − H̄1′ H̄1 is positive definite, H̄1 H̄2† H̄2 = H̄1 . Moreover, the covariance of the
resultant noise would be σ 2 H̄1 (H̄2′ H̄2 )† H̄1 . Since I − H̄1 (H̄2′ H̄2 )† H̄1 is positive definite, we
s

deduce that WG (H̄1 ) is a degraded version of channel WG (H̄2 ). Hence, WG (H̄1 )  WG (H̄2 )
which concludes the proof.
s

By the proof of Proposition 5.3.1, we note that if WG (H̄1 )  WG (H̄2 ), then WG (H̄1 ) is
a degraded version of WG (H̄2 ). This could be helpful in the analysis of degraded Gaussian
channels [14]. The following corollary is an immediate result of Proposition 5.3.1.
Corollary 5.3.1. Two channels WG (H̄1 ) and WG (H̄2 ) are equivalent in strong sense, i.e.,
s

WG (H̄1 ) ≃ WG (H̄2 ), if and only if H̄1′ H̄1 = H̄2′ H̄2 .
5.3.2

Comparison in weak sense
w

Let (WG , ) denote partial ordering of WG in weak sense, where “w” is used as a designation
for “weak” sense. By Definitions 5.2.2, 5.2.3, it can be verified that any two channels
which are comparable in strong sense are comparable in weak sense. More precisely, if
s

w

WG (H̄1 )  WG (H̄2 ), then WG (H̄1 )  WG (H̄2 ). The following result expresses a more
general sufficient condition on comparability in weak sense. Let U (n) denote the unitary
group of size n, as defined in Appendix A.
w

Proposition 5.3.2. Given a pair of channels WG (H̄1 ) and WG (H̄2 ), WG (H̄1 )  WG (H̄2 )
if there exists a unitary matrix U ∈ U (n) such that H̄2′ H̄2 − U ′ H̄1′ H̄1 U is positive definite.
Proof. Suppose such unitary matrix exists. We need to show that for every n-length code
for channel WG (H̄1 ) there exists an n-length code for WG (H̄2 ), with the same number of
codewords and an average error probability not larger than the average error probability of
the first channel. Consider the channels WG (H̄1 U ) and WG (H̄2 ). By Proposition 5.3.1, we
s

know that WG (H̄1 U )  WG (H̄2 ). It suffices to pre-multiply the codewords of the channel
WG (H̄1 ) by U and use them as the codewords for the channel WG (H̄2 ). This concludes the
proof.
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The following corollary is an immediate result of Proposition 5.3.2.
w

Corollary 5.3.2. Given a pair of channels WG (H̄1 ) and WG (H̄2 ), WG (H̄1 ) ≃ WG (H̄2 ) if
there exists a unitary matrix U ∈ U (n) such that H̄2′ H̄2 = U ′ H̄1′ H̄1 U .
5.3.3

Comparison in capability sense
c

Let (WG , ) denote partial ordering of WG in capability sense,, where “c” is used as a
designation for “capability” sense. By Definition 5.2.4, to verify the comparability of a
pair of Gaussian channels in capability sense, we need to analyze the mutual information. However, using Definitions 5.2.2 and 5.2.4, it can be verified that any two channels
which are comparable in strong sense are comparable in capability sense. More precisely,
s

c

if WG (H̄1 )  WG (H̄2 ), then WG (H̄1 )  WG (H̄2 ). For every P ∈ PΓ (X), let I(P, WG (H̄1 ))
and I(P, WG (H̄2 )) denote the mutual information of channels WG (H̄1 ) and WG (H̄2 ), rec

spectively. Then WG (H̄1 )  WG (H̄2 ) implies that I(P, WG (H̄1 )) ≤ I(P, WG (H̄2 )) for all
P ∈ PΓ (X). This implies the following remark.
Remark 5.3.1. For any input measure P ∈ PΓ (X), the mutual information of Gaussian
channels is increasing with respect to the eigenvalues of H̄ ′ H̄.
For the case of (single-input single-output) SISO AWGN channels, this results into
a total ordering, as shown in Figure 6. In Figure 6, the horizontal axis represents the
channel gain H̄1 . Specifically, every axis point represents a channel parameterized by the
corresponding H̄. For every channel, the zone above it describes the set of all channels
which are less capable than it. As a result, it is observed that every pair of channels
are comparable in capability sense. Hence, the set of SISO Gaussian channels is a totally
ordered set. As shown in Figure 6, for the channels with gains H̄1 < H̄2 < H̄3 < H̄4 ,
c

c

c

we have an ordering of WG (H̄1 )  WG (H̄2 )  WG (H̄3 )  WG (H̄4 ). Moreover, note that for
this special class of channels, all notion of comparison result to the same ordering. Namely,
for the class of SISO Gaussian channels, partial orderings in strong sense, weak sense, and
capability sense are pairwise isomorphic.
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Figure 6: For SISO channels with gains H̄1 < H̄2 < H̄3 < H̄4 , we have WG (H̄1 ) 
c

c

WG (H̄2 )  WG (H̄3 )  WG (H̄4 ).

5.4

Full Channel State Information at the Receiver

Now let us move our attention toward fading channels with FCSI at the receiver [7], [98].
From the practical point of view, this represents slowly fading channels where the system
allows channel estimation at the receiver. This is possible in block-fading channels with
a large coherence time, i.e., where there is sufficient delay between changes in channel
realizations. In this case, the transmitter assigns a portion of each block for training, where
it sends certain signals (known to the receiver) so that the receiver obtains an estimate of
the current channel realization. As a result, the receiver can obtain some information about
the channel state from NCSI to (asymptotically) FCSI at the receiver.
In this section, we assume a scenario that full channel state information is available in
receiver. That is, considering the general linear statistical model as (76), we assume that
the channel realization, Hk , changes through time instances, but the channel realizations
are perfectly known at the receiver. We assume that the channel changes in accordance of a
probability measure with a Gaussian density function with respect to the Lebesgue measure.
In the case that this Gaussian density function is centralized, the fading is known as Rayleigh
and for non-centralized density functions, the channel is known as Rician. For the case of
Rician channels, the non-central element represents the effect of line-of-sight component of
the channel [7], [79], [98], and [40]. On the other hand the covariance matrix of the density
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function denotes the scattering component of the channel which is due to fading [79] and
the correlation between the propagation paths of different receive and transmit antennas.
Let vec (·) denotes the vector operator that concatenates the columns of an m×n matrix
respectively into an mn × 1 vector. Thus, for every channel realization H, we denote its
vector form as vec H, which is a multivariate random vector in Cmn which is characterized
by the mean value vec H̄ and the spatial covariance matrix,

Σ = cov (vec H, vec H) = E vec (H − H̄)vec ′ (H − H̄)
We characterize these channels with the mean value H̄ and the covariance matrix Σ. To
emphasize that the channel state information is fully known, we use a subscript “F”. As a
result, we denote the channel as WF (H̄, Σ).
In this section, we address how channel parameters H̄ and Σ affect certain informationtheoretic aspects of channels. More precisely, we intend to provide sufficient conditions
for comparability of two given channels WF (H̄1 , Σ1 ) and WF (H̄2 , Σ2 ) in any of the senses
we have introduced before. Since simple necessary conditions for comparability cannot be
derived, we just derive simple sufficient conditions for comparison. Moreover, we assume
that all the channels have the same i.i.d. additive Gaussian noise. Moreover, we restrict
ourselves to the set of channels with finite energy defined as follows

5.4.1


WF = {WF (H̄, Σ)|tr H̄ H̄ ′ < ∞, tr (Σ) < ∞}.

Comparison in strong sense
s

Let (WF , ) denote partial ordering of WF in strong sense. Since simple necessary conditions
are not attainable, here we just present sufficient conditions for comparability in strong
sense.
Proposition 5.4.1. Given a pair of channels WF (H̄1 , Σ1 ) and WF (H̄2 , Σ2 ), we would have
s

WF (H̄1 , Σ1 )  WF (H̄2 , Σ2 ) if there exists A ∈ Mm (C) with kAk ≤ 1 such that H̄1 = AH̄2
and Σ1 = (In ⊗ A)Σ2 (In ⊗ A′ ).
Proof. Suppose such a matrix A exists. Then, multiplying the received vector of WF (H̄2 , Σ2 )
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by A, we obtain
for all H,

Ay = AHx + Az.

Since H ∼ N (H̄2 , Σ2 ), AH ∼ N (AH̄2 , (In ⊗ A)Σ2 (In ⊗ A)). By hypothesis, it means that
AH ∼ N (H̄1 , Σ1 ). But the covariance of the noise would be σ 2 AA′ . Now, since kAk ≤ 1,
then Im − AA′ is positive semidefinite. Thus, we can decompose the noise z1 of the first
channel as z1 = Az + z2 , where z2 ∼ N (0, σ 2 (Im − AA′ )) and Az ∼ N (0, σ 2 AA′ ) are
independent. This means that WF (H̄1 , Σ1 ) is a degraded version of WF (H̄2 , Σ2 ) which
concludes the proof.
The following corollary is an immediate result of Proposition 5.4.1.
Corollary 5.4.1. Two channels WF (H̄1 , Σ1 ) and WF (H̄2 , Σ2 ) are equivalent in strong
s

sense, i.e., WF (H̄1 , Σ1 ) ≃ WF (H̄2 , Σ2 ), if there exists an A ∈ U (m) such that H̄1 = AH̄2
and Σ1 = (In ⊗ A)Σ2 (In ⊗ A′ ).
s

s

s

Proof. If WF (H̄1 , Σ1 ) ≃ WF (H̄2 , Σ2 ), then WF (H̄1 , Σ1 )  WF (H̄2 , Σ2 ) and WF (H̄2 , Σ2 ) 
WF (H̄1 , Σ1 ). By Proposition 5.4.1, this means that there exist matrices A and B such
that H̄2 = AH̄1 , H̄1 = B H̄2 , kAk ≤ 1, kBk ≤ 1. But, we can observe that this requires
AB = BA = I. Thus, A is a unitary matrix and B is its hermitian.
5.4.2

Comparison in weak sense
w

Let (WF , ) denote partial ordering of WF in weak sense. By Definitions 5.2.2 and 5.2.3, it
can be verified that any two channels which are comparable in strong sense are comparable in
s

weak sense, but not vice-versa. Therefore, one can verify that if WF (H̄1 , Σ1 )  WF (H̄2 , Σ2 ),
w

then WF (H̄1 , Σ1 )  WF (H̄2 , Σ2 ). The following proposition states a stronger sufficient
condition that enable us to compare a broader class of channels in weak sense.
Proposition 5.4.2. Given a pair of channels WF (H̄1 , Σ1 ) and WF (H̄2 , Σ2 ), we would have
w

WF (H̄1 , Σ1 )  WF (H̄2 , Σ2 ) if there exist A ∈ Mm (C) and B ∈ Mn (C) such that H̄1 =
AH̄2 B, Σ1 = (B ⊗ A)Σ2 (B ′ ⊗ A′ ), and kAk ≤ 1, kBk ≤ 1.
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Proof. By Proposition 5.4.1, we may assume A = Im . For the reverse part, suppose that
such matrix B exists. We need to show that for every n-length code for channel WF (H̄1 , Σ1 )
there exists an n-length code for WF (H̄2 , Σ2 ), with the same number and average error
probability not larger than the average error probability of the first channel. It suffices to
pre-multiply the codewords of the channel WF (H̄1 , Σ1 ) by B and use them as the codewords
for the channel WF (H̄2 , Σ2 ). Since kBk ≤ 1, the codewords for the channel WF (H̄2 , Σ2 )
have at most the same energy of the codewords for channel WF (H̄1 , Σ1 ). Using some simple
linear algebraic manipulations, it can be verified that this results to the expressions in the
hypothesis. This concludes the proof.
The following corollary is an immediate result of Proposition 5.4.2.
Corollary 5.4.2. Two channels WF (H̄1 , Σ1 ) and WF (H̄2 , Σ2 ) are equivalent in weak sense,
w

i.e., WF (H̄1 , Σ1 ) ≃ WF (H̄2 , Σ2 ), if there exist unitary matrices A ∈ U (m) and B ∈ U (n)
such that H̄1 = AH̄2 B, and Σ1 = (B ⊗ A)Σ2 (B ′ ⊗ A′ ) .
w

w

w

Proof. If WF (H̄1 , Σ1 ) ≃ WF (H̄2 , Σ2 ), then WF (H̄1 , Σ1 )  WF (H̄2 , Σ2 ) and WF (H̄2 , Σ2 ) 
WF (H̄1 , Σ1 ). By Proposition 5.4.2, this means that there exist matrices A, B, C, and D
such that H̄2 = AH̄1 B, H̄1 = C H̄2 D, kAk ≤ 1, kBk ≤ 1, kCk ≤ 1, and kDk ≤ 1. This
implies that H̄2 = CAH̄2 DB. This means that CA = I and DB = I. However, since all
these matrices are contractions, they must all be unitary matrices.
5.4.3

Comparison in capability sense
c

Let (WF , ) denote partial ordering of WF in capability sense. By Definition 5.2.4, for a
pair of fading channels with FCSI at the receiver, we need to verify the comparability in
capability sense using the mutual information function. Because of the inherent difficulty
in the definition of the mutual information of fading channels, simple necessary conditions
are not possible. However, it is possible to address some simple sufficient conditions. For
example, it is obvious that if two FCSI channels are comparable in strong sense, they are
comparable in capability sense. But, there exists a broader class of channels that can be
compared in comparability sense. In this part, we address some other simple sufficient
conditions for this purpose.
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Before addressing the sufficient conditions, we need to restrict ourselves to an specific
class of covariance matrices for the fading channels. That is, we need the rows of the channel
realization matrices be uncorrelated. As a result, we assume that the probability density
function of the channel realization is
pH̄,Σ (v) =

m
Y
i=1

pH̄i ,Σi (vi ) =

m
Y
i=1

1
π n det Σ

e−vec

′ (v −H̄ )Σ−1 vec (v −H̄ )
i
i
i
i
i

,

(59)

i

where (H̄i , Σi ) denote the mean value and the covariance matrix of each row of the i-th row
of H. Namely, this density function denotes a system with no correlation at the receiver.
For every P ∈ PΓ (X), let I(P, WF (H̄, Σ)) denote the mutual information of the channel
WF (H̄, Σ). The following result is obtained using Theorems C.1.1 and C.1.2 in Appendix
A.
Lemma 5.4.1. Let WF (H̄1 , Σ) and WF (H̄2 , Σ) denote two fading channels with FCSI
and no correlation at the receiver, where there exists λ1 , · · · , λm ∈ [0, 1] such that H̄1 =
diag ({λi }m
i=1 ) H̄2 . For every input measure P, we have I(P, WF (H̄1 , Σ)) ≤ I(P, WF (H̄2 , Σ)).

Proof. Let V = Cm×n . It is known that the mutual information of WF (H̄, Σ) is the average mutual information of Gaussian channels, I(P, WG (v)), with respect to a Gaussian
distribution of v of mean value H̄ and covariance Σ. For every α ≥ 0, let define
Vα = {v ∈ V |I(P, WG (v)) ≤ α}.

(60)

It is not difficult to verify that I(P, WG (v)) is continuous with respect to v; hence, the sets
Vα are Borel-measurable. By Proposition 5.3.1, it can be verified that Vα is symmetric.
For each v ∈ Va and i = 1, · · · , m, let
Vα (v, i) = {u ∈ Vα |uj = vj , ∀j 6= i rows of v}

(61)

denote the channel realization which have the same rows of v except the ith row. We
claim that Vα (v, i) is convex. The proof is as follows. For every pair u, w ∈ Vα (v, i), there
exists an m × m matrix A such that kAk ≤ 1 and either u = Aw or w = Au. Suppose
u = Aw. Then, every convex combination βu + (1 − β)w = (βA + (1 − β)I)w. But,
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kβA + (1 − β)Ik ≤ βkAk + (1 − β)kIk ≤ 1. By Proposition 5.3.1, it can verified that
s

c

WG (βu + (1 − β)w)  WG (w). This implies that WG (βu + (1 − β)w)  WG (w), hence, we
conclude that Vα (v, i) is convex.
For simplicity in derivations, let g(v) , I(P, WG (v)). For each α, let χcα denote the
characteristic function of the complement of Vα . We define a monotone sequence of simple
functions 0 ≤ φ1 ≤ φ2 ≤ · · · g, φn → g pointwise, where
2n

φn =

2
X

2−n χck2−n .

k=1

Since we assumed that the distribution of the rows are independent, for a zero mean
Q
distribution, we have p0,Σ = m
i=1 p0,Σi as the density function of the channel realizations of
channel WF (H̄0 , ΣΣ ), where the density function of i-th row, p0,Σi , satisfies the hypothesis

of Theorem C.1.1. Let µV denote the Lebesgue measure of V and µVi the Lebesgue measure
of i-th row of V . We have
Z

Vk2−n

pH̄1 ,Σ dµV =

(By Theorem C.1.1) ≥
(Regrouping and repetition) ≥
Since

R

Z "Z

Vk2−n (v,1)

Z "Z

Vk2−n (v,1)

Z

Vk2−n

pH̄1,1 ,Σ1 dµV1
pH̄2,1 ,Σ1 dµV1

pH̄2 ,Σ dµV

p0,Σ dµV = 1 is finite, we have
Z

χck2−n pH̄1 ,Σ dµV

≤

Z
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χck2−n pH̄2 ,Σ dµV .

#

m
Y

i=2
# m
Y
i=2

pH̄1,i ,Σi dµV2,...,m
pH̄1,i ,Σi dµV2,...,m (62)

Now, using the monotone convergence theorem (MCT),
Z

gpH̄1 ,Σ dµV =

Z

lim φn pH̄1 ,Σ dµV
n
Z
(By MCT) = lim φn pH̄1 ,Σ dµV
n

2n

(Positivity) = lim
n

2
X

−n

2

k=1
2n

(Anderson’s Theorem) ≤ lim
n

(Positivity) = lim
n

(By MCT) =

Z

2
X

−n

2

k=1

Z X
22n

Z

χck2−n pH̄1 ,Σ dµV

Z

χck2−n pH̄2 ,Σ dµV

2−n χck2−n pH̄2 ,Σ dµV

k=1

lim φn pH̄2 ,Σ dµV =
n

Z

gpH̄2 ,Σ dµV

Substituting g(v) , I(P, WG (v)), we conclude the proof of the assertion.
Using Theorem C.1.2, we can deduce the following result, similarly.
Lemma 5.4.2. Let WF (H̄1 , Σ) and WF (H̄2 , Σ) denote two fading channels with FCSI
and no correlation at the receiver. Let G ⊂ U (n) be a finite subgroup such that Σ =
P
P
(A ⊗ I)Σ(A′ ⊗ I) for every A ∈ G . Let H̄1 =
λi H̄2 Ai , λi ≥ 0,
λi = 1 and let P be a
G -invariant input measure. Then, I(P, WF (H̄1 , Σ)) ≤ I(P, WF (H̄2 , Σ)).

Proof. The proof is essentially the same as the proof of Lemma 5.4.1. The only difference
is that the sets Vα (v, i) (61) are G -invariant, since the input measure is G -invariant. Thus,
we can use Theorem C.1.2 to derive (62), instead.
Now we use the above results to state some simple sufficient conditions for comparability
in capability sense, from which we will base the partial ordering in capability sense. We
just use Lemma 5.4.1, since there is no assumption on the input measure. However, one can
restrict the partial ordering in capability sense to a smaller family of input measures, e.g.,
the measures that are G -invariant and use Lemma 5.4.2 in definition of partial ordering.
Proposition 5.4.3. Given a pair of channels WF (H̄1 , Σ1 ) and WF (H̄2 , Σ2 ), we would have
c

WF (H̄1 , Σ1 )  WF (H̄2 , Σ2 ) over PΓ (X) if either they are comparable in the strong sense,
s

WF (H̄1 , Σ1 )  WF (H̄2 , Σ2 ), or the hypothesis of Lemma 5.4.1 holds.
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Figure 7: Partial ordering in Capability sense is displayed for√SISO fading channels, with
FCSI at the receiver, with respect to the channel parameters Σ and H̄.
Proof. The proof of the direct part is by our definition of partial ordering in capability
sense. The proof of the reverse parts follows by Lemma 5.4.1.
As an example, let us consider a single-input single-output channel scenario. For these
channels, let H̄ denote the mean value of the fading and Σ denote its variance. Figure
7 gives the partial ordering among SISO fading channels with FCSI at the receiver, with
√
respect to the channel parameters Σ and H̄. In Figure 7, which is given for H̄ ≥ 0, every
point represents a channel parameterized by the corresponding line-of-sight and scattering
components. For every channel, the triangular zone consisting of the origin describes the
set of all channels which are less capable than it. Hence, two channels are comparable if one
c

is in the triangular zone of the other one. For example, it can be seen that WF (Σ2 , H̄2 ) 
c

WF (Σ2 , H̄4 ) and WF (Σ1 , H̄2 )  WF (Σ1 , H̄4 ). Note, however, that WF (Σ1 , H̄2 ) may not be
comparable with WF (Σ2 , H̄2 ) in capability sense.

5.5

No Channel State Information at the Receiver

In some applications, the system does not allow estimation of the channel realization in
the receiver. This is specifically true in fast fading channels, where sufficient delay is not
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available between changes in channel realizations. In such case, we assume that no channel
state information is available at the receiver. Thus, considering the general linear statistical
model as (76) we assume that the channel realization, Hk , changes through time instances
in accordance with a probability measure with a Gaussian density function with respect
to the Lebesgue measure. We characterize these channels with the mean value H̄ and the
covariance matrix Σ. To emphasize that the channel state information is not known, we
use a subscript “N” and denote the channel as WN (H̄, Σ).
In this section, we address how the channel parameters H̄ and Σ affect certain information theoretic aspects of the channel, as introduced in Section 2. Since simple necessary
constraints for comparability can not be derived, we provide sufficient conditions for comparability of two given channels WN (H̄1 , Σ1 ) and WN (H̄2 , Σ2 ) in any of the senses we had
introduced in Section 2. Moreover, we assume that all the channels have the same i.i.d.
additive Gaussian noise. Thus, we consider a set of channels with energy constraint as
follows,

5.5.1


WN = {WN (H̄, Σ)|tr H̄ H̄ ′ < ∞, tr (Σ) < ∞}.

Comparison in strong sense
s

Let (WN , ) denote partial ordering of WN in strong sense. Since simple necessary conditions
are not attainable, we present sufficient conditions for comparability in strong sense.
Proposition 5.5.1. Given a pair of channels WN (H̄1 , Σ1 ) and WN (H̄2 , Σ2 ), we would have
s

WN (H̄1 , Σ1 )  WN (H̄2 , Σ2 ) if there exists A ∈ Mm (C) with kAk ≤ 1 such that H̄1 = AH̄2 ,
Σ1 = (In ⊗ A)Σ2 (In ⊗ A′ ).
Proof. The proof is essentially the same as the proof of Proposition 5.4.1.
The following corollary is an immediate result of Proposition 5.5.1.
Corollary 5.5.1. Two channels WN (H̄1 , Σ1 ) and WN (H̄2 , Σ2 ) are equivalent in strong
s

sense, i.e., WN (H̄1 , Σ1 ) ≃ WN (H̄2 , Σ2 ), if there exists A ∈ U (m) such that H̄1 = AH̄2 and
Σ1 = (In ⊗ A)Σ2 (In ⊗ A′ ).
Proof. The proof is essentially the same as the proof of Corollary 5.4.1.
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5.5.2

Comparison in weak sense
w

Let (WN , ) denote partial ordering of WN in weak sense. By Definitions 5.2.2 and 5.2.3,
it can be verified that any two channels which are comparable in strong sense, they are
comparable in weak sense also, but not vice-versa. Therefore, we define the refined weak
s

w

comparability so that if WN (H̄1 , Σ1 )  WN (H̄2 , Σ2 ), then WN (H̄1 , Σ1 )  WN (H̄2 , Σ2 ). A
more general sufficient condition for comparability in weak sense is as allows.
Proposition 5.5.2. Given a pair of channels WN (H̄1 , Σ1 ) and WN (H̄2 , Σ2 ), we would
w

have WN (H̄1 , Σ1 )  WN (H̄2 , Σ2 ) if there exist A ∈ Mm (C) and B ∈ Mn (C) such that
H̄1 = AH̄2 B, Σ1 = (B ⊗ A)Σ2 (B ′ ⊗ A′ ), and kAk ≤ 1, kBk ≤ 1.
Proof. The proof is essentially the same as the proof of Proposition 5.4.2.
The following corollary is an immediate result of Proposition 5.5.2.
Corollary 5.5.2. Two channels WN (H̄1 , Σ1 ) and WN (H̄2 , Σ2 ) are equivalent in weak sense,
w

i.e., WN (H̄1 , Σ1 ) ≃ WN (H̄2 , Σ2 ), if there exist A ∈ U (m) and B ∈ U (n) such that H̄1 =
AH̄2 B and Σ1 = (B ⊗ A)Σ2 (B ′ ⊗ A′ ) .
Proof. The proof is essentially the same as the proof of Corollary 5.4.2.
5.5.3

Comparison in capability sense
c

Let (WN , ) denote partial ordering of WN in capability sense. By Definition 5.2.4, for
a pair of fading channels with no CSI, we need to verify the comparability in capability
sense using the mutual information function. Using Definitions 5.2.2 and 5.2.4, it can be
verified that any two channels which are comparable in strong sense, they are comparable
s

in capability sense, but not vice-versa. This means that if WN (H̄1 , Σ1 )  WN (H̄2 , Σ2 ), then
c

WN (H̄1 , Σ1 )  WN (H̄2 , Σ2 ).
Unlike the channels with FCSI (Lemmas 5.4.1, 5.4.2), it is not possible to provide other
sufficient conditions for transitivity of partial ordering in capability sense for channels with
NCSI. However, we can obtain some intuition about the behavior of the mutual information
of channels with NCSI with respect to the line-of-sight component. For every P ∈ PΓ (X),
let I(P, WN (H̄, Σ)) denote the mutual information of the channel WN (H̄, Σ).
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Lemma 5.5.1. Let WN (H̄, Σ) denote a fading channel with NCSI and no correlation at
the receiver. Let λ1 , · · · , λm ∈ [1, ∞) and let WN (diag ({λi }m
i=1 )H̄, Σ) denote another channel. As any λi grows to infinity, the mutual information is globally increasing with a local
uncertainty of size smaller than m log2 (1 + Γα), where α is the maximum eigenvalue of
1 Pm
i=1 Σi and Σi are as in (59).
m
Proof.

