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o o w 

u' 
average velocity, -rrr U' [=] L/t. 
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average mass fraction, dimensionless. 

mass fraction, dimensionless. 

radial distance defined by Equation IV-8. 

axial distance,, z'/2R'Re. 

axial distance, I6 (•r—r—) -r— z, 
^ l+3n' Sc 
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XVI 

Greek Symbols Definition 
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T 1 shear stress, T / [=] M/t L, 
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F axial distance, 16(T—r—) -=— or l6(-. ' ) -^ . 
^ ' U+3n' Sc u+3n^ Tr 
T]' non-Newtonian viscosity, defined by Equation 

II-2, T]' [=] M/Lt. 

Subscripts 

AM arithmetic mean. 
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L local value. 
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SUMMARY 

Although non-Newtonian fluids occur often in the chemical indus

try, few studies have been reported in which the effects of the non-

Newtonian characteristics of the fluid are considered in a realistic 

manner. In particular, the fields of heat and mass transfer accompany

ing a reacting non-Newtonian fluid have received little attention. The 

primary objective of this study was to consider the operation of a 

laminar flow, nonisothermal, tubular reactor. Secondary objectives were 

the study of heat transfer to a non-Newtonian fluid from a constant tem

perature wall and mass transfer to a non-Newtonian fluid from a constant 

composition wall. 

The specific objective of this work was to solve the equations 

of continuity, motion, energy and diffusion for the situations described 

above. The physical properties were to be considered realistic func

tions of temperature and concentration, and the inertial terms in the 

equation of motion and the radial velocity terms in the equations of 

energy and diffusion were to be retained. The equations were simplified 

by a boundary-layer analysis to the Prandtl boundary-layer equations. 

The axial conduction of heat and diffusion of mass were neglected. 

Before solutions to the complete equations were obtained, several 

simplified models were studied. For the tubular reactor problem, a 

"plug flow" model representing infinite radial diffusion and a "para

bolic flow" model representing no radial diffusion were considered. 

These models showed that diffusion reduces the length of tube required 
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for a given conversion. These models were also extended to include 

varying density and heat effects. For a simple model for the heat-and 

mass-transfer problem, an extension of the Leveque solution to non-

Newtonian fluids is proposed. 

Analytical solutions were obtained to the problems considered for 

the case of constant properties and fully developed flow. These solu

tions permit interpolation between the results of the limiting simpli

fied models. 

The solutions to the complete equations for variable properties 

and fully developed flow were determined numerically by a finite differ

ence technique. The method consists of replacing the partial deriva

tives with finite difference approximations. This produces a system of 

simultaneous algebraic equations which must then be solved implicitly 

for the velocity, temperature and concentration profiles. Systems of 

equations similar to those used in this work have been shown to be 

stable and convergent by earlier workers. The accuracy of the scheme 

was checked by comparison of the results with the analytical results and 

the little experimental data available. Variable property heat transfer 

results agreed well with those of Wilkins (l5). A step by step check 

of the energy equation showed the tubular reactor problem to be a much 

more stable problem numerically than the heat-transfer problem. Since 

the heat-transfer problem gave results in good agreement with those of 

Wilkins (15)? the tubular reactor problem was felt to be stable and 

accurate. 

The numerical results were correlated by the simple models 

discussed previously. Tables of results are presented which permit 
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interpolation between the limiting simple models for constant properties 

and for varying density. The effect of a developing velocity profile 

was found to be important for 

R'^K'P' U' 1-n 

sZ = —ITF" ''W> ^ " 
V 

The exothermic heat of reaction of reaction situation could be 

bounded by the isothermal "parabolic flow" model and the adiabatic 

"plug flow" model. The results were correlated by a heat of reaction, 

A ^2 ^1 
^^ " M" • F" 

2 1 

a parameter E representing the rate at which the reaction rate constant 

changes with temperature and defined by 

K^ = exp(E^ ^ - ^ ) 

a group controlling the heat-transfer rate 

^ R'^K' C p ' cvPr ro po o 
Sc ~ U- K 

o 

and a l eng th parameter 
„^ _^/ n+lv a 
Z = 16(„ ,-,) -z- z 

^3n+l Sc 

K z 

^Sn+l'̂  I f 

Concent ra t ion and tempera ture p r o f i l e s and average concen t ra t ion and 

tempera ture are p r e sen t ed for g a s e s , Newtonian l i q u i d s and non-Newtonian 

f l u i d s . 

Hea t - t r an s f e r r e s u l t s for non-Newtonian f l u i d s are p re sen ted for 
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constant properties and fully developed flow. The effect of varying 

rheological properties is also considered. The parameters here are 

E which is defined by 
V 

K = exp(E T) 
V ^ ^ V 

and 

5 = ̂ 6(3£±i) ^ 

3n+l ĵ ,2y, ,^/ 
o'̂ o po 

which is a length parameter. 



CHAPTER I 

INTRODUCTION 

Many chemical engineering operations require the solution to 

problems associated with the individual or combined effects of fluid 

flow, heat transfer and mass transfer. One approach to such problems 

consists of the mathematical solutions to the general equations of 

continuity, motion, energy and diffusion. However, for complicated 

problems involving variable properties and developing flows, analytical 

solutions are practically impossible. Although numerical methods imple

mented on electronic computers are less rigorous, many useful results 

can be obtained by these techniques. This study was a numerical investi

gation of three problems involving a non-Newtonian fluid flowing in 

laminar flow in a vertical tube. These problems are: 

(1) A tubular reactor. 

(2) Heat transfer from a constant temperature wall. 

(3) Mass transfer from a constant composition wall. 