I(X; Y ) = I(X; Y |H) − I(X; H|Y )
= I(X; Y |H) − I(X, Y ; H) + I(Y ; H)
= I(X; Y |H) − I(X; H) − I(Y ; H|X) + I(Y ; H)
= I(X; Y |H) − I(Y ; H|X) + I(Y ; H).
It can be inspected that
I(X; Y |H) − I(Y ; H|X) ≤ I(X; Y ) ≤ I(X; Y |H).
Noting that I(Y ; H|X) is a finite value not dependent to H̄, as H̄ changes, I(Y ; H|X)
remains unchanged. By Lemma 5.4.1, as any of λi grows unbounded, I(X; Y |H) grows to
infinity. Hence, both the lower bound and the upper bound on I(X; Y ) grow to infinity.
However, there might be a swing at the maximum amount of I(Y ; H|X). It can be easily
verified that
I(Y ; H|X) ≤ m log2 (1 + Γα),
where α is the maximum eigenvalue of

1
m

P

Σi . This concludes the proof.

By Lemma 5.5.1, we can expect I(P, WN (H̄, Σ)) improves in capability sense as the
line-of-sight component grows. Although, there is a local uncertainty that does not let us
conclude the monotonic increase of the mutual information with respect to the line-of-sight
component, we conjecture that this statement is true. For a certain class of input measures,
however, we are able to show that this conjecture is true.
Theorem 5.5.1. Let WN (H̄1 , Σ) and WN (H̄2 , Σ) denote two fading channels with NCSI
and no correlation at the receiver. Suppose there exists scalars λ1 , · · · , λm ∈ [0, 1] such that
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H̄1 = diag ({λi }m
i=1 ) H̄2 . Let P be an input measure that induces the measure P W2 on the
output space Y of WN (H̄2 , Σ). If the density function of P W2 with respect to the Lebesgue
measure is symmetric and unimodular, then I(P, WF (H̄1 , Σ)) ≤ I(P, WF (H̄2 , Σ)).
Proof. Let P be an input measure to channels WN (H̄1 , Σ) and WN (H̄2 , Σ) and let P W1 and
P W2 be the induced measure on the output space Y of channels WN (H̄1 , Σ) and WN (H̄2 , Σ),
respectively. The mutual information of a channel WN (H̄, Σ) is described as [63]
I(P, WF (H̄, Σ)) =

ZZ

log2

dW(·|x)
dW(·|x)dP.
d(P W)

where W(·|x) is the condition probability measure that governs the channel. Let f (y|x) and
fP (y) denote the density function of W(·|x) and P W with respect to the Lebsegue measure.
We have
ZZ
dW1 (·|x)
I(P, WF (H̄1 , Σ)) − I(P, WF (H̄2 , Σ)) =
log2
dW1 (·|x)dP
d(P W1 )
ZZ
dW2 (·|x)
−
log2
dW2 (·|x)dP
d(P W2 )
ZZ
dW1 (·|x)
(By Duality [63]) ≤
log2
dW1 (·|x)dP
d(P W2 )
ZZ
dW2 (·|x)
−
log2
dW2 (·|x)dP
d(P W2 )
ZZ 

=
f1 (y|x) log 2 f1 (y|x) − f2 (y|x) log2 f2 (y|x) dµY dP
ZZ
+
log2 fP,2 (y)(f2 (y|x) − f1 (y|x))dµY dP
ZZ
(The first term is 0) =
log2 fP,2 (y)(f2 (y|x) − f1 (y|x))dµY dP
Now, without the loss of generality, we may assume that fP,2 (y) ≤ 1, otherwise, we can
introduce a convenient scalar to it. Since fP,2 (y) is unimodal, we can use Theorem C.1.1 in
the appendix (similar to the proof of Lemma 5.4.1) to deduce that for every x, we have
Z

log2 fP,2 (y)(f2 (y|x) − f1 (y|x))dµY ≤ 0.

As a result, we obtain
I(P, WF (H̄1 , Σ)) ≤ I(P, WF (H̄2 , Σ)),
which concludes the proof.
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Theorem 5.5.1 provides some insight to sufficient conditions for the transitivity in the
capability sense. The main problem here is to identify those input measures that satisfy
the hypothesis of Theorem 5.5.1. This is not an easy problem in general. However, for the
case of real-valued SISO channels, we can obtain some simple results, using the following
observation.
Observation 5.5.1. Let fY1 (y) and fY2 (y) be the density functions of two real-valued
Gaussian random variables with variance σ 2 and mean values a and −a, respectively. If
a2 ≤ σ 2 , then the density function

1
2 fY1 (y)

+ 12 fY2 (y) is strictly, monotonically decreasing

with respect to |y|.
Now, we use Observation 5.5.1, to state and prove the following lemma which characterizes a subset of WN that satisfy the hypothesis of Theorem 5.5.1.
Lemma 5.5.2. Let WN (Σ, H̄) be a real-valued SISO channel such that H̄ 2 ≤ Σ. Then,
for every symmetric input measure P ∈ P(X), the density function of the induced output
measure is symmetric, monotonically decreasing function with respect to |y|.
Proof. We recall that f(y|x) is a Gaussian density function with mean value H̄x and variance
Σx2 + 1. Because the input distribution is symmetric, for every pair (−x, x), Observation
5.5.1 holds. More precisely, since for every pair (−x, x), the inequality H̄ 2 x2 ≤ Σx2 + 1
holds, then the density function fY (y) is monotonically decreasing with respect to |y|. This
concludes the proof.
Figure 8 gives the refined partial ordering among fading channels with respect to the
√
channel parameters Σ and H̄, where no CSI is available in receiver. Similar to Figure 7,
every point in Figure 8 represents a channel parameterized by the corresponding line-of-sight
and scattering components. However, unlike the previous case, we can define the triangular
√
√
comparability zones just for H̄ ≤ Σ and the comparability zones for H̄ > Σ are along
c

the rays originating from the origin. For example, it is seen that WN (Σ1 , H̄2 ) ≺ WN (Σ2 , H̄4 ).
Note, however, that WN (Σ1 , H̄2 ) may not be comparable with WN (Σ2 , H̄2 ) in the capability
sense.
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Figure 8: The partial
√ ordering of SISO flat-fading channels are shown with respect to the
channel parameters Σ and H̄, in the absence of CSI at the receiver.

5.6

Summary

We introduced three partial ordering relations to compare multiple antenna channels, namely,
comparison in strong sense, weak sense, and capability sense. We introduced sufficient conditions for transitivity of all three relations for different classes of channels in terms of the
channel parameters such as the line-of-sight and scattering components of the channel statistical law. These conditions enable us to verify whether two channels are comparable only
by a simple investigation on their line-of-sight and scattering components.
Some possible directions for future work are as follows. First, more general sufficient
conditions or possible necessary and sufficient conditions for transitivity are of interest.
Second, we believe that the results of this chapter could be helpful in information theoretic
analysis of compound channels, non-stationary channels, or degraded broadcast channels.
Hence, detailed investigation on such possible applications is another direction for future
work.
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CHAPTER VI

CAPACITY ANALYSIS OF CONTINUOUS ALPHABET
CHANNELS
6.1

Introduction

We consider the capacity analysis for continuous alphabet channels with side information
at the receiver. More precisely, we assume channels where their input, output, state, and
side information alphabets are abstract continuous spaces. For finite alphabet channels,
this problem is well explored in literature, e.g., [19], [82], and [11]. However, the results for
finite alphabet channels are not necessarily generalizable to continuous alphabet channels.
In fact, as shown by Csiszár [16], there are some technical difficulties that one needs to
consider working with continuous alphabet channels including certain analytical notions
and arguments.
In this chapter, we introduce an analytical framework for capacity analysis of continuous
alphabet channels with side information at the receiver. From the practical point of view,
the results of this chapter are useful in capacity analysis for a large class of channels including
fading channels with side information at the receiver. In these channels, since the channel
state (realization) is changing from time-to-time, new challenges are imposed in capacity
analysis of the channel. Moreover, according to how much knowledge we have about the
channel state ahead of the time, one might have a range of scenarios from no channel state
information (CSI) to full CSI, see e.g., [7], [99], [1], [111], and [46]. Hence, a framework is
required that enables us to tackle the capacity analysis for different scenarios in a unified
manner.
After a brief introduction to the problem setup in Section 2, we establish some analytical notion and preliminaries in Section 3. In Section 4, we study the mutual information
function and some of its analytical properties such as strict concavity and continuity. In
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Section 5, we raise the issue of capacity analysis and address necessary and sufficient conditions regarding the existence, uniqueness, and the expression of the capacity-achieving
measure. Finally, Section 6 states some concluding remarks along with some guidelines for
future work.

6.2

Setup

In this section, we introduce the setup for continuous alphabet channels with side information. We assume a discrete-time memoryless channel (DTMC) where X, Y , S, and V
denote the input, output, state, and side information alphabets of a point-to-point communication channel. For the case of finite alphabet channels, the analytical properties of
mutual information and the capacity analysis are well explored in literature, e.g., [19], [11],
[65], [3], and [108]. However, these results are not immediately generalizable to the case
when the alphabets are continuous. In fact, working with continuous alphabets, there are
some technical difficulties that one needs to consider.
In this chapter, we assume that X, Y , S, and V are locally compact Hausdorff (LCH)
spaces [28], e.g., alphabets are like Rn (or Cn ) which are separable [5]. Moreover, the
alphabets are assumed to be associated with a corresponding Borel σ-algebra, e.g., (X, BX ),
(Y, BY ), (S, BS ) are the Borel-measurable spaces denoting the input, output, and the state
alphabets of DTMC, respectively; where BX , BY , and BS denote the Borel σ-algebras of
X, Y , and S, respectively. The DTMC is represented by a collection of Radon probability
measures [28] over (Y, BY ) as follows,
WX,S (Y ) = {W (·|x, s) ∈ P(Y )| x ∈ X, s ∈ S},

(63)

where P(Y ) is the collection of all Radon probability measures over (Y, BY ). Note that the
elements of the set WX,S (Y ) are probability measures over (Y, BY ), that is for each x and
s, W (·|x, s) is a probability measure on (Y, BY ).
We assume that there exists some side information available at the receiver that is
denoted by a measurable space (V, BV ) and characterized by a joint probability measure
Q ◦ R over Y × V . As a result, the side information is modelled by a conditional probability
measure Qv over (S, BS ) for every v ∈ V . This is an appropriate model for side information,
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since it can model a large number of scenarios. For example, one can observe that for the
case of full channel state information (CSI), having v there is no uncertainty on S, hence
Qv is just the dirac measure [28]. On the other hand, when there exists no side information
available at the receiver, the probability measure Qv is some measure Q independent from
v. As a result of existence of side information, the channel can be modelled by conditional
probability measures on (Y, BY ) as follows
∀E ∈ BY , WQv (E|x) =

Z

W (E|x, s)dQv (s).

(64)

Having the above channel model, an n-length block code for the channel is a pair of mapping
(f, φ) where f maps some finite message set M into X n and φ maps Y n to M′ . The mapping
f is called the encoder and the image of M under f is called codebook. Correspondingly,
the mapping φ is called the decoder [19]. Assuming that the channel is memoryless, the
channel from X n to Y n is governed by probability measures
(n)

WQv (E1 × · · · × En |x) =

n
Y
i=1

WQvi (Ei |xi ),

which are conditional measures on the side information vector v = (v1 , v2 , · · · , vn ) ∈ V n .
Since the probability measure on (V, BV ) is R, then the average probability of error for
transmission of message m is defined by
n

e(m, W , f, φ) , 1 −

Z

(n)

WQv (φ−1 (m)|f (m))dRn ,

and the maximum probability of error is defined by e(Wn , f, φ) , maxm e(m, Wn , f, φ).
The channel coding problem is to make the message set M (the rate) as large as possible
while keeping the maximum probability of error arbitrarily low, subject to some constraints
applied to the choice of codebook.
A non-negative rate R for the channel is an ǫ-achievable rate, if for every δ > 0 and
every sufficiently large n there exist n-length codes of rate exceeding R − δ and probability
of error less than ǫ. Correspondingly, the rate R is an achievable rate if it is ǫ-achievable
for all 0 < ǫ < 1. The supremum of achievable rates is called the channel capacity.
There are a number of problems that need to be addressed in capacity assessment of

92

a channel. This includes the capacity value, and the existence, uniqueness, and characterization of the capacity-achieving input measures. In this chapter, we address the above
problems for the introduced channel. In the next section, we introduce some preliminary
background which is necessary in our analysis.

6.3

Preliminary

In this section, we discuss some analytical notions and properties that will be used throughout the chapter.
6.3.1

Weak* topology

Let (X, BX ) be an LCH Borel-measurable space. The weak* topology is defined as follows.
Let C0 (X) denote the space of continuous functions from X to R which vanish at infinity,
i.e.,
C0 (X) = {f : X → R| f is continuous and it vanishes at infinity}.
By Riesz representation theorem [28], the dual space of C0 (X) is isomorphic to the space
of Radon measures M (X) over the measurable space (X, BX ) [28]. To study the effect of
an operation over M (X), there are different topologies that can be considered on M (X).
The only crucial requirement is that the topology should be well behaved with respect to
the operation of interest. In probability theory, where the objects of our interests are the
set of probability measures P(X) ⊂ M (X), weak* topology is used which is the weakest
topology on M (X) defined as follows. For each f ∈ C0 (X), and every open set G ⊆ R, let


Z
U (f, G) , µ ∈ M (X)
f dµ ∈ G .
The collection of all subsets U (f, G) ⊂ M (X) forms a basis for weak* topology on M (X).
Now, the collection of all subsets which are formed by any arbitrary union or finite intersections of the basis subsets form the weak* topology. In the next subsection, we introduce
the notion of convergence associated with weak* topology.
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6.3.2

Convergence

In weak* topology, the convergence phenomenon is called as weak* convergence 1 and defined
w∗

as follows. A sequence of probability measures converges weakly*, denoted by Pn → P if and
R
R
only if f dPn → f dP for all f ∈ C0 (X) [28]. Since our focus is on probability measures
P(X) ⊂ M (X), where all measures have unit norm, this is equivalent to say that a sequence
R
R
w∗
of probability measures converges weakly*, Pn → P if and only if f dPn → f dP for
f ∈ Cb (X), where

Cb (X) = {f : X → R| f is continuous and bounded}
denote the set of all bounded continuous functions.
Given two measures ν and µ over (X, BX ), v is said to be absolutely continuous with
respect to µ denoted by ν ≪ µ, if for every E ∈ BX such that µ(E) = 0, with ν(E) = 0. By
Lebesgue-Radon-Nickodym theorem [28], there exists a µ-integrable function f such that
R
for every E ∈ BX , ν(E) = E f dµ. The function f is unique µ-almost everywhere (a.e.)

and is called the density (Radon-Nikodym derivatives) of ν with respect to µ, denoted by
f =

dν
dµ .

As an example for a sequence of probability measures which is weak* convergent,

let us consider the following proposition.
Proposition 6.3.1. Let (Pn ) be a sequence of probability measures which are absolutely
continuous with respect to some measure µ (e.g. Lebesgue measure). For each n, let fn =
dPn
dµ

denote the density of Pn with respect to µ, and let f be a function such that fn → f
R
w∗
µ-a.e. and f dµ = 1. Then, Pn → P, where P is the probability measure defined as
R
P(E) = E f dµ for every E ∈ BX . Moreover, for every E ∈ BX , P(E) = limn Pn (E).

Proof. Because {fn } are density functions for probability measures {Pn } with respect to µ,
R
we have fn dµ = 1. By Fatou’s lemma, for every E ∈ BX
P(E) =

Z

E

f dµ ≤ lim inf
n

Z

E

fn dµ = lim inf Pn (E).
n

By [88, p. 311], this implies the weak* convergence. Moreover, noting that
1

In textbooks on probability theory, the term vague is used instead of weak*.
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R

E

f dµ +

R

Ec

f dµ =

R

E

fn dµ +

R

Ec

f dµ = 1, we deduce that
Z

f dµ = lim
n

E

Z

fn dµ.

E

This concludes the second part of the assertion.
As mentioned before, associated with a communication channel, there are different alphabets including input, output, state, and side information. We frequently use the product
measure of two or more of these measurable spaces, defined as follows.
Let (X, BX ) bs the input and (Y, BY ) be the output measurable space. Let P and T
be two probability measures over them, respectively. The product space of X and Y is
denoted by (X × Y, BX ⊗ BY ), where BX ⊗ BY is the Borel σ-algebra induced on X × Y .
The probability measure that is induced on (X × Y, BX ⊗ BY ) is denoted by P × T which
is defined as follows,
∀ E ∈ Bx ⊗ BY , (P × T )(E) =

ZZ

E

d(P × T ) =

Z Z

dP dT

Ey

where for every y ∈ Y , Ey = {x ∈ X|(x, y) ∈ E}. To establish some of our results in the
following sections, it is of interest to verify whether the weak* convergence of a sequence of
measures on one of these spaces implies the weak* convergence on the sequence of product
measures. The following proposition is quite useful for this purpose.
Proposition 6.3.2. Let (Pn ) be a sequence of probability measures on (X, BX ) and let T
w∗

w∗

be a probability measure on (Y, BY ). Then, Pn → P implies (Pn × T ) → (P × T ).
Proof. For every open E ∈ BX ⊗ BY , let Ey be as defined before. It is obvious that, for
each y, Ey is an open set in BX . Therefore,
(P × T )(E) =
(By Tonelli’s Theorem) =
([88, p. 311]) ≤

ZZ

E

Z

d(P × T )

P(Ey )dT

Z

lim inf Pn (Ey )dT
n
Z
(Fatou’s lemma) ≤ lim inf Pn (Ey )dT
n

(By Tonelli’s Theorem) ≤ lim inf (Pn × T )(E).
n
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w∗

By [88, p. 311], this implies (Pn × T ) → (P × T ) and concludes the proof.
Note that this can be also generalized for products of higher order. After this brief
introduction to some necessary properties on convergence of probability measures, we now
proceed to discuss the convergence of integrals, which is used to prove the continuity of
mutual information.
6.3.3

Uniform integrability

There exist some common sufficient conditions for convergence of a sequence of integrals
such as monotone convergence theorem (MCT), dominated convergence theorem (DCT),
and generalized dominated convergence theorem (GDCT) [28]. However, in this chapter, we
face a sequence of integrals whose convergence is not verifiable by the mentioned conditions.
For such cases, a less common condition is known as uniform integrability.
Recalling that Radon probability measures are regular [28], i.e., for every ǫ > 0, there
exists a compact subset K ∈ BX such that P(K) ≥ 1−ǫ, we express the following definition.
Definition 6.3.1. Let P ∈ P(X). A collection of functions {fα }α∈A is called uniformly
P-integrable if
sup

Z

α∈A Eα (c)

|fα | dP → 0, as c → ∞

where Eα (c) = {x ∈ X| |fa | > c}.
One might be familiar with a more general definition of uniform integrability for positive
measures [28, p. 92]. We emphasize that Definition 6.3.1 is an equivalent statement for
that general statement which is applicable to finite measures. We refer an interested reader
for more details to [28, p. 92] and [88]. In the following theorem, we show that the
sequence of integrals of a pointwise convergent sequence of uniformly P-integrable functions
is converging.
Theorem 6.3.1. Let P ∈ P(X) and let {fα }α∈A be uniformly P-integrable. Let (fn ) ∈
{fα }α∈A be a sequence such that fn → f P-almost everywhere. Then, f is integrable,
R
R
R
fn dP → f dP, and |fn − f | dP → 0.
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Proof. By definition of uniform integrability, for every ǫ ≥ 0,
∃ cǫ such that ∀α ∈ A,

Z

Eα (c)

fα dP ≤

ǫ
for c ≥ cǫ .
3

For every set E, let χE denote its characteristic function. Let gn,c = fn χEnc (c) . Since
fn → f P -a.e., then gn,c → gc P -a.e. Because |gn,c (x)| ≤ c for all x and n, by DCT, we
R
R
have gn,c dP → gc dP. That is
Z

∀ǫ > 0, ∃N such that

c (c)
En

fn dP −

Z

E c (c)

f dP ≤

ǫ
for n ≥ N.
3

Now, by triangular inequality
Z

fn dP −

Z

Z

f dP ≤

ǫ
ǫ
ǫ
+ + =ǫ
3 3 3

≤
This means that

R

fn dP →

fn dP +
En (c)

Z

c (c)
En

fn dµ −

Z

f dµ +
E c (c)

Z

f dP

E(c)

R

f dP. To prove the other part of the assertion, we recall that
R
since |fn − f | ≤ |fn | + |f |, by GDCT it follows that |fn − f | dP → 0.

Another common scenario that rises in the context of convergence of integrals is the

case that we have a fixed integrand function but a sequence of probability measures. To
deal with such scenario, let us establish the following definition.
Definition 6.3.2. Let PA (X) be a collection of probability measures over (X, BX ). A
function f is called uniformly integrable over PA (X), if
sup
P∈PA (X)

Z

E(c)

|f | dP → 0, as c → ∞

where E(c) = {x ∈ X| |f | > c}.
Using Definition 6.3.2, we state and prove a sufficient condition for the convergence
of the sequence of integrals of a function with respect to a weak* convergent sequence of
probability measures.
Theorem 6.3.2. Let PA (X) be a closed collection of probability measures and let (Pn ) be
a weak* convergent sequence in it. If f is a continuous function and uniformly integrable
R
R
over {Pn }, then f dPn → f dP.
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Proof. For every c > 0, let E(c) = {x ∈ X| |f | > c} and χE(c) be its characteristic function.
By definition of uniform integrability of f over {Pn },
∀ ǫ > 0, n, ∃ cǫ > 0 such that

Z

E(c)

f dPn ≤

ǫ
for c ≥ cǫ .
3

Let gc , f χE c (c) + cχE(c) . Continuity of f over X implies the continuity of gc over X. By
weak* continuity of {Pn },
∀ǫ > 0, ∃ N such that

Z

gc dPn −

Z

ǫ
gc dP ≤ , for n ≥ N.
3

By triangular inequality,
Z

f dPn −

Z

f dP ≤

Z

≤

Z

≤
This means that

R

f dPn →

(f − gc )dPn +
f dPn +
E(c)

ǫ
ǫ
ǫ
+ + = ǫ.
3 3 3
R

Z

Z

gc dPn −

gc dPn −

Z

Z

gc dP +

gc dP +

Z

Z

(f − gc )dP
f dP

E(c)

f dP which concludes the proof.

This theorem concludes our discussion on the convergence of integrals which is used
later to show the continuity of mutual information. In the next subsection, we address
an important topological property of the space of probability measures which is useful in
capacity analysis of continuous alphabet channels.
6.3.4

Compactness

Corresponding to the definition of weak* topology, we have a notion of compactness which is
called as weak* compactness. That is, a family of probability measures PA (X) is relatively
compact if every sequence of measures in PA (X) contains a subsequence which converges
weakly* to a probability measure in the closure of PA (X).2 In general, verification of
relative compactness of probability measures over an abstract space is not an easy task.
However, for complete, separable spaces [28], there is a simple way to verify this property,
as follows.
2

Note that the term “relative” refers to the compactness of closure.
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A family of probability measures PA (X) ⊂ P(X) is tight if for every ε > 0, there is a
compact set K ⊆ X such that supP∈PA (X) P(K c ) ≤ ε. Based on this definition, we restate
the Prokhorov’s theorem from [88].
Theorem 6.3.3 (Prokhorov’s theorem). Let PA (X) be a family of probability measures
defined over the complete separable measurable space (X, BX ). Then PA (X) is relatively
compact if and only if it is tight.
Proof. See [88, pp. 318]
As a result, for X = Rn (or Cn ) together with the Borel σ-algbra BX , it just suffices to
check the hypothesis of Prokhorov’s Theorem.
In information-theoretic analysis of communication channels, there are often some constraints applied to the transmitted signals. Commonly, this is in the form of a maximum or
an average energy constraint [84]. A maximum energy constraint is translated into a restriction of the input alphabet to a bounded subset of X. On the other hand, an average energy
constraint is translated to input measures with a second moment constraint. Restriction
of probability measures to higher moment constraints or a combination of moment constraints are also considered [48]. For the capacity analysis purpose, it is of interest to know
whether such restricted collection of probability measures is compact. For this purpose,
using Prokhorov’s Theorem, the author [16] has shown the following sufficient condition for
compactness of a restricted collection of probability measures.
Lemma 6.3.1. Let g : X → Rk be a nonnegative Borel-measurable function such that the
set KL = {x ∈ X|gi (x) ≤ Li , i = 1, · · · k} is compact for every L ∈ R+k . Then, the
collection
Pg,Γ (X) =

(

P ∈ P(X)

Z

)

gi (x)dP ≤ Γi , i = 1, · · · k ,

is tight and closed, and hence weak* compact for every Γ ∈ R+k .
Proof. See [16, Lem. 1].
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As an example for the the usage of Lemma 6.3.1, one can consider X = Rn along with a
restricting function g(x) = kxk22 and a fixed positive value Γ to easily verify that Pg,Γ (X)
is compact. Note that Lemma 6.3.1 holds in general for a collection of constraints defined
by positive functions {gi } and positive values {Γi } such that each gi satisfies the hypothesis
of Lemma 6.3.1.
This concludes our discussion on analytical preliminary. In the next section, we study the
analytical properties of the mutual information function for channels with side information.