Homogeneous Tubular Reactor 

The primary problem was that of a fluid reacting with a homoge

neous first order reaction. Fuller (l) has studied this problem for 

turbulent flow of Newtonian fluids and discussed most of the previous 

work. However, no studies have been reported on this topic for laminar 

flow of non-Newtonian fluids and only a few have been reported for New

tonian fluids. These are summarized below. 



Bosworth (2) was the first to consider the effects of diff'usion 

or., conversion by a complicated but intuitive argument. Although the 

results are of great value, they do not represent the solution to the 

di ffus i on equat ion. 

Lauwerier (3) considered the diffusion equation for the case of 

constant physical properties and fully developed flow, neglecting axial 

diffusion and radial convection, and determined the form of the analy

tical solution. Wissler and Schechter (h) completed this problem with 

the determination of eigenvalues, expansion coefficients and norms, 

Oleland and Wilhelm (5)3 using an electronic computer, solved the 

diffusion equation numerically and compared the results with experimental 

data. This work showed that free-convection effects based on concentra

tion and temperature differences could be significant and indicated a 

need, for variable property solutions. Vignes and Trambouze (6), study

ing a second order reaction, attacked the problem in almost the same 

manner as Cleland and Wilhelm (5) and obtained similar results. 

Ulrichson and Schmitz (7) studied the effect of developing flow 

on homogeneous reaction by assuming the approximate velocity profiles of 

Langhaar (8). This technique, although quite valuable, cannot be exten

ded to include variable properties or non-Newtonian fluids. 

The effect of axial diffusion on conversion was studied experi-

m.entally by Diekens et al. (9) and analytically by Walker (lO). The 

results indicated that this effect is unimportant except for very slow 

flows„ 

The only reported works which consider energy effects are those 

of Chambre (il, 12), His earlier paper discusses the "plug flow" model 



wtic:̂.:. is disc-,..ssed in the third chapter of this work. The later paper 

considers the more involved problem 'but the assumptions used severely 

limit the usefulness of the equations. Actually the problem is merely 

leduced t-) a Sturm-Liouville problem which must be solved for each case. 

The objectives of this work were to obtain the analytical solution 

for the general power-law fluid and to develop numerical solutions to 

include the variable property, developing flow cases. 

Heat Transfer from a Constant Temperature Wall 

The second problem studied was that of heat transfer from a wall. 

The analytical solution, assuming constant properties and fully developed 

flow, was first reported by Graetz (l3) for Newtonian fluids. For many 

practical situations these assumptions are not valid and attempts have 

lee:, made to remove these restrictions. Lee (lU) has sumiriarized most of 

these attempts and has presented a numerical solution for variable 

physical properties. Wilkins (15) has extended this to include the 

ir-ertial terms in the equation of motion and the radial velocity term 

in the energy equation. This work is valid in the hydrodynamic entrance 

regicc >: f the tibe as well as in the thermal entrance region. 

Non-Kewtonian fluids have only recently received much attention. 

I-yche and Bird (16) have extended the Graetz solution to the special 

case of power-law fluids of n --= 0.5 and n --^ 0.2. Pigford (l?) has 

extended the Leveque solution, to non-Wewtonian fluids. 

Metzner^ Vaughan and Houghton (18) have presented experimental 

data and correlated it to within 13.5 per cent. The physical properties 

for aqueous solutions of Carbopol and sodium carboxymethylcellulose 



(3'Mi') are given as functions of temperature. 

Craig (19) has also obtained a large amount of experimental data, 

Ke compared this to a numerical solution of the equations of motion and 

energy in which only the rheological properties were allowed to vary and 

fully developed flew was assumed. The mean deviation "between calculated 

and experimental results was 7 per cent. 

Lemjnon (20) has numerically solved the equations of motion and 

energy for the developing flow case considering the rheological properties 

vo be f'onctions of temperature. However, he did not cover a wide range 

of conditions. 

The objectives of this work were to obtain an analytical solution 

for the case of a general power-law fluid and to develop n-'um.erical solu

tions without the restriction of fully developed flow or constant pro

perties . 

Mass Transfer from a Soluble Wall 

The third problem considered was that of mass transfer from a 

wall. This study was restricted to isothermal conditions and low mass 

transfer rates so that the radial velocity was assumed to be negligible 

at the wall. This problem is very similar mathematically to the heat-

transfer problem^ and indeed if constant properties and fully developed 

flow are asŝ jmed, the heat-transfer solution can be used for the mass-

trar.sfer problem merely by substituting the Schmidt number for the 

Prandtl nuinber and concentration for temperature. 

Linton and Sherwood (2l) studied the diffusion of acids from 

soiuble tube walls into a stream of water. This work indicated good 



agreement with the Graetz solutiono Saimders (22) studied the diffusion 

of acids from soluble tubes into non-Newtonian fluids. The results were 

correlated by the Leveque equation corrected with a term involving the 

viscosity of the non-Newtonian fluid divided by the viscosity of the 

solvent, 

Since non-Newtonian fluids involve very low concentrations, vari

able property solutions are probably not highly significant. The purpose 

of this work was to obtain solutions to the diffusion equation which are 

valid for low concentrations. 

Physical Properties 

In a study of this type it is important to keep in mind the range 

of interest of the physical properties and the various parameters such 

as the Reynolds number, the Prandtl number and the Schmidt number. 

Accordingly, a literature search was made to obtain this information 

with special emphasis being placed on how these properties vary with 

temperature and concentration. 

Although non-Newtonian fluids are of many diverse types such as 

polymer melts and solutions and aqueous solutions, suspensions, and 

slurries, primary interest here was placed on polymer melts and aqueous 

solutions of cellulosic polymers. 

Non-Newtonian fluids are characterized by their rheological be

havior and, although this study assumed a power-law relationship between 

shear stress and shear rate, it must be remembered that real fluids 

follow this relationship only approximately. Many non-Newtonian fluids 

have elastic properties and/or time-dependent properties which are not 



adequately described by this simple model. However, many engineering 

problems can be studied successfully using this assumption and many 

Theological studies are available, both for polymer melts (SSg 2U) and 

aqueous solutions of cellulosic polymers (l8, 19)? from which the 

necessary properties can be characterized as functions of temperature» 

Studies of concentration effects are limited (25). 

Density measurements (26) and heat capacity measurements (26, 27) 

have been reported for polymer melts as functions of temperature. Simi

lar measurements on aqueous solutions (18, I9) have indicated these 

properties to be very close to those of water. 

Thermal conductivity measurements on polymer melts (25, 28) indi

cate little change with temperature but do indicate a low value of 

thermal conductivity approaching that of an insulating material. Mea

surements on aqueous solutions (28) have indicated the thermal conduc

tivity to be equal to that of water, while others (18) have determined 

this value to be as much as 25 per cent below that of water. 

Heats of reaction can be calculated by standard methods. Typical 

values for heats of polymerization (25) have been reported. 

Values of diffusivity are the most difficult to obtain. Experi

mental values are tabulated as functions of temperature for gases (29), 

and as functions of temperature and concentration for certain organic 

liquids (30). However, only a few values are available (3I5 22) for 

non-Newtonian fluids which are of primary interest. 

The range of interest for the various parameters can be deter

mined by combining values of the physical properties. Ranges of para-

Fieters used in this study are: 



Parameter 

Re 

Pr 

Sc 

Range 

100-2200 

0.7-1.0 Gases 
5-100 Liquids 
10-1000 Non-Newtonian 

Fluids 

0.7-2.5 
800-1200 
10,000 

Gases 
Liquids 
Non-Newtonian 
Fluids 



CmPTER II 

DEVELOHVIENT OF EQUATIONS 

In this chapter the physical situation is described in detail. 

The general equations of continuity, motion, energy, and diffusion are 

simplified and the assumptions are discussed. 

Physical Description 

A non-Newtonian fluid is flowing in laminar flow in a vertical 

circular tube and reacting in a homogeneous reaction. It can produce 

or absorb heat and exchange energy with its surroundings. At the tube 

inlet the velocity profile is either flat or parabolic and the fluid 

temperature is some constant value T . The tube wall temperature is 

maintained at a constant value T which can be equal to or different 
w 

from T o 
o 

Mathematical Description 

Tubular Reactor 

The flow is considered to be steady and axially symmetric. In 

addition the boundary-layer assumptions are made. Applicability of the 

boundary-layer assumptions to non-Newtonian fluids has been discussed 

by Acrivos (32), Schowalter (33)? 3-nd Collins (3^). With these assump

tions the z-component of the equation of motion becomes 

// /du , /Su N dP I d / / X / / TT- 1 

p (v ̂ —T + U ^—r) = - -r-r r ̂ —r(r T /) + p g H-l 
•̂  ̂  Sr dz dz r or ^ rz ' ^ ° 



For isotropic, non-Newtonian fluids the shear stress is given by 

T , = _ Tl' - 1 ^ 11-2 
rz dr 

where T]'' is a scalar function of temperature, composition and the velo

city field. The equation of motion then hecomes 

// /Su , , /Su \ dP' 1 S//^/3u\,^/^/ TTo 
^ ^ dr oz dz r Sr ^ ' dr z 

The empirical functional relationship used in this work between 

T]' and the velocity field is the power-law model. Thus 

-, / n-1 
Tl' = . K'll^l 11-^ 

V' dr ' 

where K^ and n are functions of temperature and composition alone. For 

n=:l the fluid is Newtonian and K' reduces to the Newtonian viscosity, 
V 

Casting the equation in non-dimensional form yields 

2 
/ du du\ dP , ̂  d u /Tl dTl\ du , ̂  TT c 

p(v ̂ ~ + u ̂ -) = - -— + T̂  — - + (-J + —J) —- + Gp II-5 
^ dr dz^ dz -N 2 r̂ dr' dr 

dr 
Considering the enthalpy to be a function of temperature and com-

position, the energy equation (Equation E, Table l8.3-lj Bird (35)) 

becomes 

o 

,,̂ // / dT' / dT\ 1 d / /, / dT\ \ 1 d / /"̂ î / ̂ îx 
p C (v ^—r + U -^—r) = —r ^r—r\^ k ^—r) + > —r ^r-n-KT r-rD. T - T ) 
'̂  p^ dr oz ' r dr ^ dr ' Z_, r dr ^ M_. i dr ' 

i=l 

? If dWf dWf 

^ /_! M. ^ dr dz ̂  
1=1 ^ 

/ 2^ n+1 

- K [(IF^) . 

1 

II-6 

where the axial conduction of heat and the axial diffusion of mass have 
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teen neglected and the reaction mixture is limited to two components, 

Heat effects associated with pressure forces in the term 

u 
, dP' 
S ^ 

are also neglected. The last term in Equation II-6 represents viscous 

dissipation. If the equation is cast into non-dimensional form, the 

summation terms expanded and the relation 

w + w = 1 II-7 

used, the result is 

A / ST ̂  dTs 1 /. S T , /k , Bks ST. 
p Br Sz' Pr^ ^ 2 r̂ Sr Sr^ 

Sr 

Sc^ \ 2 r̂ Sr dr' Sr 3r ̂  
Sr 

,n+l 
+ AH p(v |2 + u |H) + EC K [(|2)^'rT- Il-i 

^̂  Sr dz^ V Ldr^ j 

where 

— 2 "̂ 1 
^ =(Tr - M-) ̂ . M̂. M. II~9 

1 

Since data on the partial molal enthalpies is limited, the enthalpies of 

the pure components are usually used. For this situation AH becomes 

A 

AH which is the heat of reaction per pound of component A reacted. 