6.4

Mutual information

In the previous section, we provided a preliminary on convergence of integrals, and weak*
compactness of a set of probability measures. In this section, we provide conditions for
weak* continuity of the mutual information over a set of probability measure. We also state
and prove some novel conditions for strict concavity of mutual information. Applications of
these properties will be explored in the next section, where they will be used to address the
existence, uniqueness, and characterization of the capacity-achieving measure for continuous
alphabet channels with side information.
6.4.1

Definition

To present the precise expression of the mutual information, following [16] and [77], we first
express the definition of informational divergence or relative entropy as follows.
For a given measurable space (X, BX ), consider two probability measures P and Q. The
informational divergence between these two measures is defined by
N
N
nX
o
[
P(Ei )
D(PkQ) , sup
P(Ei ) log2
: N ∈ N, Ei ∈ BX disjoint, and X =
Ei . (65)
Q(Ei )
i=1

i=1

This can be viewed as the generalization of relative entropy of probability measures of finite
sets to the probability measures of infinite sets. By (65), it appears that if there exists
an Ei ∈ BX such that Q(Ei ) = 0 but P(Ei ) 6= 0, then D(PkQ) = ∞. Thus, a necessary
condition to have a finite relative entropy between P and Q is that for every E ∈ BX with
Q(E) = 0, P(E) = 0, in other words, P ≪ Q.
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By the log-sum inequality [14], it can be verified that for each partition in the right-hand
side (RHS) of (65), consequent refined partitioning increases the value of the summation.
In fact, as the partitions gets finer, the finite sum in the RHS of (65) gets closer to D(PkQ).
This observation provides intuition to an important result of [77] which expresses D(PkQ)
as

where

dP
dQ

Z
dP

 log2
dP, if P ≪ Q
dQ
D(PkQ) =

 +∞,
otherwise,

(66)

is the density of P with respect to Q [28, p. 91]. In fact, the condition P ≪ Q is

a necessary and sufficient condition for the finiteness of the informational divergence as we
show below.
Proposition 6.4.1. For a pair of probability measures P and Q, D(PkQ) < ∞ if and only
R
dP
if P ≪ Q. Furthermore, |log2 dQ
| dP < ∞ if and only if P ≪ Q.

Proof. The direct part of this statement is proved in [77, p. 20] which is observed by (66).
R
dP
Suppose the inverse part is not true. That is P ≪ Q, but log2 dQ
dP = ∞. Because P is

dP
a finite measure, then for the set E = {x ∈ X : dQ
= ∞} we must have P(E) > 0. On the
R dP
other hand, since P(E) = E dQ
dQ, this requires that Q(E) = 0. This is a contradiction to
R
dP
2
the hypothesis that P ≪ Q. Using the inequality |log2 dQ
| dP ≤ D(PkQ) + e ln
2 from [77,

p. 20], we conclude the rest of the proof.

By the Lebesgue-Radon-Nickodym Theorem [28, p. 90], there exists a positive real
R
dP
valued function f = dQ
such that P(E) = E f dQ. Thus, for P ≪ Q,
D(PkQ) =

Z

dP
dP
log2
dQ =
dQ
dQ

Z

f log2 f dQ.

(67)

Using the expression of relative entropy as (66) and (67), we now introduce a precise expression of mutual information function.
As mentioned before, since side information is available at the receiver, the channel
is described by probability measures WQv (·|x) defined as (64). For an input probability
measure P, let the joint conditional measure of the input and output denoted by P ◦ WQv
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and the marginal output measure denoted by P WQv , defined as follows. For every A × B ∈
BX × BY , we have
P ◦ WQv (A × B) =

Z

A

WQv (B|x)dP,

which results into a marginal probability measure on (Y, BY ) such that,
P WQv (B) =

Z

WQv (B|x)dP.

It can be verified that P ◦ WQv ≪ P × P WQv . On the other hand, P ◦ WQv ≪ P × P WQv if
and only if WQv (·|x) ≪ P WQv P -a.e. As a result, following [16], we can express the mutual
information of the channel as
I(P, WQv |R) =

ZZ

D(WQv (·|x)kP WQv )dPdR
ZZZ
dWQv (·|x)
=
log2
dWQv (·|x)dPdR
d(P WQv )

(68)

where R denotes the probability measure on the space of channel state information (V, BV ).
Note that we deliberately use a different notation for mutual information (as in [19]) rather
than the more common notation expressed in terms of random variables [14]. In the following subsections, we investigate some global and local analytical properties of the mutual
information (68) such as concavity and continuity.
6.4.2

Convexity and concavity

In this part, we address some global analytical properties of the mutual information. For
this purpose, we first study these global properties of the relative entropy and then we
generalize them for mutual information.
The convexity of relative entropy with respect to the convex combination of a pair of
measures is well known [77]. However, to the best of our knowledge, necessary and sufficient
conditions for its strictness were not known before. This is of particular interest to show
the uniqueness of the capacity-achieving measure, as it will be shown later. Hence, in the
following theorem, we state necessary and sufficient conditions for the strict convexity of
relative entropy.
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Theorem 6.4.1. D(PkQ) is convex with respect to the pair (P, Q). That is for given pairs
(P1 , Q1 ) and (P2 , Q2 ) and given scalar 0 < α < 1,
D(αP1 + (1 − α)P2 kαQ1 + (1 − α)Q2 ) ≤ αD(P1 kQ1 ) + (1 − α)D(P2 kQ2 ).
Moreover, the inequality is strict if and only if there exists a set E ∈ BX such that
dP2
dQ2

dP1
dQ1

6=

6= 0 on E and for all nonempty Borel-measurable F ⊆ E, F ∈ BX , P1 (F ) 6= 0 and

P2 (F ) 6= 0.
Proof. For convenience in derivations, let β = 1 − α. Then, it can be verified that Q1 ≪
αQ1 + βQ2 and Q2 ≪ αQ1 + βQ2 . Let g1 and g2 denote the density functions of Q1
and Q2 with respect to αQ1 + βQ2 , respectively. That is dQ1 = g1 d(αQ1 + βQ2 ) and
dQ2 = g2 d(αQ1 + βQ2 ). Note that αg1 + βg2 = 1. Since P1 ≪ Q1 and P2 ≪ Q2 associated
with density functions f1 =

dP1
dQ1

and f2 =

dP1
dQ2 ,

then αP1 + βP2 ≪ αQ1 + βQ2 and d(αP1 +

βP2 ) = (αf1 g1 + βf2 g2 )d(αQ1 + βQ2 ). Thus,
D(αP1 + βP2 kαQ1 + βQ2 ) =

Z

(αf1 g1 + βf2 g2 ) log2 (αf1 g1 + βf2 g2 )d(αQ1 + βQ2 )
Z
Z
By log-sum inequality ≤ α f1 log2 f1 dQ1 + β f2 log2 f2 dQ2
= αD(P1 kQ1 ) + βD(P2 kQ2 ).

For strictness of the inequality, note that in log-sum inequality, for x ∈ X, strictness occurs
if f1 (x) 6= f2 (x) 6= 0 and g1 (x) 6= 0, g2 (x) 6= 0. Let N denote the maximal null set of
αQ1 + βQ2 , then define
E = {x ∈ X\N : f1 (x) 6= f2 (x) 6= 0, g1 (x) 6= 0, g2 (x) 6= 0}.
This set is Borel measurable since f1 , f2 , g1 , g2 are Borel measurable. To have strict inequality, we need E such that (αQ1 + βQ2 )(E) 6= 0. Because, g1 and g2 are nonzero over E,
Q1 (E) 6= 0 and Q2 (E) 6= 0. Since f1 and f2 are also nonzero, P1 (E) 6= 0 and P2 (E) 6= 0. For
every nonempty Borel-measurable subset F ⊆ E, the above argument holds. This proves
the direct part of the assertion.
On the other hand, suppose there exists E ∈ BX with the above definitions such that for
every nonempty Borel-measurable F ⊆ E, P1 (F ) 6= 0, P2 (F ) 6= 0, and f1 6= f2 over F . Let
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Ki = {x ∈ X\N : gi (x) 6= 0} for i = 1, 2. It is clear that both E ∩ K1 6= ∅ and E ∩ K2 6= ∅,
otherwise either P1 (E) = 0 or P2 (E) = 0 which is a contradiction to hypothesis. This means
that (E ∩ Ki ) ⊂ E is a proper subset of E, and by hypothesis Pi (E ∩ Kj ) 6= 0 (i, j ∈ {1, 2}).
This implies that (E ∩ K1 ) ∩ (E ∩ K2 ) 6= ∅. By definition of (E ∩ K1 ) ∩ (E ∩ K2 ), we deduce
that (αQ1 + βQ2 )(E ∩ K1 ∩ K2 ) 6= 0. Thus for the set E ∩ K1 ∩ K2 log-sum inequality holds
strictly. Hence, the inequality would be strict. This concludes the proof.
As an special case of Theorem 6.4.1, we obtain the following corollary.
Corollary 6.4.1. If Q = Q1 = Q2 in Theorem 6.4.1, then the convexity is strict if and
only if there exists a set


dP2
dP1
6
=
6 0
=
K= x∈X :
dQ
dQ
such that Q(K) > 0.
Proof. From Theorem 6.4.1, the strictness holds if and only if there exists E ∈ BX such
that

dP1
dQ

6=

dP2
dQ

6= 0 on E and for every proper F ⊂ E ∈ BX , P1 (F ) > 0 and P2 (F ) > 0.

Taking a nonempty K ⊆ E, the direct part of the assertion is proved.
For the reverse part, suppose there exists a set K as in the hypothesis. Let N be the
maximal null set of Q and let E = K\N . Now, it can be verified that for any proper Borelmeasurable subset F ⊂ E, we have P1 (F ) > 0 and P2 (F ) > 0. This proves the reverse
direction of the assertion.
Now, we use Theorem 6.4.1 and Corollary 6.4.1 to establish the following proposition on
global properties of the mutual information. This can be considered as a generalization of
a similar result in [16] for channels with side information. However, we provide a rigorous
proof for that, since later in the chapter, we use some of the intermediate results.
Proposition 6.4.2. The mutual information (68) is concave with respect to P, convex with
respect to WQv (·|x), and linear with respect to R.
Proof. The linearity with respect to R is clearly seen by (68). The convexity with respect to WQv (·|x) follows by the convexity of D(WQv (·|x)kP WQv ) which can be verified by
Theorem 6.4.1.
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To prove the concavity with respect to the input distribution P, let 0 < α < 1, β = 1−α,
and P = αP1 + βP2 . By linearity, this implies that P WQv = αP1 WQv + βP2 WQv . Pick
an auxiliary probability measures Tv (conditional on v) over Y such that PWQv ≪ Tv ;
the existence of such a measure is obvious. Since, WQv (·|x) ≪ PWQv and PWQv ≪ Tv ,
then WQv (·|x) ≪ Tv . By Proposition 6.4.1, we also know that D(PWQv kTv ) < ∞. Let
us consider the mutual information for a fixed value v, and denote it by I(P, WQv ). As a
result, we can expand it as
dWQv (·|x)
dWQv (·|x)dP
d(P WQv )
ZZ h
dWQv (·|x)
d(P WQv ) i
=
log2
− log2
dWQv (·|x)dP
dTv
dTv
ZZ
ZZ
dWQv (·|x)
d(P WQv )
=
log2
dWQv (·|x)dP −
log2
dWQv (·|x)dP
dTv
dTv

I(P, WQv ) =

ZZ

log2

Now, we can use Fubini’s theorem to change the order of integration in the second term to
obtain:
Z
dWQv (·|x)
d(P WQv )
I(P, WQv ) =
log2
dWQv (·|x)dP − log2
d(P WQv ) (69)
dTv
dTv
ZZ
Z
dWQv (·|x)
d(P1 WQv )
(By Theorem 6.4.1) ≥ α
log2
dWQv (·|x)dP1 − α log2
d(P1 WQv )
dTv
dTv
Z
ZZ
dWQv (·|x)
d(P2 WQv )
dWQv (·|x)dP2 − β log2
d(P2 WQv )
+β
log2
dTv
dTv
ZZ

Noting that P1 WQv ≪ Tv , P2 WQv ≪ Tv and using the above arguments, we can contract
the RHS to obtain
I(P, WQv ) ≥ αI(P1 , WQv ) + βI(P2 , WQv ).
Because, this holds for every v, it holds for their average. Thus, we can deduce that
I(P, WQv |R) ≥ αI(P1 , WQv |R) + βI(P2 , WQv |R).
This concludes the proof.
Proposition 6.4.2 addresses the concavity of the mutual information with respect to
input measures. In the following proposition, we address its strictness.

105

Proposition 6.4.3 (Strictness). The mutual information is strictly concave with respect to
the input measure if and only if the set
n
o
d(P1 WQv )
d(P2 WQv )
E = (y, v) ∈ Y × V :
6=
6= 0
d(P WQv )
d(P WQv )
has (P WQv × R)(E) > 0. Moreover, if Tv is a conditional probability measure on Y such
that P WQv ≪ Tv for all v ∈ V , then strictness holds if and only if the set
n
o
d(P1 WQv )
d(P2 WQv )
E = (y, v) ∈ Y × V :
6=
6= 0
dTv
dTv
has nonzero measure with respect to the product measure Tv × R.
Proof. The proof follows from considering the proof of Proposition 6.4.2 together with
Corollary 6.4.1. For a fixed v, by Corollary 6.4.1 if there exists a set Ev such that
d(P2 WQv )
d(P WQv )

d(P1 WQv )
d(P WQv )

6=

6= 0 and PWQv (Ev ) > 0, then strictness holds. To have strictness in total, we need

to have it for R-almost everywhere. The proof of the special case is immediate by definition
of E.
We conclude our discussion on convexity and concavity properties of the mutual information. In Section 5, we will discuss the application of these properties in capacity analysis
of continuous alphabet channels.
6.4.3

Continuity

So far, we have discussed about the compactness of the set of input probability measures,
and some global properties of the mutual information. In this part, we discuss about the
continuity of the mutual information in the sense of weak* topology. However, before
expressing the main result of this part, let us introduce a useful inequality.
Lemma 6.4.1. For a channel with side information as specified by WQv (·|x) (64), let
ZZZ
dWQv (·|x)
|I|(P, WQv |R) ,
log2
dWQv (·|x)dPdR.
d(P WQv )
Then, the following inequalities hold
I(P, WQv |R) ≤ |I|(P, WQv |R) ≤ I(P, WQv |R) +
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2
.
e ln 2

Proof. The first inequality is obvious. The second inequality follows from a simple obser1
vation that − e ln
2 ≤ x log 2 x. As a result, we have |x log 2 x| ≤ x log2 x +

2
e ln 2 .

Using this

observation, the proof of the second inequality is rather obvious.
We now state and prove an important sufficient condition for the continuity of mutual
information.
Theorem 6.4.2. Consider a channel with side information which is described by WQv (·|x),
together with a closed collection of input probability measures PA (X). Suppose there exists
a measure T on (Y, BY ) such that WQv (·|x) ≪ T and fQv (y|x) ,

dWQv (·|x)
.
dT

If

a. The density function fQv (y|x) is continuous over X×Y ×V , and fQv (y|x) log2 fQv (y|x)
is uniformly integrable over {T × P × R | P ∈ PA (X)}.
b. For fixed y and v, the function fQv (y|x) is uniformly integrable over PA (X).
Then, the mutual information function is bounded and weak* continuous over PA (X).
Proof. To show the continuity of I(P, WQv |R), we need to show that for every sequence
w∗

Pn → P, we have I(Pn , WQv |R) → I(P, WQv |R). For this purpose, using Proposition 6.4.1,
similar to the proof of Proposition 6.4.2, we decompose the conditional mutual information
into two terms.
dWQv (·|x)
dWQv (·|x)dPdR
d(P WQv )
ZZZ
ZZ
dWQv (·|x)
d(P WQv )
=
log2
dWQv (·|x)dPdR −
log2
d(P WQv )dR
dT
dT
ZZZ
ZZ
=
fQv (y|x) log2 fQv (y|x)dT dPdR −
fP,Qv (y) log2 fP,Qv (y)dT dR.

I(P, WQv |R) =

ZZZ

log2

Momentarily, we assume that both terms are finite, then we provide evidence for this assumption. Thus, we just need to show that both terms are bounded and continuous over
PA (X).
w∗

w∗

Continuity of the first term: Since Pn → P, by Proposition 6.3.2, we have T × Pn × R →
T × P × R. Because fQv (y|x) is continuous, so is fQv (y|x) log2 fQv (y|x). By hypothesis,
fQv (y|x) log 2 fQv (y|x) is uniformly integrable over {T × P × R | P ∈ PA (X)} (Definition
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6.3.2). Therefore, using Theorem 6.3.2, we deduce that
ZZZ
ZZZ
fQv (y|x) log 2 fQv (y|x)dT dPn dR →
fQv (y|x) log2 fQv (y|x)dT dPdR.
This proves the continuity of the first term. The finiteness of the first term is immediate
by the uniform integrability property.
Continuity of the second term: For fixed y and v, since fQv (y|x) is uniformly integrable
w∗

over PA (X), by Theorem 6.3.2, we deduce that Pn → P implies the pointwise convergence
of fPn,Qv (y) → fP,Qv (y). By continuity of the log2 , we deduce the pointwise convergence of
fPn ,Qv (y) log2 fPn ,Qv (y) → fP,Qv (y) log2 fP,Qv (y). It just remains to show the convergence
of their integrals with respect to T × R. For this purpose, we proceed as follows.
By Lemma 6.4.1, for every n,
2
+ fP ,Q (y) log2 fPn,Qv (y)
e ln 2 Z n v
2
By log-sum inequality ≤
+ fQv (y|x) log 2 fQv (y|x)dPn .
e ln 2

|fPn ,Qv (y) log2 fPn ,Qv (y)| ≤

But, we have already shown that the integration of the RHS over T × R results to a convergent sequence of integrals. Thus, by the generalized Dominated Convergence Theorem
[28, p. 59], we deduce that
ZZ
ZZ
fPn ,Qv (y) log2 fPn,Qv (y)dT dR →
fP,Qv (y) log2 fP,Qv (y)dT dR
This implies the continuity of the second term. Note that its finiteness is obvious. Since
both terms are finite and continuous, we deduce the continuity of mutual information. This
concludes the proof.
So far, we have discussed about the conditions for compactness of the set of input
probability measures and the strict concavity and continuity of the mutual information.
The following section demonstrates the application of these results for capacity analysis
purposes.

6.5

Capacity analysis

In this section, we address the capacity analysis of continuous alphabet channels with side
information. We provide a coding and converse coding argument for the channels of our
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interest and we show the fact that the capacity of these channels is the supremum of the
conditional mutual information function over the set of input measures. Moreover, we
address the existence, uniqueness, and the characterization of the capacity-achieving input
measure.
6.5.1

Channel capacity

Consider the channel of interest described by WQv (·|x). Let g : X → Rk be a nonnegative
Borel-measurable function that satisfies the hypothesis of Lemma 6.3.1. Let Γ ∈ R+k and
Pg,Γ (X) defined as in Lemma 6.3.1. We show that
C=

sup
P∈Pg,Γ (X)

I(P, WQv |R)

(70)

is the capacity of the channel of our interest. Precisely, we show that any rate R ≤ C is
achievable and any rate R > C is not achievable. This problem has been addressed for
arbitrary varying channels with general alphabets at [16]. For the sake of completeness, we
use the results of [16] to express the coding and converse coding theorem for the case of
continuous alphabet channels with side information.
Lemma 6.5.1 (Converse Coding Lemma). Consider a collection of probability measures
Pg,Γ (X) on X. For any δ > 0, there exists n0 and ǫ > 0 such that for every code (f, φ) of
length n ≥ n0 with N codewords whose empirical measures all belong to Pg,Γ (X), if
1
log2 N >
sup I(P, WQv |R) + δ,
n
P∈Pg,Γ (X)
then e(Wn , f, φ) > ǫ.
Proof. The proof follows from [16, Lemma 6]. We note that, here, the channel has just
one strategy and we can consider Y × V as the output alphabet of our channel. Since V
is independent from the input, we can simplify the results of [16, Lemma 6] to obtain our
assertion.
By Lemma 6.5.1, we can easily verify that any rate R > C is not achievable. Suppose
not, i.e., suppose R > C is achievable. That is for every δ > 0 and ǫ > 0 there exists n0
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such that for every n > n0 , there exists a code with at least ⌈2n(R−δ) ⌉ and error probability
less than ǫ. But this is a contradiction to the assertion of Lemma 6.5.1.
Now, inspired by [16, Thm. 1], we state the coding theorem.
Theorem 6.5.1 (Coding Theorem). For every positive number δ, there exists integer n0
and γ > 0 such that for block length n ≥ n0 for any prescribed codeword type P ∈ Pg,Γ (X)
there exists a code with N codewords, each of type P, such that
1
log2 N > I(P, WQv |R) − δ and e(Wn , f, φ) < 2−nγ .
n

Proof. The proof is by [16, Thm. 1], first consider Y × V as the output alphabet of the
channel. Then, noting that the CSI, V , is independent from the input, we can simplify the
results of [16, Thm. 1] to obtain our assertion.
Since the result of Theorem 6.5.1 holds for every input measure, it holds for their
supremum. Hence, we can deduce that for every δ > 0 and sufficient large block length,
there exist codes with rate R > supP∈Pg,Γ (X) I(P, WQv |R)−δ. Because this is true for every
δ > 0, using the Converse Coding Lemma, we deduce that the channel capacity is
C=

sup
P∈Pg,Γ (X)

6.5.2

I(P, WQv |R).

Existence

In this part, we give a sufficient condition for the existence of an optimal input measures,
say Po , such that the capacity is achievable by some code with codewords of type Po .
Proposition 6.5.1. Let PA (X) denote a weak* compact collection of probability measures on (X, BX ) and let the channel be described by WQv (·|x). If the mutual information
I(P, WQv |R) is continuous over PA (X), then it is bounded and achieves its maximum on
PA (X).
Proof. We claim that the range of I(P, WQv |R) is bounded. Suppose not. Then, for every
n ∈ N , there exists Pn ∈ PA (X) such that I(Pn , WQv |R) ≥ n. But the sequence (Pn )∞
n=1
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belongs to PA (X) which is a weak* compact family. By definition this means that there
w∗

exists a weak* convergent subsequence Pnk → P. By closedness of PA (X), we know that
P ∈ PA (X), hence I(P, WQv |R) is finite. This is a contradiction to I(Pn , WQv |R) ≥ n.
Thus, the range of mutual information function is bounded.
Since the range is bounded, it has a supremum. Let us denote this supremum value by
M . By definition of supremum, for every n, there exists Pn such that I(Pn , WQv |R) ≥ M − n1 .
w∗

By weak* compactness of PA (X), there exists a weak* convergent subsequence Pnk → P.
By continuity of I(P, WQv |R), limk I(Pnk , WQv |R) → I(P, WQv |R). This requires that
M = I(P, WQv |R) which means that the maximum is achieved by P.
Since Pg,Γ (X) is weak* compact and I(P, WQv |R) is continuous over Pg,Γ (X), by
Proposition 6.5.1, there exists a capacity-achieving measure in Po ∈ Pg,Γ (X). In the next
part, we address a condition for the uniqueness of the capacity-achieving measure.
6.5.3

Uniqueness

The problem of uniqueness of the capacity-achieving measure is of interest both from practical and theoretical standpoints. In this part, we address sufficient conditions for the
uniqueness of the capacity-achieving measure.
Proposition 6.5.2. Suppose PA (X) is a convex set of input measures and WQv (·|x) denotes a channel with side information. Assuming the existence of a capacity-achieving input
measure Po , it is unique upon the satisfaction of the hypothesis of Proposition 6.4.3.
Proof. Suppose there exists another input measure P∗ ∈ PA (X) that achieves the capacity,
also. For Po and P∗ , if the hypothesis of Proposition 6.4.3 be satisfied, then their convex
combination achieves a higher mutual information which is a contradiction.
6.5.4

Characterization

Now, we show how to characterize the capacity-achieving probability measure. Let g :
X → Rk be a continuous positive function that satisfies the hypothesis of Lemma 6.3.1,
and let G ∈ R+k . By Lemma 6.3.1 the set of probability measures Pg,Γ (X) is weak*
R
compact. Since the functionals gi dP are linear over the space of probability measures, the
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constraints

R

gi dP ≤ Γi make Pg,Γ (X) a convex set. Suppose that the mutual information

function is weak* continuous over Pg,Γ (X). By Proposition 6.5.1, the mutual information
function assume its maximum over Pg,Γ (X). Through discussions that was shown in the
section for coding and converse coding theorem this maximum defines the capacity of the
channel. The problem is how to characterize this measure.
Similar to [1], to characterize the capacity-achieving measure, we use the global theory
of constrained optimization [67] which uses Lagrange multipliers to facilitate optimization
problem. Applying the results of [67, p. 217] to our optimization problem, we obtain the
following result.
Lemma 6.5.2. Let C = supPg,Γ (X) I(P, WQv |R). Then, there exists an element γ ∈ R+k
such that


Z

gi dP − Γi : for all P ∈ Pg,Γ (X) .
C = sup I(P, WQv |R) − γi
Furthermore, this supremum is achieved by a probability measure P ∗ ∈ Pg,Γ (X) such that
R
γi gi dPo = γi Γi for i = 1, · · · , k.

Proof. It suffices to show that our optimization problem satisfies the hypothesis of [67,
R
Theorem 1, p. 217]. Here, we have Pg,Γ (X) as Ω, gi dP as the convex constraint functions,
and the mutual information is a concave function where its negative is our objective function
over Ω. As we have discussed before, Pg,Γ (X) is a nonempty, weak* compact, and convex
set. Since mutual information is weak* continuous over it, C is finite. By Theorem 1 at
[67, p. 217], there exists γ ≥ 0 that results the first assertion. Moreover, since mutual
information achieves its maximum over PΓ (X), then the second assertion holds.
To obtain the optimum probability measure in Lemma 6.5.2, we need some simplifying
necessary and sufficient conditions which we define as follows. Let
k
Z

X
γi
f (P) , I(P, WQv |R) −
gi dP − Γi .