Although this assumption is not really justified, the use of a mean 
A 

value of AH would prohably represent the data adequately. Numerical 
A 

solutions allowing AH to vary with composition and temperature would 

present no problems if sufficient data were available to characterize 
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AH as functions of temperature and composition. 

The diffusion equation, assuming a first order homogeneous reac

tion and no axial diffusion, becomes 

,2 , 
D' BD\ SW' 

p {v T—r + U ^ — T ) = D + (—r + ^ — T ) •̂ —r - K p W 11-10 
"̂  ̂  Sr 5z ^ /2 r̂ dr Br r"̂  

dr 
In non-dimensional form this equation becomes 

^ Br dz Sc\ 2 r̂ dr' dr ^ r 
dr 

11-11 

The three equations -- the Equation of motion II-5,? the Equation 

of energy II-8, and the Equation of diffusion 11-11 -- are to be solved 

in conjunction with the equation of continuity 

1 dHl + ̂  = 0 
r dr dz 

11-12 

and t h e o v e r a l l mass ba lance 

P ' dr = constant 
dz 11-13 

to determine the values of u, v, w, T and P. The boundary conditions 

for this system of equations are 

z = 0 

Either 

K = p = C = k = D = K = l ( 0 < r ^ ^ ) P = v = 0 , 
V 

T = 1 

P 

a. u = (^)(1 - (2r)B±l) 
^n+1 ^ ̂  ^ ^ n ' 

or b. u = 1 

•T-T r. du dT ^ dw ^ 
11 r = 0 ^— = ~- = V = 0 -— = 0 

dr dr „ dr 

111 r = i v = u = 0, T = ̂ ^ = 0 
o 
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Some of the dimensionless variables used in these equations are 

listed helow. A complete listing may be found in the nomenclature 

sectiono 

r _ z _ P 
^ ~ "W ^ ~ 2R'Re " ,.w2 

u 

p U' 
^ o 

_ ̂ 'Re m _ T' 
u - yT V - -^jr- i - ^ 

(2R')'\j'^"''p' U'^ 
Re = TTT — Fr = -r=n—r 

IT 2Rg 
vo °z 

K r^x^ I 1-n C K OT-, / 1-n 
be - pT-iyT-; Pr - \ ' \-^) 

o o 0 0 
K' R ' P ' U'^ 

ro ^o TP o 
ot = - ^ Ec = -^y-^ 

o po o 
Heat Transfer from a Constant Temperature Wall 

For n = 1 (Newtonian fluid) this is the well-known Graetz problem, 

The fluid is not reacting and the diffusion equation is not required. 

For this situation the equation of motion and energy for non-Newtonian 

fluids becomes 
2 

/ du dus dP , ̂ d T /Tl , dTlx du , ̂  TT n), 
p(v -rr- + U -T-) = - -T- + W-^ + 1̂ - + -z—') r— + ep II-14 

^̂  Br dz dz ' 2 r̂ Sr Sr ^ 
Sr 

and 

where 

A / dT dTx 1 /, d^T /k ^ Skx STN ^^ ,^ 
pC (v •̂ - + u -î -) = r— (k — - + (- + T—) -̂ -j 11-15 
^ p 3r Bz' Pr ^ ^ 2 V 5r' Sr' 

dr 

m / m ' 

T = ' ° m / _ m ' 

W O 

and viscous dissipat ion has been neglected. 
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The boundary conditions are 

I z = 0 K = p = 1 

V = T = 0 

(0 ̂  r ̂  -|) 

'3n+l. 
n+1 

Either a, u = (~^)(l - (2R) n ) 

or b . u = 1 

r = 0 V = 
du 
Sr 

dT 
dr = 0 

III r = u = v = 0, T = 1 

Mass Transfer from a Wall 

This problem is similar to the heat-transfer problem except that 

the wall is maintained at constant composition. This study was limited 

to isothermal conditions. Therefore, the equations of motion and diffu

sion are to be solved with special emphasis on the entrance region. The 

equation of motion retains the same form as Equation II-5 and the diffu

sion equation becomes 

/ dw dw\ 1 /T̂  S w /D SDN dwx 
(V T-— + U rr—) = •̂ — (D + (- + ^—} ^-j 
^ dr dz^ Sc ^ ^ 2 r̂ br^ Sr' 

11-16 

The boundary conditions are 

I z = 0 D = K v = p = l 

V = w = 0 

(O ^ r < ^) 

n+1 
Either a. u = (3£L±l)(i . (2r) ̂  ) 

n + 1' 

or b. u = 1 

II r = 0 
du dw ^ 

V = __ = — - = 0 
dr dr 

v = u = : 0 , w = l 
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CHAPTER III 

SIMPLIFIED MODELS 

Before proceeding to the solution of the general equations, it 

is worthwhile to consider two simple models of the tuhular reactor. 

These models usually establish upper and lower bounds for the solutions 

to the complete problem. The first model, termed the "plug flow" model, 

assumes that diffusion is rapid compared to the reaction and that the 

concentration is uniform across the tube. The second model, termed the 

"parabolic flow'* model, assumes that diffusion is negligible and that 

the concentration profile is established by the velocity profile which 

exists in the tube. This model predicts zero concentration at the wall 

and a maximum concentration at the tube axis. 

The equations for these models may be obtained by deleting the 

less important terms from the general equations. Heat exchange with 

the environment is accounted for by a heat transfer coefficient. The 

equations become 

3w 16 ,̂  
P^ -^ = - ~ Q̂ K̂ P̂  dz Sc 

ST A aw 8NU (^ ,v 
pu rr- = - AHpu ̂  =-- (T - 1) 
^ Sz dz Pr 

III-l 

III-2-

where the last term in the energy equation represents the heat exchange 

with the environment. Defining 

•̂- ^̂ / n + Ix a 
3n + 1' Sc 

III-3 



gives 

15 

Sw 
pu — ^ = 

oz 

/3n + IN ̂^ 
- (̂=̂  r) K pw 
^ n + 1̂  r̂  

III-^ 

and 

pu 
ST AU SW . n+1) NuS£ ( 

3̂n + 1̂  a FT ^ - 1) III-5 

The "plug flow" model assumes 

u = 1 III-6 

while the "pa rabo l i c flow" model assumes 

n+1 

u = (.211^4) (1 - (2r) " ) 
^ n + 1 ' ^ ^ ^ ^ 

I I I - 7 

Constant Properties 

For constant properties only the diffusion equation is of inter

est „ The "plug flow" model reduces to 

dw 
dz •̂  = - I 

3̂n + 1 
n + 1 

) W III-( 

and the s o l u t i o n i s 

/ /3n + Is N̂ 
w = exp(.- { ^^ ^ ^) z ) : i i - 9 

The "parabo l ic flow" model "becomes 

n+1 
/., ,'„ N n % Sw 
(1 - i 2 r ) ) — ^ = - w I I I - I O 

and the s o l u t i o n i s 

¥r 

W exp(' - z 
n+1 

(1 - (2r ) n ) 

I I I - 1 1 



l6 

?he average concentration is foimd by an integration across the tube 

i n+1 

W 
•3n + 1 

= Qi~rrv J ^̂ ^ - ^̂ ^̂  ^̂  ^̂  I I I -12 

For Newtonian fluids Cleland and Wilhelm (5) have shown that this 

integral can be expressed in terms of the exponential integral, a tabu

lated function. For other values of n the integration can be performed 

numerically. A comparison of the two models for several values of n is 

presented in Table k of Appendix D. 

Varying Density 

If a linear variation of density with concentration is assumed 

p = c^ + c^ w III-13 

where 

c^ + c^ = 1 III-lU 

ther^ "the diffusion equation for the "plug flow" model becomes 

3w /3n + 1\/ , N 
Bl^= - ("ITTT^^^i^ ^2"^ " 

III-15 

The solution to this equation is found to be 

r-^ \ c_ + c^ w 
•K- (1 + n) ̂  1 2 
z = f^ T^ln 

c (1 + 3n) w 
w 

'1 

exp((-~~-rj-)c^ ẑ ) -

III-16 

III-17 

The "parabolic flow" model yields a solution as follows: 
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n+l 

* (1 - (2r) " ) 
Z = In w 

w = •̂  

exp(-
ĉ z 

• ) -n+T / ^2 

(1 - (2r) ̂  ) 

III-I8 

III-I9 

The average concentration is found by a straightforward numerical inte

gration across the tube. A comparison of the two models is given in 

Tables 5 and 6 of Appendix D. 

Adiabatic Flow 

For this case the energy equation can be integrated to give 

T = 1 - AH (1 - w) III-20 

Assuming that the variation of K can be expressed by 

\(T - 1) 
K^ = exp( III-21 

The solutions become 

w 
•X-
Z = (^^f4) J dw 

3n + 1' 
1 AHE (1 - w) â   

1 - AH(l - w) 
w exp(-

• ) 

for the "plug flow" model and 

n+l w 
P 

= (1 - (2r) " ) j 
dw 

w exp(-
AHE (1 - w) 

1 - AH:(I - w) 
• ) 

III-22 

III-23 

for the "parabolic flow" model. The average concentration is found by 
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a trial and error integration of Equation III-I9. A comparison of the 

two models can be made from the results presented in Tables 7 and 8 of 

Appendix D. 

General Flow 

Solutions to Equations III-^ and III-5 have been presented for 

Nu Sc 
limiting values of approaching infinity (isothermal flow) and 

a Pr 

approaching zero (adiabatic flow). The solution of these equations for 

Nu Sc 
intermediate values of 

Q! Pr 
for the "parabolic flow" model would pre

sent a number of problems. However, solution to the "plug flow" case 

is simple and several solutions are given in Tables 9? 10 and 11 of 

Appendix D. 

Heat and Mass Transfer 

A simplified model for the heat- and mass-transfer problems is 

the well-known Lev^que solution. This solution has been extended to 

include non-Newtonian fluids by Pigford (l7). The results can be 

summarized by 

o 1/3 -, o 2/3 2/3 

T = 1.615 ( H ^ ) (^^) ? 111-2̂  
m ^ kn ^2 + 2xi' ^ 

,1 + n^V3 -1/3 
»-M = 3-23 (V^) ? III-25 
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CHAPTER IV 

MALYTICAL SOLUTIONS 

In this chapter analytical solutions are developed and the results 

compared with numerical solutions. Analytical solutions for the three 

problems considered in this study can he obtained for the case of a 

general power-law fluid flowing in fully developed flow and having 

constant properties. For these assumptions the equation of motion 

can be uncoupled from the equations of energy and diffusion and the 

velocity profile determined to be 

n+1 

u= (i£^)(l- (2r) " ) 
^ n + 1̂  ̂  ' 

IV-1 

Homogeneous Tubular Reactor 

The diffusion equation under these assumptions becomes 

B w 1 Sw _, Sw ^ ̂  ^ 
— _ + _ _ _ _ scu-TT— - Ibcm = O 
-^ d. T 6T dZ 

dr with the boundary conditions 

IV-2 

I 

II 

III 

z = 0 

r = 0 

r = i 

w = 1 

1^ = 0 
dr Sw 
dr = 0 

Substituting Equation IV-1 into Equation IV-2 and defining 

I = 
Sc( 

l6z 
3n + 1> 
n + 1 ' 