(71)

i=1

It can be inspected that for every P ∈ Pg,Γ (X), f (P) < ∞. This comes from the finiteness
of both terms. Note that the second term is finite by definition of Pg,Γ (X), and the
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finiteness of the first term follows from Proposition 6.5.1. The weak* continuity and the
concavity of (71) follows similarly. Similar to the definition of Gateaux differential [67, p.
171], if for θ ∈ [0, 1], the limit
1
δf (P o , P) , lim [f (θP + (1 − θ)Po ) − f (Po )].
θ↓0 θ

(72)

exists, we call it the differentiation of Po with increment of P. If (72) exists for all P ∈
Pg,Γ (X), we say that f is differentiable at Po . Now, we state and prove the following
theorem.
Theorem 6.5.2. The supremum of f is obtained by Po ∈ Pg,Γ (X) if and only if f is
differentiable at Po and δf (P o , P) ≤ 0 for every P ∈ Pg,Γ (X).
Proof. To prove the necessity, take any P ∈ Pg,Γ (X). For 0 ≤ θ ≤ 1, let Pθ = θP+(1−θ)Po .
By convexity of PΓ (X), Pθ ∈ PΓ (X). Since f attains its supremum on Po , then f (Pθ ) ≤
f (Po ) which implies that

f (Pθ )−f (Po )
θ

≤ 0. This implies that δf (P o , P) ≤ 0 upon its existence.

Moreover, since f is a concave function with respect to P, we know that θf (P) + (1 −
θ)f (Po ) ≤ f (Pθ ). This implies that
f (P) − f (Po ) ≤

1
[f (Pθ ) − f (Po )].
θ

Since both f (P) and f (Po ) are finite, 1θ [f (Pθ ) − f (Po )] is bounded below for all values of
w∗

θ. Since θ → 0 implies that Pθ → Po , by weak* continuity of f , we have f (Pθ ) → f (Po ).
Moreover,

1
θ [f (Pθ )

− f (Po )] is bounded, then the existence of its deleted limit at θ = 0 is

immediate [5, p. 175]. Therefore, for all P ∈ Pg,Γ (X), δf (P o , P) exists and δf (P o , P) ≤ 0.
This concludes the proof of the necessity.
To prove sufficiency, we proceed by contradiction. Suppose not, that is there exists a
probability measure P ∗ such that f (P ∗ ) > f (Po ). By concavity of f , we would have
f (θPo + (1 − θ)P ∗ ) ≥ θf (Po ) + (1 − θ)f (P ∗ ) ≥ f (Po )
which creates a contradiction to non-positiveness of the differentiation.
Now, to characterize the capacity-achieving probability measure P, by Theorem 6.5.2,
it suffices to check the sign of δf (P o , P) for all P ∈ Pg,Γ (X). Recalling the finiteness of the
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following terms, one can easily verify that
δf (P o , P) =

ZZ
−

[D(WQv (·|x)kPo WQv ) −

ZZ

k
X

γi gi (x)]dPdR

i=1

[D(WQv (·|x)kPo WQv ) −

k
X

γi gi (x)]dPo dR

i=1

Noting that Po is the capacity-achieving measure, by Theorem 6.5.2 this means that
ZZ

[D(WQv (·|x)kPo WQv ) −

k
X
i=1

γi gi (x)]dPdR ≤ C −

k
X

γi Γi

(73)

i=1

for all P ∈ Pγ (X). The following result simplifies this condition more.
Theorem 6.5.3 (Kuhn-Tucker conditions). The capacity-achieving measure is Po if and
only if there exists γ ≥ 0 such that
∀ x ∈ X,

Z

D(WQv (·|x)kPo WQv )dR −

k
X
i=1

γi gi (x) ≤ C −

k
X

γi Γi

(74)

i=1

where the equality holds for Po -almost everywhere.
Proof. The inverse part can be verified immediately from Theorem 6.5.2 and (73). For the
direct part, since P is arbitrary, we can take P as dirac measures in different points, which
results in the asserted inequality. By (73) and Theorem 6.5.2 we conclude the optimality
of Po . For the rest of the assertion, suppose that is not true. That is there exists a set
E ∈ BX such that Po (E) > 0. Now taking the integration of LHS of (74) and decomposing
the integration over E and E c , one can verify that this assumption results to the inequality
P
P
C − ki=1 γi Γi < C − ki=1 γi Γi which is a contradiction.
Theorem 6.5.3 provides the necessary and sufficient conditions for the capacity-achieving

measures in its most general form for continuous alphabet channels with side information
at the receiver. Similar results are known for finite alphabet channels [19], [41] and [8]. For
these channels, systematic algorithms are known to find the capacity-achieving measure [8].
In contrast, such algorithms are not known for continuous alphabet channels. However, we
might be able to find the solution of Theorem 6.5.3 for special classes of channels.
Because of the importance of Theorem 6.5.3, let us express the assertion of Theorem
6.5.3 more intuitively. For a given probability measure P on (X, BX ), the support is defined
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as
SX (P) = {x ∈ X| ∀ open U ∈ BX that contains x, P(U ) > 0}.
The capacity-achieving measure is such that the equality in (74) occurs if and only if x ∈
SX (P).
In an effort to characterize the support of the capacity-achieving measure, we proceed
as follows. Suppose X = Cn and let define ρ : X → R as
ZZ
k
k
X
X
ρ(x) ,
[D(WQv (·|x)kPo WQv ) −
γi gi (x)]dPdR +
γi Γi − C.
i=1

(75)

i=1

Let Z = C2n and consider the extension ρ : Z → C by replacing Re(xi ) = zi and Im(xi ) =

zn+i , corresponding to a natural embedding ξ : X → Z. This means that ρ(z) is realvalued for z ∈ Rρ (Z), where Rρ (Z) denotes the range of ρ. For every set U ⊆ Z, let
XU = ξ −1 (U ∩ Rρ (Z)) denote the inverse image of U under ξ. Using the properties of
analytic functions [74], we state and prove the following proposition.
Proposition 6.5.3. Let ρ(z) be analytic on an open set U ⊆ Z, and let XU be the inverse
image of U under ξ. If SX (Po ) ∩ XU has an interior point, then XU ⊆ SX (Po ).
Proof. Suppose SX (Po ) ∩ XU has an interior point, say for example xo . Then, there exists
an ǫ > 0 and an open ball of radius ǫ centered at xo , Bǫ (xo ), such that Bǫ (xo ) ⊆ SX (Po ).
This means that the ρ(x) = 0 on Bǫ (xo ), and consequently ρ(z) = 0 on ξ(Bǫ (xo )) ∩ U . Let
zo = ξ(x0 ). Since ρ(z) is analytic on zo ∈ U , there exists an open ball Br (zo ) ∈ U (for some
r > 0) such that ρ(z) can be represented as a Taylor series expansion on Br (zo ) [62]. Since
ρ(x) = 0 on Bǫ (xo ), the coefficients of the Taylor expansion are all zero. This implies that
ρ(z) = 0 on Br (zo ). By Uniqueness Theorem [62, p. 12], [74], we conclude that ρ(z) = 0 on
U . This means that ρ(x) = 0 on XU which implies that XU ⊆ SX (Po ).
By Proposition 6.5.3, one can verify that if for some channel the function ρ(z) is analytic
on Z, then either the support includes no interior point or it is equal to X.
This concludes our discussion on capacity-analysis of continuous alphabet channels with
side information. In the next chapter, we provide some examples to illustrate how these
results can be used in practice.
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6.6

Summary

In this chapter, we based a unified analytical framework for capacity analysis of continuous
alphabet channels with side information (at the receiver). We studied the mutual information function and some of its analytical properties such as strict concavity and continuity.
For this purpose, we introduced the weak* topology, and we established necessary and sufficient conditions for strict concavity and continuity of the mutual information based on
the weak* topology. We then raised the issue of capacity analysis and addressed issues
regarding the existence, uniqueness, and the expression of capacity-achieving measure. We
have provided an example to show how the analytical results of this chapter are used in
application.
The results of this work can be used for capacity analysis of different classes of channels.
Specifically, as it will be shown in the next chapter, these results are useful for capacity
assessment of multiple antenna fading channels, fast or slow, Rician or Rayleigh, with
partial or no CSI at the receiver, where the input probability measure could be subject to
any combination of moment constraints.
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CHAPTER VII

APPLICATIONS TO MULTIPLE ANTENNA CHANNELS
7.1

Introduction

Multiple antenna architectures have an increasingly important role to play in emerging
wireless communication networks, particularly at base stations in cellular systems. Indeed,
when used in conjunction with appropriately designed signal processing algorithms, such
architectures can dramatically enhance performance. However, in order to make efficient
use of the resources, it is necessary to understand the fundamental limits of these systems.
Because of the time varying nature of these channels, the channel state (realization)
is changing from time-to-time, which imposes new challenges in determining the capacity
of the channel. For this purpose, it is essential to know how much knowledge we have
about the channel states ahead of time. In fact, the more we know about the channel state,
the better we can use the channel. In practice, obtaining channel state information (CSI)
requires some sort of training sequence. Thus, depending on the application, we might have
a range of scenarios from no CSI to full CSI.
For stationary flat-fading channels, information theoretic properties and optimal coding
strategies depend on the amount of CSI. For example, if full CSI is available at both the
transmitter and the receiver, then the capacity-achieving input distribution is Gaussian,
and the optimal encoder employs a power adaptation algorithm (water pouring), see e.g.
[44], [43], [45]. For the case of multiple antennas, the power adaptation should be done on
both space and time where a beam former is also included in the algorithm [46]. In contrast,
in the presence of full CSI at just the receiver, the capacity of the channel is known to be
the average capacity of a family of additive white Gaussian noise (AWGN) channels which
are parameterized by the channel gain. The capacity-achieving input distribution for such
channels is also Gaussian [7], [11], where the encoder uses the same average power over
all time instances. The problem is also well investigated for multiple antenna channels
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in the presence of i.i.d. Rayleigh fading [30], [99]. In fact it was after the information
theoretic results [30] and [99] on the capacity of multiple-input multiple-output (MIMO)
channels with full CSI, where efficient coding techniques have been found as an area of
active research. Current issues in this area are the capacity and the capacity-achieving
measures in the presence of correlation or the Rician fading [61], [89], [12], [66], [87], and
[93].
Unlike these scenarios, the capacity and capacity-achieving distributions for fading channels in the absence of CSI, such as applications where the fading changes rapidly, are generally unknown even for the case of single-input single-output (SISO) channels. To the best
of our knowledge, [1] was the first rigorous result in this area that addressed the capacityachieving input distribution (subject to an average power constraint) for Rayleigh channels.
Unlike Rayleigh channels, the capacity and capacity-achieving input distributions for Rician
channels in the absence of CSI are still unknown. For low signal-to-noise ratio, [48] showed
that the capacity-achieving input distribution (subject to second and fourth moment constraints) is discrete. Asymptotic upper bound and lower bound for the capacity of fading
channels are derived in [64], subject to a maximum-power constraint. More results can be
found in [63], and [111].
For the case of MIMO with no CSI, the capacity and capacity-achieving distributions for
these channels in the general form are still unknown even for the Rayleigh case. However,
in [68], Hochwald and Marzetta have addressed the capacity problem for Rayleigh channels
under certain assumptions on the SNR regime and on the ratio of the number of transmitters
to the coherence time of the channels.
In this chapter, we use the results of the previous chapter and study the capacity problem
of MIMO systems in a unified manner, irrespective of the type of fading, the correlation
profile, and the amount of available knowledge about the CSI at the receiver. More precisely,
we study the capacity problem for AWGN channels, fading channels with full CSI at the
receiver, fading channels with no CSI, and fading channels with partial CSI at the receiver.
For each type of channels, we investigate its capacity as well as issues such as the existence,
uniqueness, and characterization of the capacity-achieving measures of multiple antenna
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channels subject to different types of input moment constraints. The organization of this
chapter and a summary of our contributions are as follows.
In Section 2, we introduce the multiple antenna system setup. In Section 3, we address
the capacity analysis of AWGN channels. Let X and Y denote the input and output
alphabets of the channel. For moment constraints of type E (kxkηη ) (1 ≤ η), i.e., η-norm,1
we show that capacity-achieving measure, Po , exists uniquely. We show that if η > 2, the
capacity-achieving measure has a bounded support with no interior point. In contrast, if
1 ≤ η ≤ 2, then a necessary condition for the Po is that for sufficiently large y in the column
η

2

space of H̄, supr≥0 e−r Po (ky − H̄xk2 ≤ rσ) = O(e−αkykη ) for some α > 0. For the case of
η = 2, we also derive the capacity-achieving measure for these channels using Kuhn-Tucker
conditions, where the result is the same as previously known results in [99].
In Section 4, we address the capacity analysis of MIMO fading channels with full CSI at
the receiver for Rayleigh or Rician channels with arbitrary correlation profile. For moment
constraints of type E (kxkηη ) (1 ≤ η), we show that capacity-achieving measure, Po , exists
uniquely. We show that if η > 2, the capacity-achieving measure has a bounded support
with no interior point. In contrast, if 1 ≤ η ≤ 2, then a necessary condition for Po is that for
η

2

almost every v ∈ V = Cm×n , supr≥0 e−r Po (ky − vxk2 ≤ rσ) = O(e−α(v)kykη ) for sufficiently
large y in the column space of v and for some positive function α : V → R+ . We also derive
the capacity-achieving measure for these channels using Kuhn-Tucker conditions, where our
results reduces to the results of [99] for the case of isotropic Rayleigh channels.
In Section 5, we address the capacity analysis of MIMO fading channels with no CSI at
the receiver for Rayleigh or Rician channels with arbitrary correlation profile. For moment
constraints of type E (kxkηη ) (1 ≤ η), we show that capacity-achieving measure, Po , exists
uniquely. We show that if η > 2, the capacity-achieving measure has a bounded support
with no interior point. In contrast, if 1 ≤ η ≤ 2, a necessary condition for the capacityachieving measure is
η

Po (kyk2 ≤ kxk2 , R(y) ⊆ R(x)) = O(e−αkykη ),
1

Refer to [28] for definition of η-norm.
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where R(·) denote the row space of a matrix, and α > 0 is a constant.
In Section 6, we address the capacity analysis of MIMO fading channels with partial
CSI at the receiver. We consider a certain class of estimators where the channel information
is jointly Gaussian with the channel realization. For moment constraints of type E (kxkηη )
(1 ≤ η), we show that capacity-achieving measure, Po , exists uniquely. We show that if
η > 2, the capacity-achieving measure has a bounded support with no interior point. In
contrast, if 1 ≤ η ≤ 2, a necessary condition for the capacity-achieving measure is
η

∀v ∈ V, Po (kyk2 ≤ λmin (v)kxk2 , R(y) ⊆ R(x)) = O(e−α(v)kykη ),
where R(·) denotes the row space of a matrix, V denotes the state information space, λmin (v)
denotes the minimum eigenvalue of the covariance of channel realization conditioned on v,
and α : V → R+ is a positive function.
Finally, Section 7 states some concluding remarks along with some directions for future
research.

7.2

General System Model

We assume a wireless communication system employing n transmit and m receive antennas,
where the baseband model of the channel is described by a discrete-time model as follows.
For each pair of transmit and receive antennas, (s, r), the path from transmit antenna s
to receive antenna r is represented by a complex symbol hrs called the path gain. Let
H ∈ Cm×n denote an m × n matrix with hrs ’s as its entries which is known as the channel
state or channel realization.2 Correspondingly, we denote the space of all possible states as
H = Cm×n .
We assume a block channel model where in each block the channel is used L ≥ 1 times
which is called the block-length. In each channel use, all antennas are used simultaneously,
and n complex symbols are transmitted through n transmit antennas. We assume the
channel is governed by a linear statistical model as follows.
2

To clarify any confusion which might be raised by this notion in comparison to our notion in the
previous section, one should note that channel realization matrix, H, denotes the state of the channel which
was previously shown as s. The reason of this change is to comply with the common notion in the literature
of MIMO channels.
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Let X = Cn×L and Y = Cm×L denote the input and output alphabets, respectively. At
each block k, a matrix xk ∈ X is transmitted through the transmit antennas and a matrix
yk ∈ Y is received in receiver which is described by
yk = Hk xk + zk ,

(76)

where zk ∈ Cm×L denotes the additive noise and at block k. We assume that the noise
matrices are temporally independent, with identically distributed (i.i.d.) complex normal
entries which have zero mean and variance σ 2 , i.e., CN (0, σ 2 ). We assume that the channel
state remains unchanged during each block, but it might change after each block. We
assume that at each block, there exists an element vk available at the receiver that gives
some information about the channel state Hk . This enables us to consider a broad range
of channel state information (CSI) scenarios from no CSI where vk and Hk are statistically
independent, to full CSI where conditioned on vk there is no uncertainty about Hk . We
assume that the elements vk belong to a Borel-measurable space V and there exists a joint
measure Q ◦ R on H × V such that the input alphabet X is statistically independent from
H × V . To fully characterize the probabilistic properties of the channel, we need to specify
the joint probability measure Q ◦ R. However, we postpone this to later sections where we
address it in different scenarios.
We assume that there exists a nonnegative continuous function g : X → R+ and a
positive value Γ > 0, such that for a K-length block code, the codewords are chosen to
P
η
satisfy K1 K
k=1 g(xk ) ≤ Γ. Motivated by practical scenarios, we consider g(x) = kxkη

(1 ≤ η < ∞). The most common choice is g(x) = kxk22 (the Frobenius norm) where Γ is
the average energy per block. By the Law of Large Numbers [88, p. 325], as K grows to
infinity, this is equivalent to assuming that the empirical measures of codes are obtained
from a set of input probability measures which are characterized by a continuous positive
function g(x) together with a real value Γ > 0 as follows,
Z
n
o
Pg,Γ (X) = P ∈ P(X) |
g(x)dP ≤ Γ .

Note that for the choice g(·) = kxkηη (1 ≤ η < ∞),3 one can easily verify that g satisfy the
3

Refer to [28] for the definition of η-norm.
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hypothesis of Lemma 6.3.1, hence, Pg,Γ (X) is weak* compact.
It just remains to specify the generic statistical law that governs the channel, that
is to describe W (·|x, H). For this purpose, we recall that the additive white noise is a
complex normal random matrix with i.i.d. components. Hence, the channel is described
by the conditional measure, W (·|x, H), which is absolutely continuous with respect to the
Lebesgue measure, i.e. W (·|x, H) ≪ µY , with the density function
2

f(y|x, H) =

ky−Hxk2
1
−
σ2
e
.
π mL σ 2mL

(77)

Let define an auxiliary measure T as follows,
∀ E ∈ BY ,

1
T (E) =
βπ mL σ 2mL

Z

−

e

p
α2 kyk
2
σ2

dµY ,

(78)

E

where 1 < p ≤ 2 and 0 < α < 1 are free variables and β > 0 is chosen such that T has a
unit norm. Since (77) is nonzero, one can verify that W (·|x, H) ≪ T for all x and H and
the density function of W (·|x, H) with respect to T is described by
2 kykp −ky−Hxk2
2
2
σ2

α
dW (·|x, H)
fT (y|x, H) ,
= βe
dT

7.3

.

(79)

Additive White Gaussian Noise Channels

In this section, we consider a class of wireless channels where the physical media between
the transmitter and receiver remains unchanged throughout the communication. In this
case, we assume that the channel is governed by a linear model as (76), where the channel
states (realizations) are Hk = H̄ for all blocks, where H̄ is known both at the transmitter
and receiver. Thus, we characterize the channel just by the matrix H̄ and to emphasize
that a channel is Gaussian, we use a subscript “G” and denote the channel by WG (H̄).
Since H̄ is known, there is not advantage of taking L > 1. Hence, throughout this section,
we assume L = 1.
In the framework of the general system model, we consider V = H where the probability
measure Q ◦ R on H × V is a point mass measure (Dirac measure) [28] at (H̄, H̄). This can
be observed as follows. Since with the knowledge of v at the receiver, there is no uncertainty
on the channel realization, the conditional probability measure Qv on H is a point mass
122

measure at H = v. Moreover, because the channel state remains unchanged, the measure
R on V is a point mass measure at v = H̄. As a result, we observe that the channel can be
simply described by measure WQH̄ (·|x) ≪ T with the density function
fT,QH̄ (y|x) =

Z

fT (y|x, H)dQH̄ = βe

p
α2 kyk −ky−H̄xk2
2
2
σ2

.

(80)

For every P ∈ Pg,Γ (X), it can be verified that PWQH̄ ≪ T with the density function
fT,P,QH̄ (y) = β

Z

e

p
α2 kyk2 −ky−H̄xk2
2
σ2

dP.

(81)

As a result, we simplify the expression of the mutual information (68) for additive white
Gaussian channels as
I(P, WG (H̄)) =

ZZ

fT,QH̄ (y|x) log 2 fT,QH̄ (y|x)dT dP −

Z

fT,P,QH̄ (y) log2 fT,P,QH̄ (y)dT(82)
.

Note that both of the terms in (82) are finite.
7.3.1

Properties of mutual information

In this part, we address some analytical properties of the mutual information function of
Gaussian channels. We address analytical properties such as strict concavity and continuity
of the mutual information which are used in the capacity analysis of channels.
Proposition 6.4.3 addresses the strict concavity of the mutual information in general.
Since the strictness property is essential in addressing the uniqueness of the capacityachieving probability measure, simpler arguments are of interest. Using the following observation, we address this issue.
Observation 7.3.1. For every P ∈ Pg,Γ (X), fT,P,QH̄ (y) is continuous and nonzero over
Y.
Proof. By (80), the continuity and positiveness of fT,QH̄ (y|x) is obvious. The positiveness
of fT,QH̄ (y|x) implies the positivity of fT,P,QH̄ (y). To prove the continuity, suppose yn → y
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in Euclidean norm. Then,
lim fT,P,QH̄ (yn ) = β lim
n

n

Z

= β lim e

e

p
α2 kyn k −kyn −H̄xk2
2
2
σ2

p
α2 kyn k2
σ2

n

By DCT = βe

p
α2 kyk2
2
σ

lim
n

Z

e−

Z

e−

ky−H̄xk2
2
σ2

dP

kyn −H̄xk2
2
σ2

dP

dP

= fT,P,QH̄ (y).
This proves the continuity of fT,P,QH̄ (y) over Y .
We say two probability measures P1 , P2 ∈ Pg,Γ (X) are equivalent over WG (H̄), if they
induce the same output probability measure. Equivalently, two input measures are equivalent over WG (H̄) if fT,P1 ,QH̄ (y) = fT,P2 ,QH̄ (y) for all y ∈ Y .
Proposition 7.3.1 (Strict concavity). The mutual information of a Gaussian channel
WG (H̄) is strictly concave with respect to the convex combination of two input measures P1
and P2 , unless they are equivalent over WG (H̄).
Proof. By Observation 7.3.1, if there exists y ∈ Y such that fT,P1,QH̄ (y) 6= fT,P2,QH̄ (y),
then there exists a neighborhood Uy ⊂ Y of y with that property. Then by definition
of T (78), T (Uy ) > 0. This implies that the set Uy × {H̄} complies the requirements of
Proposition 6.4.3. This implies that the mutual information function of a Gaussian channel
is strictly concave with respect to the convex combination of P1 and P2 if and only if there
exists y ∈ Y such that fT,P1 ,QH̄ (y) 6= fT,P2 ,QH̄ (y). By definition of equivalency for input
probability measures, we deduce the assertion.
Another important property of the mutual information in capacity analysis is its weak*
continuity, which is stated as follows.
Proposition 7.3.2 (Continuity). The mutual information of any Gaussian channel WG (H̄)
is weak* continuous over Pg,Γ (X).
Proof. It suffices to check if the hypothesis of Theorem 6.4.2 is satisfied. To prove hypothesis
(a) of Theorem 6.4.2, we proceed as follows. We prove the theorem for g(x) = kxk22 , and
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the proof for other choices of g is also similar. Let assume that α < 1 and p < 2 are fixed.
Let
Ac = {(x, y) ∈ X × Y |fT,QH̄ (y|x) log2 fT,QH̄ (y|x) > c2 }.
Let define
Bc = {(x, y) ∈ X × Y |fT,QH̄ (y|x) > c}.
For sufficiently large c > 0, e.g. c > 10, it can be observed that Ac ⊂ Bc . But fQH̄ (y|x) > c
is equivalent to
α2 kykp2 − ky − H̄xk22 > σ 2 ln

c
.
β

Hence, if we define
Ec = {(x, y) ∈ X × Y |α2 kykp2 > σ 2 ln

c
},
β

we can deduce that for sufficiently large c > 0, we would have Ac ⊆ Bc ⊆ Ec . Let
 2
1/p
ω(c) = ασ2 ln βc
. As a result, for every P ∈ Pg,Γ (X)
ZZ

fT,QH̄ (y|x) log2 fT,QH̄ (y|x) dT dP ≤

Ac

ZZ

Ec

≤ |log2 β|

ZZ

fT,QH̄ (y|x) log2 fT,QH̄ (y|x) dT dP
2

Ec

ky−H̄xk2
1
e− σ2 dµY dP
m
2m
π σ

ZZ
2
2
log e
α2 kykp2 − ky−H̄xk
σ2
+ 22
e
dµY dP
m
2m
σ
Ec π σ

 ZZ
2
2
|log2 β|
log2 e
kyk22 − ky−H̄xk
σ2
≤
+
e
dµY dP
2
2
2−p
m
2m
ω (c)
σ ω (c)
π σ


Z
|log2 β|
log2 e
2
=
+ 2 2−p
(mσ + kH̄xk22 dP )
ω 2 (c)
σ ω (c)


|log2 β|
log2 e
≤
+ 2 2−p
(mσ 2 + kH̄k2 Γ)
ω 2 (c)
σ ω (c)
Since ω(c) → ∞ as c → ∞, we can deduce that
lim

sup

c→∞ P∈P

g,Γ (X)

Z

Ac

fT,QH̄ (y|x) log2 fT,QH̄ (y|x) dT dP = 0.
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This implies that the hypothesis (a) of Theorem 6.4.2 holds. To verify the hypothesis (b),
for a fixed y, let Dc = {x ∈ X : fT,QH̄ (y|x) > c}. Then,
sup
P∈Pg,Γ (X)

Z

Dc

fT,QH̄ (y|x)dP ≤

1
sup
c P∈Pg,Γ (X)

β2
=
c

Z

sup
P∈Pg,Γ (X)
2 kykp
2
σ2

β2 2 α
≤
e
c

(fT,QH̄ (y|x))2 dP

Z

2

e

p
α2 kyk −ky−H̄xk2
2
2
σ2

dP

→ 0, as c → ∞.

Thus, since both hypotheses of Theorem 6.4.2 hold, the mutual information is weak* continuous.
7.3.2

Capacity analysis

In this part, we address issues on the existence, uniqueness, and the expression of the
capacity-achieving measures for Gaussian channels.
Lemma 7.3.1 (Existence). For any Gaussian channel WG (H̄) and the set Pg,Γ (X), there
exists a measure Po ∈ Pg,Γ (X) that achieves the capacity of the channel WG (H̄).
Proof. Proposition 7.3.2 states the weak* continuity of the mutual information over Pg,Γ (X).
Since Pg,Γ (X) is weak* compact, by Proposition 6.5.1, we conclude the assertion.
Lemma 7.3.1 states the existence of the capacity-achieving measure over Gaussian channels. To address its uniqueness, we use an earlier result on strict concavity of mutual
information, i.e., Proposition 7.3.1.
Lemma 7.3.2 (Uniqueness). For any Gaussian channel WG (H̄) and the set Pg,Γ (X), the
capacity-achieving measure is unique up to the equivalency of input measures.
Proof. Suppose there exist probability measures Po and P∗ that achieve the capacity. If
they are not equivalent, by Proposition 7.3.1, the mutual information is strictly concave
with respect to their convex combination. This means that any measure in the form αPo +
(1 − α)P∗ achieves a higher mutual information that is a contradiction to optimality of Po
and P∗ . Thus, Po and P∗ must be equivalent.
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So far, in this subsection, we have shown the existence and uniqueness of the capacityachieving measure over AWGN channels. It remains to provide some insight to the characterization of such input measure.
Proposition 7.3.3. Let g(·) = k · kηη for 1 ≤ η. If η > 2, the capacity-achieving measure
has a bounded support with no interior point. In contrast, if 1 ≤ η ≤ 2, then a necessary
2

condition for Po is that for sufficiently large y in the column space of H̄, supr≥0 e−r Po (ky −
η

H̄xk2 ≤ rσ) = O(e−αkykη ) for some α > 0.
Proof. Suppose Po WQH̄ is the optimal capacity-achieving output measure. Applying KuhnTucker condition, Theorem 6.5.3, to our problem, we need to find a positive value γ > 0
such that
D(WQH̄ (·|x)kPo WQH̄ ) − γkxkηη ≤ C − γΓ.
Using some straightforward mathematical manipulation, this results to
2

−m log2 (πσ e) −

Z

ky−H̄xk2
2
1
−
σ2
e
log2 fPo,QH̄ (y)dµY − γkxkηη ≤ C − γΓ.
(πσ 2 )m

(83)

The problem is now finding an output density function together with the value γ > 0
such that the above inequality is satisfied with equality on all x ∈ X in the support of the
capacity-achieving measure.
Case η > 2: We note that (83) has a constant part and a part that depends on x. This
is the latter part that is of our interest. It can be inspected that for large values of x the
term γkxkηη is a dominant term. Hence, for large values of x to be in the support of Po , the
integral term must have a growth rate of kxkηη ; otherwise, the support is bounded. As a
result, it suffices to study the asymptotic behavior (tail) of the density function fPo ,QH̄ (y) =
d(Po WQ )
H̄
.
dµY

We have
Z
ky−H̄xk2
2
1
−
σ2
e
dPo
m
2m
π σ
Z
ky−H̄xk2
ky+H̄xk2
2
2
1
≥ m 2m e− σ2 e− σ2 dPo
π σ
Z
2kyk2
2kH̄xk2
2
2
1
= e− σ2 m 2m e− σ2 dPo .
π σ

fPo ,QH̄ (y) =
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This means that − log2 fPo ,QH̄ (y) = O(kyk22 ). As a result, it can be verified that for η > 2,
there exists no choice for the input measure so that the integral part of (83) catch up with
the growth rate of kxkηη for large values of x. Thus, the support of the capacity-achieving
input measure is bounded for η > 2. One can verify that the hypothesis of Proposition 6.5.3
holds for Gaussian channels. More specifically, the function ρ(z) is analytic on Z except
possibly at z = 0. As a result, we deduce that Sx (Po ) can not have any interior point.
Case η ≤ 2: Note that every y ∈ Y can be uniquely decomposed as y = yH̄ + yH̄ ⊥ where
yH̄ is in the column space of H̄ and yH̄ ⊥ is orthogonal to the column space of H̄. One can
observe that the contribution of yH̄ ⊥ is on the constant part of (83) and it does not affect
our analysis on the part that depends on x. As a result, for every y ∈ Y in the column
space of H̄, we have
Z
ky−H̄xk2
2
1
fPo ,QH̄ (y) = m 2m e− σ2 dPo
π σ
Z
ky−H̄xk2
2
1
≥ sup m 2m
e− σ2 dPo
π
σ
r
ky−H̄xk2 ≤rσ
1
2
≥ m 2m sup e−r Po (ky − H̄xk2 ≤ rσ)
π σ
r
2

Let k(y) , supr e−r Po (ky − H̄xk2 ≤ rσ). Then, for every y in the column space of H̄, we
deduce that
− log2 fPo ,QH̄ (y) = O(min (− log2 k(y), kyk22 )).
Two scenarios can be considered. Either the support is bounded or it is not. For the latter
case to be true, we need to have the integral term of growth rate of kxkηη . Hence, it is
η

necessary to have k(y) = O(e−αkykη ) for sufficiently large y in the column space of H̄ where
α is a positive real number. We remark that this necessary condition remains valid for the
other case also.
Proposition 7.3.3 provide us intuition about the support and the possible behavior of
capacity achieving measures subject to different choices for η. However, it is still not
possible to obtain closed form expressions for the the capacity-achieving measure for the
general choice of g(·) = k · kηη (η 6= 2). However, for the case of η = 2, it is possible to
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characterize the capacity achieving measure as shown in [99]. Using the observation that
among distributions with the same covariance matrix, the Gaussian distribution achieves the
largest relative entropy [14], Telatar [99] proves that the capacity-achieving input measure
must have a Gaussian density function. Here, we use Kuhn-Tucker conditions, i.e., Theorem
6.5.3, and provide a different approach toward characterizing the capacity-achieving input
measure.
Theorem 7.3.1. Let g(·) = k · k22 . The probability measure in Pg,Γ (X) which achieves the
capacity of the channel WG (H̄) is absolutely continuous with respect to the Lebsegue measure
with a unique (a.e.) Gaussian density function of zero mean and covariance matrix to
Sx =

h1

µ

I − σ 2 (H̄ ′ H̄)−1

i+

,

and µ is selected such that tr (Sx ) = Γ. Moreover, the capacity of this channel is
C = log2 det(I +

1
H̄Sx H̄ ′ ).
σ2

Proof. Suppose Po WQv is the optimal capacity-achieving output measure. Applying KuhnTucker condition, Theorem 6.5.3, to our problem, we need to find a positive value γ > 0
such that
D(WQH̄ (·|x)kPo WQH̄ ) − γkxk22 ≤ C − γΓ,
for every x ∈ X. Using some straightforward mathematical manipulation, this results to
−m log2 (πσ 2 e) −

Z

log2

ky−H̄xk2
d(Po WQH̄ )
2
1
−
σ2
e
dµY − γkxk22 ≤ C − γΓ.
2
m
dµY
(πσ )

(84)

Now, the problem is to find an output density function together with the value γ > 0
such that the above inequality is satisfied with equality on all x ∈ X in the support of the
capacity-achieving measure.
Suppose x ∈ X be in the support of the optimizing input measure. Then, we need to have
the integration in the above inequality result into a quadratic form. To obtain a quadratic

129

form out of integral, an straightforward option is to assume log2

d(Po WQv )
dµY

= a − kbyk22 ,

where a is a constant value and b is an m × m matrix. As a result, we will obtain


−m log2 (πσ 2 e) − a + σ 2 tr b′ b + tr x′ H̄ ′ b′ bH̄x − γkxk22 − C + γΓ = 0

But to solve such equation, we can separate the constant part and the variable part to
obtain


 x′ (H̄ ′ b′ bH̄ − γI)x = 0

(85)


 −m log2 (πσ 2 e) − a + σ 2 tr (b′ b) − C + γΓ = 0

To satisfy the first equation of (85), we need to consider two cases. For any x in the support
of P, it suffices to have x as an eigenvector of H̄ ′ b′ bH̄ with its corresponding eigenvalue equal
to γ. This implies that we can take b such that H̄ ′ b′ bH̄ represents a projection matrix such
that its column space denotes the set of all x in the support of Po . For any x not in the
support, it suffices to have x′ (H̄ ′ b′ bH̄ − γI)x ≤ 0. Let t denote the dimension of the space
that is spanned by the vectors in support. Let Mt denote a diagonal m × m matrix with
the first t elements equal to 1, and the rest of them 0. Thus, it suffices to take b such
that b′ b = γ(H̄ H̄ ′ )† Mt + β(I − Mt ), where (·)† denotes the pseudo-inverse operator and
β > 0 is selected later to satisfy the above requirements. Note that t is smaller or equal
to the rank of H, since if some x is in the null space of H̄, it can not be in the support.
Thus, b′ b is a full-rank positive definite matrix. This implies that the density function of
Po WQv with respect to the Lebesgue measure is Gaussian with zero mean and covariance


log2 e
−1 H̄ H̄ ′ M + β −1 (I − M ) . But, to have such Gaussian density at the output, it
γ
t
t
2

suffices to have a Gaussian input with zero mean and covariance Sx such that


log2 e γ −1 H̄ H̄ ′ Mt + β −1 (I − Mt ) = H̄Sx H̄ ′ + σ 2 I.

Thus, we need to pick Sx , γ, β, and t to satisfy the above requirement. By Kuhn-Tucker
R
condition we need to have γ( kxk22 dPo − Γ) = 0. Since, γ can not be zero, we need to
find γ in the late equation with the constraint tr (Sx ) = Γ. As the result, it suffices to take

β=

log2 e
,
σ2

and to take
S=

h log e
i+
2
I − σ 2 (H̄ ′ H̄)† Mt ,
γ
130

where [·]+ ceils negative eigenvalues to 0. It just remains to select t, γ such that tr (S) = Γ.
We emphasize that t ≤ rank(H̄). Thus, to find the solution we first pick t = rank(H̄) and
search for the value of γ. If we find the solution, we stop. Otherwise we reduce t by 1 and
repeat the procedure till we find the solution.
Picking γ and S as explained would result to obtain
a = −m log2 (π) − log det (

log2 e
H̄ H̄ ′ Mt + σ 2 (I − Mt )).
γ

Furthermore, we would have σ 2 tr (b′ b) = m log2 e − γΓ. Thus, substituting and satisfying
the equality in the second equation of (85) would result to
C = log2 det(I +

1
H̄S H̄ ′ ),
σ2

where S is chosen as explained. For the sake of convenience in presentation, let µ =

γ
log2 e ,

then we can simplify determination of S to
S=

h1

µ

I − σ 2 (H̄ ′ H̄)−1

i+

,

where µ is selected such that tr (S) = Γ.
The uniqueness property follows by 7.3.2 and the fact that that there exists no other
choice for Po to yield to the same Gaussian density function on the output.

7.4

Full Channel State Information at the Receiver

In mobile communications, some times it is possible to obtain an estimation of the channel
realization at the receiver. This is specifically true in block-fading channels with a large
coherence time, i.e., where there is sufficient delay between changes in channel realizations.
In these systems, the transmitter assigns a portion of each block for training, where it
sends some known signals to the receiver, so that the receiver obtains an estimate of the
current channel realization out of the observed signals. This process, called as channel
estimation, allows the receiver to obtain some information about the channel state from
none to (asymptotically) full channel state information (CSI).
In this section, we assume that full CSI is available at the receiver. Considering the
general linear statistical model (76), this means that that the channel realization, Hk ,
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changes through the time but it is perfectly known at the receiver. We assume that the
channel is Rayleigh or Rician faded [79], [7]. This means that the channel realization changes
in accordance of a probability measure with a Gaussian density function with respect to the
Lebesgue measure. If the density function is centralized (zero mean), the fading is Rayleigh;
otherwise, it is Rician. In either case, the channel statistical law is fully characterized by the
line-of-sight (mean) and scattering component (covariance matrix) of the channel realization
[79], [7].
Let vec (·) denotes the vector operator that concatenates the columns of an m×n matrix,
respectively, into an mn × 1 vector. Thus, for every channel realization H, we denote its
vector form as vec H, which is a multivariate random vector in Cmn which is characterized
by the mean value vec H̄ and the spatial covariance matrix
Σ = cov (vec H, vec H) .
To emphasize that the channel state information is fully known, we use a subscript “F”.
As the result, we denote the channel as WF (H̄, Σ). Since the channel realization is known
at the receiver, there exists no advantage in taking L > 1 in the capacity analysis. Hence,
likewise the previous section, we assume L = 1.
Since the channel realization is fully known at the receiver, we assume that V = Cm×n is
the space of state information and the conditional probability measure Qv on H is a point
mass measure at H = v. Since the channel is Rayleigh or Rician fading, the probability
measure on V , i.e., R is absolutely continuous with respect to the Lebesgue measure with
the Gaussian density function
dR
1
′
−1
= mn
e−vec (v−H̄)Σ vec (v−H̄) .
dµV
π det Σ

(86)

By definition of the auxiliary measure T (78), one can inspect that WQv (·|x) ≪ T for
every v and x, where its density function is obtained from (79) as
Z
p
α2 kyk2 −ky−vxk2
2
σ2
fT,Qv (y|x) = fT (y|x, H)dQv = βe
.

(87)

For every P ∈ Pg,Γ (X), it can be verified that PWQv ≪ T with the density function
Z α2 kykp −ky−vxk2
2
2
σ2
fT,P,Qv (y) = β e
dP.
(88)
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As a result, the mutual information of this channel can be expressed as
I(P, WF (H̄, Σ)) =

7.4.1

ZZZ

fT,Qv (y|x) log2 fT,Qv (y|x)dT dPdR

−

fT,P,Qv (y) log2 fT,P,Qv (y)dT dR.

ZZ

(89)

Properties of mutual information

In this part, we address properties such as strict concavity and continuity of the mutual
information which are used in capacity analysis of fading channels with full CSI at the
receiver.
In Proposition 6.4.3, we have addressed the strict concavity of the mutual information. Since this property is essential in addressing the uniqueness of the capacity-achieving
probability measure, we address a simpler condition to verify the strict concavity of the
mutual information for fading channels with full CSI at the receiver. Using the following
observation, we address this issue.
Observation 7.4.1. For every P ∈ Pg,Γ (X), fT,P,Qv (y) is continuous and nonzero over
Y ×V.
Proof. By (87), the continuity and positiveness of fT,Qv (y|x) is obvious. The positiveness of
fT,Qv (y|x) implies the positivity of fT,P,Qv (y). To prove the continuity, suppose (yn , vn ) →
(y, v) in Euclidean norm. Then,
lim fT,P,Qvn (yn ) = β lim
n

n

Z

= β lim e

e

p
α2 kyn k −kyn −vn xk2
2
2
σ2

p
α2 kyn k2
σ2

n

By DCT = βe

p
α2 kyk
2
σ2

lim
n

Z

e−

Z

e−

ky−H̄xk2
2
σ2

dP

kyn −vn xk2
2
σ2

dP

dP

= fT,P,Qv (y).
This proves the continuity of fT,P,Qv (y) over Y × V .
We say two probability measures P1 , P2 ∈ Pg,Γ (X) are equivalent over WF (H̄, Σ), if they
induce the same conditional output probability measure (conditional on v). Equivalently,
two input measures are equivalent over WF (H̄, Σ) if fT,P1,Qv (y) = fT,P2,Qv (y) for all (y, v) ∈
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Y × V such that v is in the support of R. Note that for full-rank Σ, all v ∈ V are in the
support of R.
Proposition 7.4.1 (Strict concavity). The mutual information of channel WF (H̄, Σ) is
strictly concave with respect to the convex combination of two input measures P1 and P2 ,
unless they are equivalent on WF (H̄, Σ).
Proof. By Observation 7.4.1, if there exists (y, v) ∈ Y ×V such that fT,P1,Qv (y) 6= fT,P2 ,Qv (y) 6=
0 then there exists a neighborhood U(y,v) ⊂ Y × V of (y, v) with that property. By definition of T (78) and R (86), (T × R)(U(y,v) ) > 0. This implies that the set U(y,v) complies
the requirements of Proposition 6.4.3. Thus, the mutual information function of an FCSI
channel is strictly concave with respect to the convex combination of P1 and P2 if and only
if there exists (y, v) ∈ Y × V such that fT,P1,Qv (y) 6= fT,P2 ,Qv (y).
Another important property of the mutual information in capacity analysis is its weak*
continuity, which is stated as follows.
Proposition 7.4.2 (Continuity). The mutual information of any fading channel WF (H̄, Σ)
is weak* continuous over Pg,Γ (X).
Proof. It suffices to check if the hypothesis of Theorem 6.4.2 is satisfied. To prove hypothesis
(a) of Theorem 6.4.2, we proceed as the proof of Proposition 7.3.2. We prove the theorem
for g(x) = kxk22 , and the proof for other choices of g is also similar.
Let assume that α < 1 and p < 2 are fixed. Let define
Ac = {(x, y, v) ∈ X × Y × V |fT,Qv (y|x) |log2 fT,Qv (y|x)| > c2 }.
Let also define
Bc = {(x, y, v) ∈ X × Y × V |fT,Qv (y|x) > c}.
For sufficiently large c > 0, e.g. c > 10, it can be observed that Ac ⊂ Bc . But fQH̄ (y|x) > c
is equivalent to
α2 kykp2 − ky − vxk22 > σ 2 ln
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c
.
β

Hence, if we define
Ec = {(x, y, v) ∈ X × Y × V |α2 kykp2 > σ 2 ln

c
},
β

we can deduce that for sufficiently large c > 0, we would have Ac ⊆ Bc ⊆ Ec . Let
 2
1/p
ω(c) = ασ2 ln βc
. As a result,
ZZZ

fT,Qv (y|x) |log2 fT,Qv (y|x)| dT dP dR ≤

Ac

≤ |log2 β|

ZZZ

Ec

ZZZ

Ec

fT,Qv (y|x) |log2 fT,Qv (y|x)| dT dP dR

ky−vxk2
2
1
−
σ2
e
dµY dP dR
m
2m
π σ

2
2
log e
α2 kykp2 − ky−vxk
σ2
+ 22
e
dµY dP dR
m
2m
σ
Ec π σ


|log2 β|
log2 e
≤
+ 2 2−p
ω 2 (c)
σ ω (c)
ZZZ
2
2
2
kyk2 − ky−vxk
σ2
e
dµY dP dR
m
2m
π σ


ZZ
|log2 β|
log2 e
2
kvxk22 dP dR)
=
+ 2 2−p
(mσ +
ω 2 (c)
σ ω (c)


Z
|log2 β|
log2 e
2
≤
+ 2 2−p
(mσ + Γ kvk2 dR).
ω 2 (c)
σ ω (c)

ZZZ

Since (mσ 2 + Γ

R

kvk2 dR) < ∞ and ω(c) → ∞ as c → ∞, we can deduce that

lim

sup

c→∞ P∈P

g,Γ (X)

ZZZ

Ac

fT,Qv (y|x) |log2 fT,Qv (y|x)| dT dP dR = 0.

This implies that hypothesis (a) of Theorem 6.4.2 holds.
To verify if hypothesis (b) holds, for fixed y and v, let Bc = {x ∈ X|fT,Qv (y|x) > c}.
Then,
sup
P∈Pg,Γ (X)

1
fT,Qv (y|x)dP ≤
sup
c P∈Pg,Γ (X)
Bc

Z

=
≤

β2
c

Z

sup
P∈Pg,Γ (X)
2 kykp
2
σ2

β2 2 α
e
c

(fT,Qv (y|x))2 dP

Z

e2

p
α2 kyk2 −ky−vxk2
2
σ2

dP

→ 0, as c → ∞.

Thus, both hypotheses of Theorem 6.4.2 hold. Hence, the mutual information is weak*
continuous.
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7.4.2

Capacity analysis

In this part, we address issues on the existence, uniqueness, and the expression of the
capacity-achieving measures for fading channels with full CSI at the receiver.
Lemma 7.4.1 (Existence). For any channel WF (H̄, Σ) and the set of input measures
Pg,Γ (X), there exists a measure Po ∈ Pg,Γ (X) that achieves the capacity of WF (H̄, Σ).

Proof. By Proposition 7.4.2, the mutual information is continuous over Pg,Γ (X). Since
Pg,Γ (X) is weak* compact, the existence is guaranteed by Proposition 6.5.1.
One immediate result of our arguments on strict concavity of mutual information, Proposition 7.4.1, is on the uniqueness of the capacity-achieving measure, as shown below.
Lemma 7.4.2 (Uniqueness). For any fading channel WF (H̄, Σ) and the set of input measures Pg,Γ (X), the capacity-achieving measure is unique up to the equivalency of input
measures.
Proof. The proof is similar to the proof of Lemma 7.3.2.
We remark that using Lemma 7.4.2 with some simple intuitive arguments, one can
justify that the capacity-achieving input measure is symmetric.
So far, in this section, we have addressed issues on the existence and uniqueness of the
capacity-achieving measure over fading channels with full CSI at the receiver. It remains
to provide some insight to the characterization of the capacity-achieving measure.
Proposition 7.4.3. Let g(·) = k·kηη for 1 ≤ η. If η > 2, the capacity-achieving measure has
a bounded support with no interior point. In contrast, if 1 ≤ η ≤ 2, then a necessary condi2

η

tion for Po is that for almost every v ∈ V , supr≥0 e−r Po (ky − vxk2 ≤ rσ) = O(e−α(v)kykη )
for sufficiently large y in the column space of v and for some positive function α : V → R+ .

Proof. Let Po WQv denote the optimal conditional capacity-achieving output measure. Applying Kuhn-Tucker condition, Theorem 6.5.3, to our problem, we need to find a positive
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value γ > 0 such that
Z

D(WQv (·|x)kPo WQv )dR − γkxkηη ≤ C − γΓ.

Using some straightforward mathematical manipulation, this results to

−m log2 (πσ 2 e) −

ZZ

ky−vxk2
2
1
−
σ2
e
log2 fPo ,Qv (y)dµY dR − γkxkηη ≤ C − γΓ.
2
m
(πσ )

(90)

The problem is now finding an output density function together with the value γ > 0
such that the above inequality is satisfied with equality on all x ∈ X in the support of the
capacity-achieving measure.
It can be inspected that for large values of x the term γkxkηη is a dominant term. Hence,
the integral term must have a growth rate equal or smaller than γkxkηη . As a result, it suffices
to study the asymptotic behavior (tail) of the density function fPo ,Qv (y) =

d(Po WQv )
.
dµY

Suppose y ∈ Y and v ∈ V are fixed and y is in the column space of v. Let kv (y) =
2

supr e−r Po (ky − vxk2 ≤ rσ). Similar to the proof of Proposition (7.3.3), we can deduce
that for y in the column space of v,
− log2 fPo ,Qv (y) = O(min (− log2 kv (y), kyk22 )).
Now, let consider this together with (90). It can be verified that for η > 2, there exists
no choice for the input measure to catch up with the growth rate of kxkηη for large values
of x. This implies that the support of the input measure is bounded for η > 2. One can
verify that the hypothesis of Proposition 6.5.3 holds for fading channels with full CSI. More
specifically, the function ρ(z) is analytic on Z except possibly at z = 0. As a result, we
deduce that Sx (Po ) can not have any interior point. On the other hand, for η ≤ 2, a
η

necessary condition for the input measure is k(y) = O(e−α(v)kykη ) for sufficiently large y in
the column space of v where α : V → R+ .
The capacity-achieving measures for the general choice of g(·) = k · kηη are not known.
However, for the case that η = 2, this problem was first addressed in [99] and solved for i.i.d
Rayleigh distribution. Telatar [99] showed that the capacity-achieving input distribution is
an isotropic Gaussian distribution. Foschini [30] has shown similar results also.
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Here, we want to address the capacity of the channel under existence of arbitrary correlation and line-of-sight components. For this purpose, we use Kuhn-Tucker condition,
Theorem 6.5.3.
Theorem 7.4.1. Let g(·) = k · k22 . The probability measure in Pg,Γ (X) which achieves
the capacity of the channel WF (H̄, Σ) is absolutely continuous with respect to the Lebsegue
measure with a unique (a.e.) Gaussian density function of zero mean and covariance matrix
S that satisfies
Z

x′ v ′ (vSv ′ + σ 2 Im )−1 vxdR ≤ µkxk22 , ∀x ∈ X

where the equality occurs if and only if x is in the support of capacity-achieving measure;
and µ > 0 is selected to satisfy tr (S) = Γ. Moreover, the capacity of this channel is
C=

Z

log det (Im + 1/σ 2 vSv ′ )dR.

Proof. Suppose Po WQv is the optimal capacity-achieving output measure. Applying KuhnTucker condition, Theorem 6.5.3, to our problem, we need to find a positive value γ > 0
such that
Z

D(WQv (·|x)kPo WQv )dR − γkxk22 ≤ C − γΓ.