IV-3 
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gives 

,2 

Sr 
— + ~ -r 16(1 
2 r 9r 

n+1 

(2r) ̂  ) ll - l6cyw = 0 IV-U 

Proposing a solution of the form 

w = ̂  C^ exp(» X^5)R^(r) 

L=l 

IV-5 

gives 

n+1 

E ! + i E.: + 16(X.(1 - (2r) "̂  ) - a)R. = 0 
1 r 1 ^ 1 ^ ^ "̂  1 

IV-6 

where the primes indicate differentiation with respect to r. In order 

n+1 
to solve this equation it will he assumed that is a rational num-

n 
ber, i.e., it can be expressed as a ratio of two integers. 

n + 1 ̂  _1 
n ~ N^ IV-7 

Making the substitution 

(2r)«2 IV-8 

Equation IV-6 becomes 

R- + i R: + l+N̂ x̂ '̂ 2-l)(>,.(i _ 
IX X IX 

X ) a)R. = 0 
IX 

IV-9 

where the sub x denotes differentiation with respect to x. Assuming a 

power series solution to Equation IV-9 of the form 

R I K.r^" IV-10 

k=0 

gives the recurrence relation 
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^^^({oi h^\-2M^ + ̂ iVsN^ - N̂ ^ 
k̂ 

(k-1) 2 
k ^ 3 IV-11 

p^ = o k < 0 IV-12 

where p is arbitrarily set equal to unity and p is equal to zero by 

boundary condition at r = 0. 

To determine the infinite set of positive eigenvalues, the 

boundary condition at r = "I- is used„ 

h\.l = ^ IV-13 

k=l 

In order to determine the expansion coefficients, C , the follow

ing orthogonality relation is used 

i n+l 

f r(l - (2r) ̂' ) R R dr = 0 m ĵ  
J ^ ^ ^ "̂  m n ' 

m t Ti IV-lU 

Using Equation 17-1^ and the boundary condition at z = 0, the expansion 

coefficients are found to be 
n+l 

U j r(l - (2r) " ) R. dr 

C. = 
1, N. 

IV-15 

where the norm, N„, is defined by 
1. 
2 

n+l 

N. = U r(l - (2r) ̂^ ) R^ dr 
1 J 1 

IV-16 

The average concentration is then found to be given by 

00 

«M(5) = 2 ( ^ ^ ) I Cl S. exp(- X.I) IV-.17 
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This solution has been reported for Newtonian fluids by Lauwerier (3) 

and Wissler (h), 

Heat Transfer from a Constant Temperature Wall 

The energy equation under the assuimptions of constant properties 

and fully developed flow 'becomes 

d T 1 dT ^ ST _ 
^ 2 r Sr Sz or 

IV-18 

with the boundary conditions 

I 

II 

III 

z = 0 

r = 0 

r = ^ 

ST 
Br 

T = 1 

0 

T = 0 

Defining 

I = 
165 

Pr (3aj4) 
' n + 1' 

I,V-19 

converts Equation IV-I8 into the same form as Equation IV-^ with a = Oo 

The solution to this equation and boundary conditions proceeds exactly 

as the solution to the previous equation with a = 0 and the equation for 

determination of eigenvalues changed to 

Pi -1=0 ^k+1 IV-20 

k=0 

This solution has been reported by Lyche (16) for the special cases 

n -• 1, n. --•• 0.5 and n = 0,2o 
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Mass Transfer from a Soluble Wall 

The solution to this problem is the same as the solution to the 

heat-transfer problem if Sc is substituted for Pr and concentration for 

temperature. 

Results 

Tubular Reactor 

Eigenvalues, expansion coefficients and norms were calculated 

for n = 0.2J 0.5, 1, and 1.5 for values of ĉ  from 0.25 to 25. The 

results are presented in Table 12 of Appendix E. These results may be 

used with Equation IV-17 to calculate the average concentration as a 

function of distance. 

Eigenvalues for n=l have been reported by Wissler and Schechter 

{k) and are in good agreement with those presented here. Comparison of 

the radial concentration profiles with those of Cleland and Wilhelm (5) 

and the numerical results presented in this work is given in Figure 1. 

The average axial concentration profiles are compared with numerical 

solutions in Figure 2. Comparison of calculated results and the 

experimental results of Cleland (5) is found in Figure 3. 

The analytical solutions presented here are valid for a less than 

about 25 and for Z greater than about 0,2. Attempts to extend these 

solutions to higher values of a and lower values of Z by the deter

mination of more eigenvalues was unsuccessful due to round-off errors. 

However, in Figure k it is apparent that the solution for of = 25 differs 

from the simple model, "parabolic flow" model, by only a few per cent 

and that larger values of a are less important for the constant property 

solutions, 
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Heat and Mass Transfer 

Eigenvalues, expansion coefficients and norms are presented for 

values of n = 0o2,, O.U, 0„5, 0.6, 0.8, 1„0 and 1.5. The results are 

presented in Table 13 of Appendix E. Values of various Nusselt numbers 

and the mean temperature tabulated as a function of § in Table ik of 

Appendix. Eo 

Eigenvalues for n = 1, 0.5 and 0.2 have been reported by Bird 

(l6) and are in good agreement with those presented here. Comparison 

of numerical and analytical solutions is given in Figures 5? 6 and 7-
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CHAPTER V 

WTJMERICAL SOLUTIONS 

The primary purpose of this study was to obtain solutions to prob

lems involving non-Newtonian fluids. Solutions for several simplified 

situations were presented in Chapter III and analytical solutions for 

the constant property, fully developed flow problems were presented in 

Chapter I¥. In this chapter numerical solutions to Equations II-U, II-9,, 

and 11-12 which are valid in the entrance region of the tube and which 

consider the fluid properties to be realistic functions of temperature 

and concentration are discussed. Details of the solution may be found 

in Appendix A and the results presented in tabular form may be found in 

Appendices F and G. 

A complete solution to Equations Tl-k, 11-9? 9-̂d. 11-12 involves 

six param.eters and eight property variables. These are 

Parameters Properties 

ĉ  Sc e 

Pr Br T W 

p K n C 
^ V p 
k K D H 

r 
The primary distinction between the parameters and the properties is 

that the parameters are constant for any given program, while the pro

perties are often functions of temperature and composition„ A complete 

study of all ranges of variables would require an excessive amount of 

computer time. The results of this study should be considered more as 

an outline than as an exhaustive analysis. 
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Validity of Scheme 

Before a numerical scheme can "be accepted as correct, some criteria 

must "be used to test the validity of the solution obtained, A rigorous 

stability and convergence analysis of the schemes used in this study 

would be difficult if not impossible at this time. An analysis proce

dure for single partial differential equations based on intuitive argu

ments has been presented by O'Brien (36) and outlined by Hildebrand (37). 

This procedure is based on the unpublished work of von Neumann. This 

method has been extended to systems of equations by Lax (38) and Richt-

meyer (39)' Bodoia (̂ O) has given a thorough adaptation of this method 

to the solution of the momentum and continuity equations. Wilkins (15) 

has extended this to include the energy equation. Addition of the diffu

sion equation presents no new analysis. The conclusion is that the scheme 

used here is unconditionally stable and convergent. 

In addition, the accuracy of the scheme can be tested by compari

son with the results of the analytical solutions and experimental data. 

These comparisons have been presented in Figures 1, 2, 3, 5, 6, and 7. 

The solution to the momentum equation gives results identical to those 

of Wilkins (l5). The heat transfer results for variable viscosity for 

Newtonian fluids agree well with those of Wilkins (15). 

Further, by the use of various internal checks it was found that 

the tubular reactor problem is a far more stable problem than the heat-

transfer problem. For the heat-transfer problem the heat added to an 

element of fluid can be determined either by the axial rise in the mean 

temperature for a given step or 'by the slope of the temperature profile 

at the tube wall. The agreement between these two independent methods 
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provides a good check for the accuracy of the solution. For the reactor 

problem a similar check can be made if account is made of the heat 

liberated or absorbed by the reaction. These features are discussed in 

Appendix A. These checks were used to determine the step size used to 

march down the tube. The time required for a given run was therefore a 

strong function of the stability of the solution. 

In this study it was found that a tubular reactor program could 

be run on a Burroughs B-5500 computer in about 100 seconds for fully 

developed flow and about 200 seconds for developing flow. The heat-

transfer programs required about 250 seconds for fully developed flow 

and about 60O-8OO seconds for developing flow. For heat-transfer pro

grams the first step requires that the temperature at the wall take a 

step function change. The velocity profile also changes most drasti

cally very close to the wall. To achieve accurate solutions, small 

steps must be taken. The reactor problem is a homogeneous reaction 

that occurs all the way across the tube. The violent changes which 

occur at the wall occupy such a small part of the total volume that 

larger steps may be taken and still achieve accurate solutions. 

In summary the equations of motion and energy can easily be docu

mented to show the validity of the solutions. Wilkins (15) has presented 

numerous comparisons of his results with experimental data and the scheme 

used here is similar in many respects to the one used by Wilkins (l5)• 

The solution to the diffusion equation has been compared to the little 

experimental data available in Figure 3- Therefore, it is felt that 

the solutions presented here are stable, convergent and accurate and do 

in fact represent the physical situation. 
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Tubular Reactor 

Constant Properties - Fully Developed Flow 

For constant properties and fully developed flow the only para

meter of interest is Q*. The two simple models representing limiting 

values as cf approaches zero and infinity are given in Table k of 

Appendix D. The numerical solution presented in Tables 15 and l6 of 

Appendix F provides a convenient means of interpolating between the 

two limiting values. This effect has been illustrated in Figure h. 

It is seen that diffusion is important for ô  < 25. Notice that for 

large values of a the average concentration profile is independent of 

a but that the radial concentration profile continues to change, and 

the wall concentration approaches zero. 

At this point it is worthwhile to consider the range of interest 

of the parameters. It is assumed in this work that many reactions of 

interest will be at least 90 per cent complete at a tube length of be

tween 10 and 500 diameters. Considering the extreme values of the 

Reynolds number to be 100 and 2200 gives 

0.005 ̂  z ̂  5 

Using the "plug flow" and "parabolic flow" models, the values of ô /Sc 

are determined to be approximately 

0.05 ^ ̂  ^ 25 

Since gases normally have Schmidt numbers of about one, it is seen that 

diffusion effects for gases can be significant. Liquids normally have 

much higher Schmidt numbers. Therefore, even for low values of cv/Sc, 
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01 is relatively high and diffusion effects are small. For liquids the 

"parabolic flow" model results presented in Table 4̂- of Appendix D 

represent a good correlation. The effect of the flow consistency index 

is shown in Figure 8. 

Constant Properties - Developing Flow 

If the entering velocity profile is considered to be uniform, 

then the velocity profile changes as the fluid moves down the tube. 