Using some straightforward mathematical manipulation, this results to
2

−m log2 (πσ e) −

ZZ

ky−vxk2
2
d(Po WQv )
1
−
σ2
log2
e
dµY dR − γkxk22 ≤ C − γΓ.
dµY
(πσ 2 )m

The problem is now finding an output density function together with the value γ > 0
such that the above inequality is satisfied with equality on all x ∈ X in the support of the
capacity-achieving measure.
Suppose x ∈ X be in the support of the optimizing input measure. Then, we need to have
the integration in the above inequality result into a quadratic form. To obtain a quadratic
form out of integral, an straightforward option is to assume log2
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d(Po WQv )
dµY

= a(v)− kb(v)yk22 ,

where a(v) is a function and b(v) is a mapping from V to the Mm (R). As the result, we
will obtain
−m log2 (πσ 2 e) +

Z


[−a(v) + σ 2 tr b(v)′ b(v) + x′ v ′ b(v)′ b(v)vx]dR − γkxk22 − C + γΓ = 0

But to solve such equation, we can separate the constant part and the variable part to
obtain

R

 x′ v ′ b(v)′ b(v)vxdR − γkxk2 = 0
2
R

 −m log2 (πσ 2 e) + [−a(v) + σ 2 tr (b(v)′ b(v))]dR − C + γΓ = 0

(91)

To satisfy the first equation of (91), we proceed as follows. For any x in the support
of Po , it suffices to have x as an eigenvector of E (v ′ b(v)′ b(v)v) with its corresponding
eigenvalue equal to γ. For any x not in the support of Po , we must have x′ E (v ′ b(v)′ b(v)v) x−
γkxk22 < 0. This implies that we should select b(v) such that the maximal eigenvalues of
E (v ′ b(v)′ b(v)v) (that correspond to the support of Po be γ) and the rest of its eigenvalues be
less than γ. One immediate approach to select b(v) is to assume that the input measure is a
centralized multivariate normal with covariance S. As a result, this implies that b(v)′ b(v) =
log2 e (vSv ′ + σ 2 Im )−1 . Therefore, it remains just to pick a semi-positive definite matrix S

such that log2 e E v ′ (vSv ′ + σ 2 Im )−1 v have our desired structure. That is we need to find
S such that


log2 e E v ′ (vSv ′ + σ 2 Im )−1 v − γI ≤ 0

in consideration of other constraints raising from (91). It can be inspected that such choice
for S exists and depends on the value of γ. By Kuhn-Tucker condition we need to have
R
γ( kxk22 dPo − Γ) = 0. Since γ can not be zero, we need to find γ such that tr (S) = Γ.

For convenience in presentation, let define µ =

g
log2 e .

Now, multiplying the above equation

from left by x′ and right by x, and taking the expectation with respect to x, one can verify
that we obtain the equality
Z

σ 2 tr (vSv ′ + σ 2 Im )−1 dR − mlog2 e + µΓ = 0

Since we have

a(v) = −m log2 π −

1
log det (vSv ′ + σ 2 Im ).
2
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(92)

Substituting in (91), we obtain
Z

2

′

log2 det (Im + 1/σ vSv )dR − C +

Z


σ 2 tr b(v)′ b(v) dR − m log2 e + µΓ = 0

In consideration of (92), we would obtain
C=

Z

log2 det (Im + 1/σ 2 vSv ′ )dR.

The uniqueness property follows by from Lemma 7.4.2 and the fact that there exists no
other input measure than can induce the same conditional output measure with Gaussian
density function.
Note that Theorem 7.4.1 characterize the capacity-achieving measure for any Rician
MIMO channel with full CSI at the receiver. In general, a closed form solution for S is not
obtainable from Theorem 7.4.1, and S should be find through exhaustive computer search.
However, for special cases of channels, one may use some tricky approaches to solve the
conditions in Theorem 7.4.1. As an example, consider the following corollary.
Corollary 7.4.1. If WF (H̄, Σ) is an i.i.d. Rayleigh channel, i.e., H̄ = 0 and Σ = I, then
the capacity-achieving measure has an isotropic Gaussian density function with zero mean
and covariance matrix S = Γn I.
Proof. Suppose S is the covariance matrix that satisfies the condition in Theorem 7.4.1.
Let U be an n × n unitary matrix. Since R is invariant under the operation of U , it can
be inspected that U SU ′ is also a right candidate. By uniqueness of the capacity-achieving
measure, we deduce that S = U SU ′ for every unitary matrix U . This implies that S = λI
for some λ > 0. Since tr (S) = Γ, we deduce that S = Γn I.
We recall that this is the same result as given in [99] for Rayleigh channels. One can
verify that if Σ is not singular, then for large signal-to-noise ratio (SNR), i.e.
covariance matrix S would be very close to

Γ
n I.

Γ
σ2 ,

the

Hence, for large SNR, an input measure

with isotropic Gaussian distribution is near optimal. Relevant work can be found in [61],
[104], and [102].
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7.5

No Channel State Information at the Receiver

In some applications, the system setup does not allow any estimation of the channel realization at the receiver. This is specifically true in fast fading channels, where there is not
sufficient delay available between changes in channel realizations.
In this section, we consider Rayleigh or Rician fading channels where no CSI is available
at the receiver. Regarding the general linear statistical model as (76), this means that
the channel realization, Hk , changes through time in accordance of a Gaussian probability
density function, but the realization is not known at the receiver. As in the previous section,
we characterize these channels with the mean value H̄ and the covariance matrix Σ of the
fading. To emphasize that CSI is not known, we use a subscript “N”, and denote the channel
as WN (H̄, Σ).
Since we assumed that no CSI is available at the receiver, the space of side information,
V , is independent from H. In the framework of the generic system model (Section 3),
this is equivalent to assume that an arbitrary Borel measurable space V with an arbitrary
measure R on it such for every given v, the conditional probability measure on H, Qv ,
has a Gaussian density function characterized by H̄ and Σ. Since the measure Qv is not
dependent on v, we drop indexing by v and simply use Q, instead.
Since the channel realization is not fully known at the receiver, the size of block length
L is important in capacity analysis of these channels. Hence, we assume X = Cn×L for
a general L ≥ 1. By definition of the auxiliary measure T (78), one can inspect that
WQ (·|x) ≪ T for every x with the density function (obtained from (79))
β
fT,Q (y|x) =
exp
det Φx
where Φx ,



α2 kykp2 − vec (y − H̄x)′ Φ−1
x vec (y − H̄x)
2
σ

1
(x′ ⊗ Im )Σ(x ⊗ Im ) + ImL .
σ2



(93)

For every P ∈ Pg,Γ (X), let

fT,P,Q(y) =

Z

fT,Q (y|x)dP

(94)

denote the output density function. The mutual information of this channel is expressed as
I(P, WN (H̄, Σ)) =

ZZ

fT,Q (y|x) log2 fT,Q (y|x)dT dP −
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Z

fT,P,Q(y) log2 fT,P,Q (y)dT . (95)

One should note that the maximum of (95) should be divided by L to determine the capacity
per channel use.
7.5.1

Properties of mutual information

In this part, we address properties such as strict concavity and continuity of the mutual
information for fading channels with no CSI at the receiver.
Propositions 6.4.3 addressed the strict concavity of the mutual information in general. Since the strictness property is essential in addressing the uniqueness of the capacityachieving probability measure, we address a simpler condition for the case of fading channels
with no CSI at the receiver.
Observation 7.5.1. For every P ∈ Pg,Γ (X), fT,P,Q (y) is continuous and nonzero over Y .

Proof. By (93), the continuity and positiveness of fT,Q (y|x) is obvious. The positiveness of
fT,Q (y|x) implies the positivity of fT,P,Q(y). To prove the continuity, suppose yn → y in
Euclidean norm. Then,
lim fT,P,Q(yn ) = lim
n

n

Z

fQ (y|x)dP
2 ky kp
n 2
σ2

α
β
= lim
e
n det Φx

By DCT =

2 kykp
2
σ2

α
β
e
det Φx

= fT,P,Q(y).


−vec (yn − H̄x)′ Φ−1
x vec (yn − H̄x)
lim exp
dP
n
σ2


Z
−vec (y − H̄x)′ Φ−1
x vec (y − H̄x)
exp
dP
σ2


Z

This proves the continuity of fT,P,Q(y) over Y .
We say two probability measures P1 , P2 ∈ Pg,Γ (X) are equivalent over WN (H̄, Σ) if
they induce the same output probability measure. Equivalently, two input measures are
equivalent over WN (H̄, Σ) if fT,P1,Q (y) = fT,P2 ,Q (y) for all y ∈ Y .
Proposition 7.5.1 (Strict concavity). The mutual information of channel WN (H̄, Σ) is
strictly concave with respect to the convex combination of two input measures P1 and P2 ,
unless they are equivalent.
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Proof. By Observation 7.5.1, if there exists y ∈ Y such that fT,P1 ,Q (y) 6= fT,P2,Q (y) then
there exists a neighborhood Uy ⊂ Y of y with that property. Then by definition of T
(78), T (Uy ) > 0. This implies that the set Uy complies the requirements of Proposition 6.4.3. Thus, the mutual information of an NCSI channel is strictly concave with
respect to the convex combination of P1 and P2 if and only if there exists y ∈ Y such that
fT,P1,Q (y) 6= fT,P2 ,Q (y). By definition of equivalency of measures over WN (H̄, Σ), we deduce
the assertion.
In the following, we state and prove another important property of mutual information,
weak* continuity, which will be used later in the capacity analysis of fading channels with
no CSI.
Proposition 7.5.2 (Continuity). The mutual information of any fading channel WN (H̄, Σ)
is weak* continuous over Pg,Γ (X).
Proof. It suffices to check if the hypothesis of Theorem 6.4.2 is satisfied. To prove hypothesis
(a) of Theorem 6.4.2, we proceed as the proof of Proposition 7.3.2. We prove the theorem
for g(x) = kxk22 , and the proof for other choices of g is also similar. For every P ∈ Pg,Γ (X),
let
Ac = {(x, y) ∈ X × Y |fT,Q (y|x) |log2 fT,Q(y|x)| > c2 }.
Let
Bc = {(x, y) ∈ X × Y |fT,Q (y|x) > c},
for sufficiently large c > 0, it can be observed that Ac ⊂ Bc . Let
2
Dc = {(x, y) ∈ X × Y |α2 kykp2 − vec (y − H̄x)′ Φ−1
x vec (y − H̄x) > σ ln

c det Φx
}.
β

It can be inspected that Bc ⊂ Dc . We also note that or sufficiently large c > 0, α2 kykp2 ≥
vec (y − H̄x)′ Φ−1
x vec (y − H̄x). Let also define
Ec = {(x, y) ∈ X × Y |kykp2 >
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σ 2 c det Φx
ln
}.
α2
β

Thus, for sufficiently large c > 0, Dc ⊆ Ec . Noting that det Φx ≥ 1, let define ω(c) =
 2
1/p
σ
c
ln
. In a similar discussion as in of Proposition 7.3.2, we can deduce that
2
β
α
ZZ

Ac

fT,Q (y|x) |log2 fT,Q (y|x)| dT dP
ZZ
≤
fT,Q (y|x) |log2 fT,Q (y|x)| dT dP
Ec
ZZ
1
′ −1
1
≤ |log2 β|
e− σ2 vec (y−H̄x) Φx vec (y−H̄x) dµY dP
mL
2mL
σ
det Φx
Ec π
ZZ
2
1
′ −1
log e
2α kykp2
+ 22
e− σ2 vec (y−H̄x) Φx vec (y−H̄x) dµY dP
mL
2mL
σ
σ
det Φx
Ec π


2
|log2 β|
2α log e
≤
+ 2 2−p 2
2
ω (c)
σ ω (c)
ZZ
kyk22
− 12 vec (y−H̄x)′ Φ−1
x vec (y−H̄x)
σ
e
dµY dP
π mL σ 2mL det Φx

If we take the supP∈Pg,Γ (X) of both sides, the second term of the RHS is a finite value.
Now, applying limc→∞ to both sides, we observe that ω(c) → ∞ as c → ∞. Hence,
lim

sup

c→∞ P∈P

g,Γ (X)

ZZ

Ac

fT,Q (y|x) |log2 fT,Q (y|x)| dT dP = 0.

This implies that the hypothesis (a) of Theorem 6.4.2 holds. To verify if the hypothesis
(b) holds, the proof is by Chebychev’s inequality which is essentially similar to the proof of
Proposition 7.4.2. Thus, both hypotheses of Theorem 6.4.2 hold, so the mutual information
is weak* continuous.
7.5.2

Capacity analysis

In this part, we address issues on the existence, uniqueness, and the characterization of the
capacity-achieving measures over fading channels with no CSI at the receiver.
Lemma 7.5.1 (Existence). For any channel WN (H̄, Σ), there exists a measure Po ∈
Pg,Γ (X) that achieves the capacity of WN (H̄, Σ) over Pg,Γ (X).
Proof. Proposition 7.5.2 states the weak* continuity of the mutual information over Pg,Γ (X).
Since Pg,Γ (X) is weak* compact, by Proposition 6.5.1, we conclude the assertion.
Lemma 7.5.1 states the existence of the capacity-achieving measure over fading channels
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with no CSI. One immediate result of our arguments on strict concavity of mutual information, Proposition 7.5.1, is on the uniqueness of the capacity-achieving measure, as shown
below.
Lemma 7.5.2 (Uniqueness). For any channel WN (H̄, Σ), the capacity-achieving measure
over Pg,Γ (X) is unique up to the equivalency of input measures.
Proof. The proof is essentially the same as the proof of Lemma 7.3.2.
So far, in this section, we have shown the existence and uniqueness of the capacityachieving measure over fading channels with no CSI at the receiver. It remains to provide
some insight to the characterization of such input measure.
Proposition 7.5.3. Suppose g(·) = k · kηη for 1 ≤ η. If η > 2, the capacity-achieving
measure must have a bounded support with no interior point. In contrast, if 1 ≤ η ≤ 2, a
necessary condition for the capacity-achieving measure is
η

Po (kyk2 ≤ kxk2 , R(y) ⊆ R(x)) = O(e−αkykη ),
where R(·) denote the row space of a matrix, and α > 0 is a constant.
Proof. Suppose Po WQ is the optimal capacity-achieving output measure. Applying KuhnTucker condition, Theorem 6.5.3, to our problem, we need to find a positive value γ > 0
such that
D(WQ (·|x)kPo WQ ) − γkxkηη ≤ C − γΓ.
We note that WQ (·|x) ≪ µY with density function
fQ (y|x) =

1
π mL σ 2mL

1

det Φx

′

−1

e− σ2 vec (y−H̄x) Φx

vec (y−H̄x)

,

where Φx is defined as in (93). Using some straightforward mathematical manipulation, we
obtain
−mL log2 (πeσ 2 ) −

Z

log2

d(Po WQ )
fQ (y|x)dµY − log2 (det Φx ) − γkxkηη ≤ C − γΓ. (96)
dµY
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Now, the problem is to find an output density function together with the value γ > 0
such that the above inequality is satisfied with equality on all x ∈ X in the support of
the capacity-achieving measure. Unfortunately, because of the inherent difficulties in this
expression, it is not possible to find an analytic solution for the output density function.
However, through some asymptotic analysis discussion we can obtain some intuition on
characterization of the support of the capacity-achieving measure, as follows.
Case η > 2: It can be inspected that for large values of x, the term γkxkηη is a dominant
term. Hence, the integral term must have a growth rate of kxkηη ; otherwise, the support of
the capacity-achieving measure is bounded. Thus, it suffices to study the asymptotic (tail)
behavior of the density function fPo ,Q (y) =
fPo ,Q (y) =
≥

Z

Z

1

1

π mL σ 2mL det Φ

2

2

Z

For every fixed y ∈ Y , we have
′

−1

e− σ2 vec (y−H̄x) Φx

vec (y−H̄x)

x

1

2

π mL σ 2mL det Φ

≥ e− σ2 kyk2

d(Po WQ )
.
dµY

′

−1

e− σ2 vec y Φx

vec y −

1

2

e

dPo

2
vec (H̄x)′ Φ−1
x vec (H̄x)
σ2

x

π mL σ 2mL det Φx

′

−1

e− σ2 vec (H̄x) Φx

vec (H̄x)

dPo

dPo

This means that − log2 fPo ,QH̄ (y) = O(kyk22 ). As a result, it can be verified that for η > 2,
there exists no choice for the input measure so that the integral part of (96) catch up with
the growth rate of kxkηη for large values of x. Thus, the support of the capacity-achieving
input measure is bounded for η > 2. Trying to use Proposition 6.5.3, one can verify that
ρ(z) is analytic over Z except the zero set of some polynomials, say A ∈ Z. Since the
zero set of polynomials are closed sets including boundary points [5], the set U = Z\A is a
connected set. Because of the existence of log2 (det Φx ) in (96), we know that the zero set of
ρ(z) is not the solution of a polynomial. Thus, ξ(Sx (Po )) ∩ U is not empty. Now, applying
Proposition 6.5.3, we deduce that Sx (Po ) can not have any interior point.
Case η ≤ 2: Recalling that Φx =

1
(x′ ⊗ Im )Σ(x ⊗ Im )
σ2

+ ImL , one can verify that for

every x ∈ X,
(

λmin ′
λmax
x x + IL ) ⊗ Im ≤ Φx ≤ ( 2 kxk22 + 1)ImL ,
σ2
σ

where λmax and λmin > 0 are the maximum and minimum eigenvalues of Σ. Let the operator
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R(·) denote the row space of a matrix. Then,
fPo ,Q (y) ≥
≥
≥

Z

Z
Z

1

2

π mL σ 2mL det Φ

−1

vec y −

e

2
vec (H̄x)′ Φ−1
x vec (H̄x)
σ2

x

1
π mL (λmax kxk22

′

e− σ2 vec y Φx

e−tr(y(λmin x x+σ
′

+

kyk2 ≤kxk2 ,R(y)⊆R(x)

σ 2 )mL

2I

−1 y ′
L)

dPo

) e−tr(H̄x(λmin x′ x+σ2 IL )−1 x′ H̄ ′ ) dP

k
dPo ,
(λmax kxk22 + σ 2 )mL

where k = k(H̄, Σ) is a nonzero constant dependent on H̄ and Σ. Assuming that
Po (kyk2 ≤ kxk2 , R(y) ⊆ R(x)) = Θ(e−l(y) ),
for some positive function l : Y → R+ , where l(y) = ω(ln kyk2 ), for sufficiently large kyk22 ,
we would obtain.
fPo ,Q (y) ≥ Θ(e−2l(y) ).
But this means that
− log2 fPo ,Q (y) = O(min (kyk22 , l(y))).
Now, consider this together with (96), we can observe that for large values of kxkηη , the
integral part of (96) is behaving as O(min (kxk22 , l(x))). Thus, a necessary condition for the
capacity achieving-measure is l(x) = Ω(kxkηη ).
We remark that Proposition 7.5.3 is applicable to all Rician or Rayleigh channels with
full-rank covariance matrix subject to any moment constraint. The capacity-achieving measures for none of the choices for g(·) = k · kηη are not explored. For the case that η = 2,
this problem has been addressed to some extent for Rayleigh channels in [68], [1], and [111].
For the case of SISO Rayleigh channels, it has been shown [1] that the capacity-achieving
distribution has a finite number of mass points. Also, for the MIMO channel with isotropic
Rayleigh distribution, the authors [68] have conjectured that the support of the capacityachieving measure is in the form of concentric spheres around the origin with no interior
point. More results can be found in [76].
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7.6

Partial Channel State Information at the Receiver

In some fading channels, the system setup allows estimation of the channel at the receiver
to some extent. In such case, we assume that the channel state information is partially
available at the receiver. Thus, in consideration of the general system model (76), we
assume that the channel realization, H, is partially known at the receiver. We assume
that the channel realization is governed by a Gaussian distribution characterized by H̄ and
Σ (full-rank), as before. The channel state information is assumed to be available at the
receiver in the form of elements from an LCH Borel-measurable space V , where each value
v ∈ V is an estimation for the channel realization H. We assume that H × V is associated
with a measure Q ◦ R which has a joint Gaussian density function. That is for every v ∈ V ,
the measure Qv has a Gaussian density function characterized by
µH|v = H̄ + Σ−1
Hv (v − µv )
ΣH|v = Σ − ΣHv Σ−1
vv ΣvH ,
where ΣHv (and ΣvH ) denotes cross-covariance of H and v, and µv and Σvv are mean
and covariance of the a Gaussian density function of the probability measure R on V . To
emphasize that the channel state information is partially known, we use a subscript “P”,
we denote the channel as WP (µH|v , ΣH|v ). To avoid extra difficulties, we assume that ΣH|v
is full-rank for all v ∈ V .
Since the CSI is not fully known at the receiver, the size of block-length, L, is important
in capacity analysis. Hence, we assume X = Cn×L . Note that WQv (·|x) ≪ T with a density
function (obtained from (79))
β
fT,Qv (y|x) =
exp
det Φx,v
where Φx,v =

1
(x′ ⊗ Im )ΣH|v (x ⊗ Im )
σ2

α2 kykp2 − (y − µH|v x)′ Φ−1
x,v (y − µH|v x)
2
σ

!

(97)

+ ImL . For every input measure P ∈ Pg,Γ (X), we

have P WQv ≪ T with a density function
fT,P,Qv (y) =

Z

fT,Qv (y|x)dP.

148

(98)

As a result, the mutual information of this channel is expressed as
ZZZ
I(P, WP (µH|v , ΣH|v )|R) =
fT,Qv (y|x) log2 fT,Qv (y|x)dT dPdR
ZZ
−
fT,P,Qv (y) log2 fT,P,Qv (y)dT dR.

(99)

Note that the capacity per channel use is obtained by dividing the maximum of (99) by L.
7.6.1

Properties of mutual information

In this part, we address strict concavity and continuity of the mutual information over
fading channels with partial CSI at the receiver.
In Proposition 6.4.3, we have addressed the strict concavity of the mutual information
in general. Since, the strictness property is essential in addressing the uniqueness of the
capacity-achieving probability measure, here we address a simpler condition to verify this
property of the mutual information function for the case of fading channels with partial CSI
at the receiver.
Observation 7.6.1. For every P ∈ Pg,Γ (X), fT,P,Qv (y) is continuous and nonzero for all
(y, v) ∈ Y × V .
Proof. By (97), the continuity and positiveness of fT,Qv (y|x) is obvious. The positiveness of
fT,Qv (y|x) implies the positivity of fT,P,QH̄ (y). To prove the continuity, suppose (yn , vn ) →
(y, v) in Euclidean norm. Then,
Z
lim fT,P,Qvn (yn ) = lim fT,Qvn (yn )dP
n

n

= lim e

p
α2 kyn k
2
σ2

n

By DCT = e

p
α2 kyk
2
σ2

lim
n

Z

Z

′

−1 (y −µ
n
H|vn x)

(yn −µH|v x) Φx,v n
n
β
σ2
e−
det Φx,v n
′

(y−µH|v x) Φx,v
β
σ2
e−
det Φx,v

−1 (y−µ
H|v x)

dP

dP

= fT,P,Qv (y).
This proves the continuity of fT,P,Qv (y) over Y × V .
We say two probability measures P1 , P2 ∈ Pg,Γ (X) are equivalent over WP (µH|v , ΣH|v )
if they induce the same conditional output probability measure (conditional on v). Equivalently, two input measures are equivalent over WP (µH|v , ΣH|v ) if fT,P1 ,Qv (y) = fT,P2,Qv (y)
149

for all (y, v) ∈ Y × V such that v is in the support of R.
Proposition 7.6.1 (Strict concavity). The mutual information of channel WP (µH|v , ΣH|v )
is strictly concave with respect to the convex combination of two input measures P1 and P2 ,
unless they are equivalent over WP (µH|v , ΣH|v ).
Proof. By Observation 7.6.1, if there exists y ∈ Y such that fT,P1 ,Qv (y) 6= fT,P2,Qv (y) then
there exists a neighborhood U(y,v) ⊂ Y × V of (y, v) with that property. Then by definition
of T ×R (78), (T ×R)(U(y,v) ) > 0. This implies that the set U(y,v) complies the requirements
of Proposition 6.4.3. Thus, the mutual information function of an PCSI channel is strictly
concave with respect to the convex combination of P1 and P2 if and only if there exists
(y, v) ∈ Y × V such that fT,P1,Qv (y) 6= fT,P2,Qv (y).
Another important property of mutual information which is useful in capacity analysis
is its continuity, as shown below.
Proposition 7.6.2 (Continuity). The mutual information of any channel WP (µH|v , ΣH|v )
is weak* continuous over Pg,Γ (X).
Proof. It suffices to check if the hypothesis of Theorem 6.4.2 is satisfied. To prove hypothesis
(a) of Theorem 6.4.2, we proceed as the proof of Proposition 7.3.2. We prove the theorem
for g(x) = kxk22 , and the proof for other choices of g is also similar. For every P ∈ Pg,Γ (X),
let
Ac = {(x, y, v) ∈ X × Y × V |fT,Qv (y|x) |log2 fT,Qv (y|x)| > c2 }.
Let
Bc = {(x, y, v) ∈ X × Y × V |fT,Q (y|x) > c},
for sufficiently large c > 0, it can be observed that Ac ⊂ Bc . Let
2
Dc = {(x, y, v) ∈ X × Y × V |α2 kykp2 − vec (y − µH|v x)′ Φ−1
x,v vec (y − µH|v x) > σ ln

c det Φx,v
}.
β

It can be inspected that Bc ⊂ Dc . For sufficiently large c > 0, it can be inspected that
α2 kykp2 ≥ vec (y − µH|v x)′ Φ−1
x vec (y − µH|v x). Let also define
Ec = {(x, y, v) ∈ X × Y × V |kykp2 >
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σ 2 c det Φx,v
ln
}.
α2
β

Thus, for sufficiently large c > 0, Dc ⊆ Ec . Noting that det Φx,v ≥ 1, let define ω(c) =
 2
1/p
σ
c
ln
. In a similar discussion as in Proposition 7.3.2, we can deduce that
2
β
α
ZZZ

Ac

fT,Qv (y|x) |log2 fT,Q (y|x)| dT dP dR
ZZZ
≤
fT,Qv (y|x) |log2 fT,Qv (y|x)| dT dP dR
Ec
ZZZ
1
′ −1
1
≤ |log2 β|
e− σ2 vec (y−µH|v x) Φx,v vec (y−µH|v x) dµY dPdR
mL
2mL
σ
det Φx,v
Ec π
ZZZ
2
1
′ −1
log e
2α kykp2
e− σ2 vec (y−µH|v x) Φx vec (y−µH|v x) dµY dPdR
+ 22
mL
2mL
σ
σ
det Φx,v
Ec π


2
|log2 β|
2α log e
≤
+ 2 2−p 2
2
ω (c)
σ ω (c)
ZZZ
1
′ −1
kyk22
e− σ2 vec (y−µH|v x) Φx,v vec (y−µH|v x) dµY dPdR
mL
2mL
π σ
det Φx,v

If we take supP∈Pg,Γ (X) of both sides, the second term of the RHS is a finite value. Now,
applying limc→∞ to both sides, we observe that ω(c) → ∞ as c → ∞. Hence,
lim

sup

c→∞ P∈P

g,Γ (X)

ZZZ

Ac

fT,Q(y|x) |log2 fT,Q(y|x)| dT dP dR = 0.

This implies that the hypothesis (a) of Theorem 6.4.2 holds. Essentially similar to the proof
of Proposition 7.4.2, one can verify that the hypothesis (b) holds. Thus, both hypotheses
of Theorem 6.4.2 hold, so the mutual information is weak* continuous.
7.6.2

Capacity analysis

In this part, we address issues on the existence, uniqueness, and characterization of the
capacity-achieving measures over fading channels with partial CSI at the receiver.
Lemma 7.6.1 (Existence). For every channel WP (µH|v , ΣH|v ), there exists a measure Po ∈
Pg,Γ (X) that achieves the capacity of WP (µH|v , ΣH|v ) over Pg,Γ (X).
Proof. Proposition 7.5.2 states the weak* continuity of the mutual information over Pg,Γ (X).
Since Pg,Γ (X) is weak* compact, by Proposition 6.5.1, we conclude the assertion.
Lemma 7.6.1 states the existence of the capacity-achieving measure over fading channels
with partial CSI. One immediate result of strict concavity of mutual information, Proposition 7.6.1, is on the uniqueness of the capacity-achieving measure, as shown below.
151

Lemma 7.6.2 (Uniqueness). For every channel WP (µH|v , ΣH|v ), the capacity-achieving
measure over Pg,Γ (X) is unique up to the equivalency of input measures.
Proof. The proof is essentially the same as the proof of Lemma 7.3.2.
So far, in this section, we have shown the existence and uniqueness of the capacityachieving measure over fading channels with PCSI at the receiver. It remains to provide
some insight to the characterization of such input measure.
Proposition 7.6.3. Suppose g(·) = k · kηη for 1 ≤ η. If η > 2, the capacity-achieving
measure must have a bounded support with no interior point. In contrast, if 1 ≤ η ≤ 2, a
necessary condition for the capacity-achieving measure is
η

Po (kyk2 ≤ λmin (v)kxk2 , R(y) ⊆ R(x)) = O(e−α(v)kykη ),
where R(·) denotes the row space of a matrix, λmin (v) denotes the minimum eigenvalue of
ΣH|v , and α : V → R+ is a positive function.
Proof. Suppose Po WQv is the optimal capacity-achieving output measure. Applying KuhnTucker condition, Theorem 6.5.3, to our problem, we need to find a positive value γ > 0
such that
Z

D(WQv (·|x)kPo WQv )dR − γkxkηη ≤ C − γΓ.

We note that WQv (·|x) ≪ µY with density function
fQv (y|x) =

1
π mL σ 2mL

1

det Φx,v

′

−1

e− σ2 vec (y−µH|v x) Φx,v vec (y−µH|v x) ,

where Φx,v is defined as in (97). Using some straightforward mathematical manipulation,
we obtain
d(Po WQv )
−mL log2 (πeσ ) −
log2
fQv (y|x)dµY dR
dµY
Z
− log2 (det Φx,v )dR − γkxkηη ≤ C − γΓ.
2

ZZ

(100)

Now, the problem is to find an output density function together with the value γ > 0
such that the above inequality is satisfied with equality on all x ∈ X in the support of
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the capacity-achieving measure. Unfortunately, because of the inherent difficulties in this
expression, it is not possible to find an analytic solution for the output density function.
However, through some asymptotic analysis discussion we can obtain some intuition on
characterization of the support of the capacity-achieving measure, as follows.
Case η > 2: It can be inspected that for large values of x, the term γkxkηη is a dominant
term. Hence, the first integral term in (100) must have a growth rate of kxkηη ; otherwise,
the support of the capacity-achieving measure is bounded. Thus, it suffices to study the
asymptotic (tail) behavior of the density function fPo ,Qv (y) =

d(Po WQv )
.
dµY

For every fixed

y ∈ Y , we have
fPo ,Qv (y) =

Z

1

1

′

−1

e− σ2 vec (y−µH|v x) Φx,v vec (y−µH|v x) dPo

π mL σ 2mL det Φx,v
2
2
′ −1
′ −1
1
≥
e− σ2 vec y Φx,v vec y e− σ2 vec (µH|v x) Φx vec (µH|v x) dPo
mL
2mL
π σ
det Φx,v
Z
2
2
1
− 22 vec (µH|v x)′ Φ−1
x,v vec (µH|v x)
σ
≥ e− σ2 kyk2
e
dPo
π mL σ 2mL det Φx,v
Z

This means that − log2 fPo,Qv (y) = O(kyk22 ). As a result, it can be verified that for η > 2,
there exists no choice for the input measure so that the growth rate of the first integral of
(100) catch up with the growth rate of kxkηη for large values of x. Thus, the support of the
capacity-achieving input measure is bounded for η > 2. Using an argument similar to the
one in the proof of Proposition 7.5.3, one can deduce that the support of Po has no interior
point.
Case η ≤ 2: Recalling that Φx,v =

1
(x′ ⊗ Im )ΣH|v (x ⊗ Im )
σ2

+ ImL , one can verify that

for every x ∈ X,
(

λmin (v) ′
λmax (v)
x x + IL ) ⊗ Im ≤ Φx ≤ (
kxk22 + 1)ImL ,
σ2
σ2

where λmax (v) and λmin (v) > 0 are the maximum and minimum eigenvalues of ΣH|v . Let
the operator R(·) denote the row space of a matrix. Then,
Z
2
2
′ −1
′ −1
1
fPo ,Qv (y) ≥
e− σ2 vec y Φx,v vec y e− σ2 vec (µH|v x) Φx,v vec (µH|v x) dPo
mL
2mL
π σ
det Φx,v


Z −tr(y(λmin (v)x′ x+σ2 IL )−1 y′ )
e
−tr µH|v x(λmin (v)x′ x+σ2 IL )−1 x′ µ′H|v
≥
e
dPo
π mL (λmax (v)kxk22 + σ 2 )mL
Z
k(v)
≥
dPo ,
2
2 mL
kyk2 ≤λmin (v)kxk2 ,R(y)⊆R(x) (λmax (v)kxk2 + σ )
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where k(v) = k(µH|v , ΣH|v ) is a nonzero function from V to R+ . Assuming that
Po (kyk2 ≤ λmin (v)kxk2 , R(y) ⊆ R(x)) = Θ(e−l(y)α(v) ),
for some positive function l : Y → R+ , α : V → R+ , where l(y) = ω(ln kyk2 ), we would
obtain
fPo ,Qv (y) ≥ Θ(e−2l(y)r(v) ).
But this means that
− log2 fPo ,Qv (y) = O(min (kyk22 , l(y)α(v))).
Now, consider this together with (100), we can observe that for large values of kxkηη , the
integral part of (100) is behaving as O(min (kxk22 , l(x))). Thus, a necessary condition for
the capacity achieving-measure is l(x) = Ω(kxkηη ). This concludes the assertion.
We remark that Proposition 7.6.3 is applicable to all Rician or Rayleigh channels with
full-rank covariance matrix subject to any moment constraint. The capacity-achieving measures for none of the choices for g(·) = k · kηη is not known.

7.7

Summary

We addressed a unified approach toward capacity analysis of multiple antenna channels.
We considered a commonly known baseband, discrete-time multiple antenna system where
both the transmitter and receiver know the channel’s statistical law. We used the results
of the previous chapter to analyze the capacity of multiple antenna channels in a unified
manner, irrespective of the type of fading, amount of correlation, and the amount of available
knowledge about the channel state information (CSI) at the receiver. We studied the
mutual information function and some of its analytical properties such as strict concavity
and continuity for additive white Gaussian (AWGN) channels, fading channels with full CSI
at the receiver, fading channels with no CSI, and fading channels with partial CSI at the
receiver. Then, for each type of channels we studied the capacity value as well as issues
such as the existence, uniqueness, and characterization of the capacity-achieving measures.
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For channels with no CSI or partial CSI at the receiver, we have provided necessary
and sufficient conditions for characterization of the capacity-achieving measures and provided and provided asymptotic analysis to characterize the tail behavior of these measures.
However, a closed for expression or full characterization of these measures remain open. As
a direction for future research, one might consider the problem of characterization of the
capacity-achieving measure for channels with no CSI or partial CSI at the receiver.
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CHAPTER VIII

CONCLUSION
8.1

Contributions

The objective of this dissertation was to present new results on multiple antenna wireless communication systems, focusing on fundamental issues in the analysis and design of
systems that provide reliable and efficient wireless high-speed data transmission. In our
analytical investigations in this dissertation, we were inspired by coding and information
theoretic aspects of multiple antenna systems. Our motivation to do so came from a communication centric viewpoint that the wireless network layers are mathematically justified
by the classical theorems of information theory. This lead us to believe that new trends and
breakthroughs in future wireless systems would require rigorous developments in coding
and information theoretic aspects of wireless systems.
We presented novel results on coding and information theoretic aspects of communication over multiple antenna communication systems. In a summary, our contribution to the
field are:
• Derivation of a sphere packing lower bound on word error probability of space-time
codes which is useful in investigation of performance limits of multiple antenna flatfading channels, and demonstration of the effect of system parameters on them.
• Derivation of a generalized performance criterion and design criteria for space-time
coding over any multiple antenna Rician or Rayleigh flat-channels in the presence of
spatial-temporal correlation.
• Characterization of the family of rank-deficient space-time codes as an algebraic subvariety which shows that any randomly selected space-time code achieves full diversity
with probability one.
• Development of a unified analytical framework for capacity analysis of continuous
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alphabet channels with side information (at the receiver), and demonstration of its
applications to the capacity assessment of multiple antenna channels.
• Establishment of certain partial ordering relations on fading channels in terms of
fading parameters that allows investigation of the behavior of the mutual information
and the capacity of flat-fading channels with respect to the fading parameters.

8.2

Future work

As a follow up of this dissertation, we propose to conduct research on the mathematical
foundation of multiple antenna wireless systems to find relevant theoretical problems whose
solutions may lead to improved systems. We believe some of the fundamental challenging
open problems that are required to be addressed are
• Low complexity systems: Determining and introducing low complexity encoding
and decoding systems both in computational and hardware aspects. This includes
investigation of multilevel encoding and multistage decoding techniques which allow
modular design of the decoder and hence reduce the cost of design and upgrading the
systems.
• Smart antennas and adaptive modulation: Investigation of efficient modulation
techniques and spatial-temporal processing to use the channel state information to
adapt the system with the channel condition by providing higher gain in the direction
of the desired signal, suppressing interference, and providing diversity. The techniques
should be optimized with respect to the size and the cost of the wireless systems, and
the computational and battery power of the application.
• Systematic coding: Developing systematic approaches for codes that are robust
against channel variations both in statistics and realizations. Establishing a unified
mathematical framework for systematic coding strategies from both algebraic and
combinatorial point of view, accompanied by enumerative arguments on the number
of codewords.
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We also believe that the theoretical results of this dissertation will provide insights
into analysis of fundamental limits of multiple-user wireless channels and networks. Thus,
another direction for future work is network coding and information theory. This is due to
the fact that for fourth generation of wireless networks and beyond, we need to consider
cross-layer design and optimization of network . Hence, studying these aspects will lead
us to develop algorithms that increase the capacity of networks and decrease the delay in
systems. We believe some of the fundamental challenging open problems that are required
to be addressed in this area are:
• Capacity and coding strategies: Determining the fundamental limits and the capacity of wireless networks under different application constraints. The problem needs
to be addressed within the framework of arbitrary-varying channels, and optimized
with consideration of a game theoretic argument.
• Network error correction codes: Developing design criteria for possible optimal
or suboptimal randomized or deterministic coding strategies. Designing encoding and
decoding schemes that satisfy such application constraints as complexity and energy.
• Cross-layer networking: Consolidating the physical and data link layers to develop technology that allows radio networks to send and receive messages with higher
throughput and lower delay. This requires optimizing the throughput and delay in
wireless networks which combines basic communication limits with network qualityof-service issues.
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APPENDIX A

SUPPLEMENTARY FOR CHAPTER III

A.1

Proof of Theorem 3.3.1

Under the linear transformation H, an (nLK)-hypersphere, BnLK (0,

√

LKEs ) ∈ CnLK , is

transformed into an (mLK)-hyperellipsoid centered at origin and characterized by

mKLEs
HH′
n

[70], which is described by the set


mLKEs
HH′ )−1 Y ≤ 1}.
{Y ∈ CmLK | tr Y ′ (
n

(101)

For the affine transform Y = HX+Z, the received signal space is the (mLK)-hyperellipsoid
(101), where its center is translated by Z. Therefore, to find the bounding region Sδ (H)
we find the addition of two sets. One set is described by the (mLK)-hyperellipsoid (101)
′

)
2
and the other one is {Z ∈ CmLK | | tr(ZZ
mLK − σ | ≤ δ}. As the result, we obtain the following

(mLK)-hyperellipsoid
{Y ∈ C

mLK



′

2

| tr Y (mLK(σ + δ)ImK

mLKEs
+
HH′ )−1 Y
n



≤ 1},

as the bounding region, Sδ (H), where with an arbitrarily high probability (> 1 − ǫ), the
received signals lie in Sδ (H), if the dimension is sufficiently large. This concludes the proof


of Theorem 3.3.1.

A.2

Proof of Lemma 3.4.1

As justified in [78], if we substitute Λi,Xs (H) by BmLK (HXi , ri,Xs (H)), we obtain
Z
i
PXs (ε|X , H) ≥
p(Y|Xi , H)dY.
Y∈B
/ mLK (HXi ,ri,Xs (H))

Now using the expression for the surface area of an (mLK)-hyperspheres [70], we obtain
r2

2π mLK r 2mLK−1
e− σ2
PXs (ε|Xi , H) ≥
dr
mLK σ 2mLK
ri,Xs (H) (mLK − 1)! π
!
2 (H) k
r2
(H) mLK−1
X 1
ri,X
− i,Xs2
s
σ
=e
.
k!
σ2
Z

∞

k=0
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This concludes the proof of Lemma 3.4.1.

A.3

Proof of Theorem 3.4.1

Recalling that the volume of S(H) is described by (13), we divide both sides of (20) by
Vol(BmLK (0, σ)). Thus, we obtain

M
−1 

L
X
ri,Xs (H) 2mLK
mLKEs
′
= det mLKImK +
HH
σ
nσ 2
i=0

For the sake of simplicity, let xi ,




ri,Xs (H) 2mLK
,
σ

1
mLK

and g(xi ) = e−xi

k=0

We reconfigure the optimization problem as follows
min

x0 ,...,xM −1

PmLK−1

k

1 mLK
.
k! xi

M −1
1 X
g(xi ) subject to
M
i=0

M
−1
X
i=0


L
mLKEs
′
xi = det mLKImK +
HH
.
nσ 2

Taking the first two derivatives of g(xi ) with respect to xi , it can be inspected that gnLK (xi )
is a convex monotonically decreasing function for x ≥ 0. Thus, applying Jensen’s inequality,
we obtain
M −1
M −1
1 X
1 X 
g(xi ) ≥ g
xi
M
M
i=0

i=0

 
1
mLKEs
′ L
=g
.
det mLKImK +
HH
M
nσ 2

Therefore, to minimize the object function, all xi ’s should be equal to xo ,
mLKEs
HH′ )L .
nσ2

1
M

det(mLKImK +

Substituting 22nLKR for M (for simplicity we ignore ⌈·⌉ function), the op-

timum (minimizing) equivalent square radius is
2n

ro2 (H) = mLKσ 2 2− m R

hK−1
Y

det(Im +

k=0

This concludes the proof of Theorem 3.4.1.

A.4

i 1
Es
mK
′
H
H
)
.
k k
nσ 2

Proof of Equations (25) and (26)

We rewrite the conditional SPB (22) as
Psp

r 2 (H) 
mLK, o 2
=
σ

mLK−1
X

2n
−(1−s)mLK2− m R

e

k=0

hQ

K−1
i=0

1 dk
k! dsk
det(Im +

i

1
Es
Hi Hi′ ) mK
2
nσ

.
s=0
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Now by applying Proposition 3.4.1 to this expression, we obtain
min PXs (ε) ≥
Xs

mLK−1
X
k=0
K−1
Y

1 dk −(1−s)mLK2− 2n
mR
e
k! dsk
− 2n
m R LEs
−(1−s) 2
tr
nσ 2

E e

(

Hi Hi′

i=0

)

!

.
s=0

If n ≥ m (resp. n < m), then Hi Hi′ ’s (resp. Hi′ Hi ’s ) have Wishart distribution [24].
Without the loss of generality, let n ≥ m. Using the moment generating function of Wishart
distribution [24], we gain
mLK−1
X

min PXs (ε) ≥
Xs

1 dk
k! dsk

k=0

− 2n
mR

e−(1−s)mLK2

− 2n
mR

det(Im + (1 − s) 2

LEs

nσ2

,
Im )nK

s=0

which is simplified to
− 2n
mR

min PXs (ε) ≥
Xs

e−mLK2
− 2n
mR

(1 +

2

k
X



·

LEs nmK
)
nσ2

mLK−1
X
k=0

2n
2− m R LEs
nσ2



2n

2n
2− m R LEs
)(mLK2− m R )
nσ2

(1 +
(nmK + i − 1)!
·
.
i!(k − i)!(nmK − 1)!
i=0

2n

(mLK2− m R )k
i


One can easily verify that, the same result is obtained if n < m. Recalling that

for the case that R ≫

m
2n

n+i
i



=


i 
X
n−1+k
k=0

min PXs (ε) ≥

e−mLK2
2n

(1 +

2− m R LEs nmK
)
nσ2



≫ 1, we have

nmK + mLK − 1
.
mLK − 1

This concludes the proof of Equations (25) and (26).

A.5

,

2n

2− m R LEs
nσ2

log2 (mLK) and

− 2n
mR

Xs

k



Proof of Proposition 3.4.2

We prove the assertion for K = 1 and the proof of the general case is trivial by extension.
Hence, we drop indexing H by k. Let r = min(m, n), and let H = {H ∈ Cnm |rank(()HH ′ ) =
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r}. We show that the approximate inequality is valid if H ∈ H. Because the set Hc = Cnm −
H is a closed subvariety in Cnm with zero measure [50], we conclude that the approximate
(1)

inequality can be used to obtain a tight approximate lower bound for P̄sp (n, m, L, 1, R).
Es
Let H ∈ H. If m ≤ n, then for high SNR ( nσ
2 ≫ 1)
1
1
Es
Es
1
HH ′ ) m ≈ det( 2 HH ′ ) m ≤ tr
det(Im +
2
nσ
nσ
m




Es
′
HH .
nσ 2

On the other hand, if n < m, then for high SNR
1
1n
Es
Es
HH ′ ) m ≈ det( 2 H ′ H) n m
2
nσ
nσ

Es ′ 1
1
Es ′
≤ det( 2 H H) n ≤ tr
HH .
nσ
n
nσ 2

det(Im +

In summary, if rank(()HH ′ ) = r, then for high SNR


1
Es
1
Es
′ m
′
det(Im +
HH ) / tr
HH .
nσ 2
r
nσ 2

(102)

(1)

Now, we write P̄sp (n, m, L, 1, R) as
(1)
(n, m, L, 1, R)
P̄sp



ro2 (H)
= P (H)E Psp mL,
H
σ2




ro2 (H)
c
c
+ P (H )E Psp mL,
H
σ2




Because Hc has zero measure [50], P (Hc ) = 0 and P (H) = 1. Hence,




ro2 (H)
(1)
P̄sp (n, m, L, 1, R) = E Psp mL,
H .
σ2

(103)

Thus, applying (102) to (103), we obtain a tight approximate lower bound for the sphere
(1)

packing bound P̄sp (n, m, L, 1, R) in high SNR. This concludes the proof of Proposition


3.4.2.

A.6

Proof of Equations (28)

We follow a process completely similar to Appendix A.4. Here, we use Proposition 3.4.2 to
obtain
min PXs (ε) '
Xs

mLK−1
X
k=0

K−1
Y

1 dk
k! dsk
− 2n
mR

−(1−s) 2

E e

i=0
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mLEs
tr
rnσ 2

(Hi Hi′ )

!

.
s=0

Without the loss of generality, let assume n ≥ m which means that Hi Hi′ ’s have Wishart
distribution [24]. Using the moment generating function of Wishart distribution, we obtain
min PXs (ε) '
Xs

mLK−1
X
k=0

1 dk
k! dsk
1
− 2n
mR

=

det(Im + (1 − s) 2
1
2n

2− m R mLEs nmK
)
rnσ2

(1 +

k

− 2n
mR
s
(k + nmK − 1)!  2 rnσmLE
2
.
2n
k!(nmK − 1)!
2− m R mLEs
1+

mLK−1
X

·

mLEs
Im )nK s=0
rnσ2

k=0

rnσ2

Note that the same result is obtained if n < m. This concludes the proof of Equations (28).
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APPENDIX B

SUPPLEMENTARY FOR CHAPTER IV

B.1

Preliminary on Matrix Calculus

In this appendix, we present some of the preliminary results from matrix algebra needed
for the proofs of the main assertions of the chapter.
B.1.1

The matrix inversion lemma

Let A and D be two nonsingular matrices, and let B and C be two matrices with appropriate
size. Then, (A−1 + BDC)−1 = A − AB(CAB + D−1 )−1 CA.
B.1.2

Commutation inside the determinant

Let A and B be two matrices of size m × n and n × m respectively. Then, det(AB + Im ) =
det(BA + In ).
B.1.3

The vector operator

The vector operator, denoted by vec , concatenates the columns of a matrix A vertically
into a vector denoted by vec A. Some properties of the vector operator are as follows
a. If A ∈ Cm×n , and v ∈ Cn×1 , then vec (Av) = Av.
b. tr (AB) = (vec A′ )′ vec B.
B.1.4

The Kronecker Product

The Kronecker product, denoted by ⊗, is a binary matrix operator that maps any pair of
matrices into a larger matrix with special block structure. Let A and B be of size n × m
and p × q respectively. Then their Kronecker product, denoted A ⊗ B, is an np × mq matrix
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defined as follows.



a
·
·
·
a
1m 
 11
b11
 . .


. . . ...  , B =  ...
A=
 .





an1 · · · anm
bp1



b1q 
 a11 B

 .
.. 
.
.  ⇒ A⊗B =
 .


· · · bpq
an1 B
···
..
.


· · · a1m B 
.. 
..
.
. 
.

· · · anm B

Let A, B, C, D be four appropriate matrices over C. Some of the properties of the

Kronecker product are as follows [10].
a. The Kronecker product is not in general commutative.
b. The Kronecker product is associative (A ⊗ B) ⊗ C = A ⊗ (B ⊗ C).
c. Transpose distributes over the Kronecker product, (A ⊗ B)′ = A′ ⊗ B ′ .
d. Matrix multiplication, when dimensions are appropriate, (A ⊗ B)(C ⊗ D) = (AC ⊗
BD).
e. When A and B are square and nonsingular (A ⊗ B)−1 = A−1 ⊗ B −1 .
f. The determinant of the Kronecker product of two matrices is det (An×n ⊗ Bm×m ) =
det (A)m det (B)n .
g. The trace of the Kronecker product of two matrices is tr (A ⊗ B) = tr (A) tr (B).
h. Vector form of a matrix multiplication, with appropriate dimensions ABC, is vec (ABC) =
(C ′ ⊗ A)vec B.

B.2

Proofs

This appendix is devoted to proofs of equations, theorems, corollaries, and other results
of the chapter. In presentation of the proofs, we label the equalities and inequalities and
justify them by statements with the same label right after the equations.
B.2.1

Derivation of Equation (45)

As mentioned in the text, to take the average of (43) with respect to H we need to write it
in a more convenient form. Let operator ∆ denote the difference of two matrices. Rewriting
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the Frobenius norm in terms of trace function in (43), we obtain
P(Xi 7→ Xj |H) ≤ e−γtr(H ∆X

ij

(a)

−γ

PK−1 

= e

k=0

(b)

PK−1

(c)

PK−1

(d)

PK−1

(e)

PK−1

= e−γ
= e−γ
= e−γ
= e−γ

′

∆Xij H′ )

k=0

k=0

k=0

k=0

(f)

= e−γvec

′

tr Hk ∆Xkij ∆Xkij Hk′



tr(Hk′ Hk ψk (i,j))
vec ′ Hk vec (Hk ψk (i,j))
vec ′ Hk vec (Im Hk ψk (i,j))
vec ′ Hk Ψk (i,j)vec Hk

′ H Ψ(i,j) vec H

.