The results of many investigators indicate that the length required for 

the centerline velocity to reach 99 per cent of its final value is about 

z = 0.060 

for Newtonian fluids. Since this process occurs asymtotically most of the 

effect of the developing velocity profile on the concentration profile has 

occurred in a much shorter distance. From these remarks it is expected 

that developing flow will affect the result only if 

Oi 

Sc 1 

For non-Newtonian fluids the hydrodynamic entrance length is longer 

than 0.060 for values of n less than one and shorter than O.O60 for 

values of n greater than one. Entrance lengths results for non-

Newtonian fluids are presented below. 

n Entrance length, z (99fo Criteria) 

1.5 
1.0 
0.5 
0.2 

0.022 
0.060 
0.11 
0.16 
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Figure 8. Effect of Flow Consistency Index on Conversion 
Parabolic Flow Model, 
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These entrance lengths agree well with those of Collins (3^)- Developing 

axial velocity profiles for non-Newtonian fluids are presented in Table 1 

and illustrated in Figure 9-

The effect of developing axial velocity profiles on the concentra

tion profiles is given in Tables 17 and l8 of Appendix F and is illustra

ted in Figures 10, 11 and 12. The "plug flow" model represents the lower 

bound for the developing flow problem. Therefore, for liquids the curve 

will usually rest on the "parabolic flow" model but will move towards 

the "plug flow" model for high values of o'/Sc. The limiting cases are 

presented in Figure 13. Although a larger difference is possible for values 

of n greater than one, the entrance length is so short that no effect is 

felt except for very high values of O'/Sc. Although the solutions are 

functions of o/Sc and Sc, the effect of Sc can be taken into account by 

using separate tables for gases and liquids. 

Most of the results reported in this work are for a parabolic 

entrance velocity profile, and usually these results will be adequate. 

For non-Newtonian fluids, developing flow will affect the results for 

— ^ n 
Sc 

For reactions which occur substantially in the entrance region a correc

tion must be made towards the "plug flow" model 

Variable Density 

If the density is allowed to vary with concentration, then the 

parameters of the solution are a, Sc and 0. A change in density pro

duces a change in the residence time in the tube. This effect has been 

determined by the simple models of Chapter III. In addition, the con-
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Table 1. Developing Velocity Profiles for Non-Newtonian Fluids 

"Q u u u u 

n z X 10^ r = 0 r = 0 . 2 r = 0 . 3 r = O.k r = I+.5 

1.5 0 . 0 0 1 1 .028 1 .028 1 .028 1 .028 1.025 
0 , 0 2 8 1 .226 1.226 1 .226 1 . 1 1 ^ 0 . 6 8 5 
0 . 0 9 2 1.360 1.360 1.3^8 1 .9^8 0 . 5 2 2 
0 . 5 0 8 1 .739 I .6U2 1.320 0 . 7 5 ^ 0 . 3 9 6 
0 . 9 1 8 1 .958 1 .688 1 .288 0 . 7 1 ^ 0 . 3 7 3 
1 .327 2 . 0 8 1 1.705 1 .273 0 . 6 9 8 0 . 3 6 3 
2.2U9 2 . 1 6 8 1 .719 1 .261 0.6i+5 0 . 3 5 6 
3 . ^ 7 8 2 . 1 9 5 1.725 1 .263 0 . 6 8 5 0 . 3 5 5 

0 , 5 0 . 3 8 2 1 .157 1.150 I .1U2 1 .078 0 . 8 5 6 
1 .12^ 1 .302 1.292 1.2^+9 1 .021 O.65I+ 
2 . ^ 5 5 I .U38 I .U05 1.292 0 . 9 3 0 0 . 5 5 0 
^ . 5 0 3 1 .5^3 1.1+81 1 .308 0 . 8 7 ^ 0.1+99 
6 . 9 6 1 1.600 1.520 1.310 0.81+1+ 0.1+75 

11.U67 l .6i+2 1.5^8 1 .309 0.82I+ 0.1+61 
2 ^ . 5 7 ^ 1 .669 1.560 1 .308 0 . 8 1 5 0.1+53 

0 . 2 1 .532 1 .131 1 .131 I . I 2 U 1.070 0 . 8 8 7 
1+.092 1 .221 1 .221 1 .197 1.0I+6 0 . 7 6 7 
7 . 3 6 9 1 .27^ 1 .271 1.235 1.025 O.69I+ 

1 6 . 3 8 0 1 .319 1.315 1 .264 0 . 9 9 4 0 . 6 3 9 
2 6 . 2 1 1 1 .331 1 .326 1.270 0 . 9 8 5 0 . 6 2 7 
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centration profile across the tube establishes free- convective forces 

which also affect the yieldo 

The results for gases may be correlated by the simple models. 

Interpolation between the two curves is aided by the information in 

Table l^ of Appendix F and illustrated in Figures ik and 15. For low 

values of ĉ /Sc, free-convection effects are negligible and the results 

are independent of Sc„ For high values of a/Sc, free-convection effects, 

although not highly significant, are noticeable. These effects are cor

related by a parameter, Fc where 

Fc = (^^)^ (!£lilJL^) e v.i 
p p ^ + p 

"̂o '̂ out ô 

These results are given in Table 20 of Appendix F. 

The results for liquids may be correlated to within a few per 

cent by the "parabolic flow" model. Since Sc is large for liquids, even 

small values of a/Sc correspond to large values of a. 

Reactions with Heat Effects 

Since the rate of a chemical reaction is a strong function of 

temperature, the processes controlling heat transfer will also determine 

the yield of the reaction. The simple model approach suggests that the 

heat transfer with the environment may be characterized by the group 

cyPr/SCo For low values of this group, heat transfer is large and the 

solution tends towards that of isothermal flow. For high values of 

aPr/Sc, heat transfer is low and the solution tends toward the adiabatic 

flow solutions. Indication of this group as a correlating parameter is 

given in Table 2. It was found that separate correlations for gases and 

liquids was advisable since the factors comprising the correlating group 
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