Where, the description of the above equations are as follows
(a) Expanding H and ∆Xij in terms of their submatrices inside the trace function.
(b) Using the definition in (44), and commutation inside the trace function.
(c) Property 2 of the vector operator in Appendix B.1.
(d) Introducing a dummy identity matrix Im inside the vector operator.
(e) Using Property 8 of the Kronecker product (in Appendix B.1) with the definition in
(44).
(f ) Using the definition in (44), and rewriting in terms of vec H.
This concludes the derivation of Equation 45.
B.2.2



Proof of Theorem 4.5.1

To derive (48), we take the average of (47) with respect to H using (46). This derviation
follows as an application of the general result of the characteristic function of Hermitian
Quadratic forms in complex Gaussian random variables, that was introduced in [83, Appendix B]. More specifically, the assertion of Theorem 4.5.1 is derived from [83, Eq. (B-3-30)]
for s = 12 , after simultaneous diagonalization of Ψ(i, j) and Σ.
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For clarity, let us define Θ = γΨ(i, j). Let Θ = V ΛΘ V ′ and Σ = U ΛΣ U ′ be the
short form SVD’s of Θ and Σ. Note that we drop indexing for V and U for notational
convenience. As explained above, following [83, Appendix B], we obtain

P(Xi 7→ Xj ) ≤

e−vec

′ µV (V ′ (Θ† +Σ)V )−1 V ′ vec µ

.

det (ImnK + ΣΘ)

Now by substituting γΨ(i, j) for Θ, we obtain (48).
B.2.2.1

High SNR regime

In the high SNR regime, we should consider two possibilities.
• Nonsingular Σ: In this case, the high SNR behavior of (48) is described by
′

′

−1

′

e−vec µV (V ΣV ) V vec µ
P(X →
7 X )≤
.
pdet (γΣΨ(i, j))
i

j

Specifically, if Ψ(i, j) is also nonsingular, then V is a unitary matrix and we have
′

P(Xi 7→ Xj ) ≤

−1

e−vec µΣ vec µ
.
det (γΣΨ(i, j))

• Singular Σ: In this case, we have the following discussion. Let V ′ ΣV = U ΛV ′ ΣV U ′
denote the short form SVD of V ′ ΣV . Let Ũ = [U U c ] be the unitary matrix in the
complete form SVD of V ′ ΣV . Suppose we substitite the zero-singular values of V ′ ΣV
by ǫ. Thus, the diagonal matrix in the SVD of the new matrix is


′
Λ
0
 V ΣV

Λ̃V ′ ΣV = 
,
0
ǫIr

where Ir is an ientity matrix of size equal to the number of zero eigenvalues of V ′ ΣV .

Now, we have
e−vec

′ µV

(Ũ Λ̃V ′ ΣV Ũ ′ )−1 V ′ vec µ

= e−vec

′ µV

Ũ Λ̃−1
Ũ ′ V ′ vec µ
V ′ ΣV

= e−vec

′ µV

U Λ−1
U ′ V ′ vec µ − 1ǫ vec ′ µV U c Ir U c V ′ vec µ
V ′ ΣV

′

e

.

Taking the limit of the above equation when ǫ → 0, the first term is a positive value
in (0, 1) regardless of the value of ǫ. This is because of its exponent which is a finite
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value independent from ǫ. On the other hand, the second term is either zero or one,
depending on vec µ. If V ′ vec µ lies in the row space of U , then the exponent of the
second term is zero, and the second term is one. Otherwise, because its exponent goes
to infinity, its value is zero. This is to be expected, because if V ′ vec µ does not lie
in the row space of U , it means that the projection of V ′ vec µ onto the row space of
U c behaves like a Gaussian channel, where the error converges to zero exponentially.
However, the row space of U is the same as the row space of V ′ ΣV . Thus, if V ′ vec µ
lies in the row space of V ′ ΣV , the high SNR behavior of the upper bound is rational
expressible as
′

P(Xi 7→ Xj ) ≤

′

†

′

e−vec µV (V ΣV ) V vec
pdet (γΣΨ(i, j))

′µ

,

otherwise, it would go to zero exponentially.
B.2.2.2

Low SNR regime

It can be easily verified that for small values of γ, we obtain
′

e−γvec µΨ(i,j)vec µ
P(X →
7 X )≤
.
1 + γtr (ΣΨ(i, j))
i

j

Now, by applying the proper indexing to the results, we conclude the proof of Theorem


4.5.1.
B.2.3

Proof of Proposition 4.5.1

For clarity in derivation, let Θ = γΨ(i, j) = V ΛΘ V . We have
(a)

′
−1 ′
vec ′ µV (Λ−1
Θ + V ΣV ) V vec µ ≤

1
kV ′ vec µk2
+ V ′ ΣV )

λmin (Λ−1
Θ

(b)

1
kV ′ vec µk2
′ ΣV )
λmin (Λ−1
)
+
λ
(V
min
Θ
1
= −1
kV ′ vec µk2
λmax (ΛΘ ) + λmin (V ′ ΣV )
≤

(c)

≤

1
λ−1
max (ΛΘ ) +

λmin (Σ)

kvec µk2 .

Where, the equalities in the above derivations occur as follows
′
(a) The equality happens if V ′ vec µ is the minimum eigenvector of (Λ−1
Θ + V ΣV ).
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′
(b) The equality happens if the minimum eigenvectors of Λ−1
Θ and V ΣV are the same.

(c) Using the fact that λmin (Σ) ≤ λmin (V ′ ΣV ). If V is full-rank, then the equality occurs.
As a conclusion, to maximize the error exponent, Θ = γΨ(i, j) should be chosen such that,
it aligns the eigenvalues of Σ with the eigenvalues of Ψ(i, j) in reverse order.
B.2.4



Proof of Corollary 4.5.1

Let Θ be defined as in the proof of Theorem 4.5.1, and let Σ = diag ({Σk,k }k∈K ). Thus,
both Σ and Θ have block diagonal structures, which helps in simplifying the result of
Theorem 4.5.1. Note that Θ = V ΛΘ V ′ = diag ({Vk ΛΘk Vk′ }k∈K ), which means that V also
has a block diagonal form. Again for clarity, we do not use indexing with Ψk (i, j)’s and just
use indexing with k ∈ K. Starting from the result of Theorem 4.5.1, we have
(a)

P(Xi 7→ Xj ) ≤

e−vec

′ µV

(V ′ (Θ† +Σ)V )−1 V ′ vec µ

det (ImnK + ΣΘ)

(b)

=

−vec ′ µdiag

e





K−1
{Vk (Vk′ (Θ†k +Σk,k )Vk )−1 Vk′ }k=0
vec µ



K−1
det (diag {Imn + Σk,k Θk }k=0
)

K−1
Y −vec ′ µk Vk (Vk′ (Θ†k +Σk,k )Vk )−1 Vk′ vec µk

e

(c)

=

det (Imn + Σk,k Θk )

k=0

.

Where, the description of the above derivations are as follows

(a) Rewriting the upper bound in terms of Θ for simplifying.
(b) Reconfiguration using the structure of block diagonal matrices.
(c) Expanding vec µ in terms of vec µk ’s and using the identity det diag ({Ak }k∈K ) =
QK−1
k=0 det Ak .
Now by substituting γΨk (i, j) for Θk , we obtain the result in the assertion of the corollary.
B.2.4.1

High SNR regime

Similar to the proof of Theorem 4.5.1, if Vk′ vec µk lies in the row space of Vk′ Σk,k Vk for all
k ∈ K, then the behavior of the upper bound in high SNR is rational
i

j

P(X 7→ X ) ≤

K−1
Y
k=0

′

′

†

′

e−vec µk Vk (Vk Σk,k Vk ) Vk vec µk
,
pdet (Σk,k Ψk (i, j))

otherwise, it would go to zero exponentially.
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B.2.4.2

Low SNR regime

It can be easily verified that for small values of γ, we obtain
i

j

(a)

P(X 7→ X ) ≤

(b)

=

e−γ
1+γ

PK−1
k=0

vec ′ µk Ψk (i,j)vec µk

PK−1
k=0

PK−1

tr (Σk,k Ψk (i, j))
tr(µk ψk (i,j)µ′k )

e−γ k=0
.
PK−1
1 + γ k=0
tr (Σk,k Ψk (i, j))

Where, the description of the above derivations are as follows

(a) Evaluating the performance when γ shrinks into small values.
(b) Manipulating with steps similar to the steps (e) to (a) in Appendix B.2.1.
Now, by applying the proper indexing to the results, we conclude the proof of corollary


4.5.1.
B.2.5

Proof of Corollary 4.5.2

Here, we have Σk,k = Ck ⊗ Im , Ψk (i, j) = ψk (i, j) ⊗ Im , and Vk = vk ⊗ Im , where for
the sake of simplicity in derivation, we do not use indexing by ψk (i, j) and Ck for unitary
matrices and exhibit the SVD’s of ψk (i, j) and Ck by vk Λψk (i,j) vk′ and uk ΛCk u′k respectively.
Replacing them in (51), we have
i

j

P(X 7→ X ) ≤
(a)

=

(b)

=

K−1
Y e−vec ′ µk (vk ⊗Im )((vk ⊗Im )′ (γ −1 (ψk (i,j)⊗Im )† +Ck ⊗Imn )(vk ⊗Im ))−1 (vk ⊗Im )′ vec µk

det (Imn + γ(Ck ⊗ Im )(ψk (i, j)
k=0
K−1
Y e−vec ′ µk [vk (vk′ (γ −1 ψk (i,j)† +Ck )vk )−1 vk′ ]⊗Im vec µk
det (In + γCk ψk (i, j))m
k=0
K−1
Y −tr(µk vk (vk′ (γ −1 ψk (i,j)† +Ck )vk )−1 vk′ µ′k )
e

k=0

det (In + γCk ψk (i, j))m

⊗ Im ))

.

Where, the description of the above derivations are as follows
(a) Substitute Σk,k = Ck ⊗ Im in (51), and using Properties 4, 5, and 6 of the Kronecker
product in Appendix B.1.
(b) Going backward the steps (e) to (b) of the proof of Equation (47).
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B.2.5.1

High SNR regime

If the column space of vk′ µ′k is not a subspace of the row space of vk′ Ck vk then in the
high SNR regime, the bound converges to zero exponentially. Otherwise, the bound has a
rational asymptotic behavior described by
P(Xi 7→ Xj ) ≤
B.2.5.2

K−1
Y −tr(µk vk (vk′ Ck vk )† vk′ µ′k )

e
.
pdet (γCk ψk (i, j))m

k=0

Low SNR regime

It can be easily verified that for small values of γ, we obtain
i

j

P(X 7→ X ) ≤

e−γ

PK−1

1 + γm

k=0

tr(µk ψk (i,j)µ′k )

PK−1
k=0

tr (Ck ψk (i, j))

.

Now, by applying the proper indexing to the results, we conclude the proof of corollary


4.5.2.
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APPENDIX C

SUPPLEMENTARY FOR CHAPTER V

C.1

Some background material

C.1.1

Unitary group

Let C denote the space of complex numbers, and let n and m be two positive integers. By
Mm×n (C) we denote the set of all m × n matrices from C. Every matrix A ∈ Mm×n (C) can
be considered as a linear operator from Cn into Cm where the operator norm of the matrix
is defined as kAk = supkyk2 =1 kAyk; which is equal to the square root of the maximum
eigenvalue of AA′ . Here, k · k2 denotes the Euclidean norm.
Now suppose m = n and let Mn (C) = Mm×n (C). Suppose there exists a matrix A ∈
Mn (C) such that kAxk22 = kxk22 for all x ∈ C n . Such a matrix is called a unitary matrix
and the set of all unitary matrices is called the unitary group defined as
U (n) = {A ∈ Mn (C)| |det A| = 1}.

(104)

It is not difficult to verify that U (n) forms a group under the action of matrix multiplication
[20].
C.1.2

Integral inequalities

Let X = Cn . A positive real valued function f : X → R+ is said to be unimodal if the
set Du = {x ∈ X|f (x) ≥ u} is convex for all u ≥ 0. A function f : X → R is said to be
symmetric about the origin if f (x) = f (−x) for all x ∈ X. Correspondingly, a set A ⊂ X
is called symmetric if its characteristic function χA : X → {0, 1} is symmetric [100]. Let
G ⊂ U (n) be a finite subgroup. We say that f is G -invariant if f (x) = f (g(x)) for all
x ∈ X and all g ∈ G . A set is said G -invariant if its characteristic function be G -invariant.
We restate the following results from [100]. Note, however, the results of [100] are stated
over real vector spaces, where they can be trivially generalized for complex vector spaces
as follows.
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Theorem C.1.1 (Anderson’s Theorem). Let X = Cn and f : X → R+ be unimodal and
symmetric about the origin. Let A ⊂ X be convex and symmetric about the origin. If
R
A f dµX < ∞, then
∀y ∈ X, λ ∈ [0, 1],

Z

A

f (x + λy)dµX ≥

Z

f (x + y)dµX .

A

Proof. See [100, p. 51].
A generalizations of Anderson’s theorem is shown by Mudholkar using matrix groups.
Theorem C.1.2 (Mudholkar’s Generalization). Let G ⊂ U (n) be a finite subgroup of linear
transformations from X = Cn onto X. Let f : X → R+ be unimodal and G -invariant. Let
R
A ⊂ X be convex and G -invariant. If A f dµX < ∞, then
∀y ∈ X,
where α(y) =

P|G |

i=1 αi gi (y)

Proof. See [100, p. 62].

Z

A

f (x + α(y))dµX ≥

where αi ≥ 0 and

P|G |
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Z

i=1 αi

f (x + y)dµX ,

A

= 1.
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[48] Gursoy, M. C., Poor, H. V., and Verdú, S., “Efficient signaling for low-power
rician fading channels,” Proceedings of 40th Alerton Conf., pp. 327–336, 2002.
[49] Hammons, A. R. and El-Gamal, H., “On the theory of space-time codes for PSK
modulation,” IEEE Trans. Inform. Theory, vol. 46, pp. 524 – 542, March 2000.
[50] Harris, J., Algebraic Geometry: a First Course. No. 133 in GTM, New York:
Springer-Verlag, 1992.
[51] Hassibi, B. and Hochwald, B. M., “Cayley differential unitary space-time codes,”
IEEE Trans. Inform. Theory, vol. 48, pp. 1485–1503, Jun. 2002.
[52] Hassibi, B. and Hochwald, B. M., “High-rate codes that are linear in space and
time,” IEEE Trans. Inform. Theory, vol. 48, pp. 1804–1824, Jul. 2002.
[53] Hassibi, B. and Hochwald, B. M., “How much training is needed in multipleantenna wireless links?,” IEEE Trans. Inform. Theory, vol. 49, pp. 951–963, Apr.
2003.
[54] Hochwald, B., Marzetta, T., Richardson, T., Sweldens, W., and Urbanke,
R., “Systematic design of unitary space-time constellations,” IEEE Trans. Inform.
Theory, vol. 46, pp. 1962–1973, Sept. 2000.
[55] Hochwald, B. and Sweldens, W., “Differential unitary space-time modulation,”
IEEE Trans. Comm., pp. 2041–2052, December 2000.
[56] Hochwald, B. and T.Marzetta, “Unitary space-time modulation for multipleantenna communications in Rayleigh flat fading,” IEEE Trans. Inform. Theory,
vol. 46, pp. 543–564, Mar. 2000.
[57] Hochwald, B. M., Marzetta, T. L., and Hassibi, B., “Space-time autocoding,”
IEEE Trans. Inform. Theory, vol. 47, pp. 2761 –2781, Nov. 2001.
[58] Hong, Z., Liu, K., Heath, R. W., and Sayeed, A., “Spatial multiplexing in correlated fading via the virtual channel representation,” IEEE J. Select Areas Commun.,
vol. 21, pp. 856 – 866, June 2003.
[59] Ionescu, D. M., “On space-time code design,” IEEE Trans. Wireless Commun.,
vol. 2, pp. 1536–1276, Jan. 2003.
[60] Ivrlac, M., Utschick, W., and Nossek, J. A., “Fading correlations in wireless
MIMO communication systems,” IEEE J. Select Areas Commun., vol. 21, pp. 819 –
828, June 2003.
[61] Kim, Y. H. and Lapidoth, A., “On the log determinant of non-centeral Wishart
matrices,” Proc. of ISIT, pp. 54–54, Jun. 2003.
[62] Korevaar, J. and Wiegerinck, J., Lecture notes on several complex variables.
http://turing.wins.uva.nl/ janwieg/edu/scv/.
[63] Lapidoth, A. and Moser, S., “Capacity bounds via duality with applications to
multi-antenna systems on flat fading channels,” IEEE Trans. Inform. Theory, vol. 49,
pp. 2426–2467, Oct. 2003.
177

[64] Lapidoth, A., “On the asymptotic capacity of fading channels,” IEEE Trans. Inform. Theory, 2003. Preprint, submitted to.
[65] Lapidoth, A. and Narayan, P., “Reliable communication under channel uncertainty,” IEEE Trans. Inform. Theory, vol. 44, Oct. 1998.
[66] Liu, K., Raghavan, V., and Sayeed, A., “Capacity scaling and spectral efficiency in
wide-band correlated mimo channels,” IEEE Trans. Inform. Theory, vol. 49, pp. 2504–
2526, Oct. 2003.
[67] Luenberger, D. G., Optimization by Vector Space Methods. New York: John Wiley
& Suns, Inc., 1968.
[68] Marzetta, T. L. and Hochwald, B. M., “Capacity of a mobile multiple-antenna
communication link in Rayleigh flat fading,” IEEE Trans. Inform. Theory, vol. 45,
pp. 139–157, Jan. 1999.
[69] Mathai, A. M., Jacobians of Matrix Transformations and Functions of Matrix Argument. World Scientific Publishing Co., 1997.
[70] Mathai, A. M., An Introduction to Geometrical Probability, vol. 1 of Statistical
Distributions and Models with Applications. Gordon and Breach Science Publishers,
1999.
[71] Merhav, N., Kaplan, G., Lapidoth, A., and Shamai, S., “On information rates
for mismatched decoders,” IEEE Trans. Inform. Theory, vol. 40, pp. 1953–1967, Nov.
1994.
[72] Moustakas, A. L., Simon, S. H., and Sengupta, A. M., “MIMO capacity through
correlated channels in the presence of correlated interferers and noise: A (not so) large
N analysis,” IEEE Trans. Inform. Theory, vol. 49, pp. 2545–2561, Oct. 2003.
[73] Narula, A., Lopez, M. J., Trott, M. D., and Wornell, G. W., “Efficient use of
side information in multiple-antenna data transmission over fading channels,” IEEE
J. Select. Areas Commun., vol. 16, 1998.
[74] Noguchi, J., Introduction to Complex Analysis, vol. 168 of Translation of Mathematical Monographs. Tokyo: American Mathematical Society, 1993.
[75] Oettli, W., “Capacity-achieving input distributions for some amplitude-limited
channels with additive noise,” IEEE Trans. Inform. Theory, vol. 20, pp. 372–374,
May 1974.
[76] Palanki, R., “On the capacity achieving distributions of some fading channels,”
Proceedings of 40th Alerton Conf., pp. 337–346, 2002.
[77] Pinsker, M. S., Information and information stability of random variables and
processes. Holden-Day Inc., 1964.
[78] Poscetti, G. M., “An upper bound for probability of error related to a given decision
region in n-dimensional signal set,” IEEE Trans. Inform. Theory, pp. 203–206, Mar.
1971.

178

[79] Proakis, J. G., Digital Communications. McGraw-Hill, 3 ed., 1995.
[80] Ritchers, J. S., “Communication over fading dispersive channels,” Nov. 1967. MIT
Res. Lab. Electronics, Cambridge, MA, Tech. Rep. 464.
[81] Safar, Z. and Liu, K. J. R., “Performance analysis of space-time codes over correlated Rayleigh fading channels,” Proc. IEEE ICC, vol. 5, pp. 3185 – 3189, May
2003.
[82] Salehi, M., “Capacity and coding for memories with real-time noisy defect information at encoder and decoder,” IEE Proceedings-I, vol. 139, pp. 113–117, Apr. 1992.
[83] Schwartz, M., Bennett, W. R., and Stein, S., Communication Systems and
Techniques. Inter-University Electronics, New York: McGraw-Hill Book Company,
1966.
[84] Shamai, S. and Bar-David, I., “The capacity of average and peak-limited quadrature Gaussian channels,” IEEE Trans. Inform. Theory, vol. 41, pp. 1060–1071, Jul.
1995.
[85] Shannon, C., “Channels with side information at the transmitter,” IBM Journal
Research and Development, vol. 2, pp. 289–293, Sept. 1958.
[86] Shannon, C. E., “A note on partial ordering for communication channels,” Information and control, pp. 390–397, 1958.
[87] Shin, H. and Lee, J. H., “Capacity of multiple antenna fading channels: spatial fading correlation, double scattering and keyhole,” IEEE Trans. Inform. Theory, vol. 49,
pp. 2636–2647, Oct. 2003.
[88] Shiryaev, A. N., Probability. No. 95 in Graduate Texts in Mathematics, New York:
Springer-Verlag, second ed., 1996.
[89] Shiu, D.-S., Foschini, G. J., Gans, M. J., and Kahn, J., “Fading correlation and
its effect on the capacity of multielement antenna systems,” IEEE Trans. Commun.,
vol. 48, pp. 502–513, Mar. 2000.
[90] Shokrollahi, A., Hassibi, B., Hochwald, B. M., and Sweldens, W., “Representation theory for high-rate multiple-antenna code design,” IEEE Trans. Inform.
Theory, vol. 47, pp. 2335–2367, Sept. 2001.
[91] Siwamogsatham, S. and Fitz, M., “Robust space-time codes for correlated
Rayleigh fading channels,” IEEE Trans. Signal Processing, vol. 50, pp. 2408–2416,
Oct. 2002.
[92] Smith, J. G., “The information capacity of amplitude and variance-constrained scalar
Gaussian channels,” Inform. Contr., vol. 18, pp. 203–219, 1971.
[93] Smith, P., Roy, S., and Shafi, M., “Capacity of MIMO systems with semicorrelated
flat fadingh,” IEEE Trans. Inform. Theory, vol. 49, pp. 2781–2788, Oct. 2003.
[94] Taricco, G. and Biglieri, E., “Exact pairwise error probability of space-time
codes,” IEEE Trans. Inform. Theory, vol. 48, pp. 510 –513, Feb. 2002.
179

[95] Tarokh, V., Jafarkhani, H., and Calderbank, A. R., “Space-time block codes
from orthogonal designs,” IEEE Trans. Inform. Theory, vol. 45, pp. 1456–1467, Jul.
1999.
[96] Tarokh, V., Jafarkhani, H., and Calderbank, A. R., “Space-time block coding
for high data rate wireless communications: Performance results,” IEEE J. Select.
Areas Commun., vol. 17, pp. 451–460, Mar. 1999.
[97] Tarokh, V., Naguib, A., Seshadri, N., and Calderbank, A. R., “Combined
array processing and space-time coding,” IEEE Trans. Inform. Theory, vol. 45,
pp. 1121–1128, May 1999.
[98] Tarokh, V., Seshadri, N., and Calderbank, A. R., “Space-time codes for high
data rate wireless communication: Performance criterion and code construction,”
IEEE Trans. Inform. Theory, vol. 44, pp. 744–765, Mar. 1998.
[99] Teletar, E., “Capacity of multi-antenna Gaussian channels,” tech. rep., Lucent
Technology, Bell Laboratories, June 1995.
[100] Tong, Y. L., Probability inequalities in multivariate distributions. Monographs and
textbooks on probability and mathematical statistics, New York: Academic press,
1980.
[101] Tse, D. and Viswanath, P., “On the capacity of the multiple antenna broadcast
channel,” DIMACS, 2003.
[102] Tulino, A. M., Lozano, A., and Verdu, S., “Capacity-achieving input covariance
for correlated multi-antenna channels,” Proc. 41st Allerton Conf., pp. 242–251, Oct.
2003.
[103] Uysal, M. and Georghiades, C. N., “Effect of spatial fading correlation on performance of space-time codes,” Electronics Letters, vol. 37, pp. 181–183, Feb. 2001.
[104] Venkatesan, S., Simon, S. H., and Valenzuela, R. A., “Capacity of a Gaussian
MIMO channel with nonzero mean,” Proc. IEEE Veh. Technol., Oct. 2003.
[105] Vishwanath, S., Jindal, N., and Goldsmith, A., “Duality, achievable rates, and
sum-rate capacity of gaussian mimo broadcast channels,” IEEE Trans. on Inform.
Theory, vol. 49, pp. 2658–2668, Oct. 2003.
[106] Viswanath, P. and Tse, D., “Sum capacity of the multiple antenna broadcast
channel and uplink-downlink duality,” IEEE Trans. Inform. Theory, vol. 49, pp. 1912–
1921, Aug. 2003.
[107] Witsenhausen, H. S., “A determinant maximization problem occuring in the theory
of data communication,” SIAM Journal on Applied Mathematics, vol. 29, pp. 515–522,
Nov. 1975.
[108] Wolfowitz, J., “Simultaneous channels,” 1960.
[109] Wornell, G. and Trott, M. D., “Efficient signal processing techniques for exploiting transmit antennas diversity on fading channels,” IEEE Trans. Signal Process.,
vol. 45, pp. 1456–1467, 1999.
180

[110] Wozencraft, J. M. and Jacobs, I. M., Principle of Communication Engineering.
John Wiley & Sons, 1965.
[111] Zheng, L. and Tse, D., “Communicating on the Grassmann manifold: A geometric approach to the non-coherent multiple antenna channel,” IEEE Trans. Inform.
Theory, vol. 48, pp. 359–383, Feb. 2002.

181

VITA

Majid Fozunbal received the M.S. degree in Electrical Engineering and the M.S. degree in
Applied Mathematics from Georgia Institute of Technology, Atlanta, GA, in 2002 and 2003,
respectively.
His research interests include wireless communications, coding theory, information theory, and optimization. During his Ph.D. studies, he conducted research on multiple antenna
communication systems. He is the recipient of 2004 ECE Graduate Research Assistant Excellence Award, and a recipient of 2004 CSIP Outstanding Research Award from Georgia
Institute of Technology.

182

